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Contemporary Mathemati
sA blow-up Phenomenon in the Hamilton{Ja
obi Equationin an Unbounded DomainK. Khanin, D. Khmel�ev, and A. Sobolevski��Abstra
t. We 
onstru
t an example of blow-up in a 
ow of min-plus lin-ear operators arising as solution operators for a Hamilton{Ja
obi equation�S=�t+ jrSj�=�+ U(x; t) = 0, where � > 1 and the potential U(x; t) is uni-formly bounded together with its gradient. The 
onstru
tion is based on thefa
t that the absolute value of velo
ity for a Lagrangian minimizer on a timeinterval of length T is bounded by O�(logT )2�2=��, and that this estimate isasymptoti
ally sharp. Impli
ations of this example for existen
e of global gen-eralized solutions to randomly for
ed Hamilton{Ja
obi or Burgers equations isdis
ussed. 1. Introdu
tionIn this paper we present an example of blow-up in a 
ow of min-plus linearintegral operators arising as solution operators for a 
lass of Hamilton{Ja
obi equa-tions. As we shall see, existen
e of su
h blow-up has interesting 
onsequen
es forthe appli
ation of idempotent fun
tional analysis to sto
hasti
 partial di�erentialequations.1.1. Consider the invis
id Burgers equation in the d-dimensional spa
e(1.1) �u�t + (u � r)u = �rU (x; t);where u(x; t) = (u1(x; t); u2(x; t); : : : ; ud(x; t)) is a potential velo
ity �eld, so thatu(x; t) = rS(x; t). The potential S(x; t) must satisfy the Hamilton{Ja
obi equation(1.2) �S�t + 12 jrSj2 + U (x; t) = 0:Here and below, r denotes the ve
tor of derivatives with respe
t to 
omponents ofthe ve
tor x 2 Rd.It is well-known that the Cau
hy problems for nonlinear equations (1.1) and (1.2)fail to have global in time 
lassi
al solutions: they develop in�nite velo
ity gradi-ents in �nite time. There exist several ways to extend solutions beyond formationof su
h singularities in a suitable generalized sense, allowing for dis
ontinuities ofvelo
ities [Hop50, Lio82, CL83, Sub95, KM97℄. Under an additional stability2000 Mathemati
s Subje
t Classi�
ation. Primary 35L67; Se
ondary 49L99.
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2 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�Ihypothesis (the entropy 
ondition), all of them be
ome essentially equivalent (see,e.g., the paper [Rou℄ in the present volume), and the 
orresponding solutions admitan expli
it representation in terms of the Lax{Ole��nik variational prin
iple.Namely, a generalized solution to a Cau
hy problem for the Hamilton{Ja
obiequation (1.2) with the initial 
ondition S(x; 0) = S0(x) has the form(1.3) S(x; t) = inf
(t)=x�A0;t[
℄ + S0�
(0)��;where the a
tion fun
tional A�;�[�℄ is given by(1.4) At1;t2 [
℄ � Z t2t1 L( _
(s); 
(s); s) dsfor any t1 and t2 with t1 < t2, the Lagrangian has the form L(v; x; t) = jvj2=2 �U (x; t), and the in�mum is taken over all absolutely 
ontinuous traje
tories 
(�)de�ned over [0; t℄ and satisfying 
(t) = x. De�ne further(1.5) At1;t2(y; x) = inf
(t1)=y; 
(t2)=xAt1;t2 [
℄:Under mild 
onditions on the Lagrangian, this in�mum, as well as the in�mumin (1.3), is attained at a traje
tory 
y;xt1;t2 : [t1; t2℄! Rd (see, e.g., [Fat01℄); below we
all su
h traje
tories Lagrangian minimizers. The solution to the Cau
hy problemfor the Burgers equation (1.1) on the time interval [0; t℄ with the initial 
onditionu(x; 0) = rS0(x) is then given by u(x; t) = _
x0;t(t), where 
x0;t is a Lagrangianminimizer 
orresponding to the minimum of the right-hand side in(1.6) S(x; t) = T0;tS0(x) = miny �A0;t(y; x) + S0(y)�:For the purposes of the present paper, the Lax{Ole��nik formula (1.3) or (1.6)
onstitutes a suÆ
ient repla
ement for de�nitions of generalized solutions. Notethat in its form (1.6), the Lax{Ole��nik formula be
omes a min-plus integral operatorrepresentation of a solution. The solution operators T�;
dot form a 
ow, i.e., theysatisfy Tt2;t3Tt1;t2 = Tt1;t3 for any t1 < t2 < t3; however, this 
ow fails to be asemigroup unless U (x; t) does not depend on time.We note that the duality between representations of solutions in terms of thevalue fun
tion S(x; t) or minimizers 
x0;t is more than a heuristi
 relation; whenone relaxes the a
tion minimization problem in the spirit of Kantorovi
h, allowingmeasure-valued solutions instead of 
lassi
 minimizing 
urves, the fun
tion S(x; t)be
omes the dual variable in a 
orreponding in�nite-dimensional linear program(see, e.g., [Mat89, EG02℄).1.2. Our interest in solution operators of the form (1.6) is motivated by thetheory of global (time-stationary) vis
osity solutions in the 
ase of randomly for
edinvis
id Burgers and Hamilton{Ja
obi equations, whi
h was developed re
ently in[EKMS00℄, [IK03℄ and [GIKP03℄. The 
ru
ial role in the 
onstru
tion of thisglobal solution is played by Lagrangian minimizers 
xt de�ned over a semi-in�nitetime interval (�1; t℄: namely, a global solution to the random for
ed invis
idBurgers is given by u(x; t) = _
xt (t). To prove that su
h semi-in�nite minimizersexist, one has to take a limit as T ! 1 for minimizers 
xt�T;t de�ned on �nitetime intervals of the form [t� T; t℄. Existen
e of this limit follows from a uniformbound on the absolute value of a velo
ity j _
xt�T;t(t)j, whi
h thus be
omes the 
entralproblem for the theory.



BLOW-UP IN THE HAMILTON{JACOBI EQUATION 3Observe �rst that the velo
ity of a minimizer is uniformly bounded if the statespa
e of the Lagrangian system is a 
ompa
t manifoldM . Indeed, in this 
ase thedispla
ement of a minimizer for any time interval is bounded by the diameter ofthe manifold, so a
tion minimizing traje
tories 
annot have large velo
ities. Thesimplest example is given by the d-dimensional torus Rd=Zd. Hen
e, the uniformbound on velo
ities holds in the 
ase of Zd-periodi
 potential U (x; t), satisfyingU (x + k; t) = U (x; t) for all k 2 Zd. It turns out that, for the randomly for
edBurgers equation on a 
ompa
t manifold, a unique global solution u(x; t) existswith probability 1. In fa
t the whole theory is developed at the moment only in the
ase of 
ompa
t manifolds, where the bound on velo
ities 
an be easily proved. Atpresent almost nothing is known about global solutions in the 
ase of Rd (howeversee [HK03℄ for some results and dis
ussions).In the 
ase of non-periodi
 potentials one 
an imagine a situation where aminimizer spends almost all its time in a very favourable part of Rd whi
h maylie far away from its pres
ribed endpoint x, and then goes very qui
kly to x. Su
hs
enario will lead to a large terminal velo
ity at point x whi
h might depend onthe time interval where minimization is performed. There are two 
ases, however,when su
h behaviour is impossible. The �rst one 
orresponds to the autonomousbounded potential: U (x; t) = U (x), for whi
h the energy(1.7) H(p; x; t) = maxv2Rd�p � v � L(v; x; t)� = jpj22 + U (x; t)is 
onserved and the velo
ity of any Lagrangian traje
tory is uniformly boundedif this traje
tory is at rest at the initial moment of time. Sin
e all minimizers areLagrangian traje
tories, the bound on their velo
ities follows immediately.The se
ond 
ase 
orresponds to a potential U (x; t) that depends on time pe-riodi
ally. Here the situation is more deli
ate. It is not true anymore that thevelo
ities of Lagrangian traje
tories are bounded. Moreover, it was shown re
entlyby J. Mather that Lagrangian traje
tories 
an be a

elerated by a periodi
 potentialto an arbitrary large velo
ity. However, A.Fathi was able to show with methodsdeveloped in [Fat01℄ that the velo
ities of minimizers are still bounded; his elegantunpublished proof is re
alled in Appendix B below.The examples 
onstru
ted in this paper show that for spe
ial potentials U (x; t)the velo
ity of a minimizer may be arbitrarily large; in fa
t, one 
an 
onstru
ta potential U (x; t) de�ned for all t < 0 that a

elerates minimizers to in�nitevelo
itites. Be
ause of this blow-up in velo
ity, for su
h potentials even generalizedglobal solutions do not exist. The simple remarks we just made demonstrate that forthis blow-up e�e
t it is 
ru
ial that the system be de�ned on an unbounded manifold(say Rd) and the potential U (x; t) depend on time non-periodi
ally. Impli
ationsof our examples to the existen
e of global solutions in the randomly for
ed 
ase isdis
ussed in the 
on
lusion to this paper.1.3. We pass now to pre
ise formulation of our results. Below we 
onsidernot (1.2) but a more general Hamilton{Ja
obi equation(1.8) �S�t +H(rS; x; t) = 0;where the Hamiltonian has the form(1.9) H(p; x; t) = 1� jpj� + U (x; t):



4 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�IThe 
orresponding Lagrangian system has the Lagrangian(1.10) L(v; x; t) = 1� jvj� � U (x; t);where ��1+��1 = 1. Suppose that �; � > 1 and the potential U (�; t) is a C1 fun
-tion of x for any t, uniformly bounded together with its spatial derivative:(1.11) 0 � U (x; t) � C; jrU (x; t)j � C; x 2 Rd; t 2 R:Let the traje
tory 
xt1;t2 : [t1; t2℄! Rd be a (not ne
essarily unique) Lagrangianminimizer for the a
tion At1;t2 , satisfying the 
onditions _
xt1;t2(t1) = 0, 
xt1 ;t2(t2) =x. Note for future referen
es that, under the above 
onditions on Lagrangian, 
xt1 ;t2is a 
lassi
al solution of the Euler{Lagrange equation(1.12) ddt ( _
(t)j _
(t)j��2) = �rU(see, e.g., [Fat01℄), where the dot notation stands for the ordinary derivative withrespe
t to time variable.Theorem 1. There exists K = K(C; �) > 0 su
h that for any [t1; t2℄ with largeenough T � t2 � t1 and any x 2 R(1.13) j _
xt1;t2(t2)j � K(logT )2=�:Theorem 2. There exists K = K(C; �) > 0 su
h that for any [t1; t2℄ with largeenough T � t2 � t1 and any y 2 Rd there is a potential U (�; t), de�ned on the timeinterval [t1; t2℄ and satisfying (1.11), su
h that(1.14) j _
xt1;t2(t2)j � K(logT )2=�2�=(��1)for any x with jx� yj � RT � K2 (logT )2=�.Constants in Theorems 1 and 2 are not ne
essarily the same. In what followsthey will be given expli
it expression in terms of the parameters C and �.Theorem 3. There exists a potential U (x; t) de�ned for all t < 0 and satisfy-ing (1.11) su
h that for all x 2 Rd(1.15) lim supt!�1 j _
xt;0(0)j =1:The paper is organized as follows. Theorem 1 is proved in Se
tion 2. Theorems2 and 3 are proved in Se
tion 3. In Se
tion 4, we make 
on
luding remarks andindi
ate several dire
tions in whi
h one 
an generalize the results of the presentpaper. In Appendix A we give the te
hni
al proof of Lemma 4, deferred from themain text. Appendix B, in
luded for 
ompleteness, 
ontains A. Fathi's argumentthat rules out blow-up if the potential U (x; t) is periodi
 in time.To simplify notation we denote below the minimizer 
xt1;t2 by 
x and assumethat all 
onstants may have impli
it dependen
e on the parameters C and �. For
onvenien
e we introdu
e a positive variable s = t2� t for t 2 [t1; t2℄ and denote byw(s) the absolute value of the average velo
ity over [0; s℄:(1.16) w(s) � j
x(t2)� 
x(t2 � s)js :



BLOW-UP IN THE HAMILTON{JACOBI EQUATION 52. Proof of the upper bound on velo
ityBefore giving the proof of Theorem 1 in full generality, we observe that itbe
omes parti
ularly simple in the 
ase of � = 2. Fix a time interval [t1; t2℄ and aminimizer 
x with �nal position 
x(t2) = x. Take s1 and s2 with 0 � s1 � s2 � T ,where T � t2 � t1, and suppose that the absolute value of the average velo
ityof the minimizer in
reases from w2 � w(s2) to w1 � w(s1) over the time interval[t2 � s2; t2 � s1℄.Observe that minimization of the a
tion allows to 
ontrol the in
rease in theaverage velo
ity:(2.1) 1 + (w1 �w2)22C � s2s1 :To see this, note thatAt2�s2;t2 [
x℄ = At2�s2;t2�s1 [
x℄ + At2�s1;t2 [
x℄� 12�s1w21 + 1s2 � s1 (s1w1 � s2w2)2� �Cs2;(2.2)where to estimate the a
tion we use (1.11) and Jensen's inequality, taken in theform(2.3) Z t00t0 j _
(t)j� dt � (t00 � t0)1��j
(t00)� 
(t0)j�for � > 1 and an arbitrary C1 
urve 
(t) : [t0; t00℄ ! Rd. On the other hand,
onsider a traje
tory 
(t), t 2 [t2 � s2; t2℄, that has the same endpoints as 
x butkeeps 
onstant velo
ity, whi
h is equal to w2. By a
tion minimization and (1.11),(2.4) At2�s2;t2[
x℄ � At2�s2;t2 [
℄ � 12s2w22:Combining (2.2) and (2.4), after some simple algebra we arrive at (2.1).The meaning of inequality (2.1) is that in
reasing the absolute value of theaverage velo
ity in arithmeti
 progression requires a geometri
 progression in timesteps. Therefore the largest possible in
rease over a time interval of length T isproportional to logT . The desired bound (1.13) on the terminal velo
ity _
x(t2)may now be inferred from (i) the observation that the smaller is the time interval,the 
loser are the absolute values of average and terminal velo
ity, and (ii) theboundedness of the average velo
ity w(T ) at the earliest time moment t1 = t2� T ,whi
h we prove in a separate lemma for future referen
e.Lemma 1. w(T ) � (C�)1=� .Proof. Using (2.3) and (1.11), it is easy to see that(2.5) At1;t2 [
x℄ � (T=�)(w(T ))� � CT:On the other hand, the a
tion of the 
urve 
(t) = x for all t 2 [t1; t2℄, satis�es theestimate At1;t2 [
℄ � 0. Sin
e At1;t2 [
x℄ � At1;t2 [
℄, we have w(T ) � (C�)1=�. �Turning now to the proof of Theorem 1, we start with two auxiliary results.The �rst lemma extends inequality (2.1) to the 
ase of general � > 1.Lemma 2. For 0 � s1 � s2 � T denote(2.6) w1 � w(s1); w2 � w(s2); � � w1 � w2 = �w(2��)=21



6 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�Iand assume 0 < � < w1. There exists W = W (�) > 0 su
h that if w1 > W , then(2.7) 1 + �2(� � 1)3C � s2s1 :Proof. Using (2.3) and (1.11), we get(2.8) At2�s2;t2 [
x℄=At2�s1;t2 [
x℄ +At2�s2;t2�s1 [
x℄� s1w�1� + (s2 � s1)1��� j
x(t2 � s1) � 
x(t2 � s2)j� �Cs2� 1� �s1w�1 + (s2 � s1)1��js2w2 � s1w1j�� �Cs2:Denote by 
(t), t 2 [t2�s2; t2℄, the traje
tory of a point whi
h moves with 
onstantvelo
ity from (
x(t2 � s2); t2 � s2) to (
x(t2); t2). Sin
e(2.9) At2�s2;t2 [
℄ � s2w�2� = s2(w1 ��)��and At2�s2;t2 [
x℄ � At2�s2;t2[
℄, inequalities (2.8) and (2.9) imply(2.10) s1w�1 + (s2 � s1) ����w1 � s2s2 � s1������ � C�s2 � s2(w1 ��)�:With the notation � � s2=(s2 � s1), this inequality is equivalent to(2.11) ��1� (��=w1)��� � 1 + ��(1� ��=w1)�� � 1 + C�w��1 �:Using in the right-hand side of this inequality the Taylor expansion (1 � z)� =1� �z + �(��1)2 z2(1� �z)��2 with � = �(z) 2 [0; 1℄, we get:(2.12) ����1� ��w1 ����� � 1� ���w1  1� (� � 1)2 �w1 �1� # �w1���2� C�w��11 ! ;where # = �(�=w1). Sin
e �=w1 = 1=(�w��11 ) = O(w��=21 ) for �xed �, the valueof the largest parenthesis in the right-hand side of (2.12) lies between 2(1 + �)�1and 1 if w1 > W with a suitably largeW =W (�). Sin
e the left-hand side of (2.12)is nonnegative, this implies(2.13) ��w1 � � + 12� < 1and enables us to use the same expansion in the left-hand side of (2.12). Aftersome 
an
ellations this leads to the inequalities(2.14) � � 1(1� #���=w1)��2 �(1 � #�=w1)��2 + 2C�2(� � 1)�� max(1;� 2�� � 1���2)�1 + 2C�2(� � 1)� ;where #� = �(��=w1) and the last line follows from (2.13) if w1 > W . Using thisupper estimate on � and enlarging W if ne
essary, we 
an ensure that for w1 > Wthe parentheses 
ontaining #; #� in (2.14) are arbitrarily 
lose to unity and therefore(2.15) � � 1 + 3C�2(� � 1) ;



BLOW-UP IN THE HAMILTON{JACOBI EQUATION 7whi
h implies (2.7). �Note that in (2.15), as well as in (2.7), the 
onstant 3 may be repla
ed by anynumber greater than 2.Using inequality (2.7), one 
an repla
e the arithmeti
 progression in the wvariable, suggested by bound (2.1), by a more general sequen
e that still leadsto a power-law estimate in logT for the average velo
ity. The following lemma,employed several times throughout this paper, shows that su
h estimate allows to
ontrol the terminal velo
ity _
x(t2).Lemma 3. If w(s) � (2Cs)1=(��1) then j _
x(t2)j � (3Cs)1=(��1). If w(s) >(2Cs)1=(��1) then(2.16) (1=2)1=(��1)w(s) � j _
x(t2)j � (3=2)1=(��1)w(s):Proof. The minimizer 
x(t) satis�es the Euler{Lagrange equation (1.12).This together with (1.11) implies(2.17) ��j _
x(t0)j��1 � j _
x(t00)j��1�� � Csfor all t0; t00 2 [t2 � s; t2℄. Sin
e the Lagrangian (1.10) is stri
tly 
onvex, 
x(t) isa C1 
urve, and there exists t� 2 [t2 � s; t2℄ su
h that j _
x(t�)j = w(s). It followsfrom (2.17) that(2.18) j _
x(t�)j��1 � Cs � j _
x(t2)j��1 � j _
x(t�)j��1 + Cs;whi
h implies the statement. �Proof of Theorem 1. Somewhat departing from notation of Lemma 2, de-note w1 � j
(t2 � 1)� 
(t2)j, � � w(2��)=21 , �W � supfW (�) j 2(2��)=2 � � � 1 g.Suppose that w1 > maxf2(C�)1=�; 2 �W; (2C)1=(��1)g. Sin
e w(T ) � (C�)1=� byLemma 1 and w(s) is a 
ontinuous fun
tion, there exists an in
reasing sequen
e1 � si � T , 0 � i � n = [w12� ℄, where [�℄ stands for the integer part, su
h thats0 = 1 and w(si) = w1 � i� for i > 0. Denote �i � �w(si)(��2)=2. Sin
ew1=2 � w(si) � w1 for 0 � i � n, all �i satisfy the inequalities 2(2��)=2 � �i � 1and therefore all w(si) satisfy the 
ondition of Lemma 2: w(si) > �W � W (�i).Hen
e(2.19) T � sn = nYi=1 sisi�1 � �1 + 22��(� � 1)3C �n :It follows that n = [w�=21 =2℄ � eK logT , where eK=�log(1+ 22�� (��1)3C )��1. Thereforew1 � maxf2(C�)1=�; 2 �W; (2C)1=(��1); (2 eK logT + 2)2=�g for any T > 0. Thestatement now follows from Lemma 3. �3. Constru
tion of a

elerating potentialsRe
all that [t1; t2℄ is a �xed time interval with t2� t1 = T . To prove Theorems2 and 3, it is enough to 
onstru
t in this time interval an example of a potentialthat depends only on one spatial 
oordinate. Hen
e, without loss of generality, wemay assume d = 1, x 2 R.Observe that setting s0 equal to s instead of 1 in the proof of Theorem 1 givesfor the average velo
ity of a minimizer at time t2 � s the bound O�(log(T=s))2=��,



8 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�Iwhi
h 
an be turned into a similar bound on _
(t2 � s) by an argument analogousto that of Lemma 3. For s 2 [0; T ℄ and any K > 0, de�ne(3.1) gT (s) � K Z s0 (log(T=u))2=� du:The traje
tory �gT (t2 � t) has therefore the largest velo
ity possible for a mini-mizer at all times t 2 [t1; t2℄, up to the 
onstant fa
tor K; a

elerating potentials
onstru
ted below 
on�ne minimizers to lie as 
lose to this traje
tory as possible.Before starting the proofs of Theorems 2 and 3, we 
olle
t here some propertiesof the fun
tion gT (�) for future referen
es.Lemma 4. Let 0 � s � T . ThenZ s0 1� ( _gT (u))� du = K�� s�(log(T=s))2 + 2 log(T=s) + 2�;(3.2) gT (s) = Ks�log(T=s))2=� �1 + 2� log(T=s) + 2(2� �)�2 r�log(T=s)�� ;(3.3)where 0 � r(z) � z�2 for z > 0, andZ s0 1� ( _gT (u))� du� s1��� �gT (s)�� < 4K�s� :(3.4)If T > T0 for a suitable T0 = T0(�) and 3 < s � T , then there exists �M = �M (�)su
h that (gT (s) � gT (1))�(s� 1)��1 � (gT (s))�s��1 � �MK�(logT )2:(3.5)The proof is postponed to Appendix A.3.1. Proof of Theorem 2. For any y 2 R de�ne on the time interval [t1; t2℄a potential(3.6) U (x; t) � UC (x� y + gT (t2 � t));where UC (�) is a C1 fun
tion that satis�es the 
onditions 0 � UC(x) � C for allx 2 R, UC (x) = C for x � �2, UC(x) = 0 for x � 0, and �C � U 0C(x) � 0 forx 2 [�2; 0℄. Note that the potential U (x; t) satis�es (1.11).Let 
x(t), t 2 [t1; t2℄, be a minimizer with(3.7) j
x(t2) � yj = jx� yj � RT � K(logT )2=�=2:Without loss of generality suppose that y = 0. To establish Theorem 2, we 
onsiderthree possible 
ases: (i) 
x(t2 � 1) � �gT (1), (ii) 
x(t2 � 1) > �gT (1) and x � 0,and (iii) 
x(t2�1) > �gT (1) and x < 0. Lemmas 5{7 
over ea
h of these 
ases andtogether 
omplete the proof.Lemma 5 (
ase (i)). If 
x(t2 � 1) � �gT (1), then for any K > 0 there holds_
x(t2) � K(logT )2=�=2�=(��1) for T large enough.Proof. For the average velo
ity of 
x at the instant t2 � 1 we have(3.8) w(1) = jx� 
x(t2 � 1)j � gT (1)�RT � K(logT )2=�=2;where we use inequalities (3.3) and (3.7). Thus the hypothesis of Lemma 3 issatis�ed if K(logT )2=� � 2(2C)1=(��1), whi
h by the �rst of inequalities (2.16)then implies that _
x(t2) � 2�1=(��1)w(1) and, together with estimate (3.8) for w(1),gives the statement of the lemma. �



BLOW-UP IN THE HAMILTON{JACOBI EQUATION 9Lemma 6 (
ase (ii)). Let 
x(t2 � 1) > �gT (1), x � 0 and K = (C�=5)1=�.Then _
x(t2) � K(logT )2=�=2 for T large enough.Proof. We �rst note that the minimizer 
x 
annot stay in the domain whereU = 0 for all t 2 [t1; t2℄. More formally, de�ne(3.9) �s � inff s 2 (1; T ) j 
x(t2 � s) � �gT (s) g;then �s < T and 
x(t2 � �s) = �gT (�s). Indeed, otherwise the velo
ity of the min-imizer 
x would vanish for all t and we would have At1;t2[
x℄ = 0. Consider a
ontinuous traje
tory �
 de�ned on [t1; t2℄ by(3.10) �
(t2 � s) � (x� (x+ gT (1) + 2)s; s 2 [0; 1);�gT (s) � 2; s 2 [1; T ℄:Using (1.11) and (3.2), we obtain the following estimate for the a
tion At1;t2 [�
℄:(3.11) At1;t2[�
℄ = At2�1;t2[�
℄ +At1;t2�1[�
℄� (x+ gT (1) + 2)�� + 1� Z T0 ( _gT (s))� ds �C(T � 1)= (x+gT (1)+2)�� + 2K�T� �C(T � 1):Observing that At1;t2[�
℄ � At1;t2[
x℄ = 0 and using the fa
t that K� = C�=5, wederive(3.12) 35T � 1 + (x+ gT (1) + 2)��C :Sin
e, for T large enough, x � K(logT )2=�=2 and gT (1) � 2K(logT )2=� by (3.7)and (3.3), we see that the hypothesis �s = T leads to a 
ontradi
tion.If �s � 3, then the statement of this lemma is established by the same argumentas in Lemma 5. Therefore assume that 
x(t2 � �s) = �gT (�s) with 3 < �s < T and
onsider the 
ontinuous traje
tory 
 de�ned for t 2 [t2 � �s; t2℄ by(3.13) 
(t2 � s) � 8>>><>>>:x� (x+ gT (1))s; s 2 [0; 1);�gT (s) � 2(s� 1); s 2 [1; 2);�gT (s) � 2; s 2 [2; �s� 1);�gT (s) � 2(�s� s); s 2 [�s� 1; �s℄:For the a
tion At2��s;t2[
℄ we get using (1.11) that(3.14) At2��s;t2[
℄ � (x+ gT (1))�� + 1� Z �s1 ( _gT (s))� ds+ K�� (I1 + I2)�C(�s � 3);where I1 and I2 are de�ned byI1 � 1K� Z 21 �( _gT (s) + 2)� � ( _gT (s))�� ds;I2 � 1K� Z �s�s�1�j _gT (s) � 2j� � ( _gT (s))�� ds:(3.15)



10 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�INote also that by (3.4)(3.16) 1� Z �s1 ( _gT (s))� ds < 4K��s� + (gT (�s))��s��1 � Z 10 ( _gT (s))� ds� 4K��s� + (gT (�s) � gT (1))��(�s � 1)��1 ;where the last line follows from Jensen's inequality. On the other hand, sin
e fort 2 [t2��s; t2℄ the minimizer 
x stays in the domain where U = 0, is velo
ity remains
onstant and we have(3.17) At2��s;t2 [
x℄ = (x+ gT (�s))���s��1Plugging (3.14), (3.16) and (3.17) into the inequality At2��s;t2 [
℄�At2��s;t2[
x℄ � 0gives(3.18) �s < 15 + I1 + I2 + (x+ gT (1))�K� + (gT (�s)� gT (1))�K�(�s � 1)��1 � (x+ gT (�s))�K��s��1 :where we took into a

ount that C = 5K���1.We now estimate terms in the right-hand side of (3.18). Note �rst that for Tlarge enough(3.19) I1 = 1K� Z 21 �� _gT (s) + 2�� � ( _gT (s))�� ds< (logT )2 Z 21  �1� log slogT �2=� + 2K(logT )2=�! ds < 2(logT )2and similarly I2 < 2(logT )2. Se
ond, note that if T is so large that the right-handside of (3.3) is less than 2K(logT )2=� for s = 1, then by (3.3) and (3.7)(3.20) (x+ gT (1))�K� � (5=2)�(logT )2:Third, note that sin
e x � 0 we 
an use (3.5) to get(3.21) (gT (�s) � gT (1))�K�(�s � 1)��1 � (x + gT (�s))�K��s��1 < �M(logT )2:Taking the estimates for I1 and I2 (see (3.19)), (3.20) and (3.21) into a

ountin (3.18), we get �s � M (logT )2 for T large enough with a suitable 
onstant M =M (�).Now, using again the fa
t that the velo
ity of the minimizer 
x stays 
onstantfor t 2 [t2 � �s; t2℄, we get from (3.3) for large enough T that(3.22)_
x(t2) = x+ gT (�s)�s � gT (�s)�s > K(logT )2=� �1� log �slogT �2=� > K2 (logT )2=�;whi
h establishes the statement of Lemma 6. �Lemma 7 (
ase (iii)). Let 
x(t2 � 1) > �gT (1), x < 0 and K = (C�=5)1=�.Then _
x(t2) � K(logT )2=�=2�=(��1) for T large enough.



BLOW-UP IN THE HAMILTON{JACOBI EQUATION 11Proof. Take (t2��s; t2���s) to be the largest neighbourhood of the instant t2�1in whi
h the minimizer 
x stays in the domain where U = 0. More formally, de�ne�s � inff s 2 (1; T ) j 
x(t2 � s) � �gT (s) g;��s � supf s 2 (0; 1) j 
x(t2 � s) � �gT (s) g:(3.23)Sin
e x < 0, the minimizer 
x must interse
t the 
urve �gT (t2�t) for t > t2�1,so 
x(t2 � ��s) = �gT (��s). Moreover, observe that �s < T and 
x(t2 � �s) = �gT (�s).Indeed, otherwise the minimizer 
x would ne
essarily stay in the domain whereU = 0 for all t 2 [t1; t2� ��s℄, so its velo
ity would have to vanish and we would have
x(t) = 
x(t2 � ��s) and At1;t2���s[
x℄ = 0. Assuming, without loss of generality, thatT � t2 � t1 > ��s + 1, 
onsider a 
ontinuous traje
tory �
 de�ned on [t1; t2℄ by(3.24) �
(t2 � s) � (�gT (s) � 2(s � ��s); s 2 [��s; ��s+ 1);�gT (s) � 2; s 2 [��s+ 1; T ℄:Assuming T so large that _gT (s) = K�log(T=s)�2=� > 2 for s 2 [0; 2℄, and using(1.11), the inequalities 0 � ��s < 1, and (3.2), we obtain the following estimate forthe a
tion At1;t2���s[�
℄:(3.25) At1;t2���s[�
℄ = Z ��s+1��s � 1� ( _gT (s) + 2)� � U��
(t2 � s); t2 � s��ds+ 1� Z T��s+1( _gT (s))� ds� C(T � ��s � 1)� 1� Z 20 ( _gT (s) + 2)� ds+ 1� Z T0 ( _gT (s))� ds �C(T � 2)< 2(2K)�� �(log T2 + 1)2 + 1�+ 2C � �C � 2K�� �T:Now note that 
x is a minimizer, so we must have At1;t2���s[�
℄ � At1;t2���s[
x℄ = 0.Thus the hypothesis �s = T leads to 
ontradi
tion, sin
e for K = (C�=5)1=� theright-hand side of the last inequality be
omes negative for large T .If �s � 3, then the statement of this lemma is established by the same argumentas in Lemma 5. Assuming that 
x(t2 � �s) = �gT (�s) and 
x(t2 � ��s) = �gT (��s)with 0 � ��s < 1 and 3 < �s < T , 
onsider the 
ontinuous traje
tory 
 de�ned fort 2 [t2 � �s; t2 � ��s℄ by(3.26) 
(t2 � s) � 8><>:�gT (s) � 2(s � ��s); s 2 [��s; ��s+ 1);�gT (s) � 2; s 2 [��s+ 1; �s� 1);�gT (s) � 2(�s � s); s 2 [�s� 1; �s℄:Using (1.11), we estimate the a
tion At2��s;t2���s[
℄ by(3.27) At2��s;t2[
℄ � C(��s + 2� �s) + 1� �Z �s��s ( _gT (s))� ds�+ K�� (I1 + I2);where I1 and I2 are de�ned by formulas (3.15), ex
ept that I1 invovles integrationfrom ��s to ��s + 1. Note also that, similarly to (3.16),(3.28) 1� Z �s��s ( _gT (s))� ds < 4K��s� :+ (gT (�s)� gT (��s))��(�s � ��s)��1



12 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�IOn the other hand, sin
e for t 2 [t2��s; t2���s℄ the minimizer 
x stays in the domainwhere U � 0, its velo
ity remains 
onstant and we have(3.29) At2��s;t2���s[
x℄ = (gT (�s)� gT (��s))��(�s � ��s)��1 :Plugging (3.27), (3.28) and (3.29) into the inequalityAt2��s;t2���s[
℄�At2��s;t2���s[
x℄ �0 and taking into a

ount that C = 5K���1, we get a simpler form of inequal-ity (3.18):(3.30) �s < 5(��s + 2) + I1 + I2:However, this time we need a more a

urate estimate of the sum I1+I2 than (3.19)
an give. Indeed, in the present 
ase, unlike 
ase (ii), we have only indire
t 
ontrolover _
x(t2), namely that provided by Lemma 3; this requires a more stringent
onstraint on �s.Re
all that (3.19) tells that I1 and I2, and therefore �s, are not larger thanO�(logT )2�. Thus for suitably large T we 
an expand integrands in I1 and I2:(3.31) I1 = 1K� Z ��s+1��s ( _gT (s))�  �1 + 2_gT (s)�� � 1! ds� Z ��s+1��s �2�K �log(T=s)�2�2=� +M1(K)�log(T=s)�2�4=�� ds;I2 � Z �s�s�1��2�K �log(T=s)�2�2=� +M1(K)�log(T=s)�2�4=�� ds;where M1(K) does not depend on T .It is easy to 
he
k that for s su
h that 0 < s � O�logT )2�(3.32)Z s+1s �log(T=u)�2�2=� du = (logT )2�2=� + O�((logT )1�2=�max�1; (log(s + 1))3��:It follows from (3.32) that(3.33)Z ��s+1��s �log(T=s)�2�2=� ds� Z �s�s�1�log(T=s)�2�2=� ds �M2(logT )1�2=�(log �s)3:Suppose 1 < � � 2; then 1� 2=� � 0 and we have I1+ I2 �M2(log �s)3+2M1.If � > 2, then 2� 4=� > 1� 2=� > 0, so that(3.34) Z ��s+1��s �log(T=s)�2�4=� ds < Z 10 �log(T=s)�2�4=� ds =M3(logT )2�4=�and the rightmost part of (3.34) grows with T faster thanM2(logT )1�2=� log �s+M1;thus(3.35) �s � (M2 log �s + 2M1 + 5(��s+ 2); 1 < � � 2;M3(logT )2�4=� + 5(��s+ 2); � > 2;or �s � M4(logT )maxf0;2�4=�g with a suitable 
onstant M4 = M4(K), for largeenough T . Note that for su
h �s by (3.3) and (3.7) we have(3.36) w(�s) = jx� gT (�s)j�s � K2 (logT )2=�:
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e 2=� > maxf0; 2�4=�g=(��1) for � > 1, the 
ondition of Lemma 3 is satis�edfor large enough T , so that j _
x(t2)j � K(logT )2=�=2�=(��1). This establishes thestatement of Lemma 7 and 
on
ludes the proof of Theorem 2. �3.2. Proof of Theorem 3. In the proof of Theorem 2 we 
onstru
ted ana

elerating potential U (x; t) 
orresponding to any long enough time interval [t1; t2℄,t2� t1 � T , and any ball jxj � RT of terminal positions x at time t2. We now gluetogether a sequen
e of su
h potentials to de�ne for all t < 0 a potential U1(x; t)that a

elerates minimizers inde�nitely.Fix K = (C�=5)1=� . De�ne in
reasing sequen
es Tn and Sn for n � 1:(3.37) T1 � S1 � max(1; �T ); Tn � exp�S1=�n�1� ; Sn � Sn�1 + Tn; n � 2;where �T is large enough so that Theorem 2 holds for T > �T , and � is any positivenumber satisfying � < 2(� � 1)=�2. De�ne also(3.38) X0 � 0; Xn � nXi=1 gTi(Ti); n � 1:Note that gT (T ) = KT R 10 j logxj2=� dx and therefore Xn = K1Sn, where K1 =K R 10 j logxj2=� dx. Finally, de�ne(3.39) U1(x; t) � UC(x �Xn�1 + gTn(�t � Sn�1))for t 2 (�Sn;�Sn�1℄, n � 1, where S0 � 0.Consider a terminal position x and take n large enough so that jxj � 12RTn =K4 (logTn)2=�. Denote by 
xn(t) a minimizer on the time interval t 2 [�Sn; 0℄ su
hthat 
xn(0) = x and _
xn(�Sn) = 0. To establish Theorem 3, we now show that forall n large enough(3.40) j _
xn(0)j � K02 (logTn) 2���;where K0 = K=22+1=(��1); sin
e 2=� � � > 0, this implies the statement of thetheorem.To prove (3.40), we 
onsider two 
ases. First assume that j
xn(�Sn�1)�Xn�1j �RTn = K2 (logTn)2=�. Sin
e 
xn(t) is a minimizer on the time interval [�Sn;�Sn�1℄with _
xn(�Sn) = 0, it follows from Theorem 2 (with y = Xn�1) that j _
xn(�Sn�1)j �2K0(logTn)2=�. Using (2.17) in an argument similar to that of Lemma 3, we obtain(3.41) j _
xn(0)j � ��2K0(logTn)2=����1 � CSn�1� 1��1 :Observing that Sn�1 = (logTn)� and in
reasing n if ne
essary, we get j _
xn(0)j �K0(logTn)2=�, whi
h is even stronger than (3.40).In the se
ond 
ase, when j
xn(�Sn�1) � Xn�1j > RTn , observe that the aver-age velo
ity w(Sn�1) on the interval [�Sn�1; 0℄ satis�es the inequality w(Sn�1) ��12RTn � Xn�1�=Sn�1. Taking into a

ount that Xn�1 = K1Sn�1, we obtain forlarge enough n that(3.42) w(Sn�1) � RTn4Sn�1 = K8 (logTn) 2���:Thus for all n large enough we 
an ensure that w(Sn�1) > (2CSn�1)1=(��1), whi
hby Lemma 3 implies (3.40). �



14 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�I4. Con
lusionThe results of this paper 
an be generalized in several dire
tions. One 
an
onsider Lagrangian systems with dis
rete time. In this situation one has to �nd aminimizing sequen
e fxi 2 Rd : N1 � i � N2 g for the a
tion(4.1) AN1 ;N2 [fxig℄ = N2�1Xi=N1 � 1� jxi+1 � xij� � Ui(xi)� ;subje
t to the 
ondition xN2 = x. In physi
s literature su
h systems are 
allednon-stationary Frenkel{Kontorova type models. Noti
e that the dis
rete-time 
ase
orresponds to \ki
ked for
ing" in the 
ontinuous-time setting, i.e., to a for
ing ofthe form U (x; t) =Pi Ui(x)Æ(t�i) (see, e.g., [BFK00℄). The results in the dis
retesituation are the same as in the 
ontinuous-time setting.It is also possible to 
onsider more general natural Lagrangian systems wherea Lagrangian has the following form L(x; v; t) = L0(v) � U (x; t). This and othergeneralizations will be dis
ussed in a forth
oming publi
ation.It is interesting to study whether in Theorem 3 it is possible to repla
e theone-sided (upper) limit by the two-sided limit. We believe that the answer to thisquestion is aÆrmative.Noti
e that for the potentials 
onstru
ted in this paper the partial derivative�U=�t is unbounded. It is natural to ask whether velo
ity 
an grow with T in the
ase when(4.2) �����U (x; t)�t ���� � C; x 2 Rd; t 2 R:It is important to mention that all the \a

elerating" potentials 
onstru
tedin this paper have a very spe
i�
 form. We expe
t that for generi
 bounded time-dependent potentials the velo
ity of minimizers is bounded. Below we formulatethis statement as a 
onje
ture in the 
ase of random potentials.Conje
ture 1. Let(4.3) U (x; t) = NXj=1Uj(x)a!j (t); x 2 Rd; t 2 R;where Uj(x) are �xed non-random potentials of 
lass C1 satisfying 
ondition (1.11)and (a!j (t); 1 � j � N ) is a realization of a stationary ve
tor-valued random pro
esswith exponentially de
aying 
orrelation, where ! is a point of the 
orrespondingprobability spa
e and supj;t j(a!j (t)j � 1 for almost all !. Then there exists a random
onstant C!(x) su
h that(4.4) j _
xt;0(0)j � C!(x);uniformly in t, where t < 0 and 
xt;0(� ) is a minimizer on [t; 0℄ su
h that 
xt;0(0) = x.If this 
onje
ture holds true, then global solutions exist with probability 1 inthe 
ase of random potentials.A
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ussions.Appendix A. Proof of Lemma 4Eq. (3.2) is obtained by two integrations by parts.To obtain (3.3), integrate the right-hand side of (3.1) by parts twi
e to get(A.1) gT (s) = Ks�log(T=s))2=� �1 + 2� log(T=s)�+ 2(2� �)K�2 Z s0 �log(T=u)�(2=�)�2du:Making the 
hange of variable v = log(T=u) in the integral in the right-hand sideof this formula, we get(A.2) Z s0 �log(T=u)�(2=�)�2 du = T Z 1log(T=s) v(2=�)�2e�v dv � s�log(T=s)�(2=�)�2be
ause v(2=�)�2 � �log(T=s)�(2=�)�2 for v � log(T=s) and � > 1. Togetherwith (A.1) this implies (3.3).We now use (3.3) to obtain(A.3) s1���gT (s)�� �K�s�log(T=s)�2�1 + 2� log(T=s) � 2j2� �j(� log(T=s))2���K�s�log(T=s)�2�1 + 2log(T=s) � 2j2� �j�(log(T=s))2� ;the last line here follows from the inequality (1 + z)� � 1 + �z valid for � > 1.Together with (3.2) this gives(A.4) Z s0 1� j _gT (u)j� du� s1��� �gT (s)�� � 2K�s� �1 + j2� �j� � ;whi
h implies inequality (3.4) for � > 1.We �nally noti
e that monotoni
ity of gT (�) implies that for s > 1(A.5) (gT (s) � gT (1))�(s� 1)��1 � (gT (s))�s��1 � �gT (s)s �� s� 1(1� s�1)��1 � 1� :Observe that(A.6) 1(1 � x)��1 � 1 � 3 �32)���1 � 1!x;if x 2 [0; 1=3℄ (note that the left-hand side of (A.6) is a 
onvex fun
tion, whosegraph therefore lies below its 
hord given by the right-hand side). Furthermore,noti
e that(A.7) gT (s)s = Ks Z s0 �log(T=u)�2=� du = K Z 10 �v + log(T=s)�2=�e�v dv;



16 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�Iwhere we performed the 
hange of variable v = log(s=u). If T=2 < s � T , then theright-hand side of this expression is bounded uniformly in T ; for s < s � T=2 wehave(A.8)K Z 10 �v+log(T=s)�2=�e�v dv = K�log(T=s)�2=� Z 10 � vlog(T=s) + 1�2=� e�v dv � K�log(T=s)�2=� Z 10 � vlog 2 + 1�2=� e�v dv:Therefore for T large enough(A.9) gT (s)s � ~K�log(T=s)�2=�with a suitable ~K > 0. Inequalities (A.5), (A.6), and (A.9) together give (3.5) for3 � s � T .Appendix B. Absense of blow-up in the time-periodi
 
aseIn this appendix we present A. Fathi's proof that there is no blow-up if thepotential U (x; t) is periodi
 in time. Therefore, in addition to assumptions (1.11),we require U (x; t) = U (x; t+ 1) for any x 2 Rd and any t 2 R.Let x; y 2 Rd, t1 < t2. Sin
e the a
tion fun
tional (1.4) is bounded below, we
an write, repeating de�nition (1.5),(B.1) At1;t2(y; x) = inf
(t1)=y; 
(t2)=xAt1;t2 [
℄:In what follows we assume that this in�mum is attained, whi
h is a standard resultunder the present hypotheses on the Lagrangian (see, e.g., [Fat01℄). The followingelementary lemma is also standard.Lemma 8. The fun
tion At1;t2(y; x) is uniformly lo
ally Lips
hitz: for anyW > 0, there exists K = K(W ) su
h that if t1 < t2 and x1; x2; y 2 Rd are su
hthat jxi � yj � W (t2 � t1), i = 1; 2, then(B.2) jAt1;t2(y; x2)� At1;t2(y; x1)j � K(W )jx2 � x1jMoreover, the fun
tion At1;t2(y; x) admits the following bound: for any x; y 2 Rd,t1 < t2(B.3) jx� yj��(t2 � t1)� � C � 1t2 � t1At1;t2(y; x) � jx� yj��(t2 � t1)� :Proof. Let 
0 be a minimizing 
urve and w = j
0(t2)� 
0(t1)j=(t2 � t1) beits average velo
ity de�ned as in (1.16) above. If w � W , then, by an argumentsimilar to that of Lemma 3, there exists ~K(W ) > 0 su
h that j _
0(t)j � ~K(W ) for allt 2 [t1; t2℄ (as in the main text, we do not write the dependen
e on the parameters� and C expli
itly).To establish (B.2), take now x1; x2 2 Rd su
h that jxi � yj � W (t2 � t1),i = 1; 2, and let 
1 be a minimizing traje
tory for whi
h At1;t2[
1℄ = At1;t2(y; x1).
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(t) = 
1(t) + t�t1t2�t1 (x2 � x1). We have(B.4) At1;t2(y; x2)� At1;t2(y; x1) � At1;t2 [
℄�At1;t2 [
1℄= Z t2t1 1� ���� _
1(t) + 1t2 � t1 (x2 � x1)���� � j _
1(t)j�� dt+ Z t2t1 �U (
1(t); t) � U �
1(t) + t� t1t2 � t1 (x2 � x1); t�� dt:Using Taylor's formula, we obtain��� _
1(t) + 1t2 � t1 (x2 � x1)���� � j _
1(t)j�= ��� _
1(t) + �(t)t2 � t1 (x2 � x1)�����2� _
1(t) + �(t)t2 � t1 (x2 � x1); 1t2 � t1 (x2 � x1)� ;U (
1(t); t)� U �
1(t) + t � t1t2 � t1 (x2 � x1); t�= �rU �
1(t) +  (t)(t � t1)t2 � t1 (x2 � x1); t� 1t2 � t1 (x2 � x1);where 0 � �(t);  (t) � 1 for all t 2 [t1; t2℄. Substituting this into (B.4) andobserving that _
(t) and rU are both bounded, we get(B.5) At1;t2(y; x2) �At1;t2(y; x1) � Kjx2 � x1jwith a suitable K = K(W ). Inter
hanging the roles of x1 and x2, we get a reverseinequality and thus establish the desired Lips
hitz property of At1;t2(y; x).The left inequality in (B.3) follows from Jensen's inequality (2.3) and 
on-dition (1.11). The right inequality follows in a similar way from the inequalityAt1;t2[
0℄ � At1;t2[
℄ written for 
(t) = t2�tt2�t1 y + t�t1t2�t1x. �Following A. Fathi, we introdu
e two 
on
epts now. A fun
tion S : Rd ! R issaid to be L-dominated for a �xed time interval [t1; t2℄ a 
onstant L 2 R if(B.6) S(x) � S(y) � At1;t2(y; x) + L(t2 � t1)for any x; y 2 Rd, and Lips
hitz in the large (with 
onstant K) if(B.7) jS(x)� S(y)j � K(jx� yj + 1)for any x; y 2 Rd with some K > 0.Lemma 9. An L-dominated fun
tion is Lips
hitz in the large with 
onstant Kdepending on L and t1; t2.Proof. For x; y 2 Rd de�ne the sequen
e (xi), 0 � i � [jx�yj℄, by xi = y+ir,where r = jx� yj�1(x� y) is a unit ve
tor 
ollinear with x� y. (Here, as above, [�℄stands for the integer part.) We 
an write(B.8) S(x) � S(y) = X1�i�[jx�yj℄(S(xi)� S(xi�1)) + S(x) � S(x[jx�yj℄):Using the property of L-domination and the right inequality (B.3), we get(B.9) S(x) � S(y) � � 1�(t2 � t1)��1 + L(t2 � t1)��[jx� yj℄ + 1�:



18 K. KHANIN, D. KHMEL�EV, AND A. SOBOLEVSKI�ITogether with the reverse inequality obtained by inter
hanging the roles of x and y,this implies (B.7). �Denote the Lax{Ole��nik solution operator over a time interval [t1; t2℄ for theCau
hy problem for equation (1.8) by(B.10) Tt1;t2S(x) � infy2Rd(At1;t2(y; x) + S(y)):Lemma 10. For any L and any t1 < t2, the operator Tt1;t2 maps the set ofL-dominated fun
tions into itself.Proof. If S(x) is L-dominated, it follows from (B.6) that for any x 2 Rd(B.11) S(x) � infy2Rd(At1;t2(y; x) + S(y) + L(t2 � t1)) = Tt1;t2S(x) + L(t2 � t1):Therefore for any z 2 RdTt1;t2S(x) = infy2Rd(At1;t2(y; x) + S(y))� At1;t2(z; x) + S(z) � At1;t2(z; x) + Tt1;t2S(z) + L(t2 � t1);(B.12)whi
h implies L-domination for Tt1;t2S(x). �Lemma 11. For any K > 0 and any t1 < t2, the operator Tt1;t2 maps the setof fun
tions that are Lips
hitz in the large with 
onstant K into the set of Lips
hitzfun
tions with 
onstant �K = �K(K; t1; t2).Proof. Let S(x) be a fun
tion that is Lips
hitz in the large with 
onstant K.Then for any y 2 Rd(B.13) At1;t2(y; x) + S(y) � At1;t2(y; x) + S(x) �K(jx� yj+ 1):On the other hand, by de�nition (B.10) of the operator Tt1;t2 and the last inequalityin (B.3), we have(B.14) Tt1;t2S(x) � At1;t2(x; x) + S(x) � S(x):Therefore instead of (B.10) we 
an write(B.15) Tt1;t2S(x) = infy2Rd(AKt1;t2(y; x) + S(y));where AKt1;t2(y; x) = minfAt1;t2(y; x);K(jx� yj+ 1)g.The �rst inequality in (B.3) implies that AKt1;t2(y; x) = K(jx�yj+1) if jx�yj >R with a suitable R = R(K; t1; t2). Together with the �rst part of Lemma 8 thismeans that AKt1;t2(y; x) is a Lips
hitz fun
tion of x, with a 
onstant �K = �K(K; t1; t2)that does not depend on y. It now follows from (B.15) that Tt1;t2S(x) is Lips
hitzwith the same 
onstant. �Now observe that by (B.3) any 
onstant fun
tion is L-dominated with L = C.Using Lemmas 9{11 with t1 = n, t2 = n + 1 for integer n � 0, we see that thesolution S(x; t) of the Cau
hy problem for equation (1.8) with the initial 
onditionS(x; 0) = 0 stays C-dominated and therefore Lips
hitz for all integer moments oftime. Applying, for any noninteger t > 0, Lemma 11 again with t1 = [t℄, t2 = t, weget Lips
hitzness for all t > 0 with a suitable 
onstant depending on the parametersof the problem.
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