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1 Introdu
tionFor physi
s the language of 
ategory theory opens new possibilities, espe-
ially through new stru
tures and 
onstru
tions [32℄. In re
ent years therehas been an in
reasing interest in algebrai
 stru
tures on a 
ategory moti-vated by 
oheren
e problems arising from topologi
al quantum �eld theory(TQFT). The 
ategories of representations of quantum groups are braidedmonoidal 
ategories [6, 7℄. Another motivation 
omes from developments inhomotopy theory, in parti
ular, models for the stable homotopy 
ategory.Monoidal 
ategories 
orrespond to loop spa
es, and the group 
ompletion ofthe 
lassifying spa
e of a braided monoidal 
ategory is a two-fold loop spa
e[18℄. Modular 
ategories are monoidal 
ategories with additional stru
ture(braiding, twist, duality, a �nite set of dominating simple obje
ts satisfyinga non-degenera
y axiom). If we remove the last axiom, we get a pre-modular
ategory. A pre-modular 
ategory provides invariants of links, tangles, andsometimes of 3-manifolds.Anymodular 
ategory yields a Topologi
al QuantumField Theory (TQFT)[19, 25, 17℄. The interest in modular tensor 
ategories 
omes e.g. from thefa
t that su
h a 
ategory 
ontains the data needed for the 
onstru
tion of atwo- and three-dimensional TQFTs.Here we des
ribe di�erent stru
tures 
onne
ted with multipli
ative and
omultipli
ative stru
tures. Any stru
ture type de�nes the 
ategory of thesestru
tures and its forgetful fun
tor. We try to de�ne properties of the for-getful fun
tor that they de�ne the stru
ture type.Previous works [28, 29, 32, 34℄ attempted to formulate the method of ad-ditional stru
tures as a set of axioms for a 
ategory, whi
h would be suÆ
ientfor an abstra
t expression of the basi
 
on
epts of the theory of stru
tureson obje
ts of a 
ategory. Then all main properties of a stru
ture are proper-ties of its forgetful fun
tor. Additional (external) stru
tures on obje
ts of a
ategory provide the possibility to 
onstru
t new 
ategories for physi
s.In physi
s, interest in n-
ategories was sparked by developments in relat-ing topology and quantum �eld theory. In 1985 Jones 
ame a
ross a invariantof knots while studying von Neumann operator algebras introdu
ed for themathemati
al foundations of quantum theory. Then this Jones polynomialwas generalized to a family of knot invariants, whi
h 
ould be systemati
allyderived from quantum groups, invented in exa
tly soluble 2-dimensional �eldtheories. Then Witten arrived at a manifestly 3-dimensional approa
h tothe new knot invariants, deriving them from a quantum �eld theory in 3-dimensional spa
etime (Chern-Simons-Witten theory). This approa
h alsogave invariants of 3-dimensional manifolds.Atiyah in 1988 formulated an axiomati
 setup for TQFTs. Independently3



Figure 1:and at about the same time G. Segal gave a mathemati
al de�nition of 
on-formal �eld theories (CFTs), whi
h is very similarly based on 
ategories andfun
tors.Categories play a 
entre role in mathemati
al formulation of TQFT. Ann-dimensional TQFT is de�ned as a monoidal fun
tor from the 
ategoryCob n+1 of oriented (n+1)-
obordisms with disjoint union as tensor produ
tto the 
ategory Ve
t of 
omplex �nite dimensional ve
tor spa
es with usualtensor produ
t of ve
tor spa
es.The main idea of the text is illustrated by the Figure 1:a) Composition in 
lassi
al 
ase, for f Æ f 0 we need the identi�
ations(f) = t(f 0), whi
h is not natural for the quantum 
ase.b) Composition in the quantum 
ase, for f Æ f 0 we have the `quantum'
ondition (s(f); t(f 0)) 2 Æ(C), where Æ is a 
omultipli
ation on C.The paper is organized as follows:In Se
tion 2 the general 
on
ept of additional (or external) stru
tureson obje
ts of a 
ategory is 
onsidered for appli
ation in terms of monoidal
ategories. In Se
tion 3 some 
onstru
tion in monoidal 
ategories are de-s
ribed in details. First we list the well known de�nitions of monoid and
omonoid. In Subse
tion 3.4 we des
ribe the monoidal 
ategory Set of setsand multi-valued maps. Then in Subse
tion 3.5 we de�ne the 
up-produ
tof morphisms from a 
omonoid to a monoid. In Subse
tion 3.6 a monoidalstru
ture on fun
tors between monoidal 
ategories is de�ned. In Subse
tion3.7 
onstru
tions for operads are 
onsidered. At the end we 
onsider the2-
ategory stru
ture, whi
h is deformed in the paper. In Se
tion 4 at �rsttwo dualities between 
omonoid and monoid are des
ribed. In Subse
tion 4.2we introdu
e multipli
ative morphisms, whi
h gives a generalization of mul-tipli
ative elements [30, 31℄. Then we 
onsider 
onstru
tions whi
h lead tothe notion of a quantum 
ategory as a spe
i�
 internal 
ategory wi
h 
ontainthe deformed 
omonoid stru
ture on \the obje
t of obje
ts". The 
onne
tionbetween a 
omposition in a 
ategory and a 
omonoid stru
ture on the `obje
t4



of obje
ts' is the 
entral notion in the paper. In the other subse
tions wegive general des
ription of su
h internal 
ategories over 
omonoids. Se
tion5 
ontains a general des
ription of the stru
ture of TQFT to explore possible
onstru
tions for our deformations. In two- and three-dimensional quantum�eld theory modular tensor 
ategories have be
ome an indispensable tool forstudying braid statisti
s, quantum symmetries and Turaev's type of TQFTet
. The analysis presented in this se
tion is primarily inspired by problemsin two-dimensional TQFT. Con
rete appli
ations of our analysis to TQFTform the subje
t of a forth
oming paper.We use usual 
ategori
al notation (see, for example, [1, 2, 3, 4℄). A
ategory C has the set Ob (C) of obje
ts, the set Mor (C) of morphisms, twomaps s; t : Mor (C)� Ob (C), sour
e and target, any morphism f 2 Mor (C)we 
onsider as an arrow f : s(f)! t(f), idX is the identity morphism of theobje
t X 2 Ob (C), id : Ob (C)! Mor (C) : X ! idX ;C(X;Y ) := (s; t)�1(X;Y ) denotes all morphisms of the 
ategory C withsour
e X and target Y , the 
omposition f Æ g of morphisms f and g isde�ned if and only if s(f) = t(g). Note that the de�nition used a diag-onal 
omonoid stru
ture on Ob (C) whi
h is de�ned by the diagonal mapÆ(x) = (x; x) and 
ounit map " : Ob (C) ! ?, where ? is an one-point set,a unit obje
t in the monoidal 
ategory Set . A 
ategory is essentially smallif it is equivalent to a small 
ategory, i.e. one whose 
lass of obje
ts is aset. A fun
tor F : C ! C 0 is faithful if it is inje
tive on sets of morphismsF (X;Y ) : C(X;Y ) ! C 0(F (X); F (Y )) for all X;Y 2 Ob (C). Let Set be asmall 
ategory of sets and fun
tions, and Cat a 
ategory of small 
ategoriesand fun
tors. We deal with su
h 
ategories only.A
knowledgementsThe authors are grateful to Alex Martsinkovsky and Wolfgang Kummer forhelpful dis
ussions and useful re
ommendations leading to a better stru
-ture of the present arti
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s of Vienna University ofTe
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alPhysi
s and the Austro-Ukrainian Institute for S
ien
e and Te
hnology inVienna. The se
ond author (A.V.) is also grateful to Northeastern Univer-sity in Boston for partial support and hospitality during the work on themanus
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2 Additional Stru
turesCategori
al methods have proved to be parti
ularly useful when studying var-ious settings for handling the required stru
tures. In this se
tion we give thedes
ription of good 
ategori
al settings for the development general stru
turetheory.To use the 
ategori
al language more e�e
tively we introdu
e the general
on
ept of an additional stru
ture of a given type on obje
ts of a 
ategory, [5℄.This is the 
on
ept of 
on
rete 
ategory but over any 
ategory [28, 29, 32℄.This method applied to a monoidal Kleisli 
ategory and to a Cayley-Klein
ategory is presented, respe
tively, in [34℄ and [35, 36℄.We 
onsider any 
ategory C as an analogue of the 
ategory Set , but thereis a di�eren
e: a set X is a set of points, then as an obje
t C 2 Ob (C) ingeneral does not have an inner stru
ture, more pre
isely it is de�ned by setsC(C;C 0), C(C 0; C) for all C 0 2 Ob (C), i.e. by relations with all other obje
ts.Usually an additional stru
ture arises on a set X 
onne
ted with points ofX, as by inner 
onstru
tions.In physi
s a disappearan
e of points under quantization requires to trans-fer stru
tures onto 
ategory, in the algebra of observables. Thus, from stru
-tures on phase spa
e we go to stru
tures on an algebra of fun
tions, observ-ables, and on morphisms. Another problem is to �nd appropriate stru
tureson 
ategories of physi
al systems.This is the �st step of general iterative 
onstru
tions of the transferringstru
tures in n-
ategories from j-morphisms to (j+1)-morphisms (see [22, 9℄).2.1 De�nitionIn 
ategori
al terms a type of a stru
ture on obje
ts of a 
ategory C 0 is givenby a spe
ial fun
tor J : C ! C 0. Then an obje
t Y 2 Ob (C) is 
onsideredas an obje
t J(Y ) of C 0 with the additional C-stru
ture Y and a morphismf 2 C(X;Y ) is 
onsidered as an morphism J(f) 2 C(J(X); J(Y )), 
ompatiblewith C{stru
tures X and Y on J(X) and J(Y ).Definition 1 We say that a fun
tor J : C ! C 0 de�nes an additional C-stru
ture on obje
ts of the 
ategory C 0 if(1) the fun
tor J is faithful, i.e. 8X;Y 2 Ob (C) the map J : C(X;Y ) !C 0(J(X); J(Y )) is inje
tive,(2) for isomorphisms of C 0 transfer C-stru
tures, i.e. for all X 2 Ob (C),Y 0 2 Ob(C 0) and an isomorphism u : Y 0 ! J(X) there is an obje
t6



Y 2 Ob (C) (it is denoted by u�X) and an isomorphism ~u : Y ! Xsu
h that J(Y ) = Y 0 and J(~u) = u.Su
h a fun
tor J is 
alled a forgetful fun
tor.Almost all usual mathemati
al stru
tures are stru
tures on sets in thissense and there are 
orresponding forgetful fun
tors to the 
ategory Sets ofsets.Example 1. Fun
tor J : Cat ! Set : C 7!Mor C is a forgetful fun
tor.Example 2. Let Mor(C) be a 
ategory with obje
ts f 2 Mor (C) andmorphisms from f to f 0 are pairs (u; v) su
h that f 0 Æu = v Æ f . There is theforgetful fun
torJ :Mor(C)! C � C : (f : X ! Y ) 7! (X;Y ):We say that a forgetful fun
tor F : D !Mor(C)) de�nes a D-stru
ture onmorphisms of the 
ategory C.Example 3. Let B 2 Ob (C). The 
ategory C#B of obje
ts over B is asub
ategory of Mor(C) with target B and morphisms in the form (u; idB).There is the forgetful fun
torJ : C#B ! C : (f : X ! B) 7! X:Example 4. A forgetful fun
tor J : D ! C de�nes the forgetful fun
torJ� : C 0D ! C 0C : F ! J Æ F:2.2 Operations over Stru
turesFor these general stru
tures we 
an set up the usual 
onstru
tion:| inverse and dire
t images of C-stru
tures;| restri
tions of C-stru
tures on subobje
ts,| di�erent produ
ts of stru
tures.We de�ne the 
ategory Str(C) of forgetful fun
tors to the 
ategory C. Itis a full sub
ategory of the 
ategory Cat #C of all 
ategories over C.Let J : D ! C 0 be a forgetful fun
tor. Then any fun
tor F : C ! C 0de�nes a stru
ture on obje
ts of the 
ategory C (pullba
k)F �D //J 0
��

DJ
��C F // C07



Thus, the F �D-stru
ture on C 2 Ob (C) is simply a D-stru
ture on F (C).To transfer stru
tures de�ned on sets onto obje
ts of a 
ategory C we 
anuse the (point) fun
torshC : CÆ ! Set : X 7! C(X;C);h : C ! CÆSet : C 7! hC:A forgetful fun
tor J : D ! Set de�nes a D̂-stru
ture on obje
ts of 
ate-gory C, whi
h on C 2 Ob (C) is given by fun
tor ĥC from the 
ommutativediagram: DJ
��CÆ hC //

ĥC <<zzzzzzzz SetThe Yoneda embedding theorem shows how every 
ategory 
an be thoughtof as a 
ategory of `sets with additional stru
ture'. However, when we study
ategories of sets with additional stru
ture, it turns out to be worthwhile todevelop 
ategory theory as a subje
t in its own right. This idea works inn-
ategories too.The 
ategory of D̂-stru
tures on obje
ts of C has the forgetful fun
tor Ĵin the following diagram̂D = h�(CÆD)Ĵ
��

// CÆDJ�
��C h // CÆSetIn the general 
ase to de�ne a D-stru
ture on C 2 Ob (C) is not equivalentto giving a stru
ture on the fun
tor hC .Another well known method is to transfer a stru
ture from one 
ategoryto others: de�ne the stru
ture by 
ommutative diagrams. Then the de�nitionmay be used in other 
ategories. One of these methods is the 
ategori�
ation,see [23, 35, 36℄.Categorigi
ation is a game with forgetful fun
tors, when we used similarstru
tures on Cat and others 
ategories. A more general 
onstru
tion is
onne
ted with a forgetful fun
tor J : C ! A � B. For example, we havethe forgetful fun
tor (Ob ;Mor ) : Cat ! Set � Set . And we 
an try to�nd an iterative de�nition of n-
ategories by a 
onstru
tion J : nCat !Set � (n � 1)Cat , whi
h used additional stru
tures on 
ategories Set and8



(n � 1)Cat , and one 
an to apply it for other higher algebrai
 stru
tures.The notion of the forgetful fun
tor for n-
ategories gives new perspe
tives.We 
onsider quantization, whi
h originates from physi
s, as a spe
ialoperation over stru
tures, whi
h 
hange stru
tures with some 
ommutativeproperties to stru
tures with non
ommutative ones. First, about 80 yearsago, it was the produ
t of fun
tions (�rst quantization) and of fun
tionals(se
ond quantization). Now it is a 
omposition of morphisms in a 
ategory,monoidal produ
t in a monoidal 
ategory, 
ommutativity of diagrams (up toisomorphism) in an n-
ategory, and in this paper des
ribed as the 
oprodu
tof obje
ts of a 
ategory.2.3 Stru
tures and Produ
tsSometimes a monoidal stru
ture on a 
ategory C does not exist, but there isa forgetful fun
tor J :M! C from a monoidal 
ategory M.Then we 
onsider it as multipli
ation on C depending on other parameters.To de�ne C 
 C 0 for C;C 0 2 Ob (C) we need to take M-stru
tures M on CandM 0 on C 0 and then take J(M
M 0) as the produ
t of C and C 0 dependenton properties of M and M 0. We have the diagramM�MJ�J
��


 //MJ
��C � C CIn the subse
tion 3.7 we introdu
e the forgetful fun
tor J : O ! O tode�ne su
h a multipli
ation for obje
ts of O.2.4 Intera
tion and Produ
tsIf P is a 
ategory of physi
al systems, then for two systems � and �0 wehave new systems � � �0, whi
h 
onsist of intera
ting subsystems � and �0.Physi
ists do not always de�ne expli
itly the properties of a system, thusthe multipli
ation � may be de�ned only after an extension of a 
ategory Cby a forgetful fun
tor J : M ! C. In [15℄ the general 
on
ept of parti
leintera
tions is 
onsidered in terms of monoidal 
ategories.Symmetry in physi
s is based on group theory. The 
onstru
tion of atensor produ
t of representations allows to built states for 
omposite systemsfrom simple ones. It is known that we used a (diagonal) 
omultipli
ation onthe group G for a tensor produ
t of its representations. A hidden 
omonoidstru
ture in group symmetry appears expli
itly in quantum groups theory. A9




omultipli
ation does exist for a large 
lass of deformed universal envelopingalgebras. The 
ategory of representations of a Hopf algebra (or a bialgebra)is a monoidal 
ategory.It is no surprise that the universal intera
tions in physi
s, gauge �elds,prin
ipal bundles with 
onne
tions, are monoidal fun
tors from ve
tor spa
esto bundles. More pre
isely, in the usual di�erential geometri
 des
ription,the (
lassi
al) intera
tion �elds are 
onne
tions on prin
ipal bundles and thematter �elds are se
tions of the asso
iated ve
tor bundles.3 Monoidal Stru
turesWe have a sequen
es of produ
ts. The �rst of them is the dire
t produ
t �in Cat , it de�nes a monoidal stru
ture on Cat . Then we 
onsider a monoidal
ategory M, an obje
t of Cat with a produ
t 
 :M�M!M and a unitobje
t U , as a monoid in the monoidal 
ategory Cat . And then we de�nea monoid M , an obje
t of M with a produ
t ' : M 
M ! M and a unitmorphism � : U !M . A dual notion is a 
omonoid C, an obje
t of M witha 
oprodu
t ' : C ! C 
 C and a 
ounit morphism " : C ! U . Usually
o
ategories or 
omonoids in Set are not 
onsidered be
ause in the 
ategorySet there are only trivial (diagonal) 
omonoids.3.1 Monoidal CategoriesFor the de�nition of a monoidal 
ategory (M; U;
; �; �; %) we refer to [1℄.Here U is an unit obje
t, 
 is a multipli
ation, and isomorphisms �X;Y;Z :X 
 (Y 
 Z) ! (X 
 Y ) 
 Z, �X : U 
 X ! X, and %X : X 
 U ! X.These isomorphisms satisfy 
ertain equations, 
alled 
oheren
e relations.A monoidal 
ategory is said to be stri
t if the morphisms �, �, % areidentities.Thus we shall begin with 
ategories C equipped with a suitable bifun
tor
 : C�C ! C whi
h is required to be asso
iative, but usually it is asso
iativeonly \up to" an isomorphism �.A monoidal 
ategoryM is 
alled symmetri
 if it equipped with isomorphisms�M;M 0 :M 
M 0 !M 0 
Mnatural in M;M 0, su
h that the diagrams
M;M 0 Æ 
M 0;M = idM 0;M ; �M = �M Æ 
M;U ;10



M 
 (M 0 
M 00)id


��

� // (M 
M 0)
M 00 

//M 00 
 (M 
M 0)�

��M 
 (M 00 
M 0) � // (M 
M 00)
M 0 

id // (M 00 
M)
M 0all 
ommute.A 
losed 
ategory M is a symmetri
, monoidal 
ategory in whi
h ea
hfun
tor 
M :M!M has a right adjoint ( )M :M!M.Definition 2 A monoidal fun
tor (F; 
; 
0) from a monoidal 
ategory (M;
; U)to a monoidal 
ategory (M0;
0; U 0) 
onsists of the following:(1) A fun
tor F :M!M0;(2) A fun
tor morphism 
 : F 
0 F ! F Æ 
, i.e. for ea
h pair X;Y 2Ob (M) a morphism
X;Y : F (X)
 F (Y )! F (X 
 Y ) (1)in M0.(3) For the units U and U 0, a morphism in M0
0 : U 0 ! F (U); (2)together with some 
ommutative diagrams (for details see [1℄). A monoidalfun
tor is said to be strong if 
 and F0 are isomorphisms, and stri
t if 
 andF0 are identities.Thus, a monoidal fun
tor preserves the tensor produ
t up to a 
anoni
al
oherent isomorphism.Anymonoidal 
ategoryM is 
ategori
ally equivalent, via a strong monoidalfun
tor G :M! S and a strong monoidal fun
tor F : S !M, to a stri
tmonoidal 
ategory S [1℄.There are several results whi
h assert that a monoidal 
ategory with someadditional properties \is" the 
ategory of representations of some group: thisis Tannaka-Krein duality. For a Hopf algebra H the 
ategory H-mod is amonoidal 
ategory [6℄. 11



3.2 Dire
t Produ
tsA pullba
k is a dire
t produ
t in the 
ategory C#C of obje
ts over C 2 Ob (C).General 
onstru
tion works as follows: let a diagram dX;Y depend on twoobje
ts X and Y and the inverse limit of dX;Y be asso
iative and has a unit.In this 
ase we additionally get morphisms, proje
tions.The dire
t produ
t is obtained if a diagram dX;Y is simply a pair of obje
tsX and Y , X�Y is a inverse limit of dX;Y , the proje
tions are �1 : X�Y ! Xand �2 : X � Y ! Y . A Cartesian 
losed 
ategory C is a 
ategory equippedwith �nite produ
ts, in
luding a terminal obje
t, whi
h is 
losed in the sensethat for every obje
t X, the fun
tor X � has the right adjoint ( )X. ThenC is a monoidal 
ategory with the produ
t �, proje
tions �1 and �2, and aterminal obje
t is a unit.If the diagram df;f 0 
onsists of two morphisms f :M ! B and f 0 :M 0 !B then its inverse limit limdX;Y (if it exists) is 
alled �ber produ
t or pullba
k�B and de�nes a monoidal stru
ture on the 
ategory C#B of obje
ts over B.More generally, we need to take its sub
ategory, but for simpli
itywe 
onsiderthe 
ase of the whole 
ategory C#B. We obtain the fun
tor � : Mor (C)! Cwith a monoidal stru
ture on any �ber C#B over B.In a 
ategory Cat #C �ber produ
ts always exist (a pullba
k in Cat ).IfM is a 
ategory with �nite dire
t produ
ts and a terminal obje
t T thenea
h obje
t X of M has a unique 
omonoid stru
ture with ÆX = (idX; idX)and " : X ! T .Example 5. In 
ategory Set of sets with dire
t produ
t � and one-pointset unit obje
t ea
h set X has an unique 
omonoid stru
ture, diagonal map� : X ! X �X : x 7! (x; x). Indeed, let �(x) = (f(x); g(x)), where f; g :X ! X. Then "1 Æ� = "2 Æ� = idX and thus f = g = idX . Here the unit,one-point set, is a terminal obje
t, thus it exists as a unique 
ounit " : C ! U .Sometimes this 
omonoid stru
ture is used without mentioning expli
itly.In other monoidal 
ategories there are di�erent 
omonoid stru
tures and
onsequently we 
an deform them.3.3 Monoids and ComonoidsWe now turn to the general notion of a monoid and of a 
omonoid in amonoidal 
ategory. Let (C; U; �; �; %) be a monoidal 
ategory.A monoid in the 
ategory Set (semigroup) is de�ned by the maps relativeto the 
artesian produ
t � in Set .Definition 3 A monoid in C is an obje
t M 2 Ob (C) with multipli
ation' :M 
M !M and unit � : U !M su
h that12



(1) Asso
iativity 
ondition: we have the equality of the two following mor-phisms (M 
M)
M !M� Æ (�
 idM ) = (idM 
 �) Æ �M;M;M(2) Unit 
ondition (left and right):� Æ (�
 idM ) Æ ��1M = idM ;� Æ (idM 
 �) Æ ��1M = idM :Definition 4 A 
omonoid in C is an obje
t C 2 Ob (C) with 
omultipli
a-tion Æ : C ! C 
 C and 
ounit " : C ! U with the following properties:(1) Coasso
iativity 
ondition: Æ2 Æ Æ = Æ1 Æ Æ Æ �C;C;C .(2) Counit 
ondition: the 
ompositionsC Æ�! C 
 C "1�! U 
C �C�! C;C Æ�! C 
 C "2�! C 
 U %C�! C;are equal to id C , i.e. id C = �C Æ "1 Æ Æ and id C = �C Æ "2 Æ Æ.Example 6. In 
ategory Set ea
h obje
t has a diagonal monoid stru
-ture and there are no other monoids. That is why we do not have in this
ase 
o
ategories and 
omonoidal 
ategories.Definition 5 A bimonoid (B;�; �; Æ; ") is a monoid (B;�; �) and a 
omonoid(B; Æ; ") su
h that �, � are 
omonoid morphisms and Æ, " are monoid mor-phisms.Example 7. In 
ategory Set ea
h monoid M has a natural bimonoidstru
ture, de�ned by the diagonal map.3.4 Comonoid Stru
tures on SetsWe 
onstru
t the extension Set of the 
ategory Set and a monoidal stru
tureon Set su
h that it has nontrivial monoids. Category Set is a monoidal
ategory of sets with multi-valued maps and ordinary dire
t produ
t of sets.We 
an 
onsider internal and enri
hed 
ategories over su
h 
omonoids in Set .These are quantum 
ategories. 13



Let Set be the 
ategory with the same obje
ts as in Set but morphismsfrom X to Y are Set (X; 2Y ), where 2Y denotes the set of all subsets in Y ,or Set (Y; f0; 1g). We have the in
lusionSet (X;Y ) = Set (X; 2Y )! Set (2X ; 2Y ) : f 7! (A 7! [x2A f(x))and use the notation f : X  Y for morphisms in Set , whi
h is the usualmap f : X ! 2Y .Then the usual dire
t produ
t in Set on Set determines (after obviousextension on the morphisms) a monoidal stru
ture with the same unit obje
t,the one-point set t = f?g.Remark: This produ
t is not the dire
t produ
t in Set . In Set the dire
tprodu
t of X and Y is 2X � 2Y .In the monoidal 
ategory Set there are nontrivial 
omonoids. A 
omonoid(M; Æ; ") is de�ned by the following data:(1) 
omultipli
ation Æ :M  M �M , or Æ :M ! 2M�M ,(2) 
ounit " :M  ?, or " :M ! 2? = f?;?g(3) 
oasso
iativity: Æ1 Æ Æ = Æ2 Æ Æ,(4) unit relations: "1 Æ Æ = idM and "2 Æ Æ = idM .Example 8. Trivial (diagonal) 
omonoidal stru
ture on C: 
omultipli-
ation Æ(x) = f(x; x)g, 
ounit "(x) = ?, 8 x 2 C.Example 9. Let C = fx; yg and Æ(x) = f(x; x)g, Æ(y) = f(y; x); (x; y)g,"(x) = ?, "(y) = ?.Example 10. The simplest non
o
ommutative 
omonoid: Let C =fe; x; yg and Æ(e) = f(e; e)g, Æ(x) = f(x; x)g, Æ(y) = f(y; e); (x; y)g, "(e) = ?,"(x) = ?, "(y) = ?.Example 11. `Matri
es': Comonoid M = feijgi;j=1;:::n and Æ(eij) =f(eik; ekj)gk=1;:::n �M �M ,"(eij) = (?; if i 6= j;?; if i = j:The 
ases n =1 or �1 < i; j <1 are well-de�ned too.Example 12. A bimonoid in Set . Let Q is a quiver with vertexes Q0and arrows Q1, Q1 � Q0. Let B = O;E`Q0`Q1 are generators of the14



monoid B̂ with usual relations appearing in quiver algebras (they do notin
lude + or -), whi
h have the forme � e = e; e � e0 = O; e � f = f; f � e = f;f � f 0 = 0; e � f 0 = O; f 0 � e = O;E � E = E; E � e = e � E = e; E � f = f � E = f;O �O = O; O � e = e �O = O; : : :where e 2 Q0, f; f 0 2 Q1 (O is a `zero', E is a unit). The diagonal 
omulti-pli
ation �(e) = (e; e); �(E) = (E;E); �(O) = (O;O);is 
ompatible with these relations.Using various 
omonoids in Set we 
an 
onstru
t Cat (Set ) instead Cat (Set ),higher internal 
ategories, monoidal internal 
ategories.3.5 Cup-produ
t in C(C;M)For a group G we may de�ne a group stru
ture on H = Set (X;G):f � f 0(x) = �G Æ (f 
 f 0) Æ�(x) = f(x) � f 0(x);where the sign � denotes the multipli
ation in G. To de�ne f �f 0 we used herea diagonal 
omonoid stru
ture on the set X. In a generi
 monoidal 
ategoryM we do not have a monoid stru
ture on the set M(X;M) of morphismsfrom an obje
t X to a monoidM . This is the 
ase only if X has a 
omonoidstru
ture.Let (M;
; U; �; �; %) be a monoidal 
ategory, (M;�; �) be a monoid, and(C; Æ; ") be a 
omonoid.The set H =M(C;M) has a natural monoid stru
ture in Set . Let` : H �H ! H : (f; f 0) 7! f ` f 0 = � Æ (f 
 f 0) Æ Æ;e = � Æ " : C !M:It is easy to see that ` is asso
iative and e is a unit, be
ause the 
ompositionC ��1C��! U 
 C idU
f����! U 
M �M��!Mis equal to f , whi
h follows from naturality of �.By duality the set Q = M(M;C) may have a 
omonoid stru
ture. It isinteresting, be
ause in the 
ategory Set there are only diagonal 
omonoids.A
tually, in this 
ase we have some problems.15



To de�ne a 
omonoid stru
ture on Q we need to de�ne a map � : Q !Q�Q. But by duality to ` for f 2 Q we have only the morphismÆ Æ f Æ � :M 
M ! C 
 C: (3)In general 
ase it is impossible to de�ne an element from Q�Q, as a pair ofmaps M ! C, using only (3).3.6 Produ
ts on MM0Let (M;
; U) and (M0;
0; U 0) are monoidal 
ategories. Then we have thefun
tors MM0 �MM0 ! (M�M)M0 : (F;G) 7! F 
0 G;MM0 ! (M�M)M0 : F 7! F Æ 
;whi
h makes it possible to de�ne asso
iativity for fun
tor morphisms in theform 
 : F 
0 F ! F Æ 
.We 
onsider a morphism 
 : F 
0 F ! F Æ 
 as a multipli
ation on Fwith the asso
iativity 
ondition for 
F (X)
0 (F (Y )
0 F (Z))�0F (X);F (Y );F (Z)
��


Y;Z
// F (X)
0 F (Y 
 Z)
X;Y 
Z// F (X 
 (Y 
 Z))F (�X;Y;Z)

��(F (X)
0 F (Y ))
0 F (Z) 
XY // F (X 
 Y )
0 F (Z)
X
Y;Z// F ((X 
 Y )
 Z)where we omit the notation \id " at the horizontal arrows to simplify thediagram. Thus, asso
iativity is an isomorphism of the two 
ompositionsF 
 (F 
 F ) idF

����! F 
 F̂ 
�! F Æ 
(2);(F 
 F )
 F 

idF����! F̂ 
 F 
�! F Æ 
(2);where F̂ = F Æ 
.A unit for 
 is a morphism 
0 : U 0 ! F (U) with obvious properties inthe form of 
ommutative diagrams (
f. the De�nition 2).We have the 
ategory Mon(M;M0) with obje
ts (F; 
; 
0) and forgetfulfun
tor J :Mon(M;M0)!MM0 : (F; 
; 
0) 7! F:For a monoidal fun
tor m :M0 !M00 there is fun
torMon(m) :Mon(M;M0)!Mon(M;M00): (F; 
; 
0) 7! (m Æ F;m(
);m(
0 Æm0)):16



If (M;'; �) is a monoid in M and (F; 
; 
0) is our triple then F (M) hasa monoid stru
ture in MF (M)
0 F (M) 
M;M���! F (M 
M) F (')��! F (M);U 0 
0�! F (U) ��! F (M):Thus, we have a fun
torMon(MM0)�Mon(M)!Mon(M0): ((F; 
; F0); (M;'; �)) 7! (F (M); F (') Æ 
M;M ; F (�) Æ 
0):A dual 
onstru
tion of the stru
ture on F , 
omonoid stru
ture, is givenby morphisms � : F Æ 
 ! F 
0 F and �0 : F (U)! U 0 (4)with usual 
onstrains in the form of 
ommutative diagrams.3.7 OperadsIt is wellknown that an operad is a multi
ategory with one obje
t, see [13℄,[14℄, [9℄. We 
onsider another 
onstru
tion, whi
h use the stru
ture of a prod-u
t from the previous subse
tion and des
ribe a parti
ular stri
t monoidal
ategory O whi
h plays a 
entral role in the de�nition of operad. The 
ate-gory O has as obje
ts all �nite ordinal numbers [n℄ = f1; :::; ng and as arrowsf : [m℄! [n℄ all bije
tive fun
tions. Thus O([n℄; [n℄) = Sn, the symmetri
algroup, and O([m℄; [n℄) = ? if m 6= n.Ordinal addition is a bifun
tor � : O �O ! O de�ned on ordinals n, mas the usual (ordered) sum n+m with the obvious a
tion on arrows. But foroperads we used another multipli
ation on O, whose obje
ts are pairs ([n℄; i)with i = 1; : : : ; n andO(([n℄; i); ([n℄; j)) = fs 2 Sn j s(i) = jgand forgetful fun
tor J : O ! O : ([n℄; i) 7! [n℄.Thus O(([n℄; i); ([n℄; j))�= Sn�1 and a monoidal stru
ture � on O is given by([m℄; i) � ([n℄; j) = ([m+ n� 1℄; i+ j � 1);: (s; s0) 7! s � s0;where a unit obje
t is (1) [1℄, ands � s0(k) =8><>:s(k); if k = 1; : : : ; i� 1;s0(k � i+ 1); if k = i; : : : ; i+ n� 1;s0(k � n+ 1); if k = i+ n; : : : ;m+ n � 1:17



An operad in a monoidal 
ategory M is a fun
tor D 2Mon(O;M), i.e.D : O ! C : [n℄ 7! Dn;
m;i;n;j : Dm 
Dn ! Dm+n�1;D(0) : U ! D1:The 
ategory of operads in M on M is Mon(O;M).3.8 2-
ategoriesA stru
ture on 
ategories is given by a forgetful fun
tor J : C ! Cat . Thereare lots of stru
tures on 
ategories. One of them is the stru
ture of a monoidal
ategory, another is a braided monoidal 
ategory.A 
ategory C is linear if the set C(X;Y ) of morphisms has the stru
ture ofa ve
tor spa
e, and the 
omposition is bilinear. A linear 
ategory is semisim-ple if ea
h obje
t is a dire
t sum of simple obje
ts (obje
ts with no nontrivialsub- or quotient obje
ts). A semisimple 
ategory is �nitely generated if ithas only �nitely many inequivalent irredu
ible obje
ts.The stru
ture of an enri
hed 
ategory over a monoidal 
ategory C, ingeneral, is not a stru
ture on ordinary 
ategories be
ause C may be not a
ategory of sets with additional stru
ture or forgetful fun
tor J : C ! Setmay be not a monoidal.The stru
ture of higher 
ategory, in parti
ular, 2-
ategory is not a stru
-ture on ordinary 
ategories. The notion n-
ategory extends the notion 
at-egory, whi
h is an additional stru
ture on two sets, obje
ts and morphisms.An n-
ategory C is algebrai
 stru
ture 
onsisting of a set C0 of `obje
ts', a setC1 of `morphisms', `1-morphisms', between obje
ts, a set C2 of `2-morphisms'between 1-morphisms, and so on up to n, with various 
ompositions of thesej-morphisms and 
oheren
e 
onstraints (see [13℄). Thus, a 0-
ategory is aset, while a 1-
ategory is an ordinary 
ategory. In weak n-
ategories all rulesgoverning the 
omposition of j-morphisms hold only up to equivalen
e. Re-
ently n-
ategories for arbitrarily large n have begun to play an in
reasinglyimportant role in topologi
al quantum �eld theory, whi
h fo
uses on pro-
esses whi
h have adjoints or duals. More details on higher 
ategories 
anbe found in [22, 9, 11℄.Often an n-
ategory is written in the form nC or n-C. For ea
h n there isan (n+1)-
ategory of all n-
ategories, nCat . To understand n-
ategories weneed to understand this (n+ 1)-
ategory. This requires an understanding of(n+ 1)-
ategories in general, whi
h then leads us to de�ne (n+ 1)Cat .Using the 2-
ategory stru
ture on Cat , one 
an show that every bi
ategoryis equivalent to a stri
t 2-
ategory in a 
ertain pre
ise sense. This follows18



from the Yoneda embedding for bi
ategories.The 
ategori�
ation, invented by Crane, and some 
onstru
tions for n-
ategories, whi
h are seen as iterated 
ategori�
ations of the natural numbersand integers, 
an be found in [23℄.Now we 
onsider 2-
ategories in more detail [27℄. The 
lassi
 example ofa 2-
ategory is Cat , whi
h has 
ategories as obje
ts, fun
tors as morphisms,and natural transformations as 2-morphisms. Re
all that a bi
ategory, also
alled lax or weak 2-
ategory, and �rst de�ned by B�enabou, 
an be obtainedfrom a 
ategory after performing the following two steps. First, enri
h thesets Hom(X;Y ) of morphisms with the 
ategory of small 
ategories in thesense of Kelly [26℄, a 
ategory Hom(X;Y ). Se
ond, weaken the asso
iativityand unit axioms on the 
omposition by substituting 2-isomorphisms for theequations, with the 
onsequent introdu
tion of 
oheren
e relations.A 2-
ategory C 
onsists of the following data:(1) A set C0 of obje
ts whi
h are 
alled 0-
ells, a set C1 of arrows 
alled1-
ells, a set C2 of 2-arrows 
alled 2-
ells. The obje
ts or 0-
ells andarrows or 1-
ells form a 
ategory, 
alled the underlying 
ategory of C,whi
h we also denote by C, with identities 1X : X ! X.(2) For ea
h pair X;Y 2 C0 there is a small 
ategory C1(X;Y ) whoseobje
ts or 1-
ells are morphisms f : X ! Y , and arrows or 2-
ells aremorphisms of morphisms from X to Y . A 2-
ell � : f ) g is pi
turedas X � f
!!g ==+ � �YWe visualize the obje
ts as 0-dimensional, i.e. points, the morphisms as 1-dimensional, i.e. arrows going from one point (sour
e) to another (target).A 
omposition of two morphisms 
orresponds to gluing together an arrow.Continuing in this spirit, we visualize the 2-morphisms as 2-dimensional,and 
ompose 2-morphisms in a way that 
orresponds to gluing together 2-dimensional shapes. For any pair 2-
ells �, � in C1(X;Y ) the 2-
ells 
ompo-sition under whi
h C1(X;Y ) form a 
ategory, is 
alled verti
al 
omposition.A 2-
ells verti
al 
omposition as displayed asX � f
!!h+� ==

+�g // �Y19



The verti
al 
omposite f ) h is denoted by � Æ � and it is not shown onthe pi
ture. Identities of 
ategory C1(X;Y ) are denoted byX � f
""f <<+ 1f �XWe 
an 
ompose 2-
ells � : f ) f 0 and � : g ) g0 under another 2-
ellsoperation known as horizontal 
omposition. In this 
ase we haveX � f

!!f 0 ==+ � �Y Y � g
!!g0 ==+ � �Z 7! X � gÆf

$$g0Æf 0 ::+ � Æ � �ZUnder this 
omposition law � Æ� : g Æ f ! g0 Æ f 0 the 2-
ells form a 
ategory,with identities 11X : 1X ! 1X .This stru
ture also provides a horizontal 
omposite of a 2-
ell with 1-
ellX � f
!!f 0 ==+ � �Y g����! �ZExample 13. 2-
ategory Cat , whi
h has 
ategories as obje
ts, fun
torsas morphisms, and natural transformations as 2-morphisms.Example 14. Another example of 2-
ategories is the 
ategory 2T opwhose obje
ts or 0-
ells are topologi
al spa
es, 1-
ells are 
ontinuous mapsbetween spa
es, 2-
ells are homotopy 
lasses of homotopies between 
ontin-uous maps.Example 15. Given a topologi
al spa
e X, we form a 2-
ategory �2(X)
alled the 'fundamental 2-groupoid' of X. The obje
ts of this 2-
ategoryare the points of X. The morphisms from x 2 X to y 2 X are the pathsf : [0; 1℄ ! X starting at x and ending at y. We get the topologi
al spa
ehom(x; y). The 2-morphisms from f to g are the homotopy 
lasses of pathsin hom(x; y) starting at f and ending at g. The asso
iative law for the
omposition of paths holds only up to homotopy, this 2-
ategory is a weak2-
ategory. 20



There is the same for a verti
al 
omposite h Æ �X � f
!!f 0 ==+ � �Y g

!!g ==+ 1g �ZA 2-fun
tor F : C ! D between 2-
ategories C and D is a triple of fun
tionssending 0-
ells, 1-
ells, and 2-
ells of C to items of the same types in D, so asto preserve all the 
ategori
al stru
tures: domain, 
odomain, identities, and
omposites.The horizontal and the verti
al 
ompositions are related by the 
onditionsX � f
!!f 00+�0 ==

+�f 0 // �Y g
  g00+�0 >>

+�g0 // �Z 7! X � gÆf
!!g00Æf 00 ==+ 
 �Zwhere 
 = (� 0 Æ �0) Æ (� Æ �) = (� 0 Æ �) Æ (�0 Æ �):In the situation X � f

""f <<+ 1f �Y g
!!g ==+ 1g �Zthe horizontal 
omposite of two verti
al identities is itself a verti
al identityi.e. 1g Æ 1f = 1gÆf .Example 16. The 
ategory Grp whose obje
ts are groups, 1-
ells arehomomorphism between two groups, and 2-
ells � : f ) g are the automor-phims of the target of f and g (for details see [1℄).4 Produ
ts over Comonoids4.1 Duality: PairingWe 
onsider two dualities between monoids and 
omonoids. The �rst isde�ned by a pairing  and the se
ond is given by a multipli
ative morphism.This duality is as Takeu
hi duality for bialgebras [7℄.21



Definition 6 We say that the morphism  : C 
M ! U realizes a dualitybetween a monoid M and a 
omonoid C, if(1) the diagram C 
 (M 
M) �
//Æ
idM
M

��

C 
M 
��

(C 
 C)
 (M 
M)�C;M
��(C 
M) 
 (C 
M)  (2) // Uis 
ommutative. Here �C;M is the 
omposition(C 
M)
 (C 
M) ��1C;M;C
M������! C 
 ((M 
 C)
M) idC
(�
idM)��������!C 
 ((C 
M) 
M) �23��! C 
 ((M 
 C)
M) id C
��1M;C;M�������!C 
 (M 
 (C 
M)) ��1C;M;C
M������! (C 
M) 
 (C 
M))and  (2) is the 
omposition(C 
M)
 (C 
M)  
 ��! U 
 U �U=%U����! U ;(2) the 
ompositionC %C�! C 
 U idC
����! C 
M  �! U
oin
ides with the 
ounit ".4.2 Duality: Multipli
ative MorphismsLet (M;�; �) be a monoid and (C; Æ; ") a 
omonoid in a symmetri
al monoidal
ategory (M;
; �; �; %; �).To permute two middle fa
tors in (C 
M)
 (C 
M) and then apply 'to the two last right fa
tors we use the isomorphisms � and �. Then �2 isthe 
omposition(C 
M)
 (C 
M) ��1C;M;C
M������! C 
 ((M 
C)
M) idC
(�
idM )��������!C 
 ((C 
M)
M) idC
�C;M;M�������! C 
 (C 
 (M 
M))�34��! C 
 (C 
M) ��1C;C;M����! (C 
 C)
M;22



where �M;C :M 
 C ! C 
M . It is a multipli
ation �2 on C 
M�2 : (C 
M)
 (C 
M)! (C 
C)
M:As 
 in Man(MM0) with F = 
M : M ! M, then F 
 F (C;C 0) =(C 
M) 
 (C 0 
M) and F Æ 
(C;C 0) = (C 
 C 0) 
M , but here C = C 0,i.e. 
 is restri
ted on the diagonal.Definition 7 A morphism X : U ! C 
M de�nes a duality between amonoid M and a 
omonoid C if Æ1X = X �2 X, where these morphisms arethe 
ompositionsÆ1(X) = �34 Æ � ÆX 
X : U ! (C 
 C)
M;X �2 X : U �U=%U����! U 
 U X
X���! (C 
M)
 (C 
M) �2�! (C 
 C)
M;and unit property: the 
ompositionU X�! C 
M "1�! U 
M �M��!Mis equal to �.Example 17. In the 
ategory Set for any monoid M and 
omonoidC let X = (
; x) 2 C � M . We have Æ1(
; x) = (
; 
; x) 2 C � C � Mand (
; x) �2 (
; x) = (
; 
; x2). Thus fzg ! C � M : z ! X = (
; x) isa multipli
ative morphisms if and only if x is an idempotent in M , i.e. ifx2 = x.For a monoid M the set C(U;M) is a monoid in Set .If M and M 0 are monoids then M 
M 0 has a natural monoid stru
ture.For a monoid M the set C(U;M) is a monoid in Set . Thus, C(U;M 
M) isa monoid too.A multipli
ative morphismsX : U ! C
M de�nes a monoid homomor-phism̂X : C(C;M)! C(U;M 
M) : f 7! (U X�! C 
M f
idM����!M 
M):4.3 Pullba
k over CLet (M;
; �; �; %) be a monoidal 
ategory and (C; Æ; ") a 
omonoid in M.We apply the 
onstru
tion (4) to the fun
tor J :M#C !M. Suppose thatin M#C there is a multipli
ation 
C .23



In the 
ategory M#C of obje
ts over C (i.e. morphisms � : M ! C) we
onsider the following multipli
ation 
C:(� :M ! C)
C (�0 :M 0 ! C) = (� 
C � :M 
C M 0 ! C);where M 
C M may be Æ�(M 
M 0), a pullba
k in the diagram:M 
M 0�
�0
��

Æ�(M 
M 0)�
C�0
��

ooC 
 C CÆ1ooAsso
iativity: the diagram(M 
M 0)
M 00(�
�0)
�00
��

(Æ1 Æ Æ)�((M 
M 0)
M 00)
��

oo(C 
 C)
 C CÆ1ÆÆoowith (M
CM 0)
CM 00 �= (Æ1ÆÆ)�((M
M 0)
M 00) and the analogous diagramfor M 
C (M 0 
C M 00) show that (M 
C M 0) 
C M 00 �= M 
C (M 0 
C M 00)over C.As an unit obje
t we 
an try to use �C : U 
C ! C, whi
h is isomorphi
to id C : C ! C.4.4 Pullba
k over C 
 CLet (M;
; �; �; %) be a monoidal 
ategory, (C; Æ; ") a 
omonoid. We applythe 
onstru
tion (4) to fun
tor J : M#C
C !M. Suppose that in M#C
Cthere is a multipli
ation 
C.In the 
ategory M#C
C of obje
ts over C 
C, i.e. with obje
ts � :M !C 
 C, we 
onsider the following multipli
ation �:(� :M ! C 
 C) � (�0 :M 0 ! C 
C) = (� 
C �0 :M 
C M 0 ! C 
C);where M 
C M may be Æ�(2)(M 
M 0), a pullba
k in the diagram:M 
M 0�
�0
��

Æ�(2)(M 
M 0)
��

�
C�0
''NNNNNNNNNNN

ooC
2 
 C
2 C
3Æ(2)oo "2 // C 
 Cwhere C
n := C
C
(n�1). As a unit it is natural to try here Æ : C ! C
Cbut this does not work in a general 
ategory M, be
ause C 
C M may benot isomorphi
 to M . 24



4.5 Internal CategoriesThe internal 
ategories are des
ribed by diagrams within an ambient 
at-egory, whi
h has all produ
ts, pullba
ks, and a terminal obje
t. In thisframework there are higher-dimensional 
ategories [1, 9℄. To 
onstru
t in-ternal 
ategories in a monoidal 
ategory without these restri
tions needs theexpli
it using of a 
omonoid stru
ture on the `obje
t' of obje
ts.An enri
hed 
ategory in a monoidal 
ategory M has a set Ob (M) butthe morphisms M(X;Y ) are obje
ts of the 
ategory M, thus, in general,we do not have arrows. There is no 
omposition of arrows, but we have a
omposition morphisms 'X;Y;Z : C(Y;Z)
C(X;Y )! C(X;Z) and identitiesmorphisms �X : U ! C(X;X) [10, 26, 3℄.There is the natural modi�
ation (deformation) of the notion of a enri
hed
ategory by using a 
omonoid stru
ture on the set of obje
ts instead of thediagonal 
omonoid stru
ture.To 
onsider a general notion of an internal 
ategory D in C we supposethat both morphisms M = Mor (D) and obje
ts C = Ob (D) are obje
tsof a monoidal 
ategory M with a morphism � : M ! C 
 C, identitiesmorphism C !M and 
omposition morphism ' :M 
CM !M , both overC 
 C. To de�ne the 
omposition morphism we used a 
omonoid stru
tureon C and some additional 
ondition on the multipli
ation 
C as in previoussubse
tion.The sour
e and target morphisms are s = %M Æ "2 Æ � and t = �M Æ "1 Æ �.Roughly speaking (in general,M is not a set) the 
omposition f Æf 0 of f 
f 0is de�ned only if s(f) 
 t(f 0) 2 Æ(C). For the usual situation in Set with
 = � we have Æ(x) = (x; x) and thus the 
omposition f Æ f 0 of (f; f 0) isde�ned only if s(f) = t(f 0).If the produ
t 
C is de�ned as pullba
k M 
C M 0 := (Æ2)�(M 
M 0),it is asso
iative but usually there is no a unit. For example in the 
ategoryVe
t f (k) of �nite dimensional ve
tor spa
es over a �eld k homomorphism Æis inje
tive, M 
C M 0 = (� 
 �0)�1(C 
 Æ(C)
 C);and thus �
C �0 has the kernelM
Ker(�0)+Ker(�)
M . In parti
ular, forM 0 = C the kernel Ker(� 
C Æ) = Ker(�)
 C is larger than Ker(�). Thus,Æ : C ! C 
 C is not a unit for 
C .4.5.1 Internal CategoriesWe 
an de�ne monoid, group, graph, and other stru
tures in a 
ategory C.Obje
ts with su
h a stru
ture form a 
orresponding 
ategory, whi
h in some25



sense extends the 
ategory C. We 
an also de�ne a 
ategory, so-
alled C-
ategory, with obje
t of obje
ts (`set of obje
ts') Ob and morphisms obje
tMor in C. Let C be a monoidal 
ategory whose multipli
ation 
 is givena dire
t produ
t and suppose that in C there exist pullba
ks. An internal
ategory D in a monoidal 
ategory C 
onsists of:(1) an obje
t C0 2 Ob (C), 
alled obje
t of obje
ts;(2) an obje
t of morphisms C1 2 Ob (C), 
alled obje
t of arrows;together with four morphisms in C:(1) sour
e or domain morphisms : C1 ! C0 and target or 
odomain mor-phism t : C1 ! C0;(2) an identity arrow i : C0 ! C1; (as in Set where one-point set ? is aunit for dire
t produ
t 
 = �);(3) a 
omposition morphism ' : C1 
C0 C1 ! C1, here 
omposition ' isde�ned on the following pullba
k (C1 
C0 C1; p; q) of morphisms s andt: C1 
C0 C1p
��

q
// C1t
��C1 s // C0Here the pullba
k used a diagonal morphism � = (id C0 ; id C0) : C0 !C0 � C0, 
omonoid stru
ture on C0.This is equal to the following two 
onditions : sÆ' = sÆp, and tÆ' = sÆq.These data must satisfy the following 
ommutative 
onditions, whi
h sim-ply express the well known axiom for a 
ategory :(1) sÆ i = 1C0 = tÆ i spe
i�es domain and 
odomain of the identity arrows;(2) s Æ ' = s Æ p, and t Æ ' = t Æ q assigns the domain and 
odomain of
omposite morphisms, here we used a 
omultipli
ation of the 
omonoidstru
ture on C0;(3) ' Æ (' 
C0 id C1) = ' Æ (id C1 
C0 ') expresses that asso
iative law for
omposition in terms of triple pullba
k, here we used the 
oasso
iativityof � on C0; 26



(4) p = ' Æ (i
C0 id C1), and (id C1 
C0 i) = q gives the left and right unitlaws for 
omposition of morphisms.When C = Set the pullba
k is the set of 
omposable pairs (g; f) of arrows.When there is a forgetful fun
tor J : C ! Set the internal C-
ategory hasobje
ts and arrows but 
omposable pairs have sense only if J is monoidal.An internal 
ategory in Set is just an ordinary small 
ategory whi
h issame as an obje
t in Cat , Cat = Cat (Set ). An internal 
ategory in Grp(
ategory of groups and homomorphisms [1℄) is a 
ategory in whi
h both C0and C1 are groups, and all the maps i, s, t and ' are homomorphisms ofgroups. Then an internal 
ategory in Grp is same as a group obje
t in Cat .An internal fun
tor (morphism in Cat (C)) F : D ! D0 between twointernal 
ategories D and D0 of C 
onsists of:(1) morphisms F0 : D0 ! D00, and F1 : D1 ! D01 of C; su
h that followingholds:(2) F0Æs = s0ÆF1, and F0Æt = t0ÆF1 preservation of domain and 
odomain;(3) F1 Æ i = i0 Æ F0 preservation of identity arrows;(4) F1 Æ ' = '0 Æ (F1 
D0 F1) preservation of 
omposite arrows.Using a similar pro
edure, an internal natural transformation betweentwo internal fun
tors F and G from D to D0 in C, say � : F ) G, is amorphism � : D0 ! D01 whi
h satis�es the following 
onditions : s Æ � = F0,and t Æ � = G0 and'0 Æ (� Æ t
D0 F1) Æ� = '0 Æ (G1 
D0 � Æ s) Æ�;where � is a diagonal morphism D1 ! D1 
D0 D1. Here the 2-
ategorystru
ture of these internal 
ategories depends on the 
omonoid stru
ture onD1.4.5.2 Internal Categories over ComonoidsWe des
ribe here only a general s
heme of the 
onstru
tion. In general, aninternal 
ategories C inM does not have obje
ts and morphisms, it has onlytwo M-obje
ts C = Ob (C) and M = Mor (C) and someM-morphisms.Let M be a monoidal 
ategory, suppose that it is stri
t for simpli
ity,ComonM the 
ategory of 
omonoids in M.Let M# be a 
ategory of some obje
ts over 
-squares of 
omonoids inM, i.e. its obje
ts are morphisms � : M ! C 
 C, where C is a 
omonoid,27



and its morphism from � :M ! C 
C to �0 :M 0 ! C 0
 C 0 is a pair (u; v)of M-morphisms u : M ! M 0 and v : C ! C 0 su
h that v is a 
omonoidmorphism and �0 Æ u = (v 
 v) Æ �. There is the proje
tion� :M# ! ComonM : (� :M ! C 
C) 7! C:Then we suppose that there is a monoidal stru
ture 
#C in ea
h �berM#C = ��1(C; id C) 
# :M# ��M# !M#with two fun
tor morphisms (natural transformations) p and qM 
M 0�
�0
��

M 
#M 0q
oo p

yyttt
tt

tt
ttt �
#�0

��C
2 
 C
2 C
3Æ2oo "2 // C 
Cwith some 
oheren
e 
onditions for p and q. A unit obje
t for 
C is a
omultipli
ation Æ : C ! C 
 C. We write 
# or 
C when it is needed toindi
ate a 
omonoid C.An internal 
ategory inM is a monoidal obje
t inM# with respe
t to theprodu
t 
#. On � : M ! C 
 C an internal 
ategory stru
ture is given bytwo morphisms ' :M
#M !M , a 
omposition morphism, and � : C !M ,a unit morphism, both over C 
 C.Definition 8 A fun
tor between internal 
ategories from (� : M ! C 
C;'; �) to 
ategory (�0 : M 0 ! C 0 
 C 0; '0; �0) is a pair F = (u; v) of M-morphisms u :M !M 0 and v : C ! C 0 su
h that(1) v is a 
omonoid morphism,(2) units 
ondition: �0 Æ v = u Æ �,(3) 
ommutative diagram M u //�
��

M 0�0
��

M 
C M�
C�
��?

??
??

??
??

? F
CF //

' ??���������� M 0 
C0 M 0�0
C0�0
��?

??
??

??
??

'0 ??����������C 
 C v
v // C 0 
 C 028



Let F = (u; v) and F 0 = (u0; v0) are fun
tors from an internal 
ategory(� :M ! C 
 C;'; �) to an internal 
ategory (�0 :M 0 ! C 0 
C 0; '0; �0).Definition 9 A fun
tor morphism � : F ) F 0 is a morphism � : C !M 0su
h that the following diagrams 
ommuteCÆ
��

� //M 0�0
��C 
 C v
v0 // C 0 
 C 0C 
C M �
Cu //M 0 
C0 M 0 '0

%%L
LLLLLLLLLM %�1

$$I
II

III
II

II

��1 ::uuuuuuuuuu M 0M 
C C u0
C� //M 0 
C0 M 0 '0 99rrrrrrrrrrNow we 
an de�ne a 2-
ategory 2Cat (M) of internal 
ategories over amonoidal 
ategory M with additional stru
ture 
#; p; q. There are the fol-lowing results, whi
h are similar to the ones for usual 2-
ategories of internal
ategories (see for example, [16℄).Internal 
ategories, internal fun
tors, and internal natural transforma-tions form a stri
t 2-
ategory 2Cat (M).If we de�ne now a 2-ve
tor spa
e as an internal 
ategory in Ve
t k we geta stru
ture with additional parameters, a 
omonoid stru
ture on the spa
eof obje
ts.5 2-dimensional TQFTsLet us 
onsider �rst the notation and terminology [8, 16, 17, 19, 20, 24, 25, 27℄.Here we give a general des
ription of the stru
ture of TQFT to tra
e possible
onstru
tions for our deformations. But we are not ready suggest a 
on
retedeformation of TQFTs.5.1 Categories in Quantum TheoryWe need to work in a 
ategory of physi
al systems but what are the mor-phisms between systems? Usually physi
al systems have not enough mor-phisms 
ompatible with all stru
tures of obje
ts. In this 
ase it ne
essary to29



transfer some of the stru
ture on the 
ategory. Here we 
onsider the 
ategoryof Hilbert spa
es and show how an additional stru
ture on a 
ategory 
omesfrom additional stru
ture on the obje
ts.Quantum physi
s is based on the theory of Hilbert spa
es. The innerprodu
t in quantum physi
s whi
h gives 
omplex amplitudes h 1;  2i la
ksthe intuitive immedia
y of probabilities. How should this the inner produ
tbe transformed to 
ategories? Here we transfer a stru
ture from obje
ts tothe 
ategory, more pre
isely to an additional stru
ture on 
ategory.From the 
ategory theoreti
 point of view, part of the problem is to under-stand the stru
tures on the 
ategory of Hilbert spa
es. Thus in topologi
alquantum �eld theory we take all linear operators as morphisms. However,if we de�ne a 
ategory Hilb in this way, then Hilb is equivalent to the 
at-egory Ve
t C of 
omplex ve
tor spa
es. This then raises the question: howdoes Hilb really di�er from Ve
tC , if as 
ategories they are equivalent? Theanswer is to determine on Hilb an additional stru
ture, a �-
ategory by theadjoint fun
tor.To transfer the inner produ
t in Hilbert spa
es to the 
ategory we 
onsiderthe adjoint as making Hilb into a �-
ategory: a 
ategory C equipped with a
ontravariant fun
tor � : C ! C �xing obje
ts and satisfying �2 = id C. WhileHilb and Ve
tC are equivalent as 
ategories, only Hilb is a �-
ategory.This is parti
ularly important in topologi
al quantum �eld theory. Therelationships between topology, algebra and physi
s exploited by this subje
tamount in a large part to the existen
e of fun
tors from various topologi
allyde�ned 
ategories to the 
ategory Hilb . These topologi
ally de�ned 
ate-gories are �-
ategories, and the really interesting fun
tors from them to Hilbare always �-fun
tors, fun
tors preserving the �-stru
ture.Example 18. There is a �-
ategory whose obje
ts are �nite sets of pointsand whose morphisms are `tangles', 
ategory T of tangles [7℄. This exampleinvolves 1-dimensional 
urves in 3-dimensional spa
etime.More generally, topologi
al quantum �eld theory studies n-dimensionalmanifolds embedded in (n+ k)-dimensional spa
etime, whi
h in the k !1limit appear as abstra
t n-dimensional manifolds. It appears that these arebest des
ribed using 
ertain n-
ategories with duals, meaning n-
ategories inwhi
h every j-morphism f has a dual f�.Example 19. One 
lass of n-
ategories with duals should be the n-groupoids; they explain many relationships between TQFT and homotopytheory. However, the novel aspe
ts of TQFT should arise from n-
ategorieswith duals that are not n-groupoids.The analogy between adjoint fun
tors and adjoint linear operators reliesupon a deeper analogy: just as in quantum theory the inner produ
t h�; irepresents the amplitude to pass from  to �, in 
ategory theory Hom(X;Y )30



represents the set of ways to go from X to Y . These are to Hilbert spa
esas 
ategories are to sets. The analogues of adjoint linear operators betweenHilbert spa
es are 
ertain adjoint fun
tors between 2-Hilbert spa
es.Just as the basi
 example of a 
ategory is Set , the basi
 example of a2-Hilbert spa
e is Hilb . Also, just as the 2-
ategory Cat is a 3-
ategory,it appears that the 2-
ategory 2Hilb is an example of a `3-Hilbert spa
e'.More generally, it appears that nHilb is an n-
ategory with duals, and that`n-Hilbert spa
es' are needed for the proper treatment of n-dimensional topo-logi
al quantum �eld theories.An approa
h to quantum �eld theory based on operator algebras inHilbert spa
es has been presented in [21℄.5.2 Cobordism CategoryLet us re
all the stru
ture of a 
obordism 
ategory. A manifold we alwaysunderstand as a 
ompa
t, oriented, di�erentiable manifold. In parti
ular, itadmits at least one stru
ture of a �nite CW-
omplex with 
ells up to thedimension of the manifold.The 
ategory Cob n of oriented n-dimensional 
obordisms has oriented
ompa
t n � 1 dimensional manifolds as obje
ts and 
obordisms as mor-phisms.A 
obordism fromM to N is an oriented n-dimensional manifold P withboundary, together with an oriented di�eomorphism between the boundaryof P and disjoin union M�`N . Composition of morphisms results fromgluing of manifolds along shared boundary 
omponents.The 
ategory of oriented n-
obordisms has the natural stru
ture of atensor 
ategory with duality. The tensor produ
t is dire
t sum (disjointunion) and the duality is the reversal of orientation.Definition 10 A 
obordism W : M ! N between 
losed manifolds Mand N is a manifold W su
h that �W = M`N where M and N have
hosen orientations via their normal bundles, and su
h that the orientationindu
ed fromW agrees with that of N and disagrees with the one onM . Thisstate of a�airs is des
ribed symboli
ally by W = �M`N . The standardnotations are �� =M and �+ = N to denote the in
oming and the outgoing
omponents of the boundary.A di�eomorphism between 
obordisms (W;F ) and (V;G) is a di�eomor-phism 	 : W ! V su
h that 	(��W ) = ��V and F = 	G, where equalityis understood as equality of homotopy 
lasses of maps.Let Cobn+1 be a 
ategory of (n + 1)-dimensional 
obordisms, i.e. has
ompa
t oriented n-dimensional manifolds as obje
ts and 
ompa
t oriented31




obordisms, whi
h are equivalen
e 
lasses of (n + 1)-manifolds with bound-ary, between them as morphisms, and it has a monoidal stru
ture with theprodu
t given by disjoint union of manifolds.5.3 TQFTLet us re
all the stru
ture of a TQFT to show the role of an additionalstru
ture and to show a possible deformation of 
ategori
al stru
tures usinga nontrivial 
omonoid stru
ture on the set of obje
ts. An n-dimensionalTQFT is a symmetri
 monoidal fun
tor F : Cobn+1 ! Ve
t .Roughly speaking, if a lagrangian (the theory) is invariant under topo-logi
al isomorphisms (homeomorphisms), then we get a TQFT.The stru
tures of generators and relations for the 
onstru
tion of lowdimensional TQFTs by various 
ombinatorial methods are equivalent to thestru
tures of various fundamental obje
ts in abstra
t algebra. Thus, 2D-TQFTs 
an be 
onstru
ted from 
ommutative Frobenius algebras or fromsemisimple asso
iative algebras; while 3D theories 
an be 
onstru
ted eitherfrom braided monoidal 
ategories or from Hopf algebras.The subje
t of TQFT began with the study of path integrals for la-grangians with topologi
al invarian
e. Now we do not have a rigorous theoryof this approa
h. It is possible to make formal manipulations of path in-tegrals to dedu
e that the theories derived from them should have 
ertainproperties. The properties 
ome from two aspe
ts of the theory of path in-tegrals. One is the idea that sin
e a path integral is a sort of integral forea
h point in a spa
e, we 
an separate it into integrals over parts of a spa
e,by a sort of Fubini's theorem. The other is that the topologi
al lagrangianspossess a large gauge symmetry, with respe
t to whi
h physi
al states (andthe whole theory) must be invariant. If we 
ut spa
e up along submani-folds of 
odimensions one and two, we get states with boundary atta
hedto 
odimension one submanifolds with 
odimension two boundaries whi
htransform non-trivially under the quantum version of the gauge symmetryon the 
odimension two submanifolds. This gauge symmetry is responsiblefor the appearan
e of tensor 
ategories or Hopf algebras in the stru
ture of aTQFT. A formal derivation from a path integral would serve no mathemat-i
al purpose, sin
e path integrals themselves are not rigorously de�ned.The de�nition of an n-dimensional TQFT is that it is a monoidal fun
torF from the 
ategory Cob n+1 of oriented (n + 1)-
obordisms to the 
ategoryVe
t of 
omplex �nite dimensional ve
tor spa
es with the usual tensor prod-u
t. Then a manifold with opposite orientation is sent to the dual spa
e ofthe image with the given orientation, F (M�) = F (M)�, and F (M`N) =F (M)
 F (N). 32



The Hilbert spa
e E = E(S1) atta
hed to the 
ir
leS1 in a two-dimensionalTQFT is a 
ommutative asso
iative algebra A with unit and inner produ
th ; i su
h that the trilinear form x; y; z 7! hxy; zi is totally symmetri
. Analgebra A with this stru
ture, 
alled a Frobenius algebra, is derived from thefun
tional integral over simple surfa
es | spheres with disks removed. Ifthis algebra is semisimple it 
an be diagonalized and then there is an expli
itformula for the partition fun
tion of an oriented surfa
e. It is also true thatthe �eld theory is determined by the Frobenius algebra.Let us note that sin
e the boundary of a 
obordism is a disjoint union oftwo manifolds, one with reversed orientation, it is equivalent to assign a linearmap to a 
obordism, or a ve
tor in the ve
tor spa
e on the boundary to amanifold with boundary. It follows from this observation that the invariantof 
losed 3-manifolds arising from a 3D-TQFT 
an be viewed as the dualpairing of ve
tors asso
iated to 3-manifolds with (
ommon, but oppositelyoriented) boundary. This is, of 
ourse, Atiyah's original view.5.4 Modi�
ationsThere are modi�
ations of the de�nition of TQFTs by modifying the 
obor-dism 
ategory by using additional stru
tures on manifolds. For instan
e,we 
an spe
ify a framing of the tangent bundle of the 
obordisms and of aformal neighborhood of the 
losed manifolds. Another possibility is to in-
lude insertions of submanifolds in the manifolds and mat
hing insertions inthe 
obordisms. Tensor and duality preserving fun
tors from su
h modi�ed
obordism 
ategories to Ve
t are 
alled TQFTs too.Any modi�
ation in 
obordism 
ategory may lead to a modi�
ation inTQFT. This modi�
ation 
an be thought of as an extended version of TQFT.For example in Chern-Simons-Witten TQFT 
obordisms are supplied withsome additional stru
tures.The role of higher-dimensional algebra is 
lear from the various 
onstru
-tions of extended TQFTs. Baez and Dolan [23℄ outline a program in whi
hn-dimensional TQFTs are des
ribed as n-
ategory representation. They de-s
ribe an n-dimensional extended TQFT as a weak n-fun
tor from the freestable weak n-
ategory with duals of one obje
ts to n-Hilb the 
ategory ofn-Hilbert spa
es, whi
h preserve all levels of duality.Homotopy theory methods were used to build examples of TQFT's. Homo-topy quantum �eld theories (HQFT) are de�ned as topologi
al quantum �eldtheories for manifolds endowed with the additional stru
ture in the form of amap into some ba
kground spa
e X, that is a theory of obje
ts over X. Allthese theories do is to �x a ba
kground spa
e X and to 
ompute a weightedsum over homotopy 
lasses of maps f :M ! X for a 
losed manifoldM .33



There is the important Turaev's theorem that the HQFT's only dependon the n-homotopy type of X. There are papers whi
h dis
ussed HQFT'sin dimension 1 + 1, but for a simply 
onne
ted target spa
e. There is theopinion that TQFT's may be 
onsidered a �rst approximation to full-blownquantum gravity, HQFT's are a �rst approximation to gravity 
oupled withmatter.In the n-
ategori
al set up, one of the examples of monoidal 2-
ategoriesis the 
ategory nCob , whi
h has 0-manifolds as 0-
ells, 1-manifolds with
orners, i.e. 
obordism between 0-manifolds as 1-
ells, and 2-manifolds with
orners as 2-
ells.Instead of taking 0-
ells as 0-manifolds, one 
an also start with obje
tsas 1-manifolds with or without 
orners to obtain a Atiya-Segal-style TQFT.A 2-dimensional TQFT is a parti
ular 
ase of the 
onstru
tion. Here the
ategory Cob 1+1 or Cob 2 has 
ompa
t oriented 1-manifolds as obje
ts and
ompa
t oriented 
obordism between them as morphisms.Extended TQFTs 
onstru
ted by Kerler and Lyubashenko [33℄ involveshigher 
ategory theory, namely double 
ategories and double fun
tors. Their
onstru
tion of an extended version of TQFTs is quite di�erent from the n-
ategori
al version of extended TQFTs proposed by Baez and Dolan. It is nota generalized version of the Turaev 
onstru
tion of a TQFT fun
tor, a
tuallyboth 
onstru
tions are di�erent be
ause of the di�erent base 
ategories.Baez and Dolan's hypothesis for extended TFQTs shows that the TQFTfun
tor whi
h produ
es 2-dimensional extended TQFTs 
annot be easily gen-eralized to a 3-dimensional extended TQFT fun
tor. Either they do not havea ni
e stru
ture in higher dimension or their stru
ture is very 
ompli
ated,e.g. the enri
hed n-
ategori
al version of Ve
t is not very 
lear in dimensionn � 2.For n = 2, one 
an think 2-ve
tor spa
es as a ve
tor spa
e over the
ategory Ve
t k of ve
tor spa
es over k.5.5 Con
lusionsThus a monoidal 
ategory M with an tensor produ
t � and a fun
tor
 : Ve
t k �M ! M must satisfy various 
onditions. It ne
essitates to
onstru
t di�erent TQFT fun
tors at di�erent dimensional level. This sug-gests that in most of the higher dimensional 
ases these TQFTs fun
tors willbe independent from ea
h other.For the higher dimensional extended TQFTs, one needs to generalize theinternal 
ategories stru
ture for higher dimensions in su
h a way that existingbase 
ategory stru
tures remain preserved, e.g. as in the 
ase of 2Ve
t ,whi
h 
ontains ordinary ve
tor spa
es as obje
ts. If we 
onsider 3Ve
t to be34



the 
ategory having obje
ts as internal 
ategories of 2Ve
t and arrows areinternal fun
tors, then under suitable 
onditions 3Ve
t 
an gives a higher
ategory version of 2Ve
t whi
h also 
ontain 2-ve
tor spa
es as obje
ts.The stru
ture n-
ategory results of iterative using ordinary 
ategori
alstru
ture with weaken modi�ed 
oheren
e 
onditions. Our deformation of
ategory stru
ture is similar. We modify diagonal 
omultipli
ation, but saveall diagrams from the 
ategori
al axioms.We des
ribe a deformation of 
ategories whi
h gives new stru
tures. Buttheir theory is similar to the 
ategory theory be
ause we deform only 
o-multipli
ations whi
h are in 
ompositions on all levels in n-
ategory. Ourdeformation 
an be applied to n-
ategories on di�erent levels. Su
h a defor-mation of j-level indu
es deformation of stru
ture on all higher levels.Referen
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