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COUNTEREXAMPLE TO CONJECTURED SU(N) CHARACTERASYMPTOTICSTATSUYA TATE AND STEVE ZELDITCH1. Introdu
tionThe purpose of this note is to give a 
ounterexample to the 
onje
tured largeN asymptoti
sof 
hara
ter values �R(U) of irredu
ible 
hara
ters of SU(N), whi
h appears in papers ofGross-Matytsin [M, GM℄ and Kazakov-Stauda
her-Wynter [KW, KSW, KSW2, KSW3℄).Asymptoti
s of 
hara
ters are important in the large N limit of YM2 (2D Yang-Mills theory).Our 
ounterexample 
onsists of one spe
ial sequen
e of elements aN 2 SU(N) for whi
hthe 
onje
tured asymptoti
s on �RN (aN ) fail for any relevant sequen
e �RN of irredu
ible
hara
ters. It is not 
lear at present how widespread in SU(N) the failure is.To state the 
onje
ture and the 
ounterexample, we will need some notation. We re
allthat irredu
ibles of SU(N) are parametrized by their highest weights � or equivalently byYoung diagrams with � N � 1 rows. To fa
ilitate 
omparison with [GM℄, we will use afurther parametrization of representations R of SU(N) by their shifted highest weights` = �+ �N ; �N = half the sum of the positive roots: (1)The 
omponents of the shifted highest weight are then stri
tly de
reasing 1 > `1 > `2 >� � � > `N > �1 (
f. (13) for the expli
it formula). To a shifted highest weight we asso
iatethe probability measure on R de�ned byd�R = 1N NXj=1 Æ( `jN ); i:e: ZRf(y)d�R(y) = 1N NXj=1 f( `jN ): (2)Given a sequen
e RN of irredu
ible representations of SU(N), we writeRN ! d�; if d�R ! d� in the sense of measures: (3)Any weak limit is a probability measure satisfying �Y ([0; T ℄) � T , sin
e `j � `j+1 � 1: Ifthe limit has a density, whi
h is written d�Y = �0Y (y)dy, then �0Y (y) � 1: A limit measure is
alled a \distribution on Young tableaux".The 
onje
ture of Gross-Matytsin, Kazakov-Stauda
her-Wynter and other physi
ists 
on-
erns the values of a sequen
e of 
hara
ters �RN on elements UN of SU(N). The eigenvaluedistribution of U 2 SU(N) with eigenvalues fei�kg is the probability measure on the unit
ir
le S1 de�ned d�N := 1N NXk=1 Æ(ei�k):Date: O
tober 22, 2003.Resear
h partially supported by JSPS (�rst author).Resear
h partially supported by NSF grants DMS-0071358 and DMS-0302518 and by the Clay Foundation(se
ond author). 1



2 TATSUYA TATE AND STEVE ZELDITCHGiven a sequen
e UN 2 SU(N), we write UN ! � (as N !1) if d�N ! � in the sense ofmeasures, i.e. 1N PNk=1 f(ei�k)! RS1 fd�:Conje
ture 1.1. (Gross-Matytsin [GM℄, (2.3); Kazakov-Stauda
her-Wynter [KW℄, Ap-pendix 5.1; [KSW℄, x3; see below) Assume UN ! �;RN ! �. Then �RN (UN ) � eN2F0[�;�)℄where F0(�; �) = S(�; �) + 12fRR�(x)x2dx+ R �(y)y2dyg�12fRR�R�(x)�(y) ln jx� yjdxdy + RR�R�(x)�(y) ln jx� yjdxdyg;where S is the 
lassi
al a
tion 
orresponding to the Hopf equation8<: �f�t + f �f�x = 0=f(x; 0) = ��(x); =f(x; 1) = ��(x):Our 
ounterexample is based on the spe
ial sequen
e UN = aN of prin
ipal elements oftype � of SU(N) in the sense of Kostant [Ko℄. Su
h a prin
ipal element is regular and hasminimal order in SU(N), given by its Coxeter numberN . The eigenvalues of aN are thus thedistin
t Nth roots of unity, and the limit distribution d� of aN of eigenvalues is obviouslyd�.The key fa
t, dis
overed by Kostant [Ko℄ is that 
hara
ters take on only the three values�R(aN) = 0;�1; 8R 2\U(N): (4)This immediately 
asts doubt on the 
onje
ture, sin
e it would imply:eN2F0[�;d�)℄ � �R(aN) = 8>>>><>>>>: (i) 0(ii) �1(iii) 1 ; 8�: (5)Clearly, this would require that, for all d�,F0[�; d�)℄ is 8>>>><>>>>: (i) < 0(ii) = i�(2kN + 1)(iii) = o(1=N2) (6)The following result shows that the os
illation of values of �R(aN ) is mu
h too regularfor any su
h results. There is simply no separation of the possible limiting shapes of Youngdiagrams into the three dis
rete 
lasses of possible limits 0;�1; all possible limit shapes are
onsistent with the limit 0.Theorem 1.2. Given any sequen
e of irredu
ibles RN 2 \SU(N), with RN ! �, there existsa sequen
e R0N 2 \SU(N) with R0N ! � with the property that �R0N (aN ) = 0. Hen
e, there
annot exist a limit fun
tional F0(d�; d�) depending only on the limit densities d�; d�.



COUNTER-EXAMPLE TO CONJECTURED SU(N) CHARACTER ASYMPTOTICS 3The basi
 idea of the proof is the following: suppose that the highest weight R is su
h that�R(aN ) = �1. Then, by 
hanging one 
omponent of R by one unit, one obtains a highestweight R0 su
h that �R0(aN) = 0. Taking a sequen
e RN ! � and 
hanging RN ! R0N oneobtains a new sequen
e with R0N ! � and with �R0N (aN) � 0:1.1. Ba
kground of the 
onje
ture. The Conje
ture 1.1 attributed above to Gross-Matytsin and Kazakov-Stauda
her-Wynter seems to have appeared independently in thepapers [GM℄ and [KW℄. It is analogous to and inspired by Matytsin's 
onje
ture [M℄ on thelarge N asymptoti
s of Itzykson-Zuber integrals. The latter 
onje
ture has re
ently beenproved by Guionnet-Zeitouni [GZ℄ and Guionnet [G℄. But the former is in
orre
t in general.We now explain the di�eren
e between the two 
onje
tures and give some ba
kground onthe 
ontext in whi
h the 
onje
ture arose.The original 
onje
ture of Matytsin pertained to integrals known variously as Itzykson-Zuber or spheri
al integrals I(A;B) � ZSU(N) eNtr[AUBUy℄dU; (7)where A and B are N � N Hermitian matri
es and dU is (unit mass) Haar measure onSU(N). By the Itzykson { Zuber (Harish-Chandra) formula one hasI(A;B) = det[eNaibj ℄�(a)�(b) ; (8)where faig; resp. fbjg, are the eigenvalues of A, resp. B and where �(a) denotes theVan der Monde determinant �(a) = �i<j(ai � aj). In [M℄, Matysin stated Conje
ture 1.1pre
isely in the same form for IN(AN ; BN ). This 
onje
ture has re
ently been proved byGuionnet-Zeitouni [GZ℄ and Guionnet [G℄.In the subsequent papers [GM, KW℄, Gross-Matytsin and Kazakov-Wynter stated ananalogous 
onje
ture for 
hara
ters of U(N). We quote their statements in some detail todraw attention to the key di�eren
e to Matytsin's original 
onje
ture.First, we 
onsider [GM℄. There are some slight di�eren
es in notation (e.g. their � is ourF0) whi
h we leave to the reader to adjust. They write: \for large N the U(N) 
hara
tersbehave asymptoti
ally as �R(U) ' eN2�[�Y (l=N);�(�)℄ (9)with some �nite fun
tional �[�Y ; �℄. In this formula it is impli
it that we take the limitN !1 assuming that the eigenvalue distribution of the unitary N �N matrix U 
onvergesto a smooth fun
tion �(�), � 2 [0; 2�℄. (The eigenvalues of a unitary matrix lie on theunit 
ir
le in the 
omplex plane and 
an be parametrized as �j = ei�j .) In addition, itis assumed that the distribution of parameters ~yi = li=N , whi
h de�ne the representationR, also 
onverges to another smooth fun
tion �Y (~y), that we 
an 
all the Young tableaudensity. The fun
tional � is, in general, not easy to 
al
ulate. However, in some important
ases it 
an be found expli
itly." They 
ontinue: \...we will have to evaluate the fun
tionalderivatives of �[�Y ; �1℄... This 
an be done if we observe that the U(N) 
hara
ters 
an berepresented as analyti
 
ontinuations of the Itzykson{Zuber integral (7). Setting ak = lk,



4 TATSUYA TATE AND STEVE ZELDITCHbj = �j and analyti
ally 
ontinuing ak ! iak, we see thatdet[eNaibj ℄�(a)�(b) ! J�ei�s��R(U): (10)Therefore, we 
an use the known expressions for the large N limit of the Itzykson{Zuberintegral to �nd the fun
tional �. In parti
ular, if as N ! 1 the distributions of fakg andfbjg 
onverge to smooth fun
tions �(a) and �(b), then asymptoti
ally..." the formula inTheorem 1.2 holds with �da = �; �db = �:In [KW℄, it is pointed out that 
hara
ter values for U(N) are, `up to a fa
tor of i...theItzykson-Zuber determinant...From Matysin's paper we quote the result (with the minor
hange of an extra fa
tor of i)...'We note that the relation (10) between Itzykson-Zuber integrals and 
hara
ters is theKirillov 
hara
ter formula, see e.g. Theorem 8.4 of [BGV℄. Thus, it is pre
isely the analyti

ontinuation of the large N asymptoti
s of the Itzykson -Zuber integral from Hermitian toskew-Hermitian matri
es (the Lie algebra of U(N)), i.e. the extra fa
tor of i, whi
h leadsin general to in
orre
t results. The same error then propagates to the 
onje
ture of Gross-Matytsin and Kazakov-Wynter on the large N asymptoti
s of the partition fun
tion of 2DSU(N) Yang-Mills theory on a 
ylinder, whi
h the se
ond author disproved by a related
ounterexample in [Z℄. On the positive side, the proof of Guionnet-Zeitouni of Matytsin's
onje
ture suggests that the 
onje
tured partition fun
tion asymptoti
s might be 
orre
tafter analyti
ally 
ontinuing the partition fun
tion from U(N) to positive matri
es.Of 
ourse, the 
ounterexample does not indi
ate the limit of validity of the original 
onje
-tures or of their appli
ations in 2D gravity, YM2 and matrix models. V. Kazakov has raiseda number of interesting questions regarding the 
ounterexample. Can one perturb the 
oun-terexample or does it depend on the eigenvalues being roots of unity? Are the 
onje
tureseven `generi
ally 
orre
t' in a reasonable sense? Rather than studying pointwise limits, one
an study asymptoti
s of statisti
al aspe
ts of 
hara
ter values. The large deviations theoryof Guionnet-Zeitouni [GZ, G℄ does not seem to adapt in a straightforward way to 
hara
tervalues on SU(N). What is a good probabalisti
 framework? Some interesting work in thestatisti
al dire
tion is found in the works of Kazakov-Stauda
her-Wynter (lo
. 
it.). M. R.Douglas has suggested a di�erent point of view towards taking large N limits [D1, D2℄.A
knowledgmentThis note was begun during a stay of the �rst author as a JSPS fellowshipat the Johns Hopkins University and was 
ontinued while both authors were visiting MSRIas part of the Semi
lassi
al Analysis program. The se
ond author was partially supportedby the Clay Foundation. We also thank V. Kazakov for his 
omments and questions.2. Review of the Kostant identityIn this se
tion, we shall review the Kostant identity (4) for the values �R(aN) of irredu
ible
hara
ters at the prin
ipal elements of type �. We also review a version of the formulaobtained in [AF℄ for the group SU(N).2.1. The Kostant identity in general. Let G be a 
ompa
t, 
onne
ted, simply-
onne
tedsemisimple Lie group. We also assume that G is simply-la
ed, that is, ea
h root has the samelength with respe
t to the Killing inner produ
t. Let a� denote a prin
ipal element of type �.The element a� is in the 
onjuga
y 
lass of the element exp(��1(2�)), where � is half the sum



COUNTER-EXAMPLE TO CONJECTURED SU(N) CHARACTER ASYMPTOTICS 5of the positive roots and � is the isomorphism between the Lie algebra of a �xed maximaltorus and its dual indu
ed by the Killing form. Sin
e the 
hara
ters are 
lass fun
tions, we
an set a� = exp(��1(2�)).Let �� denote the root latti
e. Let h be the Coxeter number. The number h is de�nedas the order of the Coxeter element in the Weyl group W , namely the element s�1 � � � s�l,where f�jg are the simple roots, s�j 2 W is the re
e
tion 
orresponding to �j and l is therank of G. The following lemma (Lemma 3.5.2 in [Ko℄) is one of the key points of [Ko℄.Lemma 2.1. Let � be a dominant weight. Then, either(1) For all w 2 W , w(� + �)� � 62 h�� or(2) There exists a unique w 2 W su
h that w(�+ �) � � 2 h��.It should be noted that, if � satis�es the 
ondition (2) in Lemma 2.1, then � 2 ��, sin
ew��� is in the root latti
e �� for all w 2 W , and the latti
e h�� is invariant underW -a
tion.By using Lemma 2.1, we de�ne "(�) 2 f0;�1g for ea
h dominant weight � as follows:"(�) = � sgn(w) if � satis�es (2) in Lemma 2.1;0 otherwise: (11)Then, the Kostant identity 
an be stated as follows:Theorem 2.2 (Kostant[Ko℄). Under the assumption on G stated above, the irredu
ible 
har-a
ters �� take one of the values 0, 1 or �1 at the element a�. More pre
isely, one has��(a�) = "(�)for ea
h dominant weight �.2.2. The Kostant identity for SU(N). Now we set G = SU(N). In this 
ase, a dominantweight is regarded as a partition of a non-negative integer, and one 
an rewrite Theorem 2.2in terms of a property of 
omponents of partitions. We refer the readers to [FH℄ for a generaltheory of the representation theory of SU(N) and partitions, and to [AF℄ for a version ofKostant's theorem (Theorem 2.2) for SU(N), whi
h we shall review in this se
tion.To �x notation, we �rst de�ne a 
orresponden
e between the dominant weights and par-titions. Let tN and hN denote the Lie algebras of maximal tori in SU(N) and U(N) respe
-tively, and let L�N and I�N denote the weight latti
es in the dual spa
es t�N and h�N respe
tively.We denote the standard basis in h�N by ej, j = 1; : : : ; N . Then, for ea
h � 2 L�N , there is aunique f = f� 2 I�N su
h that f = N�1Xj=1 fjej; f jtN = �:Therefore, the weight latti
e L�N is identi�ed with the sublatti
e (of rank N � 1) in I�Nspanned by e1; : : : ; eN�1: L�N �= N�1Mj=1 Z� ej � I�N : (12)The roots for (su(N); tN ) are given by the restri
tions to tN of the following elements in I�N(whi
h are the roots for (u(N); hN)): �i;j = ei � ej; 1 � i 6= j � N . We take the positive



6 TATSUYA TATE AND STEVE ZELDITCHroots to be �i;j (i < j), and the simple roots to be �j := �j;j+1, j = 1; : : : ; N � 1. The
orresponding positive open Weyl 
hamber C is given, in terms of the identi�
ation (12), byC = ff = N�1Xj=1 fjej 2 t�N ; f1 > � � � > fN�1 > 0g:Thus, the set of dominant weights PN := C \ L�N is given byPN = ff = N�1Xj=1 fjej ; f1 � � � � � fN�1 � 0; fj 2Zg;whi
h is the set of partitions of length N whose last 
omponent is zero. In this notation,half the sum of the positive roots �N is given by�N = N�1Xj=1 (N � j)ej: (13)The prin
ipal element of type �, aN := exp(��1(2�N )), is given byaN = diag(e�i(N�1)=N; e�i(N�3)=N ; : : : ; e��i(N�3)=N ; e��i(N�1)=N); (14)and, in parti
ular, the distribution of the eigenvalues of aN tends to the normalized Haarmeasure on the 
ir
le.The Kostant identity (Theorem 2.2) 
an be rewritten in the following form, whi
h isobtained in [AF℄:Proposition 2.3 ([AF℄). Let � be a dominant weight for SU(N), and let �� be the irre-du
ible 
hara
ter for SU(N) 
orresponding to �. As above, we write � = (�1; : : : ; �N�1; �N )with �N = 0. Let aN = exp(��1(2�N )). Then, ��(aN) 6= 0 if and only if �j + N � j's havedistin
t residue modulo N . In su
h a 
ase, we have��(aN ) = sgn(�);where � 2 SN is de�ned by �(j) = N � r(j); j = 1; : : : ; N;and r(j) denotes the residue of �j +N � j � ` modulo N with ` = j�j=N .Note that if �j + N � j's have distin
t residue modulo N , then j�j is automati
ally amultiple of N . In Proposition 2.3, the numbers �j + N � j are the 
omponents of thedominant weight �+ �N : �+ �N = N�1Xj=1 (�j +N � j)ej:The shifted highest weight �+ �N is writen as ` in (1).



COUNTER-EXAMPLE TO CONJECTURED SU(N) CHARACTER ASYMPTOTICS 73. Proof of Proposition 2.3 and Theorem 1.2We prepare for the proofs with a series of Lemmas. For SU(N), it is easy to see that theCoxeter number h is equal to N . This is proved, for example, by showing that the Coxeterelement is just a 
y
le of length N .The following 
ondition spe
ializes 
ondition (2) in Lemma 2.1 to SU(N):(K) there exists a unique w 2 SN su
h that w(�+ �N )� �N 2 N��.Lemma 3.1. Let � 2 L�N . Then � 2 �� if and only if jf�j 2 NZ, where jf�j = PN�1j=1 fj,f� =PN�1j=1 fjej 2 I�N , f�jtN = �.Proof. We set e0 =PNj=1 ej whi
h is a weight for u(N), and also set H0 = PNj=1Hj , whereHj is the standard basis for the Lie algebra hN of the maximal torus in U(N). Then, wehave t�N = h�N=Re0. We �rst 
laim that�� = ff 2 I�N ; f(H0) = 0g=Ze0: (15)To prove (15), we re
all that the root latti
e �� is spanned by the simple roots:�� = N�1Mj=1 Z�j; �j = ej � ej+1: (16)Thus, any � 2 �� is expressed as � =PN�1j=1 
j�j, 
j 2Z:We de�ne f� 2 I�N byf� = 
1e1 + N�1Xj=2 (
j � 
j�1)ej + 
N�1eN :Then, 
learly we have f�(H0) = 0 and f�jtN = �, whi
h shows (15).Now, let � 2 L�N . As before, we identify � with a weight f = f� 2 I�N of the form:f = N�1Xj=1 fjej; fj 2Z; j = 1; : : : ; N � 1; f jtN = �:In the above, we sometimes set fN = 0.First, assume that jf j = f(H0) 2 NZ. We de�ne a weight g = gf =PNj=1 gjej 2 I�N bygN = � 1N N�1Xj=1 fj; gj = fj + gN ; j = 1; : : : ; N � 1: (17)Then, by the assumption that jf j 2 NZ, gj is an integer for every j = 1; : : : ; N . It is easyto see that PNj=1 gj = g(H0) = 0 and gjtN = f jtN = �. Thus, by (15), we have � 2 ��.Conversely, assume that � 2 ��. Then, by (15), there exists a g =PNj=1 gjej 2 I�N su
h thatg(H0) = 0 and gjtN = �. We de�ne f = fg =PN�1j=1 fjej by fj = gj�gN for j = 1; : : : ; N�1.Then, 
learly, f jtN = gjtN = �, and we have jf j = f(H0) = �NgN 2 NZ, whi
h 
ompletesthe proof. �The following Lemma 3.2 
an be shown easily by using Lemma 3.1.



8 TATSUYA TATE AND STEVE ZELDITCHLemma 3.2. Let � 2 L�N , and let f = f� = PN�1j=1 fjej be the 
orresponding weight in I�N .Then, � 2 N�� if and only if fj 2 NZand jf j 2 N2Z.Lemma 3.3. Let � 2 PN be a dominant weight. We denote, as before, by j�j the sumPN�1j=1 �j for the representative f = f� = PN�1j=1 �jej of �. Assume that j�j = N` witha non-negative integer ` (so that, by Lemma 3.1, � 2 ��). Then, the dominant weight �satis�es the 
ondition (K) if and only if there exists a permutation w 2 SN su
h that�w(j) + j � w(j)� ` 2 NZ; j = 1; : : : ; N;where we set, as before, �N = 0. In the above 
ondition, we 
an take the same permutationw as that in the 
ondition (K).Proof. First, assume that � satis�es the 
ondition (K), and let w 2 SN denote the permu-tation in the 
ondition (K). We set � = w(� + �N)� �N 2 N��. Then, one has� = NXj=1 [�w(j) + j � w(j)℄ej:(Stri
tly speaking, the above expresses one of the representative of � 2 N��.) We expressthe above weight in I�N as an element in spanZ(e1; : : : ; eN�1). We have � =PN�1j=1 �jej with�j = �w(j) + j �w(j) � (�w(N) +N � w(N)): (18)Sin
e � 2 N��, by Lemma 3.2, we have �j 2 NZand j�j 2 N2Z. By (18), we havej�j = j�j �N�w(N) +Nw(N)�N2 = �N(�w(N) +N � w(N)� `); (19)whi
h shows that �w(N) +N � w(N) � ` 2 NZ. Again by (18), we have�j � �w(j) + j � w(j) � 0 mod N:Conversely, assume that there exists a w 2 SN satisfying the 
ondition in the lemma. Then,one 
an write �w(j) + j �w(j) � ` = N
j ; 
j 2Z; j = 1; : : : ; N:We set � = w(� + �N )� �N . Then, (18) and (19) still hold for this �, and whi
h show that�j 2 NZand P�j 2 N2Z. �3.1. Proof of Proposition 2.3. First of all, we assume that the dominant weight � satis�esthe 
ondition (K). By Lemma 3.1 and the fa
t that N�� � ��, we have j�j 2 NZ. Weset ` = j�j=N 2 Z. Then, by Lemma 3.3, the permutation w 2 SN in the 
ondition (K)satis�es �j +w�1(j)� j� ` 2 NZfor any j = 1; : : : ; N , where we have repla
ed j by w�1(j)in the statement of Lemma 3.3. We write�j +N � j � ` = Naj +N � w�1(j):Sin
e 0 � N �w�1(j) � N � 1 are all distin
t, the above equation shows that N �w�1(j) isthe residue of �j +N � j � ` modulo N , and the residues are distin
t. Thus the residues of�j +N � j's are also distin
t. Conversely, assume that the residues of �j +N � j's moduloN are distin
t. Denote their residues modulo N by 
j, 0 � 
j � N � 1, j = 1; : : : ; N . Then,one has j�j+ N(N � 1)2 � NXj=1 
j � N(N � 1)2 mod N;



COUNTER-EXAMPLE TO CONJECTURED SU(N) CHARACTER ASYMPTOTICS 9whi
h shows that ` := j�j=N is a non-negative integer. We denote by r(j), 0 � r(j) � N � 1the residue of �j +N � j � ` modulo N . We de�ne the permutation w 2 SN byw�1(j) = N � r(j); j = 1; : : : ; N:Now, it is easy to see that �j + w�1(j)� j � ` 2 NZ, and hen
e, by Lemma 3.3, � satis�esthe 
ondition (K). By Theorem 2.2, we have��(aN) = sgn(w�1) = sgn(�);where � = w�1 is de�ned in Proposition 2.3. This 
ompletes the proof. �3.2. Proof of Theorem 1.2. This is a dire
t 
onsequen
e of Proposition 2.3. In fa
t, let�(N) be a sequen
e of dominant weights su
h that �(N)+ �N tends weakly to a measure �Yon the real line in the sense of (3). Note that we have �1(N) � �2(N), and hen
e the weight�(N) = �(N) + e1 is also a dominant weight. Then we need to show that� (i) the sequen
e of shifted dominant weights �(N) + �N = �(N) + e1+ �N 
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