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ture of known expressions for eigenve
tors of the linearizationmatrix at the polymorphi
 linkage equilibrium �xed point is analyzed.1. Cal
ulations of marginal 
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teristi
s show that the eigenve
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h deviations from the equilibrium that
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ies and so on up to, say, klo
i (the threshold) satisfy multilo
us linkage equilibrium relations.2. In the neutral 
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re
ombination" (in the sense of in
reasing these probabilities for setsof lo
i by some quantities) enhan
es the stability of the polymorphi
equilibrium (de
reasing appropriate eigenvalues by the same quanti-ties).AMS 
lassi�
ation: 92D, 92D10, 92D15Keywords: population geneti
s, multilo
usmodels, viability sele
tion, nonepistati
sele
tion, 
entral equilibria, linearization, eigenve
tors, disequilibria, rates ofde
ay1 Introdu
tionIt is well known that (nonlinear) neutral models of multilo
us populationevolution under the in
uen
e of re
ombination pro
ess have some propertiesthat resemble the properties of linear systems. One of su
h an attra
tiveproperty is the existen
e of so 
alled Bennet prin
ipal 
omponents [1, 4, 5℄.These 
omponents re
e
t deviations from random gene 
ombinations in ga-metes, su

essively 
onsider more and more lo
i, and de
ay at 
onstant ratesmore and more rapidly. In terms of prin
ipal 
omponents, the neutral modelis linearized, and 
omponent dynami
s resemble the behavior of eigenve
torsfor linear systems.Unfortunately, introdu
ing sele
tion pressure into neutral models destroysthese attra
tive features. In Se
tion 2, the model of generalized nonepistati
sele
tion (i. e., viability sele
tion that admits summing multipli
ative andneutral 
ombinations of lo
us intera
tions) is des
ribed. In Se
tion 3, itis shown that in a linear approximation near the polymorphi
 �xed pointwith linkage equilibrium stru
ture the model has su
h a behavior that isqualitatively similar to that of the neutral 
ase, but now disequilibria arerepresented by the eigenve
tors of the linearization matrix. In this sense, themodel of nonepistati
 sele
tion preserves linear type properties of the neutralmodel. The above disequilibria 
an be grouped a

ording to the number oflo
i (the threshold) at whi
h these disequilibria are dete
ted.There are a few examples of mathemati
al models with 
lear biologi
alinterpretations of su
h mathemati
al 
hara
teristi
s as the eigenve
tors andeigenvalues for the linearization matrix determining the model behavior near2



the appropriate equilibrium point. For example, in the model of selfrepro-du
ing system dNi=dt = fiNi; i = 1; 2; : : : ; the growth rate fi of someinvader (introdu
ed into a resident population) is an eigenvalue of the ap-propriate linearization matrix. This eigenvalue determines the fate of theinvader and therefore it has the 
lear biologi
al sense. In the present paper,another example of this kind is provided, and a 
lear geneti
al interpretationfor eigenve
tors (and, partially, for eigenvalues) in the model of nonepistati
sele
tion is suggested.Further, population geneti
 model with nonoverlapping generations is
onsidered. In a population, ea
h (diploid) individual possesses two sets ofautosomal (with no relation to sex determination) hereditary information re-
eived him from paternal and maternal sex 
ells (gametes). Ea
h of sets 
on-sists of di�erent dis
rete units, genes, and these two sets form an individualgenotype 
oding organism traits (in parti
ular, viability, i. e., the probabilityto survive up to reprodu
tion stage). Di�eren
es in surviving at this stagerepresent an important part of sele
tion pro
ess (viability sele
tion).At ea
h lo
us (the lo
ation of a gene) there 
an be one of alternative types(alleles) of appropriate gene. Any gamete 
arries one allele of ea
h lo
us, andthere are two (may be of the same type) alleles of every lo
us in a diploidgenotype. At reprodu
tion stage, individuals produ
e gametes with one setof lo
i. Due to re
ombination (asso
iation in a new way of paternal and ma-ternal genes in produ
ed gametes) the gametes of an individual usually havedi�erent types. Under random mating, these gametes form pairs and fuse atfertilization independently, starting o�spring development (new generation).The adults are repla
ed by their newborn o�spring (as annual plants), and
y
lesnewborn o�spring ! viability sele
tion ! reprodu
tion and re
ombinationrepeat. Due to sele
tion, the geneti
 
omposition of population (usuallydes
ribed in terms of gamete frequen
ies) 
hanges, and this is 
onsidered asan elementary evolutionary step.2 The generalized model of nonepistati
 se-3



le
tionIn series of papers by Karlin and Liberman [7, 8, 9℄, [6℄, a generalized multi-lo
us multiallele model of nonepistati
 sele
tion is introdu
ed and analyzed(see also [2, 3℄, [11℄. A random mating in�nite diploid population with non-overlapping generations is 
onsidered in dis
rete time with respe
t to a set Lof l autosomal lo
i that determine viability. The model allows di�erent 
on-�gurations of multipli
ative/neutral intera
tions between l lo
i, and resultingviabilities are 
ombined additively.For the des
ription of multilo
us systems, Krone
ker produ
t te
hniqueis 
onvenient. Let Ak � (A1k; A2k; :::; Ank)T be the ve
tor of allele symbolsfor kth lo
us. Then a gamete 
omposition (type) 
an be written as a formalprodu
t (Ai1Ai2:::Ail); ik 2 1; nk; k = 1; l. The ordered set of su
h gametetypes 
an be organized as the ve
tor 
:
 � A1 
A2:::
Al:The same 
oordinate order is assumed for the ve
tor of gamete type fre-quen
ies p. Multi-indi
es i = (i1; i2; :::; il) of 
 (p) 
oordinates 
orrespondto the allele 
omposition of appropriate gametes (Ai1Ai2:::Ail), where the
oordinate ik of a multi-index i refers to the allele number of kth lo
us inthe ith gamete 
onsidered. Population state is represented by the ve
tor ofmultilo
us gamete frequen
ies p � fpi � pi1i2:::ilg.In general, viability sele
tion pressure is determined by a matrixV � kvijk,where vij represents the viability of the genotype 
omposed of ith and jthgametes. In 
oordinatewise notation, population state p obeys the followingdynami
 equation:p0i = 1v(p)XU jV r(U jV ) Xj:jU=iU Xk:kV =iV vjkpjpk: (1)Here v(p) �Pi;j vijpipj is the mean (population) viability. We use Lyubi
h[10℄ notation for the des
ription of re
ombination: U jV denotes the partitionof the set L of the lo
i in two subsets U and V su
h that re
ombinationdoes not o

ur for the lo
i in the same subset and it takes pla
e otherwise.CoeÆ
ient r(U jV ) stands for the probability of su
h an event in the meiosis,i. e., the probability distribution fr(U jV )g on the partition set is given, whi
h4



is 
alled linkage distribution. Provided U jV -re
ombination, produ
ed gamete
onsists of alleles for U lo
i of one parental gamete and V lo
i of the other.Let there be no sex-stru
ture and the total viability matrix V be deter-mined by one-lo
us viability matri
es fVkg as des
ribed below. For ea
h
on�guration � � (�1; �2; :::; �l); �k = 0 or 1; a multipli
ative/neutral via-bility 
omponent V(�) is de�ned as Nlk=1V(�k)k where 
 is the symbol ofKrone
ker multipli
ation. Here V(0)k � ekeTk (at kth lo
us neutrality with nodi�eren
e between individuals in surviving), V(1)k = Vk; ek is the ve
tor ofsize nk with unity 
oordinates, and nk stands for the number of alleles forthe kth lo
us. Given the 
oeÆ
ients f
(�)g that are arbitrary provided thetotal viability matrixV �X� 
(�)V(�) =X� 
(�)V(�1)1 
 :::
V(�l)l=X� 
(�) lOk=1V(�k)k ; V(0)k � ekeTk ; V(1)k = Vk (2)has nonnegative entries, we have the generalized nonepistati
 s
heme of via-bility sele
tion.Karlin and Liberman studied properties of 
entral equilibria (multilo
uspolymorphi
 equilibria with random 
ombinations of di�erent lo
us alleles ingametes) admitting representationp� = p1� 
 p2� 
 :::
 pl� � lOk=1pk�: (3)Here ea
h of pk� satis�es the 
ondition D(pk�)Vkpk� = v�kpk�, i. e., pk� isthe polymorphi
 equilibrium for one-lo
us sele
tion model with the viabilitymatrix Vk; v�k is the mean viability at pk�, and D(:) is the diagonal matrixwith the 
oordinates of appropriate ve
tor on the main diagonal.The linearization matrix B for (1) with a

ount of (2) at the equilibriump� with polymorphi
 one-lo
us 
omponents pk� 
an be written in the formB = 2v� P� 
(�)v�(�)�PU jV r(U jV )Nlk=1(kD(pk�)Vk=vk�k1��kkpkeTk k�k)ÆkU ;5



where v� is the mean viability at p�; v�(�) � Qk(v�k)�k , and ÆkU � ( 1; k 2 U0; k 62 Uis an indi
ator fun
tion.Eigenve
tors fuig of matrix B are known to be [7℄{[9℄ui � ui1i2 :::il = lOk=1uik ; (4)uik : ( uik = pk� for ik = 1(e;uik) = 0 for ik = 2; nk; ek � (1; : : : ; 1) ; (5)where, as before, nk is the number of alleles at the kth lo
us, and ve
tor ekhas the size nk.The aim of the present paper is to give an interpretation to these eigen-ve
tors in terms of disequilibria (deviations from random 
ombinations ofdi�erent alleles on levels two, three and so on lo
i).3 The geneti
 interpretation of eigenve
tors3.1 Eigenve
tors of linearization matrix as spe
i�
 de-viations from linkage equilibriumLet subs
ript U below refer to the subset of indi
es i1; i2; : : : ; il 
orrespondingto the set U of the lo
i 
onsidered. The following is true.Result I. Let eigenve
tor (4) have exa
tly k � 1 non-unity subs
ripts(
orresponding to a subset K of the lo
i 
onsidered).Then ui 
an be interpreted as su
h a geneti
ally admissible deviation �(that is, p = p�+� satis�es: Pi pi = 1; pi � 0) from the equilibrium state p�that keeps the linkage equilibrium stru
ture of marginal gamete frequen
ies upto the level of k lo
i (ex
ept for pK). Deviations from random 
ombinationson higher levels are determined by the existen
e of K-lo
us deviation. If theenumeration of lo
i is su
h thatK = f1; 2; : : : ; kg; ij 6= 1 if j 2 K;6



then perturbed marginal frequen
ies of U-lo
us gametes have the followingform:pU = 8><>: p�U ; U � K or U \K 6= Kp�K +Nkj=1 uij � p�K +�K; U = K(p�K +�K)
 (Nj2UnK pj�); U � K ; (6)where pU (�U) is the U-lo
us gamete frequen
y (deviation).Proof. Let us show that eigenve
tors fuig 
an be interpreted as genet-i
ally admissible deviations f�i � uig from p� if their multinde
es have atleast one non-unity 
oordinate. Sin
e we 
onsider a linear dynami
s, f�igare determined up to multipli
ation fa
tor, i. e., ve
tor-deviation is admis-sible if the sum of its 
oordinates equals zero. By su

essive appli
ations ofthe property of Krone
ker produ
ts (where AkBk are de�ned)(A1 
B1)(A2 
B2) = (A1B1) 
 (A2B2);we have (e;�i) =  lOk=1 ek!T  lOk=1uik! = lOk=1(ek;uik ) = 0:Here the last equality holds due to (5): (ek;uik) = 0 for ik 6= 1.Note that the ve
tor of marginal U -lo
us deviations �U linearly dependson � (with the same matrix of transformation BU as that of the dependen
efor marginal U -lo
us gamete frequen
ies pU on population state p):�U = BU� � " lOk=1 �eTk �1�ÆkU#�; (eTk )0 � Ik; (eTk )1 � eTk :Here Ik is the identity matrix of appropriate size. The 
orre
tness of thistransformation is espe
ially easy to see if we relate pU with p =Nlk=1 pk.Analogously,eU � Ok2U ek = lOk=1(pTk )1�ÆkUek; (pTk )0 � Ik; (pTk )1 � pTk :7



Obviously, sin
e (p; e) � (p;Nlk=1 ek) = 1 and (�; e) =0 for any admis-sible p; �, respe
tively, appropriate marginal quantities pU and �U satisfysimilar relations: (pU ; eU) = 1 and (�U ; eU) = 0. For example,(pU ; eU) = pTBTUeU � pT hNlk=1(eTk )1�ÆkU i hNlk=1(pTk )1�ÆkUeki= pT Nlk=1 h(eTk )1�ÆkU (pTk )1�ÆkUeki = pT Nlk=1 ek = 1:We use this type 
al
ulations to analyze eigenve
tors fuig, 
onsidering themas deviations � from p�, and indu
ed marginal deviations �U . Thus,�U = BUui � �Nlk=1 �eTk �1�ÆkU� �Nlk=1 uik� = Nlk=1 �eTk �1�ÆkU uik= �Nk2K �eTk �1�ÆkU uik� �Nk 62K �eTk �1�ÆkU pk�� :Here the se
ond fa
tor in the last expression for �U never equals zero.The �rst one turns out to be zero if there exists at least one j su
h thatj 2 K and j 62 U . In this 
ase, the appropriate 
ofa
tor �eTk �1�ÆkU uik =(ek;uik) = 0 by (5). Therefore,�U = 0 if U � K or U \K 6= K for disjoint or interse
ting sets:Hen
e if the multi-index of ve
tor ui has exa
tly one (say, the �rst in theorder) non-unity 
oordinate (i1 6= 1; K = f1g), then�f1g = B1ui � �I1 
 (Nk>1 eTk )� �ui1 
 (Nk>1 pk�)�= I1ui1Qk>1 �ek;pk�� = ui1;�fkg = Bkui = (e1;ui1)Qj 6=1;k (ej;pj�)pk� = 0; k 6= 1sin
e ui1 and e1 are orthogonal if i1 6= 1 by (5). Thus, eigenve
tor ui withexa
tly one non-unity 
oordinate of multi-index has the sense of su
h a ge-neti
ally admissible deviation that indu
es zero in
rements for all lo
us allelefrequen
ies, ex
luding the lo
us 
orresponding to the non-unity 
oordinate.Deviations of allele frequen
ies for this lo
us are given by the appropriatefa
tor, ui1 , in the Krone
ker produ
t representation of the eigenve
tor 
on-sidered.If the multi-index of eigenve
tor ui has exa
tly two non-unity 
oordi-nates, then indu
ed in
rements of all one- and two-lo
us gametes equal zero(ex
luding the 
ase when both lo
us numbers 
orrespond to non-unity 
oor-dinates of gamete multi-index). For de�niteness, 
onsider the 
ase when the8



�rst two multi-index 
oordinates of ui are di�erent from unity (K = f1; 2g).Then�f1g = B1ui � �I1 
 eT2 
 (Nlk>2 eTk )� �(ui1 
 ui2 
 (Nlk>2 pk�)�= ui1(e2;ui2) = 0;�fj;kg = Bfj;kgui = Æf1;2gfj;kguij 
 uikwhere (5) is taken into a

ount as well as the equality to zero of the indi
atorfun
tion Æ if sets f1; 2g and fi; jg are di�erent.In general 
ase, the multi-index of eigenve
tor ui has exa
tly k � l(for de�niteness, the �rst in the order) non-unity 
oordinates. and K =f1; 2; : : : ; kg is the set of lo
i 
orresponding to these 
oordinates. Then�U = 8><>: 0; U � K or U \K 6= KNkj=1 uij =�K; U = K�KNj2UnK pj�; U � K (7)In this 
ase, ui 
an be interpreted as some geneti
ally admissible deviationthat indu
es zero in
rements of U -lo
us gamete frequen
ies and keeps therandom 
ombination of alleles on the level of U lo
i if, for example, U � K(but the enlargement of U above K violates linkage equilibrium stru
ture).The pi
ture is espe
ially 
lear if we 
onsider the frequen
ies of U -lo
us ga-metes pU indu
ed by this deviation �i � ui. The frequen
ies, obviously,satisfy formula (6) and this 
ompletes the proof.Remark. Note that deviations fuig from p� 
an be of two kinds: devia-tions that perturb only allele frequen
ies of one lo
us and deviations keepingall allele frequen
ies, but violating random 
ombinations of di�erent lo
usalleles in gametes.Indeed, the 
ase jKj = 1 (jKj stands for the number of elements in theset K) is the only 
ase, where allele frequen
ies are perturbed. By (7), �U
an have non-zero value only if U � K, when
e a ne
essary 
ondition for�U 6=0 is jU j � jKj. If U = fjg (ve
tor �U gives perturbations of allelefrequen
ies for jth lo
us), then �U = 0 for jKj > 1 sin
e jU j = 1 < jKj.Therefore, only eigenve
tors fuig su
h that index i has exa
tly one non-unity
oordinate (jKj = 1) indu
e non-zero perturbations of allele frequen
ies (forone lo
us). These eigenve
tors do not violate random 
ombinations of allelesin U -lo
us gametes (jU j > 1), i. e. indu
e zero perturbations of the gametefrequen
ies. 9



On the other hand, eigenve
tors fuig su
h that index i has more thanone non-unity 
oordinates 
an violate only random 
ombinations of allelesin gametes, and pU 6= p�U for suÆ
iently large sets of lo
i U (U � K). Su
heigenve
tors 
annot indu
e perturbations of allele frequen
ies as it is shownabove. In other words, eigenve
tors (4) with exa
tly k > 1 multi-index non-unity 
oordinates (
orresponding to a set K of lo
i) represent su
h deviationsfrom linkage equilibrium state p� that break random 
ombinations of alleles,starting from the level of K-lo
us gametes. Deviations on the level above klo
i are determined by the existen
e of K-lo
us deviation. Marginal gametefrequen
ies up to the level of k lo
i (ex
ept for pK) satisfy multilo
us linkageequilibrium relations.3.2 Eigenve
tors and the de
ay of disequilibria in theneutral 
aseUnder nonepistati
 sele
tion, eigenvalues have a rather 
ompli
ated form[7, 8, 9℄: 2v� X� 
(�)v�(�)XU jV r(U jV ) lYk=1[��kik �1��kik ℄ÆkU : (8)Here f�ikg; �1k = 1 and f�ikg; �1k = 1; �ik = 0; ik = 2; nk are eigenvaluesof matri
es D(pk�)Vk=v�k and D(pk�)ekeTk = kpk�eTk k; k = 1; l, respe
tively,and we pre
lude the 
ase i1 = i2 = : : : = il = 1:. At neutrality, the eigenval-ues take very simple form.Result II [12℄. Let the eigenve
tor ui in (4) (with multi-index 
oordinateik 6= 1 if k belongs to the set K of lo
i) is 
onsidered as a deviation frommultilo
us random proportions (3), i. e., as the deviation that breaks random
ombinations of alleles, starting from the level of K-lo
us gametes.Then in the neutral 
ase with no sele
tion, the rate of de
ay of this devi-ation is equal to 1 � r(K), where r(K) is the probability that re
ombinationtakes pla
e between the lo
i in the set K.Proof. Under neutrality 
onditions, linearization matrix B turns out tobe 2XU jV r(U jV ) lOm=1 kpmeTmkÆmU10



with the same eigenve
tors (4) as before, but instead of (8) asso
iated eigen-values be
ome2XU jV r(U jV ) lYm=1 �ÆmUim = XU jV r(U jV ) lYm=1 �ÆmUim + lYm=1�ÆmVim ! : (9)For any partition, a parti
ular summand in parentheses is positive if allzero-valued �im are raised to the power 0. For a �xed partition U jV , it ispossible only when all of m 2 K belong to the same set (V or U), thatis, the lo
i in K have not re
ombined. In this 
ase (let, for de�niteness,K � V ), Qlm=1 �ÆmUim = 1 and Qlm=1 �ÆmVim = 0. So, in (9) we have the sum ofprobabilities for re
ombination events that leave the set K of lo
i unbroken.This sum, obviously, equals 1� r(K), where r(K) is the total re
ombinationprobability for the lo
i in K. The proof is 
ompleted.Sin
e from K � K 0 it follows that r(K) � r(K 0) > 0 under non-rigidlinkage distribution (that allows to re
ombine any lo
us pair), we have obvi-ous dynami
s properties for the multilo
us neutral model. The most qui
krate 
onvergen
e to zero is for deviations (expressed in the form (7)) fromlinkage equilibrium relations that 
an be observed only on the level of L-lo
usgametes. Then deviations stand that admit linkage equilibrium relations formarginal gamete frequen
ies up to the level l � 1 lo
i (with one ex
eption)and so on with the most slow 
onvergen
e for deviation from random allele
ombinations for some lo
us pair.4 Dis
ussionThe results re
eived are in agreement with the previously known. For ex-ample, in the neutral 
ase see exa
t results [1℄ and [10℄ on the behavior(depending on the number of lo
i 
onsidered) of linkage disequilibria in time.In the 
ase of nonepistati
 sele
tion on the set of diallele lo
i, the lin-earized dynami
s of disequilibria is determined by a triangular linearizationmatrix [2℄ when
e the similarity of disequilibrium behavior to that of neutral
ase 
an be dedu
ed.Our 
onsiderations 
on
erns the analogous properties of multiallele mul-tilo
us geneti
 systems with the most 
lear and simple behavior in a linear11



approximation be
ause of diagonalized dynami
s. The simpli�
ation is dueto 
hoosing disequilibria as eigenve
tors of linearization matrix. In addition,disequilibria (eigenve
tors) are easily 
lassi�ed with respe
t to the numberof lo
i determining deviations from linkage equilibrium relations.The given above eigenve
tor interpretation still holds for some other mod-els of sele
tion keeping the same eigenve
tor form for appropriate lineariza-tion matri
es. For example, it is the 
ase for some models of sele
tion inbisexual populations [8℄.The model of nonepistati
 viability sele
tion with 
ontinuous time in pop-ulation without age-stru
turedpi=dt = pi(vi � v) + bXU jV r(U jV )0� Xj:jU=iU Xk:kV =iV pjpk � pi1A : (10)gives another example. Generally speaking, here the general 
ase of via-bilities is allowed, vi � Pj vijpipj; v � Pi;j vijpipj; b is the fertility rate,pro
esses of sele
tion, re
ombination, and reprodu
tion pro
eed simultane-ously. This model is known [13℄ to be the limiting 
ase for the dis
rete-timemodel (1) under the assumption of weak sele
tion and weak re
ombination(or for the 
ontinuous model given in terms of genotype frequen
ies if thesele
tion pressure is mu
h weaker than the fertility one).Due to additive pressure of sele
tion and re
ombination, linearization ma-trix for (10) equals the sum of linearization matri
es for pure sele
tion sub-model (it is formally one-lo
us) and pure re
ombination one (formally neutralmultilo
us). One-lo
us linearization matrix at the polymorphi
 equilibriumfor viability sele
tion model is known to be D(p�)V with right eigenve
torsthat are orthogonal to e �Nlk=1 ek. In the 
ase of nonepistati
 sele
tion,these eigenve
tors are given by (4) and they are eigenve
tors of the lineariza-tion matrix for re
ombination submodel. If we denote asso
iated eigenvaluesof sele
tion submodel by f�i � �i1i2:::ilg, the eigenvalues for the total lin-earization matrix of 
ontinuous-time model (10) take the form�i1i2 :::il � br(K); K � fk : ik 6= 1gdue to Result II for the neutral model of re
ombination.The eigenvalues f�i1i2:::ilg of "sele
tion" linearization matrix at the poly-morphi
 linkage equilibrium �xed point (3) are expressed via the eigenvalues12



f�ikg of one-lo
us 
omponents fD(pk�)Vkg. As a result, we derive the eigen-values for nonepistati
 sele
tion model with 
ontinuous time in the form [13℄X� 
(�) lYk=1(��kik �1��kik )� br(K); K � fk : ik 6= 1g:It is easy to see that in
reasing re
ombination (in the sense of in
reasingtotal re
ombination parameters r(K)) enhan
es the stability of the linkageequilibrium �xed point be
ause of de
reasing the appropriate eigenvalues forthe total linearization matrix by the same quantities.Referen
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