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tRe
ent experimental and theoreti
al work has shown that there are 
ondi-tions in whi
h a trapped, low-density Bose gas behaves like the one-dimensionaldelta-fun
tion Bose gas solved years ago by Lieb and Liniger. This is an intrin-si
ally quantum-me
hani
al phenomenon be
ause it is not ne
essary to have atrap width that is the size of an atom { as might have been supposed { but itsuÆ
es merely to have a trap width su
h that the energy gap for motion in thetransverse dire
tion is large 
ompared to the energy asso
iated with the motionalong the trap. Up to now the theoreti
al arguments have been based on vari-ational - perturbative ideas or numeri
al investigations. In 
ontrast, this papergives a rigorous proof of the one-dimensional behavior as far as the ground stateenergy and parti
le density are 
on
erned. There are four parameters involved:the parti
le number, N , transverse and longitudinal dimensions of the trap, rand L, and the s
attering length a of the intera
tion potential. Our main re-sult is that if r=L ! 0 and N ! 1 the ground state energy and density 
anbe obtained by minimizing a one-dimensional density fun
tional involving theLieb-Liniger energy density with 
oupling 
onstant � a=r2.This density fun
tional simpli�es in various limiting 
ases and we identify�ve asymptoti
 parameter regions altogether. Three of these, 
orresponding tothe weak 
oupling regime, 
an also be obtained as limits of a three-dimensionalGross-Pitaevskii theory. We also show that Bose-Einstein 
ondensation in theground state persists in a part of this regime. In the strong 
oupling regime thelongitudinal motion of the parti
les is strongly 
orrelated. The Gross-Pitaevskiides
ription is not valid in this regime and new mathemati
al methods 
ome intoplay.�Work partially supported by U.S. National S
ien
e Foundation grant PHY 01-39984.yErwin S
hr�odinger Fellow, supported by the Austrian S
ien
e Fund.

 2003 by the authors. This paper may be reprodu
ed, in its entirety, for non-
ommer
ial purposes.1
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tionThe te
hnique of trapping and 
ooling atoms, that led to the �rst realization ofBose-Einstein 
ondensation (BEC) in dilute alkali gases in 1995 [5, 18℄, has re
entlyopened the possibility for experimental studies, in highly elongated traps, of Bosegases that are e�e
tively one-dimensional. Some of the remarkable properties ofultra
old one-dimensional Bose systems with delta fun
tion intera
tions, analyzedlong ago [22, 23℄, may thus be
ome a

essible to experimental s
rutiny in the not toodistant future. Among these are pseudo-fermioni
 behavior [12℄, the absen
e of BECin a dilute limit [21, 36, 14, 34, 10℄, and an ex
itation spe
trum di�erent from thatpredi
ted by Bogoliubov's theory [23, 17, 20℄. The paper [33℄ by Olshanii triggereda number of theoreti
al investigations on the transitions from 3D to an e�e
tive1D behavior with its pe
uliar properties, see, e.g., [6, 7, 8, 11, 13, 19, 32, 35, 39℄;systems showing the �rst eviden
e of su
h a transition have re
ently been preparedexperimentally [4, 15, 16, 38℄.Until now the theoreti
al work on the dimensional 
ross-over in elongated trapshas either been based on variational 
al
ulations, starting from a three-dimensionaldelta-potential [7, 13, 33℄, or on numeri
al Monte Carlo studies [1, 3℄ with more re-alisti
, genuine 3D potentials but parti
le numbers limited to the order of 100. Thiswork is important and has led to valuable insights, in parti
ular about di�erent pa-rameter regions [8, 35, 32℄, but a more thorough theoreti
al understanding is 
learlydesirable sin
e this is not a simple problem. In fa
t, it is evident that for a potentialwith a hard 
ore the true 3D wave fun
tion does not approximately fa
torize in thelongitudinal and transverse variables and the e�e
tive one-dimensional potential 
annot be obtained by simply integrating out the transverse variables of the 3D poten-tial. In this sense the problem is more 
ompli
ated than in a somewhat analogoussituation of atoms in extremely strong magneti
 �elds [2, 30℄, where the Coulombintera
tion behaves like an e�e
tive one-dimensional delta potential when the mag-neti
 �eld shrinks the 
y
lotron radius of the ele
trons to zero. In that 
ase the deltapotential 
an be obtained formally by integrating out the variables transverse to the�eld in a suitable s
aled Coulomb potential. With a hard 
ore, on the other hand,where the energy is essentially kineti
, this method will not work sin
e it wouldimmediately introdu
e impenetrable barriers in 1D. The one-dimensional e�e
tiveintera
tion emerges only if the kineti
 part of the Hamiltonian and the potential are
onsidered together.In the present paper we start with an arbitrary, repulsive 3D pair potential of�nite range and prove rigorously that in a well de�ned limit the ground state energyand parti
le density of the system are des
ribed exa
tly by a one-dimensional modelwith delta-fun
tion intera
tion. This is a highly quantum-me
hani
al phenomenonwith no 
lassi
al 
ounterpart, sin
e a 1D des
ription is possible even though thetransverse trap dimension is mu
h larger than the range of the atomi
 for
es. ItsuÆ
es that the energy gap asso
iated with the transverse 
on�nement is mu
hlarger than the internal energy per parti
le.While the three-dimensional density remains low (in the sense that distan
e be-tween parti
les is large 
ompared to the three-dimensional s
attering length) the
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an either be high or low. We remark that, in 
ontrast tothree-dimensional gases, high density in one dimension 
orresponds to weak inter-a
tions and vi
e versa [22℄. In this paper we shall always be 
on
erned with largeparti
le number, N , whi
h is appropriate for the 
onsideration of a
tual experiments.In order to make pre
ise statements we shall typi
ally take the limit N !1 but thereader 
an 
on�dently apply these limiting statement to �nite numbers like N = 100.Besides N , the parameters of the problem are the s
attering length, a, of thetwo-body intera
tion potential, and two lengths, r and L, des
ribing the transverseand the longitudinal extension of the trap potential, respe
tively. To keep the intro-du
tory dis
ussion simple let us �rst think of the 
ase that the parti
les are 
on�nedin a box with dimensions r and L. The three-dimensional parti
le density is then�3D = N=(r2L) and the one-dimensional density �1D = N=L. The 
ase of quadrati
or more general trapping potentials will be 
onsidered later. We begin by des
ribingthe division of the spa
e of parameters into two basi
 regions. This de
ompositionwill eventually be re�ned into �ve regions, but for the moment let us 
on
entrate onthe basi
 di
hotomy.In earlier work [27, 26℄ we have proved that the three-dimensional Gross-Pitaevskii formula for the energy (in
luding its limiting `Thomas-Fermi' 
ase) is
orre
t to leading order in situations in whi
h a is small and N is large. This en-ergy has two parts: The energy ne
essary to 
on�ne the parti
les in the trap, whi
his roughly (~2=2m)N(r�2 + L�2), plus the internal energy of intera
tion, whi
h is(~2=2m)N4�a�3D. The trouble is that while this formula is 
orre
t for a �xed 
on-�ning potential in the limit N ! 1 with a3�3D ! 0, it does not hold uniformly ifr=L gets small as N gets large. In other words, new physi
s 
an 
ome into play asr=L! 0 and it turns out that this depends on the ratio of a=r2 to �1D = N=L . Aswe shall show, the two basi
 regimes to 
onsider in highly elongated traps, i.e., whenr � L, are� The one-dimensional limit of the three-dimensional Gross-Pitaevskii/`Thomas-Fermi' regime� The `true' one-dimensional regime.The former is 
hara
terized by aL=r2N ! 0, while in the latter regime aL=r2N is ofthe order one or even tends to in�nity (whi
h is referred to as the Girardeau-Tonksyregion). These two regimes 
orrespond to high one-dimensional density (weak in-tera
tion) and low one-dimensional density (strong intera
tion), respe
tively. Thesigni�
an
e of the 
ombination aL=r2N 
an be understood by noting that it isthe ratio of the 3D energy per parti
le, � a�3D � Na=r2L, to the 1D energy� (�1D)2 = (N=L)2. Physi
ally, the main di�eren
e between the two regimes isyWe 
all this the Girardeau-Tonks region only be
ause many authors refer in the present 
ontextto Tonks [41℄. In our opinion this should really be 
alled the Girardeau region be
ause it was hewho �rst understood how to 
ompute the spe
trum of a 1D quantum-me
hani
al hard 
ore gas andwho understood that the Fermi-Dira
 wave fun
tions played a role [12℄. Tonks was interested inthe positive temperature partition fun
tions of a hard 
ore 
lassi
al gas { a very di�erent and mu
hsimpler question.
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tions the motion of the parti
les in the longitudinal dire
tionis highly 
orrelated, while in the weak intera
tion regime it is not. Mathemati
ally,this distin
tion also shows up in our proofs.In both regimes the internal energy of the gas is small 
ompared to the energyof 
on�nement whi
h is of order N=r2. However, this in itself does not imply aspe
i�
ally one-dimensional behavior. (If a is suÆ
iently small it is satis�ed in atrap of any shape.) One-dimensional behavior, when it o

urs, manifests itself bythe fa
t that the transverse motion of the atoms is un
orrelated while the longitudinalmotion is 
orrelated (very roughly speaking) in the same way as pearls on a ne
kla
e.Thus, the true 
riterion for 1D behavior is that aL=r2N is of the order unity and notmerely the 
ondition that the energy of 
on�nement dominates the internal energy.The starting point for our investigations is the Hamiltonian forN spinless Bosonsin a 
on�ning 3D trap potential and with a short range, repulsive pair intera
tion.We �nd it 
onvenient to write the Hamiltonian in the following way (in appropriateunits):HN;L;r;a = NXj=1 ���j + V ?r (x?j ) + VL(zj)�+ X1�i<j�N va(jxi � xj j) (1.1)with x = (x; y; z) = (x?; z),V ?r (x?) = 1r2V ?(x?=r); VL(z) = 1L2V (z=L); va(jxj) = 1a2v(jxj=a) ; (1.2)where r; L; a are variable s
aling parameters while V ?, V and v are �xed. The inter-a
tion potential v is supposed to be nonnegative, of �nite range and have s
atteringlength 1; the s
aled potential va then has s
attering length a. The external trappotentials V and V ? 
on�ne the motion in the longitudinal (z) and the transversal(x?) dire
tions, respe
tively, and are assumed to be lo
ally bounded and tend to 1as jzj and jx?j tend to 1. To simplify the dis
ussion we �nd it also 
onvenient toassume throughout that V is homogeneous of some order s > 0, namely V (z) = jzjs,but weaker assumptions, e.g. asymptoti
 homogeneity [28℄, would in fa
t suÆ
e.The 
ase of a simple box with hard walls is realized by taking s =1, while the usualharmoni
 approximation is s = 2. Moreover, to avoid unne
essary te
hni
alities weshall assume that V ? is polynomially bounded at in�nity, but our results 
ertainlyalso hold for faster growing potentials, or even �nite domains with Diri
hlet bound-ary 
onditions. Units are 
hosen so that ~ = 1 and 2m = 1. It is understood thatthe lengths asso
iated with the ground states of �d2=dz2+V (z) and ��?+V ?(x?)are both of the order 1 so that L and r measure, respe
tively, the longitudinal andthe transverse extensions of the trap. We denote the ground state energy of (1.1) byEQM(N;L; r; a) and the ground state parti
le density by �QMN;L;r;a(x).In parallel with the three-dimensional Hamiltonian we 
onsider the Hamiltonianfor n Bosons in one dimension with delta intera
tion and 
oupling 
onstant g � 0,i.e., H1Dn;g = nXj=1��2j + g X1�i<j�n Æ(zi � zj) ; (1.3)
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onsider this Hamiltonian for the zj in an interval of length` in the thermodynami
 limit, ` ! 1, n ! 1 with � = n=` �xed. The groundstate energy per parti
le in this limit is independent of boundary 
onditions and 
an,a

ording to [22℄, be written as e1D0 (�) = �2e(g=�) ; (1.4)with a fun
tion e(t) determined by a 
ertain integral equation. Its asymptoti
 formis e(t) � 12 t for t� 1 and e(t)! �2=3 for t!1. Thuse1D0 (�) � 12g� for g=�� 1 (1.5)and e1D0 (�) � �23 �2 for g=�� 1 : (1.6)Taking �e1D0 (�) as a lo
al energy density for an inhomogeneous one-dimensional sys-tem we 
an form the energy fun
tionalE [�℄ = ZR�jrp�(z)j2 + VL(z)�(z) + �(z)3e(g=�(z))�dz (1.7)with ground state energy de�ned by minimizing E [�℄ over all normalized densities �,i.e., E(N;L; g) = inf �E [�℄ : � � 0 ; ZR�(z)dz = N� : (1.8)By standard methods (
f., e.g., [27℄) one 
an show that there is a unique minimizer,i.e., a density �N;L;g(z) with R �N;L;g(z)dz = N and E [�N;L;g℄ = E(N;L; g). Here itis important to note that t 7! t3e(1=t) is 
onvex. We de�ne the mean 1D density ofthis minimizer to be �� = 1N ZR(�N;L;g(z))2 dz : (1.9)In a rigid box, i.e., for s =1, �� is simply N=L, but in more general traps it dependsalso on g besides N and L. The order of magnitude of �� in the various parameterregions will be des
ribed in the next se
tion.Our main result relates the 3D ground state energy of (1.1), EQM(N;L; r; a), tothe 1D density fun
tional energy E(N;L; g) for a suitable g in the large N limitprovided r=L and a=r are suÆ
iently small. To state this pre
isely, let e? andb(x?) denote the ground state energy and the normalized, nonnegative ground statewave fun
tion of ��? + V ?(x?), respe
tively. The 
orresponding quantities for��?+V ?r (x?) are e?=r2 and br(x?) = (1=r)b(x?=r). In the 
ase that the trap is a
ylinder with hard walls b is a Bessel fun
tion; for a quadrati
 V ? it is a Gaussian.In any 
ase, b is a bounded fun
tion and, in parti
ular, b 2 L4(R2). Hen
e we 
ande�ne g by g = 8�ar2 ZR2 jb(x?)j4d2x? = 8�aZR2 jbr(x?)j4d2x? : (1.10)Our main Theorem is:



LSY August 14, 2003 6Theorem 1.1 (From 3D to 1D). Let N ! 1 and simultaneously r=L ! 0 anda=r! 0 in su
h a way that r2�� �minf��; gg! 0. Thenlim EQM(N;L; r; a)�Ne?=r2E(N;L; g) = 1 : (1.11)Note that be
ause of (1.5) and (1.6) the 
ondition r2�� �minf��; gg ! 0 is the sameas e1D0 (��)� 1=r2 ; (1.12)i.e., the average energy per parti
le asso
iated with the longitudinal motion shouldbe mu
h smaller than the energy gap between the ground and �rst ex
ited state ofthe 
on�ning Hamiltonian in the transverse dire
tions. (The pre
ise meaning of� isthat the ratio of the left side to the right side tends to zero in the limit 
onsidered.)Note also that while the one-dimensional density 
an be either high or low (
omparedto g), the gas is always dilute in a three-dimensional sense in the limit 
onsidered,i.e., a3�3D � a2g��� 1.The two regimes mentioned previously 
orrespond to spe
i�
 restri
tions on thesize of the ratio g=�� as N ! 1, namely g=�� � 1 for the limit of the 3D Gross-Pitaevskii regime (weak intera
tion/high 1D density), and g=�� > 0 for the `true'one-dimensional regime (strong intera
tion/low 1D density). We shall now des
ribebrie
y the �ner division of these regimes into �ve regions altogether. Three of them(Regions 1{3) belong to the weak intera
tion regime and two (Regions 4{5) to thestrong intera
tion regime. In ea
h of these regions the general fun
tional (1.7) 
an berepla
ed by a di�erent, simpler fun
tional, and the energy E(N;L; g) in Theorem 1.1by the ground state energy of that fun
tional.The �ve regions are� Region 1, the Ideal Gas 
ase: g=��� N�2, with �� � N=L, 
orrespondingto a non-intera
ting gas in an external potential.� Region 2, the 1D GP 
ase: g=�� � N�2, with �� � N=L, des
ribed by a 1DGross-Pitaevskii energy fun
tional with energy density 12g�2.� Region 3, the 1D TF 
ase: N�2 � g=��� 1, with �� � (N=L)(NgL)�1=(s+1),where s is the degree of homogeneity of the longitudinal 
on�ning potential V .This region is des
ribed by a Thomas-Fermi type fun
tional with energy density12g�2, without a gradient term.� Region 4, the LL 
ase: g=�� � 1 , with �� � (N=L)N�2=(s+2), des
ribed by anenergy fun
tional with the Lieb-Liniger energy (1.4), without a gradient term.� Region 5, the GT 
ase: g=��� 1, with �� � (N=L)N�2=(s+2), des
ribed bya fun
tional with energy density � �3, 
orresponding to the Girardeau-Tonkslimit of the LL energy density.We note that the 
ondition g=�� � 1 means that Region 4 requires the gas 
loud tohave aspe
t ratio r=�L of the order N�1(a=r) or smaller, where �L � N=�� � LN2=(s+2)
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loud. Experimentally, su
h small aspe
t ratios are quite a
hallenge and the situations des
ribed in [4, 15, 16, 38℄ are still rather far from thisregime. It may not be 
ompletely out of rea
h, however.The 
ondition a=r ! 0 is automati
ally ful�lled in Regions 1{4, provided (1.12)holds, sin
e (a=r)2 = r2(g��)(g=��) = r2��2(g=��)2 � 1 by (1.12) if g=�� is bounded.Moreover, as dis
usssed in the next se
tion, in Regions 1{2 the 
ondition r=L ! 0implies (1.12) and hen
e a=r ! 0 , and in Region 4, a=r ! 0 implies (1.12). Thehypotheses of Theorem 1.1 are thus not entirely independent.In the next Se
tion 2 we de�ne the various energy fun
tionals more pre
isely andalso dis
uss the 1D behavior of the density �QMN;L;r;a(x), separately for ea
h region.Moreover, we prove, in Subse
tion 2.7, that Regions 1{3 
an be rea
hed as limiting
ases of a 3D Gross-Pitaevskii theory. In this sense, the behavior in these regions
ontains remnants of the 3D theory, whi
h also shows up in the fa
t that BEC prevailsin Regions 1 and 2, as dis
ussed in Se
tion 5. Heuristi
ally, these tra
es of 3D 
anbe understood from the fa
t that in Regions 1{3 the 1D formula for the energy perparti
le g�� � aN=(r2�L), gives the same result as the three-dimensional formula [31℄,i.e., s
attering length times three-dimensional density. This is no longer so in Regions4 and 5 and di�erent mathemati
al methods are required.Despite signi�
ant di�eren
es the proof of Theorem 1.1 has some basi
 strategiesin 
ommon with the (
onsiderably simpler) proof of the Gross-Pitaevskii limit Theo-rem in [27℄ (see also [31℄ and [26℄). The upper bound for the energy in Regions 1{3,given in Subse
tion 4.1, is the simplest estimate and 
an be obtained by a methodanalogous to that of [27℄. For the lower bound, and also for the upper bound in Re-gions 4{5, one 
onsiders �rst �nite numbers of parti
les in boxes with Neumann orDiri
hlet boundary 
onditions, and subsequently puts these boxes together to treatinhomogeneous external potentials and the in�nite parti
le number limit. For thelower bound of the energy in the boxes Dyson's Lemma [9, 31, 26℄, whi
h 
onverts a\hard" potential into a \soft" potential at the expense of sa
ri�
ing kineti
 energy, isan essential tool. The main di�eren
es 
ompared to [27℄ are on the one hand due tothe fa
t that in Regions 1{3 the lower bounds in [27℄ are not valid be
ause they arenot uniform in the shape of the trap, and on the other hand due to the 
orrelationsin the Lieb-Liniger wave fun
tion for the longitudinal motion in Regions 4{5. Forthe latter reason even the proof of the upper bound in Regions 4{5 is 
onsiderablymore involved than for Regions 1{3.Se
tion 3 
ontains the main te
hni
al estimates for the boxes. We 
onsider herethe 3D Hamiltonian for a �nite number of parti
les on a �nite interval in the lon-gitudinal dire
tion with Neumann or Diri
hlet boundary 
onditions and a 
on�ningpotential V ?r in the transverse dire
tions. We estimate its energy from above and be-low in terms of the energy of a 1D Hamiltonian with delta intera
tions. In Se
tion 4we apply these results to prove Theorem 1.1. In the last Se
tion 5 we 
onsider thequestion of Bose-Einstein 
ondensation and prove that it holds in Regions 1 and 2.Part of the results of this work were announ
ed in [29℄.
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uss the simpli�
ations of Theorem 1.1 in the �ve di�erent parameterregions. Besides the ground state energy we also 
onsider the 
onvergen
e of thequantum me
hani
al density �QMN;L;r;a(x) averaged over the transverse variables, i.e.,of �̂QMN;L;r;a(z) := Z �QMN;L;r;a(x?; z)d2x? : (2.1)We state the results in the form of �ve theorems, one for ea
h region. These theoremswill be proved in Se
tion 4. Together they imply Theorem 1.1 be
ause the energyfun
tionals involved are all limiting 
ases of the general fun
tional (1.8). The methodsfor proving the latter statement are fairly standard (
f., e.g., [27, 28℄ for similar
omputations). Sin
e a proof of all �ve limit theorems for the fun
tional (1.8) wouldbe largely repetitious, we shall limit ourselves to giving a proof of two of them inSubse
tion 2.6, as an example.2.1 The Ideal Gas RegionThis region 
orresponds to the trivial 
ase where the intera
tion is so weak that ite�e
tively vanishes in the large N limit and everything 
ollapses to the ground stateof �d2=dz2 + VL(z). By s
aling the ground state energy and wave fun
tion of thislatter operator 
an be written as L�2ek and L�1=2p�k(z=L) where ek and p�k(z)are the 
orresponding quantities for �d2=dz2 + V (z).Theorem 2.1 (Ideal gas limit). Suppose r=L ! 0 and NgL � NaL=r2 ! 0 asN !1. Then (N=L2)�1 �EQM(N;L; a; r)�Ne?=r2�! ek (2.2)and (N=L)�1�̂QMN;L;r;a(Lz)! �k(z) (2.3)weakly in L1(R).2.2 The 1D Gross-Pitaevskii RegionThis region is des
ribed by the 1D GP density fun
tionalEGPL;g [�℄ = ZR�jrp�(z)j2 + VL(z)�(z) + 12g�(z)2� dz (2.4)
orresponding to the high density approximation (1.5) of the intera
tion energy in(1.7). Its ground state energyEGP(N;L; g) = inf �EGPL;g [�℄ : � � 0 ; ZR�(z)dz = N� (2.5)has the s
aling propertyEGP(N;L; g) = (N=L2)EGP(1; 1; NgL) (2.6)



LSY August 14, 2003 9and likewise, the minimizer �GPN;L;g(z) satis�es�GPN;L;g(Lz) = (N=L)�GP1;1;NgL(z) : (2.7)Theorem 2.2 (1D GP limit). Suppose r=L ! 0 and NgL � NaL=r2 is �xed asN !1. Then(N=L2)�1 �EQM(N;L; a; r)�Ne?=r2�! EGP(1; 1; NgL) (2.8)and (N=L)�1�̂QMN;L;r;a(Lz)! �GP1;1;NgL(z) (2.9)weakly in L1(R).Remark. If r=L! 0 and NgL stays bounded, as in Regions 1 and 2, 
ondition (1.12)is automati
ally satis�ed, be
ause g��r2 � aN=L � (r=L)2(NgL). Likewise, a=r! 0,be
ause a=r = (r=L)N�1(NgL).2.3 The 1D `Thomas-Fermi' RegionThis region is a limiting 
ase of the previous one in the sense that NgL � NaL=r2 !1, but a=r is suÆ
iently small so that g=�� � (aL=Nr2)(NaL=r2)1=(s+1) ! 0, i.e.,the high density approximation in (1.5) is still valid. Here s is the degree of homo-geneity of V and the explanation of the fa
tor (NaL=r2)1=(s+1) � (NgL)1=(s+1) is asfollows: The linear extension �L of the minimizing density �GPN;L;g is for large values ofNgL determined by VL(�L) � g(N=�L), whi
h gives �L � (NgL)1=(s+1)L. In addition
ondition (1.12) requires g��� r�2, whi
h means that (Na=L)(NaL=r2)�1=(s+1) ! 0.If NgL � NaL=r2 ! 1 the gradient term in the fun
tional (2.5) be
omesnegligible 
ompared to the other terms. In fa
t, by a simple s
aling,EGPL;g [�℄ = NL2 (NgL)s=(s+1)ZR�(NgL)�(s+2)=(s+1)jrp~�(z)j2 + V (z)~�(z) + 12 ~�(z)2� dz(2.10)where the s
aled density ~� is determined by�(z) = (N=�LTF)~�(z=�LTF) ; with �LTF := (NgL)1=(s+1)L : (2.11)This leads to the fun
tionalETFL;g[�℄ = ZR�VL(z)�(z) + 12g�(z)2�dz (2.12)whose ground state energyETF(N;L; g) = inf �ETFL;g [�℄ : � � 0 ; ZR�(z)dz = N� (2.13)has the s
aling propertyETF(N;L; g) = (N=L2)(NgL)s=(s+1)ETF(1; 1; 1) : (2.14)



LSY August 14, 2003 10The minimizer �TFN;L;g satis�es�TFN;L;g(�LTFz) = (N=�LTF)�TF1;1;1(z) (2.15)and 
an be 
omputed expli
itly:�TF1;1;1(z) = [�TF � V (z)℄+ (2.16)where [t℄+ = maxft; 0g and �TF is determined by the normalization R �TF1;1;1(z)dz = 1.Be
ause of a formal similarity with the Thomas-Fermi energy fun
tional forfermions, whi
h also has no gradient terms, the fun
tional (2.12) is in the litera-ture usually referred to as a `Thomas-Fermi' fun
tional, but the physi
s is, of 
ourse,quite di�erent.The limit theorem in this region isTheorem 2.3 (1D `TF limit'). Suppose, as N !1, r=L! 0, NgL � NaL=r2 !1, but g=�� � (a�LTF=Nr2)! 0 and g��r2 � Na=�LTF ! 0 with �LTF given in (2.11).Then(N=L2)�1(NgL)�s=(s+1) hEQM(N;L; a; r)�Ne?=r2i! ETF(1; 1; 1) (2.17)and (N=�LTF)�1�̂QMN;L;r;a(�LTFz)! �TF1;1;1(z) (2.18)weakly in L1(R).2.4 The Lieb-Liniger RegionThis region 
orresponds to the 
ase g=�� � 1, so that neither the high density (1.5)nor the low density approximation (1.6) is valid and the full LL energy (1.4) hasto be used. The extension �L of the system is now determined by VL(�L) � (N=�L)2whi
h leads to �LLL = LN2=(s+2), in 
ontrast to �LTF = L(NgL)1=(s+1) in the TF
ase. Condition (1.12) means in this region that Nr=�LLL � N s=(s+2)r=L! 0. Sin
eNr=�LLL � (��=g)(a=r), this 
ondition is automati
ally ful�lled if g=�� is bounded awayfrom zero and a=r! 0. Conversely, if g=�� is bounded, then (1.12) implies a=r! 0.The energy fun
tional isELLL;g[�℄ = ZR�VL(z)�(z) + �(z)3e(g=�(z))�dz (2.19)with 
orresponding energyELL(N;L; g) = inf �ELLL;g[�℄ : � � 0 ; ZR�(z)dz = N� : (2.20)Introdu
ing the density parameter
 := N=�LLL = (N=L)N�2=(s+2) (2.21)
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an write the s
aling relation of the fun
tional asELL(N;L; g) = N
2ELL(1; 1; g=
) : (2.22)The minimizer, �LL(z), satis�es�LLN;L;g(�LLLz) = 
�LL1;1;g=
(z) : (2.23)Theorem 2.4 (LL limit). Suppose r=L ! 0 and a=r ! 0, with g=
 > 0 �xed asN !1. Then(N
2)�1 hEQM(N;L; a; r)�Ne?=r2i! ELL(1; 1; g=
) (2.24)and 
�1�̂QMN;L;r;a(�LLLz)! �LL1;1;g=
(z) (2.25)weakly in L1(R).2.5 The Girardeau-Tonks RegionThis region 
orresponds to impenetrable parti
les, i.e, the limiting 
ase g=�� ! 1and hen
e the formula (1.6) for the energy density. As in Region 4, the mean densityis here �� � 
 = (N=L)N�2=(s+2). The energy fun
tional isEGTL [�℄ = ZR�VL(z)�(z) + (�2=3)�(z)3� dz (2.26)with energy EGT(N;L) = inf �EGTL [�℄ : � � 0 ; ZR�(z)dz = N� ; (2.27)whi
h 
an be written EGT(N;L) = N
2EGT(1; 1) : (2.28)The minimizer �GT1;1 (z) has the form�GT1;1 (z) = ��1[�GT � V (z)℄1=2+ ; (2.29)with �GT determined by the normalization. Note that its shape is di�erent from thatof (2.16), whi
h makes it possible to distinguish experimentally the TF regime fromthe GT regime. The s
aling relation for the minimizer is�GTN;L(�LLLz) = 
�GT1;1 (z) : (2.30)Theorem 2.5 (GT limit). Suppose r=L ! 0 and a=r ! 0, with g=
 ! 1 asN !1. Then (N
2)�1 hEQM(N;L; a; r)�Ne?=r2i! EGT(1; 1) (2.31)and 
�1�̂QMN;L;r;a(�LLLz)! �GT1;1 (z) (2.32)weakly in L1(R).
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ases of the general energy fun
tionalAs already stated, the proof of Theorem 1.1 in Se
tion 4 
onsists in 
omparingthe ground state energy of the many-body Hamiltonian (1.1) with the ground stateenergies of the fun
tionals de�ned in Subse
tions 2.1{2.5 in the various parameterdomains. To link these spe
ial 
ases to the fun
tional (1.7) it then remains to showthat the ground state energy of (1.7) 
oin
ides with that of the fun
tionals in Sub-se
tions 2.1{2.5 in the appropriate asymptoti
 limits. The proof of this follows thesame pattern as the derivation of the 3D TF limit from 3D GP theory in [27, 28℄and we shall here only give expli
it proofs for the fun
tionals in Theorems 2.3 and2.4 as examples. The limit theorems for the density are derived from the energy
onvergen
e by variation of the external potential in a standard way (
.f., e.g. [28℄).Proposition 2.1. If N !1, NgL! 1, but g �LTF=N = gL(NgL)1=(s+1)=N ! 0,then h(N=L2)(NgL)s=(s+1)i�1E(N;L; g)! ETF(1; 1; 1) (2.33)and �N=�LTF��1 �N;L;g ��LTFz�! �TF1;1;1(z) (2.34)weakly in L1(R).Proof. With ~� the s
aled density given by (2.11) the energy fun
tional (1.7) 
an bewritten E [�℄ = (N=L2)(NgL)s=(s+1) ZR�(NgL)�(s+2)=(s+1)j�p~�(z)j2+V (z)~�(z) + ~�(z)3N(g �LTF)�1e(g �LTF=N ~�(z))�dz : (2.35)Now te(1=t) � 12 for all t [22℄, soh(N=L2)(NgL)s=(s+1)i�1 E [�℄� ZR�(NgL)�(s+2)=(s+1)j�p~�(z)j2 + V (z)~�(z) + 12 ~�(z)2� dz : (2.36)Let j"(z) = (2")�1 exp(�jzj=") : (2.37)De�ne ~� = �TF1;1;1 � j". Then, sin
e j�j"j = "�1j" and R ~�(z)dz = 1,Z j�p~�(z)j2dz � 1=(4"2) <1 ; (2.38)and (2.36) implieslim supN!1 h(N=L2)(NgL)s=(s+1)i�1E(N;L; g)� ETF1;1 [�TF1;1;1 � j"℄ (2.39)
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onsidered. Moreover, R (�TF1;1;1 � j")2 � R (�TF1;1;1)2 be
ause R j" = 1, andZ �TF1;1;1 � j"(z)jzjsdz ! Z �TF1;1;1(z)jzjsdz (2.40)for " ! 0. (Note that �TF1;1;1 = [�TF � jzjs℄+ is 
ontinuous and of 
ompa
t support.)Hen
e lim supN!1 h(N=L2)(NgL)s=(s+1)i�1E(N;L; g)� ETF(1; 1; 1) : (2.41)On the other hand, dropping the positive gradient term in (2.35) givesh(N=L2)(NgL)s=(s+1)i�1 E [�℄ � ZR�V (z)~�(z) + ~�(z)3Me(1=M ~�(z))�dz ; (2.42)withM = N=(g �LTF). Note thatM !1 in the limit 
onsidered here. The fun
tionalon the right side of (2.42) has as minimizer�(M)(z) = [f�1M (�(M) � V (z))℄+ (2.43)where f�1M is the inverse of the fun
tion fM (t) = d=dt[Mt3e(1=tM)℄ and �(M) is
hosen so that R �(M) = 1. Note also that t�1fM (t) ! 1 as M ! 1, uniformly on[Æ;1[ for every Æ > 0. From this it follows easily that �(M) 
onverges uniformly to�TF1;1;1, given by (2.16), as M ! 1. With � = �N;L;g, the minimizer of E , we thusobtain from (2.42)lim infN!1 h(N=L2)(NgL)s=(s+1)i�1E(N;L; g)� ETF(1; 1; 1) : (2.44)To prove the 
orresponding result (2.34) for the density we pi
k a C1 fun
tionY of 
ompa
t support together with an " > 0 and repla
e VL(z) byVL(z) + "L2 (NgL)s=(s+1)Y (L�1(NgL)�1=(s+1)z) = 1L2 (NgL)s=(s+1) �V (z0) + "Y (z0)�(2.45)with z0 = z=�LTF = L�1(NgL)�1=(s+1)z. While V (z0) + "Y (z0) is not stri
tly homo-geneous of order s, it is asymptoti
ally homogeneous in the sense of Def. 1.1 in [28℄and as in the proof of Lemma 2.3 in [28℄ this is suÆ
ient for (2.33), now with themodi�ed external potential (2.45). Sin
e both (1.8) and the TF energy are 
on
avein ", the derivative with respe
t to " 
an be ex
hanged with the limits N ! 1,(NgL) ! 1, giving (2.34) in the sense of distributions. Sin
e the densities havenorm 1, the 
onvergen
e holds also weakly in L1(R).Proposition 2.2. If N !1 with g=
 �xed, where 
 = N=�LLL = (N=L)N�2=(s+2),then (N
2)�1E(N;L; g)! ELL(1; 1; g=
) (2.46)and 
�1�N;L;g(�LLLz)! �LL1;1;g=
(z) (2.47)weakly in L1(R).



LSY August 14, 2003 14Proof. With �LLL = LN2=(s+2) we de�ne the s
aled density ~� by�(z) = (N=�LLL)~�(z=�LLL) : (2.48)The energy fun
tional (1.7) 
an then be writtenE [�℄ = N
2 ZRhN�2j�p~�(z)j2 + V (z)~�(z) + ~�(z)3e�g=(
 ~�(z))�i dz : (2.49)The lower bound (N
2)�1E(N;L; g)� ELL(1; 1; g=
) (2.50)follows simply by dropping the positive gradient term from the right side of (2.49).For the upper bound take j" as in (2.37) and de�ne ~� = j" � �LL1;1;g=
 to obtain(N
2)�1E [�℄ � N�24"2 + ELL1;1;g=
[~�℄ (2.51)and hen
e lim supN!1 (N
2)�1E(N;L; g)� ELL1;1;g=
[j" � �LL1;1;g=
℄ (2.52)for all " > 0. The 
onvergen
elim"!0ELL1;1;g=
[j" � �LL1;1;g=
℄ = ELL1;1;g=
[�LL1;1;g=
℄ = ELL(1; 1; g=
) (2.53)follows by 
ontinuity of jzjs and t2e(t) and uniform 
onvergen
e of j" � �LL1;1;g=
 to�LL1;1;g=
.The 
onvergen
e of the densities follows as in the previous proposition by per-turbing the external potential, this time repla
ing VL(z) byVL(z) + "
2Y (L�1N�2=(s+2)z) = 
2 �V (z0) + "Y (z0)� (2.54)with z0 = z=�LLL = L�1N�2=(s+2)z.2.7 One-dimensional GP as limit of three-dimensional GPWe shall now demonstrate that the ground state energy in Regions 1{3 
an be ob-tained as a limit of the three-dimensional Gross-Pitaevskii energy. The latter isde�ned by the energy fun
tionalEGP3D [�℄ = ZR3 �jr�(x)j2+ nV ?r (x?) + VL(z)o j�(x)j2+ 4�aj�(x)j4� d3x : (2.55)We denote its ground state energy, i.e, the in�mum over all � with R j�j2 = N , byEGP3D (N;L; r; a). It satis�es the s
aling relationEGP3D (N;L; r; a) = (N=L2)EGP3D (1; 1; r=L;Na=L) : (2.56)Be
ause of (2.56) and (2.6) it is suÆ
ient to 
ompare EGP3D and EGP for N = 1 andL = 1.



LSY August 14, 2003 15Theorem 2.6. Let g be given by (1.10). In the limit r ! 0 and a! 0,EGP3D (1; 1; r; a)� e?=r2EGP(1; 1; g) ! 1 ; (2.57)uniformly in g as long as r2EGP(1; 1; g)! 0.Proof. We denote the minimizer of the one-dimensional GP fun
tional (2.4) withN = 1, L = 1 and g �xed by �(z)2. Taking br(x?)�(z) as trial fun
tion for the 3Dfun
tional (2.55) and using the de�nition (1.10) of g we obtain without further adothe upper bound EGP3D (1; 1; r; a)� e?=r2 +EGP(1; 1; g) (2.58)for all r and a. For a lower bound we 
onsider the one-parti
le HamiltonianHr;a = ��? + V ?r (x?)� �2z + V (z) + 8�abr(x?)2�(z)2 : (2.59)Taking the 3D Gross-Pitaevskii minimizer �(x) for N = 1, L = 1, as trial fun
tionwe get inf spe
Hr;a � EGP3D (1; 1; r; a)� 4�a Z �4 + 8�a Z b2r�2�2� EGP3D (1; 1; r; a)+ 4�a Z b4r�4= EGP3D (1; 1; r; a)+ g2 Z �4 : (2.60)On the other hand, inf spe
Hr;a 
an be bounded below by Temple's inequality [40℄,whi
h says that for any Hamiltonian H with lowest eigenvalues E0 < E1 and expe
-tation value hHi < E1 in some state,E0 � hHi � h(H � hHi)2iE1 � hHi : (2.61)We apply this to H = Hr;a and the state de�ned by br�. HerehHi = e?r2 +EGP(1; 1; g)+ g2 Z �4 ; (2.62)and sin
e E1 � ~e?=r2 with ~e? > e?, (2.62) is smaller than E1 for r2EGP(1; 1; g)small enough. Moreover,(H � hHi)(br�) = (8�ab2r � g)�3br (2.63)and thush(H � hHi)2i = �Z �6��(8�a)2�Z b6r�� g2� � �Z �6� (8�a)2�Z b4r� kbrk21� 
onst: gk�k21g Z �4 � 
onst:EGP(1; 1; g)2 ; (2.64)



LSY August 14, 2003 16where we used [28, Lemma 2.1℄ to bound gk�k21 by the GP energy. Combining(2.60), (2.61) and (2.62) we thus getEGP3D (1; 1; r; a)� e?=r2 � EGP(1; 1; g) �1� 
onst: r2EGP(1; 1; g)� (2.65)and the proof is 
omplete.Remark. In 
ombination with Theorem 2.2 this results demonstrates a fortiori thatthe three-dimensional GP limit theorem in [27℄ holds uniformly in r=L, providedNaL=r2 stays bounded. A more dire
t proof of this fa
t, 
loser to the lines of[27℄, is 
ertainly possible, but it requires redoing all estimates keeping tra
k of thedependen
e on r=L.3 Finite n boundsBefore we give the proof of our main Theorem 1.1 in Se
tion 4, we will explain brie
ythe strategy, and give some auxiliary results in this se
tion. In parti
ular, we willderive upper and lower bounds on the ground state energy of (1.1) with the externalpotential VL(z) repla
ed by a box with Diri
hlet and Neumann boundary 
onditions,respe
tively. To obtain bounds on the full Hamiltonian (1.1), spa
e will be dividedin z-dire
tion into small boxes of side length `, and the bounds of this se
tion willbe used in every box. The reason for this is twofold: �rst, this allows to 
onsideran essentially homogeneous systems, without the additional diÆ
ulty of the externalpotential VL(z), and se
ondly, by varying ` the parti
le number in ea
h box 
an be
ontrolled. This is ne
essary, sin
e the bounds we obtain in every box will not beuniform in the parti
le number.Sin
e the parti
le number in the boxes will be small (
ompared to N), we denoteit by n. In this se
tion, we study the HamiltonianH = nXj=1 ���j + V ?r (x?j )�+ X1�i<j�n va(jxi � xj j) (3.1)on L2((R2� [0; `℄)n). Let EQMD (n; `; r; a) and EQMN (n; `; r; a) denote its ground stateenergy with Diri
hlet and Neumann boundary 
onditions, respe
tively. The followingTheorem gives upper and lower bounds on the ground state energy of (3.1) in termsof the ground state energy of the 1D Hamiltonian (1.3). Its proof will be given inSubse
tions 3.1 and 3.2. A 
ru
ial step in the proof of the lower bound will be the useof the `Dyson Lemma' (see [9, 31℄), whi
h 
onverts the `hard' intera
tion potentialva into a `soft' one. With this new `soft' potential perturbation theory 
an be done,and rigorous bounds are obtained with the use of Temple's inequality (2.61).Theorem 3.1 (Finite n bounds). Let E1DD (n; `; g) and E1DN (n; `; g) denote theground state energy of (1.3) on L2([0; `℄n), with Diri
hlet and Neumann boundary
onditions, respe
tively, and let g be given by (1.10). Then there is a �nite numberC > 0 su
h thatEQMN (n; `; r; a)� ne?r2 � E1DN (n; `; g)�1� Cn�ar�1=8 �1 + nr̀ �ar�1=8�� : (3.2)



LSY August 14, 2003 17Moreover,EQMD (n; `; r; a)� ne?r2 � E1DD (n; `; g) 1 + C ��nar �2�1 + a`r2��1=3! ; (3.3)provided the term in square bra
kets is less than 1.Let us 
omment brie
y on the error terms in (3.2) and (3.3). As already men-tioned, in the proof of Theorem 1.1 we will divide spa
e in the z-dire
tion into smallboxes of side length `. The number of parti
les in ea
h box will be roughly n � N`=�L,where �L � N=�� the extension of the system in z-dire
tion. The n-dependen
e of theerror term in (3.2) restri
ts us essentially to have a �nite parti
le number n, i.e., thatn � N`=�L � 1, or ` � �L=N . But for (3.2) to be useful we need ` & r, i.e., r . �L=N ,or, in other words, r should be of the order of the mean parti
le spa
ing, or smaller.For r � �L=N , r is mu
h bigger than the mean parti
le spa
ing, and we have to usea di�erent strategy, similar to the one used in the 3D problem [31, 27℄. This will bene
essary for the lower bound in Regions 1{3. The result is stated in Theorem 3.2.For it's proof it will be ne
essary to use the box method also in x?-dire
tion, similarto the 3D 
ase 
onsidered in [27℄. However, one 
annot use dire
tly the results fromthere, one has to be 
areful to retain uniformity in r=L.Likewise, (3.3) will not be useful for an upper bound in all the Regions 1{5. Thereason is the last term in (3.3), where we want g` � g �L=N . 1, whi
h is only ful�lledin Regions 1{4. For Region 5, we use a di�erent upper bound, given in the followingTheorem. The proof of Theorem 3.2 will be given in Subse
tions 3.3 and 3.4.Theorem 3.2 (Additional energy bounds). With the same notations as inThm. 3.1,EQMN (n; `; r; a)� ne?r2 �n2g2` 0�1� C 24n�1=14 + �n`ar2 �1=8 +  �1 + rpn`��pnar �1=4!4=39+ nà351A :(3.4)Moreover, denoting the range of va by R0,EQMD (n; `; r; a)� ne?r2 � �23 n3`2 (1 + 1=n) (1 + 1=2n)(1� (n� 1)R0=`)2 ; (3.5)provided (n� 1)R0 < `.Remark. By de�nition, R0 � a. Eq. (3.4) will be used with ` � (r2�L=N)1=3and n � N`=�L. In this 
ase we have, in Regions 1{3, n`g � a(N=r2�L)1=3 � 1,na=` � a��� 1, pna=r � a(N=r2�L)1=3 � 1 and r=(pn`) � 1.The following four subse
tions 
ontain the proofs of Theorems 3.1 and 3.2.Throughout, C denotes a 
onstant independent of the parameters, although thevalue of di�erent C's may be di�erent.
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tion we are going to prove (3.3). We use the variational prin
iple. Let denote the ground state of (1.3) with Diri
hlet boundary 
onditions, normalizedby h j i= 1, and let G and F be given byG(x1; : : : ;xn) =  (z1; : : : ; zn) nYj=1 br(x?j ) (3.6)and F (x1; : : : ;xn) =Yi<j f(jxi � xj j) : (3.7)Here f is a monotone in
reasing fun
tion, with 0 � f � 1 and f(t) = 1 for t � R forsome R � R0. For t � R we shall 
hoose f(t) = f0(t)=f0(R), where f0 is the solutionto the zero-energy s
attering equation for va [31, 27℄. Note that f0(R) = 1�a=R forR � R0, and f 00(t) � t�1minf1; a=tg. We use as a trial wave fun
tion for (3.1) thefun
tion 	(x1; : : : ;xn) = G(x1; : : : ;xn)F (x1; : : : ;xn) : (3.8)Let �(2) denote the two-parti
le density of  , normalized by R �(2) (z; z0)dzdz0 = 1.Sin
e F is 1 whenever no pair of parti
les is 
loser together than a distan
e R, we
an estimate the norm of 	 byh	j	i � Z G20�1�Xi<j �(R� jxi � xj j)1A= 1� n(n � 1)2 Z �(2) (z; z0)br(x?)2br(y?)2�(R � jx� yj)dzdz0d2x?d2y?� 1� n(n � 1)2 Z �(2) (z; z0)br(x?)2br(y?)2�(R � jx? � y?j)dzdz0d2x?d2y?= 1� n(n � 1)2 Z br(x?)2br(y?)2�(R� jx? � y?j)d2x?d2y?� 1� n(n � 1)2 �R2r2 kbk44 ; (3.9)where we used Young's inequality [24℄ in the last step.Using h	j ��j j	i = � Z F 2G�jG+ Z G2jrjF j2 (3.10)and the S
hr�odinger equation Hn;g = E1DD  , we 
an write the expe
tation value of(3.1) as h	jH j	i = �E1DD + nr2e?� h	j	i � gh	jXi<j Æ(zi � zj)j	i+ Z G20� nXj=1 jrjF j2 +Xi<j va(jxi � xj j)jF j21A : (3.11)
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e 0 � f � 1 and f 0 � 0 by assumption, F 2 � f(jxi � xj j)2, andnXj=1 jrjF j2 � 2Xi<j f 0(jxi � xj j)2 + 4 Xk<i<j f 0(jxk � xij)f 0(jxk � xj j) : (3.12)Consider the �rst term on the right side of (3.12), together with the last term in(3.11). These terms are bounded above by2Xi<j Z G2 �f 0(jxi � xj j)2 + 12va(jxi � xjj)f(jxi � xj j)2�= n(n � 1) Z br(x?)2br(y?)2�(2) (z; z0) �f 0(jx� yj)2 + 12va(jx� yj)f(jx� yj)2� :(3.13)Let h(z) = Z �f 0(jxj)2+ 12va(jxj)f(jxj)2�d2x? : (3.14)Note that h(z) = 0 for jzj � R, and R h(z)dz = 4�a(1 � a=R)�1. Using Young'sinequality for the integration over the ?-variables, we get(3:13) � n(n� 1)r2 kbk44 ZR2 �(2) (z; z0)h(z � z0)dzdz0 : (3.15)Consider now the 
ontribution from the last term in (3.12). We 
an write4 Xk<i<j Z G2f 0(jxk � xij)f 0(jxk � xj j) = 23n(n � 1)(n� 2)� Z f 0(jx1 � x2j)f 0(jx2� x3j)br(x?1 )2br(x?2 )2br(x?3 )2�(3) (z1; z2; z3)d3x1d3x2d3x3 ;(3.16)where �(3) denotes the three-parti
le density of  , normalized by 1. Letk(z) = Z f 0(jxj)d2x? ; (3.17)whi
h is supported in [�R;R℄. For the integration over x?1 we useZ f 0(jx1 � x2j)br(x?1 )2d2x?1 � kbk21r2 k(z1 � z2) � kbk21r2 kkk1 : (3.18)For the remaining integrations, we pro
eed as in (3.15) to obtain(3:16) � 23n(n� 1)(n� 2)kbk21r2 kbk44r2 kkk1 ZR2 �(2) (z; z0)k(z � z0)dzdz0 : (3.19)



LSY August 14, 2003 20Now, for any � 2 H1(R),��j�(z)j2 � j�(z0)j2�� = ����Z zz0 dj�(z0)j2dz0 dz0���� � 2k�k1 Z zz0 ����d�(z0)dz0 ���� dz0� 2jz � z0j1=2�ZRj�j2�1=4 ZR����d�dz ����2!3=4 ; (3.20)where we used k�k21 � kd�=dzk2k�k2. Applying this to �(2) (z; z0), 
onsidered as afun
tion of z only, and using the fa
t that the support of h is 
ontained in [�R;R℄,we therefore getZR2 �(2) (z; z0)h(z � z0)dzdz0 � ZRh(z)dz Z �(2) (z; z)dz� 2R1=2 ZRh(z)dz Z �����zq�(2) (z; z0)����2 dzdz0 � 2R1=2 ZRh(z)dz� ����� d2dz21 ���� �3=4 ;(3.21)where we used S
hwarz' inequality, the normalization of �(2) and the symmetry of . The same argument is used for (3.19) with h repla
ed by k. Now R h(z)dz =4�a(1� a=R)�1, and kkk1 � 2�a1� a=R (1 + ln(R=a)) ;ZRk(z)dz � 2�aR1� a=R �1� a2R� : (3.22)Therefore(3:15) + (3:19) � n(n� 1)2 g 1 +K1� a=R "Z �(2) (z; z)dz + 2R1=2� ����� d2dz21 ���� �3=4# ;(3.23)where we denoted K = 2�3 (n� 2) aR 1 + ln(R=a)1� a=R �Rr �2 kbk21 : (3.24)It remains to bound the se
ond term in (3.11). We use again the fa
t that F isequal to 1 as long as the parti
les are not within a distan
e R. We obtainh	jXi<j Æ(zi � zj)j	i� n(n� 1)2 Z �(2) (z; z)dz Z br(x?)2br(y?)2 �1� �(R� jx? � y?j)�� n(n� 1)2 Z �(2) (z; z)dz�1� �R2r2 kbk44� : (3.25)



LSY August 14, 2003 21Putting together the bounds (3.9), (3.23) and (3.25), and using the fa
t thatg 12n(n� 1) R �(2) (z; z)dz � E1DD and h j � d2=dz21 j i � E1DD =n, we obtain the upperbound h	jH j	ih	j	i � ne?r2 � E1DD (n; `; g) �1� n(n � 1)2 �R2r2 kbk44��1� 1 + a=R+K(1� a=R) + �R2r2 kbk44 + g(n� 1)R1=2� nE1DD �1=4 1 +K1� a=R! ; (3.26)provided the term in square bra
kets is positive. We now use E1DD =n � (�=`)2, and
hoose R3 = ar2n2(1 + g`) : (3.27)This gives (under the assumption (na=r)2(1 + g`) � 1)EQMD (n; `; r; a)� ne?r2 � E1DD (n; `; g)�1 + C �nar �2=3 (1 + g`)1=3� (3.28)for some 
onstant C > 0.3.2 Lower bound for Theorem 3.1We are now going to prove (3.2). We write a general wave fun
tion 	 as	(x1; : : : ;xn) = f(x1; : : : ;xn) nYk=1 br(x?k ) ; (3.29)whi
h 
an always be done, sin
e br is a stri
tly positive fun
tion. Partial integrationgivesh	jH j	i = ne?r2 + nXi=1 Z 24jrif j2 + 12 Xj; j 6=i va(jxi � xj j)jf j235 nYk=1 br(x?k )2d3xk :(3.30)Choose some R > R0, �x i and xj , j 6= i, and 
onsider the Voronoi 
ell 
j aroundparti
le j, i.e., 
j = fx : jx� xj j � jx� xkj for all k 6= jg: (3.31)Denote by Bj the ball of radius R around xj . We 
an estimateZ
j\Bj br(x?i )2 �jrif j2 + 12va(jxi � xj j)jf j2� d3xi� minx2Bj br(x?)2a Z
j\Bj U(jxi � xj j)jf j2� minx2Bj br(x?)2maxx2Bj br(x?)2a Z
j\Bj br(x?i )2U(jxi � xj j)jf j2 ; (3.32)



LSY August 14, 2003 22where we used Lemma 1 of [31℄, andU(r) = � 3(R3 �R30)�1 for R0 � r � R0 otherwise : (3.33)For some Æ > 0 de�ne BÆ � R2 byBÆ = nx? 2 R2 : b(x?)2 � Æo : (3.34)Estimating maxx2Bj br(x?)2 � minx2Bj br(x?)2 + 2(R=r3)krb2k1, we obtainminx2Bj br(x?)2maxx2Bj br(x?)2 � �BÆ (x?j =r)�1� 2Rr krb2k1Æ � : (3.35)(For a proof that rb2 is a bounded fun
tion, see the proof of Lemma 1 in theAppendix). Here �BÆ denotes the 
hara
teristi
 fun
tion of BÆ. Denoting k(i) thenearest neighbor to parti
le i, we 
on
lude that, for 0 � � � 1,nXi=1 Z 24jrif j2 + 12 Xj; j 6=i va(jxi � xj j)jf j235 nYk=1 br(x?k )2d3xk� nXi=1 Z h�jrif j2 + (1� �)jrif j2�mink jzi�zk j�R(zi)+a0U(jxi � xk(i)j)�BÆ(x?k(i)=r)jf j2i nYk=1 br(x?k )2d3xk ; (3.36)where a0 = a(1� �)(1� 2Rkrb2k1=rÆ).De�ne F (z1; : : : ; zn) � 0 byjF (z1; : : : ; zn)j2 = Z jf(x1; : : : ;xn)j2 nYk=1 br(x?k )2d2x?k : (3.37)Negle
ting the kineti
 energy in ?-dire
tion in the se
ond term in (3.36) and usingthe S
hwarz inequality to bound the longitudinal kineti
 energy of f by the one ofF , we get the estimateh	jH j	i � ne?r2 �nXi=1 Z h�j�iF j2 + (1� �)j�iF j2�mink jzi�zk j�R(zi)i nYk=1dzk+ nXi=1 Z h�jr?i f j2 + a0U(jxi � xk(i)j)�BÆ(x?k(i)=r)jf j2i nYk=1 br(x?k )2d3xk ;(3.38)



LSY August 14, 2003 23where �j = d=dzj , and r? denotes the gradient in ?-dire
tion. We now investigatethe last term in (3.38). Consider, for �xed z1; : : : ; zn, the expressionnXi=1 Z h�jr?i f j2 + a0U(jxi � xk(i)j)�BÆ(x?k(i)=r)jf j2i nYk=1 br(x?k )2d2x?k : (3.39)To estimate this term from below, we use Temple's inequality, as in [31℄. Let ee?denote the gap above zero in the spe
trum of ��?+V ?�e?, i.e., the lowest non-zeroeigenvalue. By s
aling, ee?=r2 is the gap in the spe
trum of ��?+V ?r �e?=r2. Notethat under the transformation � 7! b�1r � this latter operator is unitarily equivalentto r?� � r? as an operator on L2(R2; br(x?)2d2x?), as 
onsidered in (3.39). Hen
ealso this operator has ee?=r2 as its energy gap. DenotehUki = Z  nXi=1 U(jxi � xk(i)j)�BÆ(x?k(i)=r)!k nYk=1 br(x?k )2d2x?k : (3.40)Temple's inequality (2.61) implies (under the assumption that the denominator inthe last term is positive)(3:39) � jF j2a0hUi�1� a0 hU2ihUi 1�ee?=r2 � a0hUi� : (3.41)Now, using (3.33) and S
hwarz' inequality, hU2i � 3n(R3 �R30)�1hUi, andhUi � n(n� 1) Z U(jx� yj)br(x?)2br(y?)2d2x?d2y?� n(n� 1)kbk44r2 Z U(jxj)d2x? � n(n � 1)kbk44r2 3�R2R3 �R30 : (3.42)Using this and a0 � a in the error term, we obtain(3:41) � jF j2a00hUi ; (3.43)wherea00 = a0 1� 3n�ee? ar2R3 11� (R0=R)3 �1� n2�ee? aR3�kbk44 11� (R0=R)3��1! ; (3.44)with the understanding that the term in square bra
kets is positive. Now letd(z � z0) = ZR4 br(x?)2br(y?)2U(jx� yj)�BÆ(y?=r)d2x?d2y? : (3.45)Note that d(z) = 0 if jzj � R. We estimate hUi from below byhUi � Xi6=j Z U(jxi � xj j)�BÆ(x?j =r) Yk; k 6=i;j �(jxk � xij �R) nYl=1 br(x?l )2d2x?l� Xi6=j Z U(jxi � xj j)�BÆ(x?j =r)0�1�Xk; k 6=i;j �(R� jxk � xij)1A nYl=1 br(x?l )2d2x?l� Xi6=j d(zi � zj)�1� (n� 2)�R2r2 kbk21� : (3.46)



LSY August 14, 2003 24Let a000 = a00�1� (n� 2)�R2r2 kbk21� ; (3.47)and denote g0 = 2a000 RRd(z)dz. Note that sin
e jb(x?)2 � b(y?)2j � Rkrb2k1 forjx? � y?j � R,ZRd(z)dz � 4�r2 �ZBÆ b(x?)4d2x? � Rkrb2k1=r�� 4�r2 �kbk44 � Æ �Rkrb2k1=r� : (3.48)We write nXi=1 Z 24�j�iF j2 + a000 Xj; j 6=i d(zi � zj)jF j235 nYk=1 dzk=Xi6=j Z � �n � 1 j�iF j2 + a000d(zi � zj)jF j2� nYk=1 dzk : (3.49)Now 
onsider, for �xed zj , j 6= i, the expressionZ � �n� 1 j�iF j2 + a000d(zi � zj)jF j2� dzi : (3.50)We 
laim that(3:50) � 12g0 maxjzi�zj j�R jF j2�[R;`�R℄(zj) 1��2(n� 1)� g0R�1=2! : (3.51)Assume that (3.51) is false. Estimating, for any H1([0; `℄)-fun
tion �,j�(z)j2 � maxjz�z0 j�R j�(z)j2 � � ����Z z0z �j�j2���� � �2R1=2 maxjz�z0 j�R j�(z)j�Z `0 j��j2�1=2(3.52)and applying this estimate to F (
onsidered only as a fun
tion of zi), we obtain,using � R j�iF j2 � 12(n� 1)g0maxjzi�zj j�R jF j2 by assumption,a000 Z d(zi � zj)jF j2dzi� a000 Z d(z � zj)dz maxjzi�zj j�R jF j2 1� �2� (n� 1)g0R�1=2!� 12g0�[R;`�R℄(zj) maxjzi�zj j�R jF j2 1��2� (n� 1)g0R�1=2! ; (3.53)
ontradi
ting our assumption. This proves (3.51).



LSY August 14, 2003 25Putting everything together, we thus obtainh	jH j	i � ne?r2 � nXi=1 Z h(1� �)j�iF j2�mink jzi�zk j�R(zi)i nYk=1 dzk+Xi6=j 12g00 Z maxjzi�zj j�R jF j2�[R;`�R℄(zj) Yk; k 6=i dzk ; (3.54)where g00 = g0 1��2� (n� 1)g0R�1=2! : (3.55)Assume that (n + 1)R < `. Given an F with R jF j2dz1 � � �dzn = 1, de�ne, for0 � z1 � z2 � � � � � zn � `� (n+ 1)R, (z1; : : : ; zn) = F (z1 +R; z2 + 2R; z3 + 3R; : : :; zn + nR) ; (3.56)and extend the fun
tion to all of [0; `�(n+1)R℄n by symmetry. A simple 
al
ulationshows that, for H 0 = (1� �) nXi=1 ��2i + g00Xi<j Æ(zi � zj) (3.57)on L2([0; `� (n+ 1)R℄n),(3:54) � h jH 0j i � (1� �)E1DN (n; `� (n+ 1)R; g00)h j i� (1� �)E1DN (n; `; g00)h j i : (3.58)Here h jH 0j i is interpreted in the quadrati
 from sense, sin
e  does not ne
essarilyful�ll Neumann boundary 
onditions. Sin
e these give the lowest energy for thequadrati
 form, (3.58) is valid anyway.It remains to estimate h j i for the F that is related to the true ground state 	by (3.37). We haveh j i = Z jF j2 nYk=1�[R;`�R℄(zk)Yi<j �(jzi � zj j �R)� 1� Z jF j2 24 nXk=1 �1� �[R;`�R℄(zk)�+Xi<j �(R � jzi � zj j)�[R;`�R℄(zj)35 :(3.59)To bound the se
ond term on the right side of (3.59), we useXi<j Z jF j2�(R� jzi � zj j)�[R;`�R℄(zj) � RXi6=j Z maxjzi�zj j�R jF j2�[R;`�R℄(zj)� 2Rg00 �EQMN (N; `; r; a)� ne?r2 � ; (3.60)



LSY August 14, 2003 26where the last inequality follows from (3.54). For the other term, we use the simplefa
t that, for any fun
tion � 2 H1([0; `℄), and for 0 � R � `,Z R0 �(z)dz � R̀ Z `0 �(z)dz = Z L0 �0(z)fR;`(z)dz ; (3.61)with fR;`(z) = zR=`�minfz; Rg. Note that jfR;`(z)j � R. Applying this to F 2 andusing S
hwarz' inequality we get the estimateZ jF j2 nXk=1 �1� �[R;`�R℄(zk)� � 2nR̀ + 4nR� 1n hF jPi � �2i jF i�1=2� 2nR̀ + 4nR� 1nEQMN (n; `; r; a)� e?r2�1=2 :(3.62)Denoting A � EQMN (n; `; r; a)� ne?=r2, we thus haveA � E1DN (n; `; g00)�1� 2Rg00 A� 2nR̀ � 4pnRA1=2� ; (3.63)whi
h impliesA � E1DN (n; `; g00)1 + 2RE1DN (n; `; g00)=g00 �1� 2nR̀ � 2RqnE1DN (n; `; g00)� : (3.64)We now use the simple upper boundsE1DN (n; `; g00) � n(n � 1)2` g00 and E1DN (n; `; g00) � �23 n3`2 ; (3.65)whi
h follow from a 
onstant and a free-fermion trial wave fun
tion, respe
tively.Moreover, by 
on
avity of E1DN in g, E1DN (n; `; g00) � E1DN (n; `; g)g00=g for g00 � g, andthereforeEQMN (n; `; r; a)� ne?r2 � E1DN (n; `; g)g00g �1� R̀ �n(n+ 1) + 2�p3n2�� : (3.66)We now 
hoose R = r�ar�1=4 ; � = �ar�1=8 ; Æ = �ar�1=8 ; (3.67)and obtainEQMN (n; `; r; a)� ne?r2 � E1DN (n; `; g)�1� Cn�ar�1=8 �1 + nr̀ �ar�1=8�� (3.68)for some 
onstant C > 0.



LSY August 14, 2003 273.3 Upper bound for the Girardeau-Tonks regimeWe use as a trial fun
tion	(x1; : : : ;xn) =  (z1; : : : ; zn) nYk=1 br(x?k ) ; (3.69)where  is the ground state of a one-dimensional Bose gas of parti
les with hard 
oresof radius R0. It is well known that it's energy is the same as that of n non-intera
tingfermions on a line of redu
ed length ` � (n � 1)R0. An expli
it 
al
ulation yields(3.5).3.4 Lower bound for Theorem 3.2We start by de�ning an auxiliary 2D GP energy fun
tional by� 7! ZR2 �jr?�j2 + V ?j�j2 + pj�j4� d2x? (3.70)for some parameter p � 0. The following fa
t will be needed below.Lemma 1. For any p � 0, there exists a unique minimizer (up to a 
onstant phasefa
tor) of (3.70) under the normalization 
ondition R j�j2 = 1, denoted by �p, that
an be 
hosen stri
tly positive. Moreover, both �p and r?�p are bounded uniformlyin p and x? for p in a �nite interval [0; P ℄.The proof of this Lemma, as well as the proof of Lemmas 2 and 3 below, will begiven in the Appendix.The energy 
orresponding to the minimizer �p will be denoted by Eaux(p). De�nealso �p;r(x?) = r�1�p(x?=r). Writing the wave fun
tion as	(x1; : : : ;xn) = f(x1; : : : ;xn) nYk=1�p;r(x?k ) ; (3.71)using partial integration and the variational equation for �p, we obtainh	jH j	i � nr2Eaux(p)� npr2 Z �4p= nXi=1 Z 24jrif j2 + 12 Xj; j 6=i va(jxi � xj j)jf j2� 2p�p;r(x?i )2jf j235 nYk=1�p;r(x?k )2d3xk:(3.72)We now divide spa
e in x?-dire
tion into boxes of side length s, labeled by �. Let��;max and ��;min denote the maximal and minimal value of �p;r inside box �, re-spe
tively. We obtainEQMN (n; `; r; a)� nr2Eaux(p)� npr2 Z �4p � inffn�gX� �E�(n�)� 2n�p�2�;max� ; (3.73)



LSY August 14, 2003 28withE�(n) = inff nXi=1 R� hjrif j2 + 12Pj; j 6=i va(jxi � xj j)jf j2iQnk=1 �p;r(x?k )2d3xkR� jf j2Qnk=1 �p;r(x?k )2d3xk :(3.74)In (3.73) the in�mum is over all possible distributions of the n parti
les into theboxes �. As a �rst step we will repla
e �2�;max by �2�;min in the last term in (3.73).The error in doing so is bounded above by2np sup� ��2�;max� �2�;min� � 2p2npsr3 kr?�2pk1 : (3.75)To bound E� from below, we divide � into even smaller boxes, denoted by �,with side length t � s, where s=t 2 N. Let 
i denote the number of boxes withexa
tly i parti
les. Then E�(n) � inff
igXi�0 
i inf���E�(i) : (3.76)Note that the in�mum is under the 
onstraints P 
i = (s=t)2 and P 
ii = n. For alower bound on E�, we useE�(n) �  �2�;min�2�;max!n inff nXi=1 R� hjrif j2 + 12Pj; j 6=i va(jxi � xjj)jf j2iQnk=1 d3xkR� jf j2Qnk=1 d3xk :(3.77)Fix some Æ > 0, and assume that �2�;min � Æ=r2. Then �2�;min�2�;max!n � 1� p2n tr kr?�2pk1Æ (3.78)(
ompare with (3.35)). The rest of (3.77) 
an be bounded below by the same methodas in the previous subse
tion. The only di�eren
e lies in the fa
t that br is repla
edby the 
onstant fun
tion, and the integrations are only over the box �. The result is(
ompare with (3.2))E�(n) � E1DN (n; `; 8�a=t2)��1� Cn�at �1=8 �1 + nt̀ �at �1=8�� 1� p2n tr kr�2pk1Æ ! : (3.79)To pro
eed we need an expli
it lower bound on E1DN that will be proved in theAppendix.Lemma 2. There is a �nite number C > 0 su
h thatE1DN (n; `; g)� 12 n(n � 1)` g �1� Cn(`g)1=2� : (3.80)



LSY August 14, 2003 29Applying this lemma to (3.79), we obtainE�(n) � n(n � 1)` 4�at2 �1� Cn�at �1=8 �1 + nt̀ �at �1=8��� 1� p2n tr kr?�2pk1Æ !�1� Cn(`a=t2)1=2� : (3.81)Note that the right side is independent of � � �. We insert this bound in (3.76), anduse the following Lemma. It is a simple generalization of a result of [31℄. Althoughwe need at this point only the version proved in [31℄, we state the Lemma in thisgeneral form for later use.Lemma 3 ([31℄). For n 2 N [ f0g, let E(n) be a sequen
e of non-negative realnumbers that is superadditive, i.e., E(n1+ n2) � E(n1) +E(n2), and bounded belowby E(n) � L(n)K(n) ; (3.82)with K : R+ ! R+ monotone de
reasing, L : R+! R+ 
onvex, L(0) = 0, andL0(x) � L(�x)2�x (3.83)for some � > 1 and all x > 0. (Here L0 denotes the right derivative of L.) Let 
n bea sequen
e of non-negative real numbers, withXn�0 
n �M and Xn�0 
nn = N : (3.84)Then Xn�0 
nE(n) �ML(N=M)K(h�N=Mi) ; (3.85)where hxi denotes the smallest integer � x.The proof is given in the Appendix. Note that inf� E�(n) is 
ertainly a super-additive fun
tion, as the in�mum over superadditive fun
tions. Therefore we 
anapply Lemma 3 with L(x) = x[x � 1℄+ and � = 4, to (3.76), together with (3.81),and obtain E�(n�) � 4�an2�`s2 �1� 1n� s2t2�R(n�) ; (3.86)whereR(n) = �1� C 
4nt2=s2� �at �1=8�1 + 
4nt2=s2� t̀ �at �1=8��� 1�p2 
4nt2=s2� tr kr?�2pk1Æ !�1� C 
4nt2=s2� (`a=t2)1=2� : (3.87)



LSY August 14, 2003 30We now insert this bound in (3.73), and use n� � n in the error terms. Note that Ris monotone de
reasing in n, hen
e R(n�) � R(n). Minimizing over n� givesE�(n�)� 2n�p�2�;min � �`s2p2�4�;min4�a �1 + 2�ar2`t2pÆ �2 1R(n) : (3.88)This holds for boxes � where �2�;min � Æ=r2. In boxes where this is not the 
ase, wesimply use positivity of E� (whi
h follows from positivity of va) in the formE�(n�)� 2n�p�2�;min � �2n� pÆr2 : (3.89)Putting everything together, using P� s2�4�;min � r�2 R �4p and 
hoosingp = 4�an` ; (3.90)we obtainEQMN (n; `; r; a)� nr2Eaux(4�an=`)�4�an2`r2  p8kr?�2pk1 sr + 2Æ + Z �4p "�1 + r22t2Æn�2 1R(n) � 1#! : (3.91)We are still free to 
hoose the parameters t, s and Æ.It remains to derive a lower bound on Eaux. This will be done similarly to thelower bound on the 3D GP energy given in Subse
t. 2.7. Consider the auxiliaryS
hr�odinger operator Haux = ��? + V ?(x?) + 2pb(x?)2 : (3.92)Using �p as a trial fun
tion, we haveinf spe
Haux � Eaux(p)� p Z �4p + 2p Z b2�2p� Eaux(p) + p Z b4 : (3.93)On the other hand, using Temple's inequality (2.61),inf spe
Haux � e? + 2p Z b4 � 4p2 R b6ee? � 2p R b4� e? + 2p Z b4�1� 2pkbk21ee? � 2pkbk21� : (3.94)Eqs. (3.93) and (3.94) together giveEaux(p) � e? + p Z b4�1� 4pkbk21ee? � 2pkbk21� : (3.95)



LSY August 14, 2003 31We now 
hoose s = �r; t = r�pn; Æ = � ; (3.96)and � = n�1=14 +�n`ar2 �1=8 + �1 + rpn`��pnar �1=4!4=39 ; (3.97)and obtain as the �nal resultEQMN (n; `; r; a)� ne?r2 + n2g2` �1� C h�+ nài� : (3.98)Note that we did not pay any attention to the restri
tion s=t 2 N in 
hoosing s andt. However, sin
e, with our 
hoi
e, s=t = �2pn � n1=2�1=7, this 
an easily be madean integer by repla
ing � by some �� with � � �� � 2�. This a�e
ts only the 
onstantC in (3.98).3.5 Boundary 
onditionsAs a last step in this se
tion, before giving the proof of our main Theorem 1.1,we investigate the dependen
e of the ground state energy of (1.3) on the boundary
onditions. In the upper bound above we used Diri
hlet boundary 
onditions for theenergy E1D, and Neumann boundary 
onditions for the lower bound. To relate theseenergies to the energy with periodi
 boundary 
onditions and to prove independen
eof boundary 
onditions in the thermodynami
 limit, we need the following Lemma.Lemma 4. Denote E1Dp (n; `; g) the ground state energy of (1.3) with periodi
 bound-ary 
onditions, i.e., on the torus [0; `℄n. Then there is a �nite number C > 0 su
hthat E1DN (n; `; g)� E1Dp (n; `; g)� E1DD (n; `; g) ; (3.99)and E1DD (n; `; g)� E1DN (n; `; g)+ Cn7=3`2 : (3.100)Proof. The �rst inequality (3.99) is standard, noting that the intera
tion 
onsideredhas zero range. For (3.100) we use a result of [37, Lemma 2.1.13 and Prop. 2.2.10℄,whi
h implies, for 0 < b < `=2,E1DD (n; `+ 2b; g)� E1DN (n; `; g)+ 2nb2 : (3.101)Using E1DD (n; `+2b; g) = E1DD (n; `; g(1+2b=`))(1+2b=`)�2 � E1DD (n; `; g)(1+2b=`)�2and E1DN (n; `; g)� �2n3=(3`2), we obtainE1DD (n; `; g)� E1DN (n; `; g) + 2nb2 (1 + 2b=`)2 + n3`2 4�23 b̀ (1 + b=`) : (3.102)Now b = 
onst: `=n2=3 gives the desired result.



LSY August 14, 2003 324 Proof of Theorem 1.1With the results of the previous se
tion in hand, we 
an now give the proof of our mainTheorem 1.1. The proof will be divided into four subse
tions, two for the upper andlower bound, respe
tively. In ea
h subse
tion, we 
ompare the ground state energyof HN;L;r;a with the ground state energy of one of the fun
tionals in Subse
tions 2.1{2.5, whi
h, as explained there and in Subse
tion 2.6, is asymptoti
ally equal toE(N;L; g) in the respe
tive parameter region. Combining all the bounds obtained,this will prove Theorem 1.1, together with the 
laimed uniformity in the parameters.The 
orresponding 
onvergen
e of the ground state parti
le density, as stated inTheorems 2.1{2.5, follows in a standard way by variation with respe
t to the externalpotential VL(z) (
ompare with Props. 2.1 and 2.2 in Subse
t. 2.6). Sin
e the proofof the energy 
onvergen
e is already quite lengthy by itself, the simple modi�
ationsne
essary for a proof of the density 
onvergen
e will be omitted.Let again �L = N=�� denote the extension of the system in z-dire
tion. As alreadymentioned in the beginning of Se
tion 3, it will be ne
essary, for the lower bound toEQM, to 
onsider the 
ase of small and largeNr=�L separately. We will divide spa
e inz-dire
tions into small boxes, and use the bounds of Se
tion 3 in ea
h box. To 
ontrolthe number of parti
les in ea
h box, Lemma 3 will be essential. For small Nr=�L,where r is smaller than the mean parti
le distan
e, we will use the lower bound givenin Thm. 3.1. For larger values of Nr=�L, where r is a
tually bigger than the meanparti
le distan
e, the lower bound of Thm. 3.2 will be used instead. Note that thisdistin
tion is only relevant in Regions 1{3, sin
e in Regions 4 and 5 Nr=�L = r��� 1by 
ondition (1.12). Hen
e r is always smaller than the mean parti
le distan
e inRegions 4 and 5.4.1 Upper bound for Regions 1{3For an upper bound that gives the right asymptoti
s as long as g=�� � 1, we 
anessentially use the same te
hnique as in [27℄. The results of Se
tion 3 are not neededin this 
ase. As a trial fun
tion, we use	(x1; : : : ;xN) = F (x1; : : : ;xN) NYk=1 br(x?k )�GP(zk) ; (4.1)where �GP = (�GPN;L;g)1=2 (
f. Subse
t. 2.2), and F is the `Dyson wave fun
tion',des
ribed in [9, 27℄. The result isEQM(N;L; r; a)� Ne?r2 +EGP(N;L; g)�1 + Cakbrk2=31 k�GPk2=31 � ; (4.2)as long as akbrk2=31 k�GPk2=31 � 1. Note that, by the same proof as in Lemma 2.1 of[28℄, gk�GPk21 � 2EGP=N , and thereforeEQM(N;L; r; a)� Ne?r2 + EGP(N;L; g)�1 + 
onst: a2=3N�1=3EGP(N;L; g)1=3� :(4.3)



LSY August 14, 2003 33Now, in Regions 1{3, EGP(N;L; g)� E(N;L; g), anda2EGP(N;L; g)=N � a2 �L�2 + g��� � (a=L)2 + g�� �g��r2�2 � 1 : (4.4)4.2 Upper bound for Regions 4 and 5If g=�� is not small, the method of the previous subse
tion does not work, and we haveto pro
eed di�erently. As in Subse
t. 3.5, let E1Dp (n; `; g) denote the ground stateenergy of (1.3) on an interval of length `, with periodi
 boundary 
onditions, andwrite E1Dp (n; `; g) = n3en(g`=n)=`2. In [22℄ it is shown that, for every �xed t � 0,limn!1 en(t) = e(t). Sin
e the fun
tions are monotone in
reasing, 
on
ave andbounded in t, the 
onvergen
e is a
tually uniform in t. By Lemma 4 of Subse
tion3.5, the same is true with E1DD instead of E1Dp . Hen
e we get the estimateE1DD (n; `; g)� n3`2 �e(g`=n) + Æ(n)� (4.5)for some bounded fun
tion Æ satisfying limn!1 Æ(n) = 0. Without loss of generalitywe may assume that Æ is monotone de
reasing.Let � be the minimizer of the LL fun
tional (2.19) under the normalization 
on-dition R � = N . Note that � has 
ompa
t support, with radius R = L(�L2)1=s,where � = �ELL(N;L; g)=�N . (This R is di�erent from that in Eq. (3.27).) Bymonotoni
ity and 
on
avity of ELL in g, and by the s
aling relation (2.22),ELL(N;L; g)N � � � 3ELL(N;L; g)N : (4.6)Divide R in z-dire
tion into intervals of length `, labeled by �, with R0 < ` < R=2.Let n� 2 N be a 
olle
tion of integers su
h thatP� n� = N . Let V� = supz2� VL(z),and denote EQMD (n; `; r; a) the ground state energy of (3.1) in a box of side length` and with Diri
hlet boundary 
onditions. By 
on�ning the parti
les into di�erentboxes of length `� R0, a distan
e R0 apart, we get the estimateEQM(N;L; r; a)�X� hEQMD (n�; `�R0; r; a)+ V�n�i : (4.7)Using (3.3) and (4.5) as well as monotoni
ity of e, we obtainEQM(N;L; r; a)� Ne?r2 �X� �n3�`2 �e(g`=n�) + Æ(n�)�R(n�) + V�n�� ; (4.8)with R(n) = 1(1� R0=`)2  1 + C ��nar �2 (1 + g`)�1=3! ; (4.9)provided we 
hoose n� and ` su
h that the term in square bra
kets is less than 1.Note the additional fa
tor (1�R0=`)�2, whi
h is due to the fa
t that the size of the



LSY August 14, 2003 34box is only ` � R0. Now let �n� = R� �(z)dz, and n� = h�n�i, where hxi denotes thesmallest integer � x. With this 
hoi
e P� n� � N , but by monotoni
ity of (4.8) inN we 
an plug in these values of n� for an upper bound.Sin
e n� � �n� + 1, and e and Æ are monotone in
reasing and de
reasing, respe
-tively, we obtain(4:8) �X� " �n3�`2 �e(g`=�n�) + Æ(�n�)��1 + 1�n��3R(`k�k1 + 1) + V�(�n� + 1)# :(4.10)Here we estimated �n� by `k�k1 in R. Denote V̂� = minz2� VL(z). We estimateV� � V̂� + 
onst: L�2(`=L)(R=L)s�1 in boxes where n� > 0. Using (R=L)s �3L2ELL(N;L; g)=N (see (4.6)), we therefore see that the error in repla
ing V� byV̂� is, in total, bounded above by 
onst:ELL(N;L; g)(`=R).Fix some 0 < � < 1. We �rst bound the 
ontribution to (4.10) from boxeswhere �n� � 1=�. Now both e and Æ are bounded, the number of boxes with nonzero�n� is bounded by (R=`) + 2, and V̂� � L�2(R=L)s in these boxes. Therefore this
ontribution is bounded above by
onst: R�2` � 1�`2R(`k�k1 + 1) + �ELL(N;L; g)N � : (4.11)For the remaining boxes, we use �n� � 1=� and �n� � `k�k1 to obtain(4:10) � (4:11) + 
onst:ELL(N;L; g)R̀+ (1 + �) �X� �n3�`2 �e(g`=n�) + Æ(1=�)�(1 + �)2R(`k�k1+ 1) + V̂�n�� :(4.12)Sin
e x 7! x3e(1=x) is 
onvex, we 
an use Jensen's inequality to bound the sum fromabove byZRh�(z)3�e(g=�(z))+ Æ(1=�)� (1 + �)2R(`k�k1 + 1) + V (z)�(z)idz : (4.13)Now, by the s
aling (2.23), �(z) = 
 ~�g=
(
z=N), where 
 = (N=L)N�2=(s+2) and~�g=
 is a fun
tion that depends only on g=
. Therefore k�k1 � 
k~�g=
k1, andk�k33 � N
2k~�g=
k21.We 
hoose, for some 0 < �̂ < �, ` = (�̂
)�1, and useELL(1; 1; g=
)1=s � 
RN � �2=s : (4.14)Putting everything together, we get, for C denoting some universal 
onstant,EQM(N;L; r; a)� Ne?r2� �ELL(N;L; g)+N
2 �k~�g=
k21Æ(1=�) + C(�̂=�)3� � � R0 ; (4.15)



LSY August 14, 2003 35where R0 = �1 + CN�̂ELL(1; 1; g=
)1=s + C �̂�� (1 + �)3��1� aR0r2 �̂ 
g��2 1 + C�ak~�g=
k1�̂r �2=3�1 + ĝ�
�1=3! : (4.16)The 
hoi
e of � and �̂ is determined by a=r, g=
 and N . The bound is uniform ing=
 for bounded g=
 and 
=g.If g=
 ! 1 as N ! 1 (Region 5), we 
an use the same method to obtain anupper bound, repla
ing the bound (3.3) by (3.5) in (4.8). This gives a bound uniformin g=
 (for 
=g bounded). Combined with the result (4.15), this shows that in thelimit N !1 and r=L! 0lim sup EQM(N;L; r; a)�Ne?=r2ELL(N;L; g) � 1 ; (4.17)uniformly in the parameters, as long as a=r! 0 and 
=g stays bounded.4.3 Lower bound for Regions 3{5We now derive a lower bound on EQM that will give the right asymptoti
s in Regions3{5. As in the upper bound, given in Subse
tion 4.2, we will use the box method,this time with Neumann boundary 
onditions. In ea
h box, the results of Se
tion 3will be used. In analogy to (4.5) we infer from [22℄ and Lemma 4 thatE1DN (n; `; g)� n3`2 �e(g`=n)� Æ(n)� (4.18)for some bounded, monotone de
reasing fun
tion Æ satisfying limn!1 Æ(n) = 0. Thiswill be used in the bound for Regions 4 and 5. If g`=n is small, however, we usee(g`=n) � 12g`=n and (3.80) to obtainE1DN (n; `; g)� n2(n� 1)`2 e(g`=n)�1� Cn(g`)1=2� : (4.19)We divide R in z-dire
tion into intervals of side length M , labeled by �. DenoteEQMN (n;M; r; a) the ground state energy of (3.1) in a box of side length M and withNeumann boundary 
onditions. Let again V̂� = infz2� VL(z), and V� = supz2� VL(z).By 
on�ning the parti
les into di�erent boxes and negle
ting the intera
tion betweendi�erent boxes, we get the estimateEQM(N;L; r; a)� inffN�gX� hEQMN (N�;M; r; a) + V̂�N�i ; (4.20)where the in�mum is over all distributions of the N parti
les among the boxes �. Asin the upper bound, we 
an estimate the di�eren
e of the maximum and minimumof VL for boxes alpha � inside some interval [�R;R℄ by 
onst: L�2(M=L)(R=L)s�1.



LSY August 14, 2003 36For boxes outside [�R;R℄ we use V̂� � V�(1 � sM=R). Choosing R the radius ofthe LL minimizer, and M = �R for some 0 < � < 1, we see that, analogously to theupper bound, the error in repla
ing V̂� by V�(1� s�) is, in total, bounded above by
onst: �ELL(N;L; g).We now have to estimate EQMN (N�;M; r; a) from below. We 
annot dire
tly use(3.2), be
ause this bound is not uniform in the parti
le number. Instead we pro
eedsimilarly to [31℄. We divide the interval M again into smaller intervals of length` = �M , where 1=� 2 N. Negle
ting the intera
tion between di�erent boxes, weobtain EQMN (N�;M; r; a)� inff
ng N�Xn=1 
nEQMN (n; `; r; a) ; (4.21)where 
n denotes the number of boxes 
ontaining exa
tly n parti
les, and the in�mumis over all 
n 2 N under the 
ondition Pn 
nn = N� and Pn 
n =M=` = ��1.Fix some 0 < � < 1, and 
onsider the 
ase n � 1=�. Then, using (3.2) and (4.18),EQMN (n; `; r; a)� ne?r2 � n3`2 e(g`=n)�1� �(n)� ; (4.22)with �(n) = Æ(1=�)e(g`=n) + Cn�ar�1=8 �1 + nr̀ �ar�1=8� : (4.23)Note that �(n) is monotone in
reasing in n. We now use Lemma 3 from Subse
tion3.4, with L(x) = x3e(g`=x). Note that for this L (3.83) holds with � = 6, sin
e e isa monotone in
reasing and 
on
ave fun
tion, with e(0) = 0. Let N 0 =Pn�1=� 
nn.The 
ontribution from n � 1=� to the sum in (4.21) will be bounded below usingLemma 3 and (4.22). For n < 1=�, we simply use EQMN (n; `; r; a)� ne?=r2. We thusobtain EQMN (N�;M; r; a)� N�e?r2 � N 03M2 e(gM=N 0)�1� �(h6N 0�i)� : (4.24)Using N� � N 0 � N� � 1=(��), this givesEQMN (N�;M; r; a)�N�e?r2 � N3�M2 e(gM=N�)�1� 1N����3 �1��(h6N��i)� : (4.25)Now if �̂N� � 2 for some 0 < �̂ < �, we 
an 
hoose 12 �̂ � Æ � �̂ su
h that ÆN� 2 N,and take � = (ÆN�)�1. We also use h6=Æi � h12=�̂i � 13=�̂ (sin
e �̂ < 1). Note that,using (4.14) and Æ � �̂,̂�13g` � �13 g
ELL(1; 1; g=
)1=s � ��(g=
) : (4.26)Therefore EQMN (N�;M; r; a)� N�e?r2 � N3�M2 e(gM=N�)R ; (4.27)



LSY August 14, 2003 37withR = �1� �̂��3�1� Æ(1=�)e(��(g=
)) � Ĉ� �ar�1=8 �1 + 1��(g=
) ar �ar�1=8�� : (4.28)Here we used (4.14) and N� � N in the last error term.The bound (4.27) holds for �̂N� � 2. If N� < 2=�̂, however, we useN3�M2e(gM=N�) � N� 4�23�̂2M2 : (4.29)Using these bounds in (4.20), we obtainEQM(N;L; r; a)� Ne?r2 + C�ELL(N;L; g)+N 4�23�̂2M2� inffN�gX� �N3�M2 e(gM=N�) + V�N��R(1� s�) : (4.30)Note that, by (4.14) and (2.22),NM2 = N�2R2 � ELL(N;L; g) 1�2N2ELL(1; 1; g=
)1+2=s : (4.31)De�ne �(z) =P�N���(z), where �� is the 
hara
teristi
 fun
tion of the interval �.The sum in (4.30) is bounded below by ELL[�℄ � ELL(N;L; g), and thereforeEQM(N;L; r; a)� Ne?r2 � ELL(N;L; g)R�1� C�� 4�23�2�̂2N2ELL(1; 1; g=
)1+2=s� :(4.32)The 
hoi
e of �, �̂ and � is determined by g=
 and a=r. They 
an be 
hosen su
hthat (4.32) gives the 
orre
t lower bound in the limit 
onsidered, uniformly in g=
for bounded 
=g. This �nishes the proof of the lower bound for Regions 4 and 5.If g=
 ! 0 asN !1, we 
an use exa
tly the same strategy, with (4.19) repla
ingthe bound (4.18). Considering the 
ase n � 1=�, (4.22) is still valid, but with �(n)repla
ed by�0(n) = �+ 
onst: npg`+ 
onst: n�ar�1=8 �1 + nr̀ �ar�1=8� : (4.33)For N� � maxf2=�̂; �2Ng we pro
eed exa
tly as above. (We re
all that 0 < � < 1,and M = �R.) The reason why we have to ensure that N� � �2N is the se
ond termin (4.33), where we want ` to be small. (Note that we 
hoose ` = M=(ÆN�).) ForN� < maxf2=�̂; �2Ng, we repla
e the bound (4.29) byN3�M2 e(gM=N�) � N��R g2 maxf2=�̂; �2Ng� �2N�N ELL(N;L; g)�1 + 2N�2�̂� g=
ELL(1; 1; g=
)1+1=s ; (4.34)



LSY August 14, 2003 38where we used e(x) � 12x and (4.14). Note that, for small g=
, the last fra
tion isorder 1. We obtainEQM(N;L; r; a)� Ne?r2 � ELL(N;L; g)R0 ; (4.35)with R0 given byR0 = �1� �̂��3�1� � � C 1̂�r g��̂
 � Ĉ� �ar�1=8 �1 + 1��(g=
) ar �ar�1=8����1� C� � �2 �1 + 2N�2�̂� g=
ELL(1; 1; g=
)1+1=s� : (4.36)Here we used again (4.14) to estimate R from above, and �2N � N� � N in theerror term. This proves the lower bound in Region 3, as long as a=(r�(g=
)) staysbounded (or at least does not in
rease too fast as a=r goes to zero with N). Notethat, for small g=
, ar 1�(g=
) � ar (
=g)(s+2)=(s+1) � rN�LTF ; (4.37)with �LTF de�ned in (2.11), and hen
e the bound is uniform for rN=�LTF bounded.As explained brie
y in the introdu
tion to this se
tion, if Nr=�LTF is not small,we have to use Thm. 3.2 instead of Thm. 3.1. Hen
e we will now assume thatA � (rN=�LTF)1=3 � 1, but still g=
! 0 as N !1. Instead of (3.2) we will use thebound (3.4) in (4.22). This gives (4.22) with �(n) repla
ed by�00(n) = C0�nà + �1=14 +�n`ar2 �1=8 + �1 + p�r` ��pnar �1=4#4=391A : (4.38)Let 0 < �̂ < 1. For N� � maxf2A2=�̂; �2Ng we pro
eed as above, but 
hoosing� = A2=(ÆN�) for 12 �̂ � Æ � �̂. Moreover, we 
hoose � = 1=(e�N��). Using R � �LTF,this gives (4.35), with R0 repla
ed byR00 = 0�1� C 24Na�R +� �̂e�A2� 114 +� aAr��̂2� 18 +  "1 + �̂1=2�e�1=2#�aÂ�r �1=4! 439351A�(1� e�)3�1� C� � �2 �1 + 2A2N�2�̂� g=
ELL(1; 1; g=
)1+1=s� : (4.39)Note that, for g=
 � 1, Na=R � a�� � 1, and (aA=r)3 = (a=r)2Na=R. Moreover,A2=N � N�1=3 if �LTF=L = (NgL)1=(s+1) is bounded away from zero. Hen
e, forbounded 1=A, this gives the desired lower bound for Region 3.In summary, we have thus shown that, in the limit N !1 and r=L! 0,lim inf EQM(N;L; r; a)�Ne?=r2ELL(N;L; g) � 1 ; (4.40)uniformly in the parameters, provided (1.12) holds, a=r ! 0 and 1=(NgL) staysbounded. This �nishes the proof of the lower bound for Regions 3{5.



LSY August 14, 2003 394.4 Lower bound for Regions 1 and 2We are left with the lower bound for Regions 1 and 2. We pro
eed similarly to [26,Se
t. 5.1℄. Let �GPN;L;g denote the minimizer of the GP fun
tional (2.4) under thenormalization 
ondition RR� = N , and let �(z) = (�GPN;L;g(z))1=2. We write a generalwave fun
tion 	 as	(x1; : : : ;xN) = F (x1; : : : ;xN) NYk=1�(zk)br(x?k ) (4.41)and assume that h	j	i = 1. In evaluating the expe
tation value of HN;L;r;a, we usepartial integration and the GP equation��00 + V �+ gj�j2� = �EGP(N;L; g)+ g2 Z j�j4�� : (4.42)Moreover, we split a fra
tion of the kineti
 energy into a part where the parti
les are
loser than a distan
e T > R0, and it's 
omplement. This splitting will be importantin the proof of BEC below. More pre
isely, for �xed i and xj, j 6= i, let�i;T (x) = � 1 if mink; k 6=i jx� xkj � T0 otherwise ; (4.43)and let ��i;T = 1� �i;T . Then, for 0 � � � 1,h	jHN;L;r;aj	i = Ne?r2 + EGP(N;L; g) + g2 Z j�j4 +Q(F )+(1� �) Z jriF j2�i;T (xi) NYk=1�(zk)2br(x?k )2d3xk ; (4.44)withQ(F ) = Z  NXi=1 h�jriF j2 + (1� �)jriF j2 ��i;T (xi)i+Xi<j va(jxi � xj j)jF j2� g NXi=1 j�(zi)j2jF j2! NYk=1�(zk)2br(x?k )2d3xk :(4.45)To bound Q(F ) from below, we use again the box method. We divide R in z-dire
tion into intervals of length M , labeled by �, put N� parti
les in box �, negle
tthe intera
tion between boxes, and minimize over the distribution of the N parti
les.This gives a lower bound. More pre
iselyinfF Q(F ) � inffN�gX� infF� Q�(F�) ; (4.46)



LSY August 14, 2003 40where F� = F�(x1; : : : ;xN�), and Q� is the same as Q, but with all the integrationsrestri
ted to the box �, and N repla
ed by N�. The in�ma are under the normaliza-tion 
onditions R jF j2QNk=1 �(zk)2br(x?k )2 = 1 and R� jF�j2QN�k=1 �(zk)2br(x?k )2 = 1,respe
tively.We 
onsider two 
ases. Choose Æ > 0. First, assume that, for all z 2 �, j�(z)j2 �ÆN=L. We use the same method as in [26, Eqs. (5.28){(5.34)℄ to get rid of the �2 inthe measure �(z)2dz. Let ��;min and ��;max denote the minimal and maximal valueof � inside the box �, respe
tively. We �rst pro
eed as in (3.30){(3.36), and obtain,for T � r(a=r)1=4 = radius of U ,N�Xi=1 Z� 24(1� �)jriF j2 ��i;T (xi) + 12 Xj; j 6=i va(jxi � xj j)jF j235 N�Yk=1�(zk)2br(x?k )2d3xk� N�Xi=1 Z� h �2�;min�2�;maxa0U(jxi � xk(i)j)�BÆ(x?k(i)=r)jF j2i N�Yk=1�(zk)2br(x?k )2d3xk :(4.47)Here U is given in (3.33), and a0 is given after Eq. (3.36). DenotingeF (x1; : : : ;xN�) = F (x1; : : : ;xN�) N�Yk=1�(zk) ; (4.48)and using jri eF j2 � 2jriF j2 N�Yk=1�(zk)2 + 2j eF j2 supz2� j�0j2�2�;min ; (4.49)we getZ� jriF j2 nYk=1�(zk)2br(x?k )2d3xk � Z� �12 jri eF j2 � CNgLÆL2 j eF j2� N�Yk=1 br(x?k )2d3xk :(4.50)Here we denoted CNgL = L3N supz j�0(z)j2 ; (4.51)whi
h, by s
aling, depends only on NgL. Estimating �2 by it's maximum in the lastterm in (4.45), we therefore haveQ�(F ) � eQ�( eF )�N�g�2�;max� �CNgLÆL2 N� ; (4.52)witheQ�(F ) = N�Xi=1 Z� 12�jriF j2 + �2�;min�2�;maxa0U(jxi � xk(i)j)jF j2! NYk=1 br(x?k )2d3xk :(4.53)
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onditionR jF j2Qk br(x?k )2d3xk = 1) by eE�(N�;M), and 
hoose � = (a=r)1=8. Looking atthe proof of Thm. 3.1, we see that the lower bound in Subse
t. 3.2 was obtained ex-a
tly from an expression like (4.53) (
ompare with (3.36)), ex
ept for the additionalfa
tor �2�;min=�2�;max. This fa
tor 
an be estimated by�2�;min�2�;max � 1� 2ML rCNgLÆ : (4.54)Therefore we 
an apply (3.2), and, in addition, Lemma 2 from Sunse
tion 3.4 toestimate E1DN from below. This giveseE�(N�;M) � 12N�(N� � 1)M g 1� 2ML rCNgLÆ !�1� C�(N�;M)� ; (4.55)where �(N;M) = NpgM +N �ar�1=8 �1 + NrM �ar�1=8� : (4.56)Note that �(N;M) is monotone in
reasing in N .This bound is of no use for large N�, however. Therefore we will use again thebox method, as in Subse
t. 4.3 (see also [31℄), with small boxes ` = M� for some��1 2 N. The use of Lemma 3, with L(x) = x[x� 1℄+ and � = 4, implieseE�(N�;M) � 12N2�M g�1� 1N���2 1� 2M�L rCNgLÆ !�1� C�(h4N��i;M�)� :(4.57)Let 1 � �̂ � 2=N su
h that �̂N 2 N, and 
hoose � = (�̂N)�1. We estimate N� � Nin the last term in (4.57), and 
hoose M = �L for some � > �̂. Minimizing over N�yields eE�(N�;M)� g�2�;minN� � �12g�4�;minMR ; (4.58)with R = �1 + �̂2�Æ�2 1� 2��̂NrCNgLÆ !�1� 1� C "r �gL�̂3N + 1̂� �ar�1=8 �1 + rN�L �ar�1=8�#!�1 : (4.59)For boxes � where �2�;min < NÆ=L, we just negle
t the positive terms in (4.45).This givesEQM(N;L; r; a)��1� �ar�1=8� NXi=1 Z jriF j2�i;T (xi) NYk=1�(zk)2br(x?k )2d3xk� Ne?r2 +EGP(N;L; g)+ g2 Z j�j4 � �ar�1=8 NL2 CNgLÆ+X� infN� h eE(N�;M)� g�2�;maxN�i� ÆN2gL : (4.60)
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ted the 
ondition P�N� = N on the N�, whi
h 
an only lower thein�mum. Moreover, the error in repla
ing �2�;max by �2�;min in the term in squarebra
kets in (4.60) is bounded above by2NgM supz �(z)j�0(z)j � 2N2gML2 ĈNgL : (4.61)Note that, by s
aling, ĈNgL depends only on NgL.Using (4.58),P� �4�;minM � R �4 and P� �2�;minM � N and dropping the posi-tive se
ond term on the left side of (4.60), we �nally obtainEQM(N;L; r; a)� Ne?r2 �EGP(N;L; g)� �g2 Z j�j4(R� 1)� �ar�1=8 NL2 CNgLÆ � ÆN2 gL � 2�N2 gLĈNgL : (4.62)Note that EGP(N;L; g)� 12g R �4 and EGP(N;L; g)� 
sN=L2 for some 
onstant 
sdepending only on s. Hen
e we see that, for bounded NgL, the parameters �, �̂ andÆ 
an be 
hosen arbitrary small with a=r and N to show the desired lower bound, aslong asNr=L� (r=a)1=4 and, in parti
ular, for Nr=L bounded. (Note that �L � L inRegions 1 and 2.) Here we also need that CNgL and ĈNgL are uniformly bounded ifNgL stays bounded, whi
h follows by the same methods as in the proof of Lemma 1in the Appendix. For bigger values of Nr=L we have to pro
eed di�erently, usingthe lower bound (3.4) instead of (3.2), as we also did in the previous subse
tion forthe lower bound for Region 3. We omit the details. The results of this subse
tion
an thus be summarized aslim inf EQM(N;L; r; a)�Ne?=r2EGP(N;L; g) � 1 (4.63)in the limit N !1 and r=L! 0, uniformly in the parameters as long as NgL staysbounded. This �nishes the proof of the lower bound for Regions 1 and 2.5 Bose-Einstein CondensationIn this last se
tion we investigate the question of Bose-Einstein 
ondensation in theground state. It will be proved to o

ur in Regions 1 and 2 but it probably alsoo

urs in part of Region 3; we 
annot prove this and it remains an open problem.BEC in the ground state means that the one-body density matrix 
(x;x0), whi
h isobtained from the ground state wave fun
tion 	0 by
(x;x0) = N Z 	0(x;x2; : : : ;xN)	0(x0;x2; : : : ;xN)�d3x2 � � �d3xN ; (5.1)fa
torizes as N (x) (x0) for some normalized  (in the N ! 1 limit, of 
ourse).This, in fa
t, is 100% 
ondensation. It was proved in [25℄ for a �xed trap potentialin the Gross-Pitaevskii limit, i.e., for both r=L and Na=L �xed as N !1. Here we
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ase r=L! 0 with NgL �xed. The fun
tion  is the square-root of the minimizer of the 1D GP fun
tional (2.4) times the transverse fun
tionbr(x?).BEC is not expe
ted in Regions 4 and 5. Lenard [21℄ showed that the largesteigenvalue of 
 grows only as N1=2 for a homogeneous gas of 1D impenetrable bosonsand, a

ording to [34℄ and [10℄, this holds also for a GT gas in a harmoni
 trap. (Theexponent 0.59 in [14℄ 
an probably be as
ribed to the small number of parti
les(N = 10) 
onsidered.)Our main result about BEC in the ground state is:Theorem 5.1 (BEC in Region 2). If N !1, r=L! 0 with NaL=r2 �xed, thenLr2N 
(rx?; Lz; rx0?; Lz0)! b(x?)b(x0?)�GP(z)�GP(z0) (5.2)in tra
e norm. Here �GP is the minimizer of the GP fun
tional (2.4) with N = 1,L = 1 and intera
tion parameter NgL.Proof. As in the proof of the energy asymptoti
s in Region 2, we have to distinguishthe 
ases rN=L small or large. For simpli
ity we 
onsider only the 
ase rN=L �(r=a)1=4. The 
ase of larger rN=L 
an be treated in the same manner, repla
ing thebound (3.2) by (3.4) in Subse
t. 4.4, and 
hoosing T in (4.43) appropriately.From the lower bound to the energy in Subse
t. 4.4, together with the upperbound in Subse
t. 4.1, we infer that if 	0 is the ground state of the HamiltonianHN;L;r;a, T = r(a=r)1=4 and F is de�ned by	0(x1; : : : ;xN) = F (x1; : : : ;xN) NYk=1L�1=2�GP(zk=L)br(x?k ) ; (5.3)then limN!1 L2N NXi=1 Z jriF j2�i;T (xi) NYk=1L�1�GP(zk=L)2br(x?k )2d3xk = 0 (5.4)in the limit N ! 1, r=L ! 0 with NgL �xed. Here �i;T is given in (4.43). Notethat in this limit NT 3=(r2L) = Nr=L(a=r)3=4! 0, i.e., the volume of the set where�i;T is zero is small 
ompared to the total volume r2L. Eq. (5.2) now follows, usingthe methods of [25℄.A Appendix: Proof of auxiliary LemmasProof of Lemma 1. Without restri
tion we may assume that V ? � 0. The existen
e,uniqueness and positivity of a minimizer �p are standard (
f., e.g., [27℄). From thevariational equation���? + V ?(x?) + 2pj�p(x?)j2��p(x?) = �p�p(x?) (A.1)



LSY August 14, 2003 44we infer that, for K(x? � y?) the integral kernel of (��? + 1)�1,�p(x?) = Z K(x? � y?)��p + 1� V ?(y?)� 2pj�p(y?)j2��p(y?)d2y? : (A.2)Using positivity of V ?, �p and K, as well as the normalization of �p, we obtain thebound�p(x?)ejx? j � supx? ZV ?(y?)��p+1 ejx?jK(x? � y?) (�p + 1)�p(y?)d2y?� (�p + 1) supx?  ZV?(y?)��p+1 ���ejx? jK(x? � y?)���2 d2y?!1=2 � Cp :(A.3)Sin
e �p is uniformly bounded for p in a bounded interval, so is Cp. Moreover,jr?�p(x?)j � Z ���r?K(x? � y?)��� ����p + 1� V ?(y?)� 2pj�p(y?)j2����p(y?)d2y?� eCpkr?Kk1 ; (A.4)with eCp = supy? ����p + 1� V ?(y?)� 2pj�p(y?)j2����p(y?) ; (A.5)whi
h is �nite and uniformly bounded for bounded p be
ause of (A.3) and the fa
tthat that V ? is polynomially bounded at in�nity by assumption.Proof of Lemma 2. We write (1.3) asHn;g = nXj=1�12�2j + 12Xi6=j �� 1n � 1�2j + gÆ(zi � zj)� : (A.6)To bound this expression from below, we want to use Temple's inequality, and forthis purpose we have to smear out the Æ-fun
tion intera
tion. We use the followingLemma (
ompare with [2, Lemma 6.3℄), whose proof 
an be found below.Lemma 5. Let �2z denote the Neumann Lapla
ian on an interval [0; `℄, let z0 2(0; `), and 
hoose positive numbers A, B and � su
h that R � B ar
tan(BA=2�) �minfz0; `� z0g. Then���2z + AÆ(z � z0)� �B2 �(R� jz � z0j) � 0 : (A.7)We apply this result to the operator in square bra
kets in (A.6). This givesHn;g � nXj=1�12�2j + 12Xi6=j 1(n� 1)B2�(R � jzj � zij)�[R;`�R℄)(zi) ; (A.8)
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tan(Bg(n � 1)=2) and B > 0 arbitrary. Temple's inequality (2.61)implies that, forU(z1; : : : ; zn) = 12Xi6=j 1(n� 1)B2�(R� jzj � zij)�[R;`�R℄)(zi) (A.9)and hUki = `�n R Ukdz1 : : :dzn,E1DN (n; `; g)� hUi 1� hU2ihUi 112�2=`2 � hUi! ; (A.10)provided the term in the denominator is positive. By S
hwarz' inequality,hU2i � n2B2 hUi : (A.11)Moreover,hUi = 12 nB2 1̀2 Z `0 dz Z `�RR dw�(R� jz � wj) = nB2 R̀2 (`� 2R) : (A.12)Using x � ar
tan(x) � x(1� x=3) for x � 0, this leads to the estimateE1DN (n; `; g)� 12n(n� 1) g̀ �1� B2gn` � Bgn6 ��1� nB2(�2=`2 � n(n� 1)g=`)� ;(A.13)under the assumption �2=`2 > n(n � 1)g=`. Choosing B = `(`g�2)�1=4, this gives,for R = (n2`g)1=2=�,E1DN (n; `; g)� 12n(n � 1) g̀ �1�R� �6n1=2R3=2��1� R1�R2� (A.14)and proves the desired lower bound.Proof of Lemma 5. Let h denote the operator on the left side of (A.7). The fun
tionf(z) = ( 
os�(R� jz � z0j)=B� for 0 � jz � z0j � R1 otherwise (A.15)ful�lls the S
hr�odinger equation hf = 0, and sin
e it is positive, it must be theground state of h. Hen
e h � 0.Proof of Lemma 3. Let p = h�N=Mi. For n � p we use the estimateE(n) � L(n)K(p) ; (A.16)whi
h follows from monotoni
ity of K. For n � p, we use superadditivity, whi
himplies that E(n) � [n=p℄E(p)� n2pL(p)K(p) ; (A.17)



LSY August 14, 2003 46where [x℄ denotes the integer part of x. Now let t = Pn<p 
nn. By 
onvexity of Land the fa
t that L(0) = 0, Xn<p 
nL(n) �ML(t=M) : (A.18)Hen
e Xn�0 
nE(n) � K(p) �ML(t=M) + (N � t)L(p)2p � : (A.19)To obtain a lower bound, we have to minimize the right side over all 0 � t � N .Note that (A.19) is 
onvex in t, hen
e the minimum is either taken at t = N , or, ifit is taken at some t0 < N , it's right derivative at t0 has to be positive. Using (3.83)this leads to L(�t0=M)2�t0=M � L(p)2p : (A.20)By our assumptions on L, L(x)=x is monotone in
reasing, and hen
e t0 � pM=� � N .Thus we 
an set t = N in (A.19), and obtain the desired lower bound.Referen
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