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Quantum �eld theories on non
ommutative spa
es have re
eived a surge of interestin re
ent years, primarily be
ause they 
an be obtained as limits of string theory withba
kground magneti
 �elds in whi
h the massive string modes de
ouple (see [1℄ for reviewsand exhaustive lists of referen
es). They 
apture many of the non-lo
al e�e
ts possessedby string theory but in a mu
h simpler setting, and have attained a fundamental levelof interest as examples of non-lo
al �eld theories whi
h may be well-de�ned. Variousversions of them have also been proposed as e�e
tive �eld theory des
riptions of someplanar 
ondensed matter systems in strong magneti
 �elds, su
h as quantum Hall models.Be
ause of their embedding into string theory, these models are sometimes believed tobe unitary and renormalizable.x However, they possess several unusual aspe
ts whi
h
ontinue to 
hallenge the 
onventional wisdom of quantum �eld theory, and question therenormalizability and overall 
onsisten
y of these �eld theories.On a 
anoni
al non
ommutative spa
e, the usual pointwise produ
t of �elds is repla
edby the star-produ
t� ? �0(x) = Z dDk dDq(2�)D ~�(k) ~�0(q) e ik� ��� q� e i (k+q)�x ; (1)where the tildes denote Fourier transforms and ��� is a 
onstant antisymmetri
 matrix.The non
ommutativity of spa
e is en
oded in the fa
t that the 
ommutators of 
oor-dinates 
omputed with this produ
t are non-vanishing, as x� ? x� = x� x� + i ��� . Inperturbation theory, the phases in (1) produ
e momentum dependent verti
es in Feyn-man diagrams whi
h a�e
t the intera
tions of the quantum �eld theory at energy s
alesbelow the s
ale 1=pj�j set by the dimensionful non
ommutativity parameter ��� . Themost drasti
 example of this is known as ultraviolet/infrared (UV/IR) mixing. If one usesFourier expansion of �elds in a basis of plane waves e ip�x, as in (1), then the naturalregularization of the quantum �eld theory is the restri
tion of momenta p to an annulus�0 < jpj < �, where �0 is an IR 
uto� and � a UV 
uto�. Removing the 
uto�s amountsto taking the limits �0 ! 0 and � ! 1. Planar diagrams essentially 
oin
ide withthose of ordinary quantum �eld theory, while non-planar graphs are modi�ed by phases
ontaining internal and external line momenta and are generi
ally 
onvergent. The rapidphase os
illations in (1) imply that a high-momentum 
uto� � generates an e�e
tive IR
uto� �0 = 1=j�j�. This appears to ruin the usual Wilsonian renormalization pro
edurewhi
h would require a 
lear separation of high and low momentum s
ales.However, the puzzling UV/IR mixing properties may simply be an artifa
t of pertur-bation theory whi
h disappears when summed to all orders. This is a non-perturbativeissue whi
h is in general diÆ
ult to address. In this letter we will formulate a non
ommu-tative s
alar �eld theory whi
h is exa
tly solvable and obtain its non-perturbative solutionexpli
itly. The model des
ribes 
harged s
alar parti
les in a ba
kground magneti
 �eldwith a four-point intera
tion de�ned by the star-produ
t [2℄. We will 
ir
umvent theproblems set in by UV/IR mixing by using a basis for the expansion of �elds on RDwhi
h di�ers from the more 
onventional plane wave basis and whi
h will allow us tomake sense of the �eld theory at a fully non-perturbative level. This expansion providesa natural non-perturbative regularization of the quantum �eld theory, produ
ing both ashort-distan
e and low-momentum 
uto� simultaneously. We will show how to extra
tfrom this the exa
t expressions for Green's fun
tions of the quantum �eld theory.xDis
laimer: Views and opinions mentioned in this letter do not ne
essarily re
e
t those of the authors.1



The model is de�ned by the Eu
lidean a
tionS = Z d2x h�� �HB +m2�� + g2 �� ? � ? �� ? �i ; (2)where � is a 
harged s
alar �eld on 
at spa
e R2 andHB = (� i �� �B ��� x�)2 (3)is the Landau Hamiltonian for a 
harged parti
le moving in two dimensions under the in
u-en
e of a 
onstant perpendi
ularly applied magneti
 �eld 2B > 0. For brevity, we will onlywork in D = 2 dimensions. The non
ommutativity parameter is then given by ��� = � ���.Be
ause the 
ommutators of the 
ovariant momentumoperators � i ���B ��� x� are equalto �2 iB ���, we may interpret the �eld theory (2) as being de�ned on a non
ommutativespa
e whose 
orresponding momentum spa
e is also given by non
ommuting 
oordinates.However, the ensuing analysis 
arries through to arbitrary even dimensionality [3, 4℄,and remarkably most of our 
on
lusions hold quite generally. This follows from the fa
tthat in any even dimension D there is a 
hoi
e of 
oordinates whi
h skew-diagonalizesthe problem into a produ
t of D=2 two-dimensional ones, to whi
h the analysis of thisletter applies with the appropriate 
hanges. The details will be presented in a separatepubli
ation [4℄.We shall �nd that the UV �xed point of this theory is trivial. The only s
aling limitpossible is one in whi
h the 
oupling 
onstant g vanishes as the UV 
uto� is removed.We shall �nd that there is no intermediate s
ale in between the two natural UV and IR
uto�s in this model, 
onsistent with the UV/IR duality found in [2℄, and the �eld theoryis not renormalizable be
ause the �elds are 
orrelated on the s
ale of the 
uto�. Thisresult is similar in spirit to earlier observations that asymptoti
ally-free non
ommutative�eld theories are trivial [5℄, and that generi
 ones are only well-de�ned when they 
ontainboth a �nite UV and IR 
uto� [6℄. The renormalized propagator as an exa
t fun
tion ofexternal momentum is given in the s
aling limit by~G(p) = p(p2 +m2)2 + 4M4 � (p2 +m2)2M4 ; (4)where m is the bare s
alar parti
le mass and M is a dynami
ally generated mass s
ale.The non-free form of (4) takes into a

ount a non-perturbative resummation of leadingpower divergen
es in the s
aling limit whi
h are generated by the degenera
ies of theLandau levels. Su
h a renormalization pro
edure, though formally 
onsistent, is physi
allymeaningless and has little 
han
e to produ
e an intera
ting quantum �eld theory in thes
aling limit. The s
alar �eld theory is thereby an example of a non
ommutative �eldtheory, with a �nite 
uto�, whi
h is exa
tly solvable. The exa
t propagator at �nite
uto�, whi
h is 
omputed below, produ
es (4) in the s
aling limit and has a qualitativelysimilar but somewhat more 
ompli
ated form. It exhibits a novel os
illatory behaviourin position spa
e on top of its long-distan
e exponential de
ay, whi
h may be attributedto the appearen
e of an Aharonov-Bohm phase a
quired by the 
harged parti
les in themagneti
 ba
kground, similar to those observed numeri
ally in [7℄. Slight modi�
ations ofthe model, su
h as the in
lusion of a ba
kground harmoni
 os
illator potential that liftsthe Landau level degenera
y, may produ
e good s
aling limits.2



Be
ause of the magneti
 �eld in the a
tion, a natural basis of normal modes is 
om-prised of the orthonormal eigenfun
tions �`;n of the Landau Hamiltonian (3),HB�`;n = 4B �` � 12� �`;n ; (5)with `; n positive integers. Some properties of the Landau eigenfun
tions �`;n are brie
ydes
ribed in an appendix at the end of this letter. These wavefun
tions form the positionspa
e representation of the o

upation number states j`; ni of two de
oupled harmoni
os
illators, and with them we 
an expand the 
omplex s
alar �elds of (2) as�(x) = p4�� P`;nA`n ��̀;n(x) (6)with ��̀;n = �n;` and A`n dimensionless 
omplex numbers.In this basis, the free part of the a
tion (2) is diagonal, but the four-point star-produ
t intera
tion term is rather 
ompli
ated. However, a spe
ial simpli�
ation o

urswhen the parameters of the model are related through B = 1=�. In this 
ase, the Landauwavefun
tions have a remarkably simple behaviour under star-produ
ts, �`;n ? �`0 ;n0 =Æn`0 �`;n0=p4��, whi
h 
an be derived by an expli
it 
al
ulation and re
e
ts the fa
t thatthe one-parti
le wavefun
tions p4�� �`;n form the Wigner representations of the Fo
kspa
e operators j`ihnj. As we show below, the quantum �eld theory de�ned by (2) isexa
tly solvable pre
isely when the magneti
 �eld and non
ommutativity parameter arerelated in this way, and we shall assume this relation for the remainder of this letter. Thea
tion (2) then takes the simple formS = Tr hE AyA+ 2��g �AyA�2i ; (7)where we have naturally assembled the expansion 
oeÆ
ients of (6) into an in�nite 
om-plex matrix A = (A`n) and de�ned E`n = 4�(4` � 2 + �m2) Æ`n. The non
ommutativityof spa
e is now manifested in the non
ommutativity of matrix multipli
ation in (7).This suggests that we may de�ne the regularized quantum �eld theory with a
tion (2)by restri
ting the quantum numbers of the Landau wavefun
tions to `; n = 1; : : : ; N withN < 1. The path integral is then de�ned as the N ! 1 limit of the N � N matrixintegral ZN = Z NY`;n=1 dA`n dA�̀n e� Tr hEAyA+2��g(AyA)2 i : (8)The �nite matrix dimension N provides both a short-distan
e and low-momentum 
uto�simultaneously, be
ause in matrix regularizations of non
ommutative �eld theory the UVand IR divergen
es are not 
learly separated and one needs to regulate them both at thesame time [2, 6℄. There are, however, many di�erent ways to take the large N limit of thematrix model with partition fun
tion (8), and we need to de
ide whi
h is the appropriateone that 
aptures the true non-perturbative physi
s of the original 
ontinuum �eld theory.The large N limit is meaningful only when the entropy from the growth in the numberof integration variables is 
ompensated by a large a
tion. In matrix models, an a
tion oforderN2, typi
ally of the formN Tr (� � �), is ne
essary to balan
e quantum 
u
tuations [8℄.3



Hen
e we need to require that � � N as N ! 1 in (8). In other words, we must takethe large N limit while keeping �xed the ratio�2 = N=4�� ; (9)whi
h simply de�nes the �!1 limit of the non
ommutative �eld theory. This limit is ageneri
 feature of the matrix regularization of non
ommutative �eld theories [6, 9℄. Theimportant feature of the model with a ba
kground magneti
 �eld is that the whole a
tionhas a ni
e matrix representation, in 
ontast to other non
ommutative �eld theories, inwhi
h the kineti
 term has no matrix representation [9℄, and to ordinary �eld theorieswith ba
kground �elds, in whi
h the kineti
 term is simple in the Landau basis, but theintera
tions are 
ompli
ated [10℄.There are two important 
onsequen
es of this 
orrelated large N and large � limit.First of all, this limit is just the standard 't Hooft planar limit of the matrix model.Se
ondly, the natural UV 
uto� of the original non
ommutative �eld theory is the energyof the N th Landau level, whi
h is 2B(2N � 1) = 16��2 � 2B and stays �nite as N goesto in�nity. Thus the quantity (9) is the true UV 
uto� of the quantum �eld theory. Thiswill be 
on�rmed below by expli
it 
al
ulations. Sin
e B ! 0 as N ! 1, the spa
ingbetween Landau levels also vanishes. Thus taking the limit des
ribed above is equivalentto �lling the �nite energy interval [0; 16��2℄ with in�nitely many Landau levels and anin�nite density of states.Thus the large � limit of the model de�ned by (2) is a quantum �eld theory with a�nite 
uto� whose exa
t solution is given by the 't Hooft limit of the 
omplex external�eld matrix model (8). As an example, we will expli
itly 
ompute the exa
t two-pointfun
tion de�ned byG(x; y) = D��(x)�(y)E = 4�� X`;n;`0 ;n0 DA�̀nA`0n0E �`;n(x)�n0;`0(y) : (10)Both the a
tion and integration measure in the path integral (8) are invariant underunitary transformations A ! U � A with U 2 U(N). This is just a 
onsequen
e ofthe degenera
y of Landau levels. We 
an make this transformation expli
it in the matrixintegral and then integrate over the unitary group. We then use the well-known propertiesof the Haar measure of U(N) and the fa
t that, by U(N) invarian
e, the partition fun
tion(8) depends generi
ally only on the N eigenvalues �` of the external �eld E=N and issymmetri
 under permutation of them. It follows that the matrix averages appearing in(10) are given as hA�̀nA`0n0i = � 1N Ænn0 Æ``0 W (�`), whereW (�`) = 1N � lnZN��` (11)and after di�erentiation the eigenvalues should be set equal to �` = 16� Ǹ + m2�2 . In whatfollows it will prove 
onvenient to shift �` ! �` �m2=�2.The 
omputation of (10) thereby boils down to the 
al
ulation of the fun
tion (11)and the sum over Landau levelsPn �`;n(x)�n;`(y) in the limit N !1, `!1 with `=N�xed. Using known properties of the Landau wavefun
tions, the sum 
an be evaluated inthis s
aling limit in terms of the Bessel fun
tion J0 of the �rst kind of order 0 (see the4



appendix). In the large N limit, we repla
e sums over Landau levels by integrals in thestandard way a

ording to the rule 1N P` ! R 16�0 d�=16�, so that (10) be
omesG(x; y) = �Z 16�0 d�4� W ��+ m2�2� J0��p� jx� yj� : (12)After a 
hange of variables � = p2=�2 and by using the angular integral representation ofthe Bessel fun
tion, we 
an express (12) as a two-dimensional integralG(x; y) = � 1�2 Zjpj<4p�� d2p(2�)2 W �p2 +m2�2 � e i p�(x�y) : (13)This result has several remarkable impli
ations. First of all, it demonstrates that the limitof large non
ommutativity, in whi
h the underlying spa
e is expe
ted to degenerate andall symmetries to be maximally violated, yields rotationally and translationally invariantGreen's fun
tions. There are remnants of UV/IR mixing in the far IR at jx� yj � p�,but these distan
es have been s
aled out and all results here are valid at length s
ales farbelow the non
ommutativity s
ale. Se
ondly, we see that the quantity 4p�� is a sharp
uto� in the momentum integral (13), showing 
learly that (9) is the UV 
uto� of the�eld theory. Finally, the matrix model partition fun
tion has the physi
al interpretationof providing the exa
t propagator in momentum spa
e through the fun
tion (11),~G(p) = � 1�2 W �p2 +m2�2 � ; p2 < 16��2 : (14)It is instru
tive to 
onsider a simple instan
e of this identi�
ation. At zero 
oupling, thematrix integral (8) 
an be expli
itly evaluated to ZN = e�N Tr lnE, so thatW (�) = �1=�.This re
overs the expe
ted free propagator ~G(p) = (p2 +m2)�1.It remains to 
ompute (11) in the general 
ase. This 
an be done rather expli
-itly, be
ause this fun
tion satis�es in the large N limit a 
losed equation, whi
h is theS
hwinger-Dyson equation of the matrix model given byg�2  W 2(�) + Z 16�+m2=�2m2=�2 d�16� W (�) �W (�)� � � ! = � W (�) + 1 : (15)The loop equation (15) gives a straightforward way to generate the perturbative expansionto arbitrary orders of the original non
ommutative �eld theory as an iterative solution of(15) in the 
oupling 
onstant g. By using (14), the propagator up to one-loop order iseasily determined in this way as~G(p) = 1p2 +m2 � g16� ln (16� �2=m2)(p2 +m2)2 � g�2(p2 +m2)3 +O �g2� : (16)The se
ond term in (16) re
overs the usual one-loop logarithmi
 UV divergen
e of �4theory in two dimensions whi
h is generated by the planar (�eld theoreti
al) bubblediagram and would lead to the renormalization group running of the mass. The thirdterm is an additional quadrati
 UV divergen
e whi
h is the non-planar (�eld theoreti
al)
ontribution. The additional divergen
es in � are even worse at higher loop orders. They5



arise from the summations over degenerate Landau levels, whose degree of divergen
egrows with the order of perturbation theory and di�ers from that of usual s
alar �eldtheory.The S
hwinger-Dyson equation (15) 
an be solved by means of the methods developedin [11℄ to giveW (�) = �22g �� �p�2 + a� + b�+ 12 Z 16�+m2=�2m2=�2 d�16� 1p�2 + a � + b p�2 + a�+ b�p�2 + a � + b�� � : (17)The parameters a and b are unambiguously determined by substituting (17) into (15),whi
h determines them through the algebrai
 equationsZ 16�+m2=�2m2=�2 d�16� 1p�2 + a � + b = a�22g ; (18)Z 16�+m2=�2m2=�2 d�16� �p�2 + a � + b = �22g �b� 34 a2�� 1 : (19)The solution (17) with these 
onstraints mat
hes the perturbation expansion of (15) andhas the 
orre
t asymptoti
 behaviour W (�) ' �1=� for � ! 1. The loop amplitudeW (�) is an analyti
 fun
tion of � on the 
omplex plane with a square-root bran
h 
ut.The two bran
h points are the roots of the polynomial �2+a�+b and are always 
omplex,as follows from the 
onstraints (18) and (19).From (13) it follows that the long-distan
e asymptoti
s of the propagator are de-termined by the singularities of W (�). Sin
e the two bran
h points o

ur at 
omplex�, the two-point fun
tion os
illates on top of its exponential de
ay. Consequently, forjx�yj � 1=� we may write G(x; y) ' e�jx�yj=L, where 1=L = Imp0 is determined by the
ondition that z = (p20 +m2)=�2 solves the quadrati
 equation z2 + a z + b = 0. Carefulinspe
tion of the loop equations shows that the 
orrelation length L is always of order ofthe 
uto� s
ale unless the 
oupling g is very small, g � 1=�2, and thus we de�neg =M4=�2 : (20)From the 
onstraint equations (18) and (19) we �nd that b = 2M4=�4 and a = O(M4=�4)in this s
aling limit. As a 
onsequen
e, the renormalized two-point fun
tion, whi
h is the� ! 1 limit of (14), redu
es to (4). By examining (16) one may infer that the s
alinglimit (20) resums the leading power divergen
es arising in the perturbation series. Theexpli
it form of the propagator (14) at �nite 
uto� � is given by (17){(19).The power divergen
es arising in perturbation theory spoil the renormalizability ofthis �eld theory, but there 
an be many ways to get rid of them. For instan
e, we 
anrepla
e the Landau Hamiltonian (3) in (2) by the 
ombinationHB+�H�B, with � a smallparameter. Physi
ally, this 
orresponds to the addition of a 
on�ning ele
tri
 potentialto the ba
kground of the 
harged s
alar �elds. This extension lifts the degenera
y of theLandau levels, yet the regulated version of the �eld theory still redu
es to the matrixmodel (8) with an additional term � Tr E AAy in the a
tion. While this term spoils6



the U(N) invarian
e of the matrix model, the latter still has a regular large N limitand is potentially solvable by an extension of the te
hniques presented in this letter byperturbative expansion in �. The spe
ial 
ase � = 1 
orresponds to 
harged parti
les ina harmoni
 os
illator potential alone and is 
losest to the 
onventional non
ommutative�eld theories with no ba
kground magneti
 �eld.A
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hools.Appendix: Here we 
olle
t some pertinent properties of Landau eigenfun
tions. Byintrodu
ing two sets of 
reation and annihilation operators a = �=pB + pB �z=2, ay =���=pB+pB z=2 and b = ��=pB+pB z=2, by = ��=pB+pB �z=2, with z = x1+ ix2 and� = (�1� i �2)=2, the Landau Hamiltonian (3) 
an be written asHB = 4B �ay a+ 12�. Theeigenfun
tions �`;n(z; �z) of this Hamiltonian are 
hara
terized by the o

upation numbersasso
iated with the a and b os
illators and 
an be 
onveniently written in terms of thegenerating fun
tion (see [3℄, for example)Fs;t(z; �z) � 1X`;n=1 s`�1 tn�1p(` � 1)! (n� 1)! �`;n(z; �z) =rB� e�B jzj2=2+pB (sz+t�z)�st : (21)A straightforward 
al
ulation of the star-produ
t with � = 1=B yields the identityFs;t ? Fs0;t0 = e s0t Fs;t0=p4��, from whi
h the formula for the star-produ
t of Landauwavefun
tions used in the main text may be easily dedu
ed.The sum over Landau levels that was en
ountered in the 
al
ulation of the two-pointfun
tion 
an be found as follows. To 
ompute g`(x; y) = 4�� Pn �`;n(x)�n;`(y), we intro-du
e the generating fun
tion g(x; y; r) =P` g`(x; y) r2``! . This 
an be 
al
ulated asg(x; y; r) = 4�� Z d2u� e�juj2 Z 2�0 d'2� Fr e i ';u(x)F�u;r e� i '(y)= 4 e� 12� jx�yj2+ i� x�y+r2 J0 �2r jx� yj=p� � ; (22)where x � y = ��� x� y�. By extra
ting the Taylor 
oeÆ
ients of (22) using 
ontourintegration, we get in the limit of large ` and large � the result g`(x; y) = 4J0(2 jx �yjp`=� ) that was used in the main text.Referen
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