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HITCHIN-KOBAYASHI CORRESPONDENCE, QUIVERS, AND VORTICES

LUIS ALVAREZ—-CONSUL AND OSCAR GARGA-PRADA

ABSTRACT. A twisted quiver bundle is a set of holomorphic vector basdbver a complex manifold,
labelled by the vertices of a quiver, linked by a set of mospis twisted by a fixed collection of
holomorphic vector bundles, labelled by the arrows. Whemtlanifold is Kahler, quiver bundles admit
natural gauge-theoretic equations, which unify many knegumations for bundles with extra structure.
In this paper we prove a Hitchin—Kobayashi correspondemamiisted quiver bundles over a compact
Kahler manifold, relating the existence of solutions te tauge equations to a stability criterion, and
consider its application to a number of situations relateHiggs bundles and dimensional reductions
of the Hermitian—Einstein equations.

INTRODUCTION

A quiver () consists of a sef), of verticesv, v/, .. ., and a se); of arrowsa : v — v’ connecting
the vertices. Given a quiver and a compact Kahler manittjiver bundles defined by assigning
a holomorphic vector bundlg, to a finite number of vertices and a homomorphigm: &£, — &,
to a finite number of arrows. Auiver sheais defined by replacing the term *holomorphic vector
bundle’ by ‘coherent sheaf’ in this definition. If we fix a cetition of holomorphic vector bundles
M, parametrized by the set of arrows, and the morphismssare &£, ® M, — &, twisted by
the corresponding bundles, we havenésted quiver bundler atwisted quiver sheafin this paper
we define natural gauge-theoretic equations, that wegcdler vortex equationgor a collection of
hermitian metrics on the bundles associated to the verttastwisted quiver bundle (for this, we
need to fix hermitian metrics on the twisting vector bundl@s)solve these equations, we introduce a
stability criterion for twisted quiver sheaves, and prowitchin—Kobayashi correspondence, relating
the existence of (unique) hermitian metrics satisfyingdheer vortex equations to the stability of
the quiver bundle. The equations and the stability crittedepend on some real numbers, skability
parametergcf. Remarks 2.6 for the exact number of parameters). Itleveaat to point out that our
results cannot be derived from the general Hitchin—Koblaiyasrespondence scheme developed by
Banfield [Ba] and further generalized by Mundet [M]. This igechot only to the presence of twisting
vector bundles, but also to the deformation of the Hermittginstein terms in the equations. This
deformation is naturally explained by the symplectic iptetation of the equations, and accounts for
extra parameters in the stability condition for the twistdver bundle.

This correspondence provides a unifying framework to studymber of problems that have been
considered previously. The simplest situation occurs whemuiver has a single vertex and no ar-
rows, in which case a quiver bundle is just a holomorphic beidd and the gauge equation is the
Hermitian—Einstein equationA theorem of Donaldson, Uhlenbeck and Yau [D1, D2, UY], bsta
lishes that a (unique) solution to the Hermitian—Einstejunagion exists if and only if is polystable.
The bundlef is calledstable(in the sense of Mumford—Takemoto)if F) < n(€) for each proper
coherent subshedf C &, where the slopg(F) is the degree divided by the rank; a finite direct sum
of stable bundles with the same slope is calpeti/stable A correspondence of this type is usually
known as aHitchin—Kobayashi correspondencg Hitchin—Kobayashi correspondence, where some
extra structure is added to the bundleappears in the theory ¢tiggs bundlesconsisting of pairs
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(&€, ®) formed by a holomorphic vector bundieand a morphismp : & — & @ Q, whereQ is
the sheaf of holomorphic differentials (sometimes the dtord® A ¢ = 0 is added as part of the
definition). Higgs bundles were first studied by Hitchin [Mj{enX is a compact Riemann surface),
and Simpson [S] (wheA is higher dimensional), who introduced a natural gauge gouéor them,
and proved a Hitchin—Kobayashi correspondence. Higgslbarate twisted quiver bundles, for a
quiver formed by one vertex and one arrow whose head anddiaiticle, and the twisting bundle is
the holomorphic tangent bundle (i.e. the duafXp Another class of quiver bundles drelomorphic
triples (£1, &, ®), consisting of two holomorphic bundl€s and&,, and a morphisn® : £ — &;.
The quiver has two vertices, sdyand2, and one arrow: : 2 — 1 (the twisting sheaf i€y).
The corresponding equations are called the coupled vodeat®ons [G2, BG]. Whed; = Oy,
holomorphic triples aréolomorphic paird €, ®), where€ is a bundle and € H°(X, &) (cf. [B]).

There are other examples of quiver vortex equations thatcmut naturally from the study of the
moduli of solutions to the Higgs bundle equation. Combirartpeorem of Donaldson and Corlette
[D3, C] with the Hitchin—Kobayashi correspondence for Hidwindles [H, S], one has that the set
of isomorphism classes of semisimple complex represemsidf the fundamental group of in
GL(r,C) is in bijection with the moduli space of polystable Higgs tles with vanishing Chern
classes. WhelX is a compact Riemann surface, this generalizes a theorenaraiskinhan and Se-
shadri [NS], which provides an interpretation of the unjtapresentations of the fundamental group
as degree zero polystable vector bundles, up to isomorphisw, if X is a compact Riemann sur-
face of genug > 2, the Morse methods introduced by Hitchin [H] reduce the gifithe topology
of the moduliM of Higgs bundles to the study of the topology of the moduli@iplex variations of
the Hodge structure — the critical points of the Morse fumctiin this case. These are twisted quiver
bundles, calledwisted holomorphic chaingor a quiver whose vertex set is the gof integer num-
bers, and whose arrows ate : + — i + 1, for each: € Z; the twisting bundle associated to each
arrow is the holomorphic tangent bundle. The twisted holgrhiz chains that appear in these criti-
cal submanifolds are polystable for particular values efgtability parameters. Using Morse theory,
Hitchin [H] computed the Poincaré polynomial ¢ft for the rank 2 case. Gothen [Go] obtained
similar results for rank 3: the critical submanifolds aredub spaces of stable twisted holomorphic
chains formed by a line bundle and a rank 2 bundle (i.e. t@ikt@omorphic triples), and by three
line bundles. To use these methods for higher rank, one neeatisdy moduli spaces of other twisted
holomorphic chains. A possible strategy is to proceed ag'ij, [studying the moduli of twisted
holomorphic chains in the whole parameter space. Anothieraating type of quiver bundles arise in
the study of semisimple representations of the fundamentalp of X' in U(p, ¢), the unitary group
for a hermitian inner product of indefinite signature. Hehe quiver has two vertices, sayand?,
and two arrowsg : 1 — 2 andb : 2 — 1, and the twisting bundle associated to each arrow is the
holomorphic tangent bundle. These are studied in [BGG1, BIGG

Another context in which quiver bundles appear naturallpihe study of dimensional reductions
of the Hermitian—Einstein equation over the product of &l€amanifold X and a flag manifold.
In this case, the parabolic subgroup defining the flag mahiéoitirely determines the structure of
the quiver [AG1, AG2]. The dimensional reduction for thisitiof manifolds has provided insight
in the general theory of quiver bundles, and was actuallyfitsemethod used to prove a Hitchin—
Kobayashi correspondence for holomorphic triples [G2, B®]omorphic chains [AG1], and quiver
bundles for more general quivers with relations [AG2]. legk examples, the quiver bundles are not
twisted, however, there are other examples for which a gdization of the method of dimensional
reduction has producedisted holomorphic tripleBBGK1, BGK2].

An important feature of the stability of quiver sheaves iattit generally depends on several real
parameters. Wheq is an algebraic variety, the ranks and degrees appearig inumerical condi-
tion defining the stability criterion are integral, and tre@@meter space is partitioned into chambers.
Strictly semistable quiver sheaves can occur when the peisamare on a wall separating the cham-
bers, and the stability condition only depends on the chanmb@hich the parameters are. In the
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case of holomorphic triples [BG], there is a chamber (atyuah interval inR) where the stability

of the triple is related to the stability of the bundles. Tt be used to obtain existence theorems
for stable triples when the parameters are in this chambatewhe methods of [Th] can be used to
prove existence results for other chambers (see [BGG2]goent work in the case of triples). The
geography of the resulting convex polytope for other guveran interesting issue to which we wish
to return in a future paper. To approach this problem, onailshstudy the homological algebra of
quiver bundles. This has been developed by Gothen and Kiagaper [GK] that appeared after we
submitted this paper.

When the manifoldX is a point, a quiver bundle is just a quiver module (olecf. e.g. [ARS]).
For arbitrary X', a quiver bundle can be regarded as a family of quiver modfitesfibres of the
quiver bundle), parametrized by. One can thus transfer to our setting many constructionbef t
theory of quiver modules. In the last part of the paper weoihiice a more algebraic point of view
by considering the path algebra bundle of the twisted quawet looking at twisted quiver bundles
as locally free modules over this bundle of algebras. Thisitpaf view is inspired by a similar
construction for quiver modules [ARS], and suggests a gdization to other algebras that appear
naturally in other problems. This is something to which wernplo come back in the future.

The Hitchin—Kobayashi correspondence for quiver bundéeshiines in one theory two different
versions, in some sense, of the theorem of Kempf and Nessi@xtifying the symplectic quotient
of a projective variety by a compact Lie group action, witk theometric invariant theory quotient.
The first one is the classical Hitchin—Kobayashi corresoicd for vector bundles, and the second
one occurs when the manifoll is a point, in which case the equations and the stability itmrd
reduce to the moment map equations and the stability comditir quiver modules introduced by
King [K]. As we prove in Theorem 4.3, there is in fact a venhtigelation between the quiver vortex
equations and the moment map equations for quiver modulesnthe twisting sheaves afey and
the bundles have vanishing Chern classes, the existencdutiosis to the quiver vortex equations
is equivalent to the existence of flat metrics on the bundleighvfibrewise satisfy the moment map
equations for quiver modules.

1. TWISTED QUIVER BUNDLES

In this section we define the basic objects that we shall stivdgted quiver bundleandtwisted
quiver sheavesThey are representations of quivers in the categories loinharphic vector bundles
and coherent sheaves, respectively, twisted by some fixiednioophic vector bundles, as explained
in §1.2. Thus, many results about quiver modules, i.e. quiyeesentations in the category of vector
spaces, can be tranferred to our setting. A good referenaguigers and their linear representations
is [ARS].

1.1. Quivers. A quiver, or directed graph, is a pair of s&fs= (o, 1) together with two maps
h,t: Q1 — Qo. The elements of), (resp.¢)) are called the vertices (resp. arrows) of the quiver.
For each arrow: € ()1, the vertexta (resp. ha) is called the tail (resp. head) of the arraw The
arrow« is sometimes represented by v — v’ whenv = ta andv’ = ha.

1.2. Twisted quiver sheaves and bundlesThroughout this pape/ is a connected compact Kahler
manifold,() is a quiver, andV/ is a collection of finite rank locally free sheavé$, on X, for each
arrowa € (). By a sheaf onX, we shall will mean an analytic sheaf 6fx-modules. Our basic
objects are given by the following:

Definition 1.1. An M -twisted@-sheafon X isa pairR = (&, ¢), wheref is a collection of coherent
sheaveg, on X, for eachv € @y, and¢ is a collection of morphisms, : &, @ M, — &, for
eacha € 1, such thatt, = 0 for all but finitely many € @y, and¢, = 0 for all but finitely many
a € Ql-
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Remark 1.2. Given a quiver) = (Qo,@1), as defined ir§1.1, the setg), and(); can be infinite,
but for eachM -twisted@-sheafR = (€, ¢), the subsef), C @, of verticesv such that, # 0, and
the subsef)| C (), of arrowse such thatp, # 0, are both finite. Thus, to any/-twisted-sheaf
R = (€, ¢), we can associate the subquigEr= (Q},, Q}) of ), andR can be seen as an’-twisted
()'-sheaf, wherg);,, Q) are finite sets, and/’ C M is the collection of sheave¥, with a € Q.

As usual, we identify a holomorphic vector bundlewith the locally free sheaf of sections 6f
Accordingly, aholomorphic) -twisted@-bundleis an M -twisted@-sheafR = (£, ¢) such that the
sheaf€, is a holomorphic vector bundle, for eache (). For the sake of brevity, in the following
the terms €)-sheaf’ or {)-bundle’ are to be understood a¥/“twisted)-sheaf’ or ‘M -twisted (-
bundle’, respectively, often suppressing the adjectivetwisted’.

A morphismf : R — R’ between twa))-sheavesk = (£,¢), R' = (£',¢'), is given by a
collection of morphismg, : £, — &, for eachv € Qq, such tha®, o (f, ® idas,) = fur © ¢a,
for each arrowe : v — v in Q. If f : R — R"andg : R’ — R" are two morphisms between
representation® = (&, ¢), R = (&', ¢'), R" = (£”,¢"), then the compositiop o f is defined as
the collection of composed morphismso f, : £, — &/, for eachv € QQy. We have thus defined the
category ofM -twisted()-sheaves orX , which is abelian. Important concepts in relation to siapil
and semistability (defined i§2.3) are the notions @p-subsheaves and quotigpisheaves, as well as
indecomposable and simplesheaves. They are defined as for any abelian category. tisydar, an
M-twisted@-subsheaf oR = (&, ¢) is anotheM -twisted@-sheafR’ = (£, ¢') such that] C &,,
for eachv € Qo, ¢, (&f, @ M,) C &, ,, foreacha € Qq, and¢), : &/, @ M, — &), is the restriction
of ¢, to &/, @ M,, for eacha € Q.

2. GAUGE EQUATIONS AND STABILITY

2.1. Gauge equations. Throughoutthis paper, given a smooth bunillen X, Q* (F) (resp.Q"/ ( E))

is the space of smoothfi-valued complex:-forms (resp.(¢, j)-forms) on.X, w is a fixed Kahler form
on X, andA : QW(F) — Q~1~1(E) is contraction withw (we use the same notation as e.g.
in [D1]). The gauge equations will also depend on a fixed ctitbe ¢ of hermitian metricsy, on
M,, for eacha € @)1, which we fix once and for all. LeR = (£, ¢) be a holomorphid//-twisted
(Q-bundle onX. A hermitian metricon R is a collection{ of hermitian metricd{, on¢,, for each

v € Qo with £, # 0. To define the gauge equations &n we note that, : &, @ M, — &u,
has a smooth adjoint morphisayfs : &,, — &, ® M, with respect to the hermitian metrics
Hyy ® g, on&, @ M,, andHy, on &, for eacha € (g, so it makes sense to consider the com-
positiong, o ¢xHa : &, — &, @ M, — &,,. Moreover,¢, and¢*H« can be seen as morphisms
ba : Eg = Ena @ M2 andeHe 1 &, @ MF — &4, s00:Ha 0 ¢, : 4 — £, Mmakes sense to0.

Definition 2.1. Lets andr be collections of real numbets,, 7, with o, positive, for eachy € Q.
A hermitian metric/{ satisfies thel/-twisted quiver(o, 7)-vortex equations if

(2.2) o V=IAFg, + > guodie— S gifeos, =ride,,

a€h=1(v) act=1(v)

for eachv € Qo such thatf, # 0, where Iy, is the curvature of the Chern connectioty,
associated to the metrik,, on the holomorphic vector bundég, for eachv € Qo with &, # 0.

2.2. Moment map interpretation. The twisted quiver vortex equations appear as a symplegtic r
duction condition, as we explain now. L&tbe a collection of smooth vector bundlgs, for each

v € Qo, With F,, = 0 for all but finitely manyv € Qo. By removing the vertices € )y with

E, = 0 and all but finitely many arrows € ()1, we obtain a finite subquiver, which we still call
Q = (Qo,Q1), such thatr, # 0 for eachv € @ (see Remark 1.2). L&, be a hermitian metric
onk,, foreachv € Q)y. Let 7, and¥, be the corresponding spaces of unitary connections and thei
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unitary gauge groups, and let)"' ¢ 7, be the space of unitary connections with (04,) =0,
for eachv € Qy. The group
g=1] %

vEQo
acts on the space’ of unitary connections, and on the representation spiceefined by

23) o= ][] o Q=0%2Q,E), with Z(Q,E)= P Hom(E;, ® My, Ep,),
vEQo a€Qq

whereHom (£, @ M,, E},) is the vector bundle of homomorphisis, @ M, — E},. An element
g € ¥ is a collection of group elementg, € ¥,, for eachv € @)y, and an element ¢ o (resp.
¢ € Q) is a collection of unitary connections, € <7, (resp. smooth morphisms, : F;, @ M, —
FE}.), foreachv € Qg (resp.a € Q). The%-actions one andQ® are¥ x o — o/, (g, A) — A’ =
g-A, with dgy = g,0dy, og;?t, foreachv € Qo; ¥ x Q0 = Q° (g, 0) — ¢ = g- ¢, with ¢}, =
Gha © g 0 (g2 @ idypy,), foreach a € @, respectively. The induce#-action on the product
o x Q° leaves invariant the subset” of pairs(A4, ¢) such thatd, € o', for eachv € Qy, and
bq : Fig ® M, — Ej, is holomorphic with respect tdy, andgA,w, for eacha € (Jp. Letw, be
the¥,-invariant symplectic form oz, for eachv € (), as given in [AB] for a compact Riemann
surface, or e.g. in [DK, Proposition 6.5.8] for any compaéhker manifold, that is,

wy (&) = /X Atr(& Any), for&,,m, € Ql(ad(Ev)),

wheread(F,) is the vector bundle off,-antiselfadjoint endomorphisms &f,. The corresponding
moment mapu, : <, — (Lie¥,)" is given byp, (A,) = AF4, (we use implicitly the inclusion of
Lie %, inits dual space by means of the metkig on £7,). The symplectic fornu, on Q' associated
to the Z2-metric induced by the hermitian metrics on the spa@@Hom(F;, @ M,, F,)) is -
invariant, and has associated moment mgp: Q° — (Lie ¢)* given byug = > veQ, oy With

paw: Q= Lie9, C Lie¥ C Lie ¥9)* given by
(2.4) Vlpz(@)= Y daoeie— > ¢feos,, forse’

a€h=1(v) act=1(v)

(this follows as in [K,§6], which considers the action of a unitary group on a reprigeon space of
qguiver modules). Given a collectianof real numbers, > 0, for eachv € Qq, ZUEQO Oy + W

is obviously & -invariant symplectic form onz x Q°. A moment map for this symplectic form is
o = Zuer o, liy iz, Where we are omitting pull-backs tg x Q° in the notation. Any collection
r of real numbers.,, for eachv € @, defines an elemer{—1 7 -id = \/—_12U€Q0 T, idg, in the
center ofLie 4. The points of the symplectic reductipiy! (— /—1-7) /¢ are precisely the orbits of
pairs(A, ¢) such that the hermitian metrié satisfies thel/-twisted (o, 7)-vortex quiver equations
on the corresponding holomorphic quiver bun@le= (£, ¢). Thus, Definition 2.1 picks up the
points of u; ' (— v/—17) in the Kahler submanifold (outside its singularities). For convenience
in the Hitchin—Kobayashi correspondence, it is formulateigrms of hermitian metrics.

2.3. Stability. To define stability, we need some preliminaries and notati@t » be the complex
dimension ofX. Given a torsion-free coherent sheabn X, the double dual shealfet(£)** is a
holomorphic line bundle, and we define the first Chern ctag§) of £ as the first Chern class of
det(€)**. The degree of is the real number

27 1
~ Vol(X) (n — 1)! <

whereVol(X) is the volume ofX, [w"~'] is the cohomology class of*~!, and[X] is the funda-
mental class of . Note that the degree depends on the cohomology class®iven a holomorphic

deg (&) cr(€) — [ [X]),
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vector bundle€ on X, by Chern-Weil theory, its degree equals

deg((‘:) = ﬁm/)(tr(\/—_lAFH),

whereF'y is the curvature of the Chern connection associated to aitiemmetricH on¢&.

Let@ be a quiver, and, 7 be collections of real numbess,, 7, with o, > 0, for eachv € Qg; ¢
andr are called thestability parametersLet R = (&, ¢) be a@-sheaf onX.

Definition 2.5. The (o, 7)-degreeand (o, 7)-slopeof R are

deg, - (R)
deg, (R) = oydeg(&y) — Totk(&y)) s Hor(R) = : ,
A(R) = 3 (ondeg() = mrkE)) prr ) = =Sy

respectively. Th&)-sheafR is called (¢, 7)-stable(resp. (o, 7)-semistablgif for all proper Q-
subsheaveR’ of R, i, +(R') < pio.r(R) (resp. po,-(R') < s (R)). A (o, 7)-polystabley-sheaf
is a direct sum ofo, 7)-stable)-sheaves, all of them with the saifee 7)-slope.

As for coherent sheaves, one can prove that @ny )-stable)-sheaf is simple, i.e. its only
endomorphisms are the multiples of the identity.

Remarks 2.6. (i) If a holomorphic@-bundleR admits a hermitian metric satisfying te, 7)-

vortex equations, then taking traces in (2.2), summingfer(),, and integrating ovex’, we
see that the parametersr are constrained byeg,, . (R) = 0.

(i) If we transform the parameters =, multiplying by a global constamt > 0, obtainings’ = co,
" = er, thenp, (R) = po-(R). Furthermore, if we transform the parameterdy
T, = Ty + do, for somed € R, and lete’ = o, theny,/ .(R) = p,-(R) — d. Since the
stability condition does not change under these two kindsasisformations, the ‘effective’
number of stability parameters of a quiver sh&f= (€, ¢) is 2N(R) — 2, where N(R)
is the (finite) number of vertices € Qo with £, # 0. ¢From the point of view of the
vortex equations (2.2), the first type of transformatior’s= co, 7’ = ¢r, corresponds to a
redefinition of the sectiong’ = ¢!/2¢ (note that the stability condition is invariant under this
transformation), while the second type corresponds to ¢instraintdeg, - (R) = 0 in (i).

(iii) As usual with stability criteria, in Definition 2.5, toheck(o, 7)-stability of a)-sheafR, it
suffices to check, , (R’) < u. - (R) for the proper)-subsheaveR’ C R suchthat] C &,
is saturated, i.e. such that the quotiént&! is torsion-free, for each € Q.

3. HITCHIN—KOBAYASHI CORRESPONDENCE

In this section we will prove a Hitchin—Kobayashi corresgence between the twisted quiver
vortex equations and the stability condition for holomagaiwisted quiver bundles:

Theorem 3.1. Let ¢ and r be collections of real numbets, andr,, respectively, witkr, > 0, for
eachv € Qo. LetR = (&, ¢) be a holomorphid/-twisted()-bundle such thateg,, ,(R) = 0. Then
R is (o, T)-polystable if and only if it admits a hermitian metiit satisfying the quivefo, 7)-vortex
equationg2.2). This hermitian metrid? is unique up to an automorphism of thebundle, i.e. up
to a multiplication by a constant; > 0 for each(o, 7)-stable summan®; of R =R, & --- & R;.

Remark 3.2. This theorem generalizes previous theorems, mainly DaoadUhlenbeck—Yau the-
orem [D1, D2, UY], the Hitchin—Kobayashi correspondenaeH@gs bundles [H, S], holomorphic
triples and chains [AG1, BG], twisted holomorphic tripl&JK2], etc. It should be mentioned that
Theorem 3.1 does not follow from the general theorems prav@8a, M] for the following two rea-
sons. First, the symplectic forj, ., oww, + wg ON.& X Q0 (cf. §2.2) has been deformed by the
parameterg whenevew, # o, for somev, v’ € Qo; as a matter of fact, the vortex equations (2.2)
depend on new parameters even for holomorphic triples onsHAG1, BG], hence generalizing
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their Hitchin—Kobayashi correspondences (in the case aflanorphic pair(&, ¢), consisting of a
holomorphic vector bundlé and a holomorphic sectione H°(X, &), as considered in [B], which
can be understood as a holomorphic tripleOx — £, the new parameter can actually be absorbed
in ¢, so no new parameters are really present). Second, theéngistindlesM,, for « € @, are

not considered in [Ba, M]. Our method of proof combines themant map techniques developed in
[B, D2, S, UY] for bundles with a proof of a similar correspamte for quiver modules in [K6].

3.1. Preliminaries and general notation.Throughout Section 3 = (&, ¢) is a fixed holomorphic
(M-twisted) Q-bundle withdeg, .(R) = 0. To prove Theorem 3.1, we can assume tfjat=
(Qo, Q1) is afinite quiver, with€,, = 0, for v € Qo, and¢, # 0, fora € @4 (if this is not the case,
we remove the verticeswith £, = 0, and the arrows with ¢, = 0, see Remark 1.2). The technical
details of the proof largely simplify by introducing the folving notation. Unless otherwise stated,
v, v, ... (resp.a,d,...) stand for elements @), (resp.@)1), while sums, direct sums and products
inv,v',...(resp.a,d’,...) are over elements @, (resp.Q1). Thus, the conditiodeg,, . (R) = 0

is equivalenttoy, o, deg(&,) = >, 7, rk(€,). Let

(3.3) £ =@

avectoru in the fibre&,. overz € X, is a collection vectors, in the fibre¢, .. over, for eachy € Qo.
Let dg, : Q°(&,) — Q%1(&,) be thed-operator of the holomorphic vector bundlg, and let

(3.4) Je = B0,

be the induced-operator orE. A hermitian metrici, on &, defines a unique Chern connection
Ay, compatible with the holomorphic structu, ; the corresponding covariant derivativelig, =
om, + Os,, wheredy, : Q°(&,) — Q1O(&,) isits (1, 0)-part. Thus, giveru € Q4 (E), de(u) €
QUTLHE) = 8,09 FL(E,) is the collection off,-valued(i, j + 1)-forms (0g (u)), = g, (u,), for
eachv € Q.

3.1.1. Metrics and associated bundlesLet M et, be the space of hermitian metrics 6n A her-
mitian metric(-, -) g, on &, is determined by a smooth morphisth, : £, — &7, by (u,, w)) g, =
H,(uy) (), with u,, ), in the same fibre of,. Theright action of the complex gauge grogfy
on Met, is given, by means of this correspondence Wyt, x 4¢ — Met,, (H,, g,) — H, o g,.
Let S, (H,) be the space off,-selfadjoint smooth endomorphisms&f, for eachH, € Met,. We
choose a fixed hermitian metri€, € Met such that the hermitian metrit:t(/,) induced bykK,
on the determinant bundiiet (€, ) satisfiesy'—1 A Fyey(x,) = deg(&,), for eachv € Qo (such her-
mitian metrick’, exists by Hodge theory). Any other metric 6nis given byH, = K,e* for some
sy € Sy, or equivalently, by(u,, ul) iz, = (e u,, u!) k,, whereS, = S, (K,). Let M et be the space
of hermitian metrics orf such that the direct su = ¢, &, is orthogonal. A metridd € Met is
given by a collection of metrict/, € Met,, by (u, v’ )g =, (uy, uy) g, . LetS(H) = ©, S, (H,),
for eachHl € Met, andS = S(K) = ¢,5,. Avectors € S(H) is given by a collection of vectors
sy € Sy(H,), for eachv € Qo, while a metricH € Met is given byH = Ke® for somes € 9,
i.e. H, = K,e’”. The (fibrewise) norm o&, (resp.&) corresponding tdi, (resp. H), is given by
|uylr, = (uy, uv)}l/f (resp. |u|lg = (u, u)}I/Q). The corresponding -metric andZ?-norm on the
space of sections @}, (resp.£), is defined by

(uuvu;)L2,HU = / (UU,UL)HM HUUHL2,HU = (uvvuu)lLézH s for uvvu; € Qo(gv)v
X ? v
(resp. (w,u)pog = S (W W) o,y ullper = (u,u)zé?H). The LP-norm on the space of
sections of, given by

1
P
fulloras = ([ 1uli)" forue %),
X
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will also be useful. These metrics and norms induce canbniedrics on the associated bundles,
which will be denoted with the same symbols. For instariég, e Met, (resp. H € Met) in-

duces anL?-norm || - ||z, 1, ON S, (H,) (resp. || - ||z»,;# on S(H)). To simplify the notation,
we Set(uvvug) = (uvvu;)f\"w|uv| = |uv|Kw(u7U/) = (uvu/)K7|u| = |ulx; and (uvvug)L2 =
(s ) 12 1,0 ol p2 = Mlwollr2 i, (ws w) p2 = (s w') g2 e Mlulle = Nlullze i

The morphismsp, : &, @ M, — &, induce a sectiop = ¢, ¢, of therepresentation bundje
defined as the smooth vector bundle oxer

# = P Hom (€ ® My, Epa).

A metric H € Met induces another metrié/, on each termHom (&, ® M,, Er,) Of Z, by
(bay &) H, = tr(d, o ¢*Ha) for ¢,, ¢! in the same fibre oflom &y, Epy), Whereg* e : &, —
& ® M, is defined as ir§2.1. Thus,H defines a hermitian metric o, which we shall also
denoteH, by (¢, ')y = >, (¢4, ¢,) 1., Whereo, ¢ are in a fibre ofZ. The corresponding fi-
brewise norm| - | is given by|¢|p = (¢, ¢)1111/2- By integrating the hermitian metric ovey,
(,-)H, and(-, -) i induceL?-inner products-, -) 7, 72 and(-, ) i 12 ONQ° (€1, @ My, Epq) @andQ® =
Q°(#) respectively, given bya,, S m, 12 = [x(Par Ga)H,, Tor du, ¢, € Q&0 @ My, Eny), and
(0,12 =30 (as ba)r2.m,, for ¢,¢" € Q°, with associated?-norms|| ||y, 12, || || .22 Given
by [[6allzzr = (6 8a)ay; and|ll 2 = (6,6) )5 We set(s, &) = (&, ¢')xc, 1] = |9l
for eachg, ¢’ in the same fibre of7; and (¢, &) 12 = (&, &) 12 ko [|9]| 22 = ||#] 12 K, fOr eache, ¢’
smooth sections o¥.

3.1.2. The vortex equations.Composition of two endomorphismss’ € S is defined by(so '), =
s, 0, forv € Q. The identity endomorphisivd of £ is given byid, = id¢,. Given a vector bundle
F on X, we define the endomorphismsr : F' @ End(£) — F @ End(&), whereEnd(€) is the
bundle of smooth endomorphisms&fby fibrewise multiplication,i.e(c - (f ® s)), = f @ oys,
and(t- (f @ s))y = f @ 1usy, for f € F ands € End(&) in the fibres over the same pointe X.
For instance, it € 9, then(o - d¢(s)), = 0,0z, (s,). GivenH € Met and sections, ¢’ of Z, we
define the endomorphismiso ¢, ¢*7 o ¢/, [¢, 1] € Q°(End(&)), using§2.1, by

(od™ M= > a0, (6og)= > &Mog,
veh=1(a) vet=!(a)
(6,8 = go¢™ — ¢ oy
Note that{¢, ¢*1] € S(H). The quiver vortex equations (2.2) can now be written in ajgachform
(3.5) o-V—1AFy +[6, ¢ =7-id, for H € Met.
Givens € S andg € Q° = Q%Z),s0 ¢, p 0 s,[s, 8], [0, 5] € Q° are defined by
(50 @)a = Sha © Pa; (@0 5)a = Pa 0 (5ta @idar,), [s,0] =500 —¢os, [¢,s]=¢os—s00.

3.1.3. The trace and trace free parts of the vortex equationsThe trace map is defined hy :
End(€) — C, s — tr(s) = 3 tr(s,). Let S°(H) be the space ofs*trace free’ H -selfadjoint
endomorphisms € S(I), i.e. such thatr(c - s) = 0, or more explicitly,> > o, tr(s,) = 0, for
eachH € Met; let S° = S°(K) C S. Let Met® be the space of metricd = Ke® with s € S°.

The metricst € M et° satisfy the trace part of equation (3.5), i.e.

(3.6) tr(o-vV—1AFy) =tr(r -id).

To prove this, letH = Ke® € Met with s € S. Thendet(H,) = det(K,)e™* sotr Fy, =
Faeym,) = Fae(r,) + 00trs, = tr Ik, + 0d1trs, (since the operators induced by, and
Jdet(x,) ON the trivial bundle of endomorphisms ott(&,) ared andd, resp.). Adding for alb,
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tr(o - V—1AFy) = tr(c - V=1 AFg) + V=1 A0d tr(o - s), wheretr(v/—1 AFy,) = deg(&,) by
construction (cf§3.1.1), sar(o -/ —1AFk) = >, o, deg(&,) = >, T rk(&,) = tr(r-id). Thus,

(3.7) tr(o -vV—=1AFy — 7-id) = V=1A00 tr(o - ),

which is zero ifs € S°. This proves (3.6). Therefore, a metiit = Ke* € Met" satisfies the quiver
(o, T)-vortex equations (3.5) if and only if it satisfies the tramefpart, i.e.

p?{ (U' \% _1AFH+ [¢7¢*H] _T'id) = 07
wherep?, : S(H) — S(H) is the H -orthogonal projection ont6°(H).

3.1.4. Sobolev spaced:ollowing [UY, S, B], given a smooth vector bundlg, and any integers
k,p > 0, LYQ"(E) is the Sobolev space of sections of cl&gs i.e. E-valued(i, j)-forms whose
derivatives of ordeK k have finiteL”-norm. Throughout the proof of Theorem 3.1, we fix an even
integerp > dimg(X) = 2n. Note that there is a compact embedding/gf2"/ (E) into the space
of continuousF-valued (¢, j)-forms on X, for p > 2n. This embedding will be used i§3.1.6.
Particularly important are the collectidi,S = @, L%.S, of Sobolev spaces’ S, of K,-selfadjoint
endomorphisms of, of classL?; the collectionM et} = [, Met} , of Sobolev metrics, with

Metgw = {K,e*|s, € L4S,}, foreach v € Qo;
the subspace?,5° C LES of sectionss € L5S such thatr(o - s) = 0 almost everywhere ifX'; and
Meth® = {K¢*|s, € LS} € Meth.
Given H = Ke® € Meth, with s € LLS, we define theff-adjoint of ¢, generalizing the case
wheres, is smooth, i.e¢* = e7* o0 ¢*I 0 ¢*. Similar generalizations apply to the other construc-
tions in§§3.1.2, 3.1.3, to definé’ S, (H,) and LYS(H) = @,L5S,(H), as well as the subspace
LESC(H) C LEYS(H), foreachH € Meth. If H, = K,e®* € Meth with s, € LYS,, we de-

fine the connectiontz;,, with L% coefficients, and its curvatut€y, € LrQY(End(&,)), with L?
coefficients, generalizing the case wheyds smooth:

(3.8) dp, =dg, +e "0k, (€™), Fu, = Ik, + ¢, (7" 0k, (™)),
(whered , is the covariant derivative associated to the connectigp).

3.1.5. The degree of a saturated subsheah saturated coherent subshe&f of a holomorphic
vector bundleF on X (i.e., a coherent subsheaf wiffy 7’ torsion-free), is reflexive, hence a vector
subbundle outside of codimension 2. Given a hermitian méifron 7, the H -orthogonal projection
7' from F onto 7', defined outside codimension 2, is Afrsection of the bundle of endomorphisms
of F,s08 = dx(x') is of classL?, wheredr is thed-operator ofF. The degree o’ is

deg(F') = %(X) (/X tr(r’ V=1 AFp) — Hﬁ!\%z,g) :
(cf. [UY, S, B]).

3.1.6. Some constructions involving hermitian matricesThe following definitions slightly gen-
eralize [S,84]. Letey : R - Rand® : R x R — R be smooth functions. Given € S, we
definep(s) € S and linear map®(s) : S — S andd(s) : Q°(Z) — Q°(#) (we denote the last
two maps with the same symbol since there will not be possiiéusion between them). Actually,
we define maps of fibre bundlgs: S — S(End &) and® : S — S(End %), for certain spaces
S(End &) andS(End #), which we first define. Let (End £) = 4,5(End &,), whereS(End &,)
is the space of smooth sections of the buridtel(End &,) which are selfadjoint w.r.t. the metric
induced byK,,. Let End % be the endomorphism bundle of the vector bundleS (End #) is the
space of smooth sectionsbfid % which are selfadjoint w.r.t. the metric induced By, andg,. We
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definey(s,) € S, for s, € S, and a linear mag : S, — S(End¢&,) as follows. Lets, € S,.
If 2 € X, let (u,;) be an orthonormal basis &f, ,, (w.rt. K,), with dual basigu'"), such that
Sy =2 Ayilly; @ u¥*. Furthermore, Ie(mavk) be the dual of an orthonormal basis/af, . (w.r.t.
¢.)- The value ofp(s,) € S, at the point: € X is defined as in [S§4], by

(3.9) p(sy)(z) = Z (M)t @ u¥.

We definep(s) € 5, for s € .5, by p(s), = ¢(s,). Givenf, € S, with f,(z) = >, . fo it ©
u¥, the value ofb(s,) f, € S, at the point: € X is

(3.10) B(50) fo () =D D(Aviy A j) furijtio @ u™,

]
and we defin@ : S — S(End &) and® : S — S(End #) as follows. Lets € S. First, if f € 9,
(®(s)f)v = @(sy) fu- Second, given a sectienof Z such that the value @f, : &, © M, — &, at
2 € XiS¢a(r) =2, s baijk(¥)the,; @u'™ @m™* for eacha € Qy, the value ofb(s)¢ € Q°(2)
atz € X is

(3.11) (P(s)p(2)) == Z@(Ahw, Ata,i) Gaijh (%) Upg ; @ u'® @ m®*,  foreach a € Q.

ik
Note that if® is given by®(z,y) = ¢1(2)¢2(y) for certain functionsp;, ¢, : R — R, then
(D(5)P)a = ©1(Sha) © 0 © (w2(sha) @idag,), thatis,

(3.12) D(s)p = p1(8) 0 P o pa(s).
Finally, given a smooth functiop : R — R, we definel ¢ : R x R — R asin [S,§4]:

dg@($,y) = Mv if v #y, and dg@($7y) = QO/($) if v =y.

y—x
Thus,
(3.13) De(p(s)) = d p(s)(9e(s)) fors e S.
The following lemma will be especially important in the pfad Lemma 3.44. Given a numbér
L},S C LS is the closed subset of sectiong LS such thais| < ba.e. inX; L} ,S(End Z) is
similarly defined.

Lemma3.14. () ¢: S — S extends to a continous map: L ,S — L{ .S for somel'.

(i) ¢: S5 — S extendstoamap : LibS — L{,,S for somey, for ¢ < 2, which is continuous
for ¢ < 2. Formula(3.13)holds in this context.

(i) @ : 5 — S(End&) extends toa mag : LZ,S — Hom(L*Q°(End £), L1Q°(End £)) for
¢ < 2, which is continous in the norm operétortopology@o{ 2.

(iv) @:5 — S(End Z) extends to a continuous map: L ,S — L{ ,,S(End Z) for somel'.

(v) The previous maps extend to smooth mapsLyS — LYS, @ : LS — LYS(End £) and
¢ : LhS — LYS(End Z) between Banach spaces of Sobolev sections. Forn@i@)s(3.13)
hold everywhere irX .

Proof. This follows as in [B, S]. For (v)p > 2n, so there is a compact embeddib§c C°. O

3.2. Existence of special metric implies polystability.Let H be a hermitian metric oR satisfying
the quiver(o, 7)-vortex equations. To prove th& is (o, 7)-polystable, we can assume that it is
indecomposable —then we have to prove that it is actually)-stable. LetR’' = (£',¢') C R
be a proper)-subsheaf. We can assume tiatC &, is saturated for each € @, (cf. Remark
2.6(iii)). Let =/ be theH,-orthogonal projection frong, onto £/, defined outside codimension 2,
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7/ = id —x!, andB, = Js=(7). The collections of sections,, 7", 3, define elements’, 7" ¢

vy Mty Y

L2Q°(End €), B € L?Q%(End &), respectively. Taking thé2-product with=’ in (3.5),

(0 V=1AFy, 7)o + ([6, ™) 7)oy = (7 -id, 7)o g
We now evaluate the three terms of this equation. The firet teithe left hand side is

(oV=1AFy, 7)2 g = ZUU(V —1AFy,, )2 1, = Vol(X) ZUU deg(é’v)—|-z Uv”ﬁv”%?ﬂv

(cf. §3.1.5). Lety’ = n'ogorn’, ¢ = " opon’, ¢t = tlogor”. Theng = ¢'on’+dton"+ ¢ or”
outside of codimension 2, fa®’ C R. Thus,[7/, ¢] = ¢* o 7, and the second term is
([0, 0™ 7)o = (6, 7, e = (6,01 )12 1 = "(bL"%?,H'
Finally, the right hand side is
(r-id, 7)o g = / ZTU tr(x) = Vol(X) ZTU rk(&]),
X U

v

(sincetr(w)) = rk(&]) outside of codimension 2). Therefore
Vol(X)deg, -(R") = = 3 oullBulliem, — > 63 11Z2 1,
vEQo a€Q

The indecomposability 6R implies that eithep, # 0 for somev € (g or ¢- # 0 for somea € Q1;
thus,deg, . (R') < 0,804, (R') < 0= iy, (R), henceR is (o, 7)-stable. O

3.3. The modified Donaldson lagrangianTo define the modified Donaldson Lagrangian, we first
recall the definition of the Donaldson lagrangian (cf. {S]). Let¥ : R x R — R be given by

eV —(y—z) -1
(y—=)*
TheDonaldson lagrangiai/p,, = Mp(K,,) : Met; , — R is given by

(3.15) U(z,y) =

Mp(H,) = (vV=1AFk,,s,) 12 + (¥(s,)(0e,5,), Oe,5,) 12, for H, = K,e* € Mety ,, s, € L§S,.
The Donaldson lagrangiailp , = Mp(K,, -) is additive in the sense that
(3.16) Mp (K., H,)) + Mp(Hy, J,) = Mp (K, J,), for Hy,J, € Meth.
Another important property is that the Lie derivative bfp , at H, € Met}, in the direction of
s, € LYS,(H,), is given by the moment map (¢f2.2), i.e.

d

(3.17) EMD,’U(H’Ue )

Higher order Lie derivatives can be easily evaluated. Tfras) (3.8),

o= W=1AFy,,8)12 5, with H, € Meth, s, € LYS,(H,).

d _
(3.18) EFHWBESy = J¢,0p1,ce<0 Sy, foreach H, € Meth and s, € LYS(H,)

so the second order Lie derivative is
2

@ e=0 = (~ _lAagvaHvSW SU)L27H1; = "851181/"[/2,]&’”

(the second equality is obtained by integratimgs, /=1 Ade, 0, 50) = V—=1Ad tr(s,0m,5,) +

|0g,50|7;, over X, where|de,s,|7;, = —/=1Atr(de,5, A di,s,) by the Kahler identities, and

[y ADtr(s,0m,s0) = [y Otr(s,9m, (s0)) Aw™ ™! /(n — 1)! = 0 by Stokes theorem — cf. e.g. [S,
Lemma 3.1(b) and the proof Proposition 5.1]).

(3.19) Mp ., (H,e")
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Definition 3.20. Themodified Donaldson lagrangiaft,, , = M, . (K,-) : Meth — Ris
My, (H) =" 0,Mp,(H,)+|¢l32 y—8l[3: x— (s, 7id) 12, for H = Ke* € Met}, s € L5S.

Using the constructions ¢8.1.6, the modified Donaldson lagrangian can be expresdeds of
the functionsl, ¢ : R x R — R, with ¥ given by (3.15) and> defined by
(3.21) (e, y) =€V,
In the following, we use the notatidn, )72 = (-, ) 2.k, || - |[z2 = || - |22k, @s defined i83.1.1.

Lemma3.22.If H = Ke® € Meth, withs € LS, then
My -(H) = (0 -V=1AFg,s) 2 + (0 -U(s)(0es), 0e5) 12 + (¥(5) ¢, ) 2 — ||6]| 7> — (7 -id,, 5) 2.

Proof. The first two terms follow from the definitions df/ , and A, .. To obtain the third term,
we note thaty: e = (e=%t« @ iday,) 0 ¢80 e®he and((s) )y = e 0 By 0 (e @ idpy,) (cf.
(3.12)), s0¢ulFy, = tr(¢a0 @3 e) = tr(e™e 0,0 (e @idny,) 0 551 ) = tr((¢(s)p)a0 Pie) =
((10(5)®)as ¢a) K,- The last two terms follow directly from the definition 84, . O

3.4. Minima of M, -, the main estimate, and the vortex equationsLet m, . : Meth —
LPQ%(End &) be defined by

(3.23) Mo (H) =0 -V-1AFg +[¢, ¢ Hl—7.id, for H=Ke* e Meth, s € LES.
Thus,m,.(H) € LPS(H) for eachH € Met", and actuallym, . (H) € LPS°(H) if H € Meth®,
by (3.6). LetB > ||m, (K|, be a positive real number. We are interested in the minimé/ of
in the closed subset aff e defined by

0 ,0
Mety g = {H € Mety"| ||mo - (H)|I7, y < B}

(the restriction to this subset will be necessary to applynie 3.33 below).

Proposition 3.24. If R is simple, i.e. its only endomorphisms are multiples of teniity, and
H € Meth, minimisesM, , on Metb'%, thenm, ,(H) = 0.

The minima are thus the solutions of the vortex equationgrdwe this, we need a lemma about
the first and second order Lie derivatiesidf, .. GivenH € Meth, Ly : LYS(H) — LPS(H) is
defined by

d
(3.25) Ly(s) = amUJ(Hess)‘E:O, for each s € LYS(H).
Since¢*Hs = e==s¢*H = with H. = He®*, we have
d *H . _ *H
(3.26) 72 o = [s 0™,
o) %[qﬁ, o He] o =[5 #]*H)]. Together with (3.18), this implies that
(3.27) Li(s) = o - V=10:0ms + [¢,[s, ¢]""].

Lemma3.28. (i) M, (K,H)+ M,.(H,J)=M,.(K,J), forH,J € Meth;

(i) diMm(He”)\s = (my,(H),s)r2 g, foreachH € Met} ands € LYS(H);
d82 _
(iii) @MU,T(HGES)L:O = (Lu(s),8)r2n = ZUUW&SUH%?,HU +1Ils, @)lI72, 1y foreacht €

Meth ands € LS (H).

=0
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Proof. Part (i) follows immediately from (3. 16) and{e®)e’ ' = Kests' | To prove (i) and (i), let
H. = He™, fore € R. From (3.26) we get[¢l3, | _, = tr (¢ | __,) = tr(¢[s, ¢]) =
([p, 9*1], 5) g, which together with (3.17), proves (i) (the last term in23) is trivially obtained).
The first equality in (iii) follows from (ii), thelZ.-selfadjointness of (sinces*: = e~=*s*H e =
e %’ se®® = ), and (3.25):

d? d d
@MUJ(HE)‘E:O = a(mUJ(HE),S)L27HE —o :/X tr (@mUvT(HE)‘s:OS> :/X tr(Ly(s)s),

which equals(Ly(s),s) 2 . To prove the second equality in (iii), we first notice thawifis a
smooth section ofZ, then (s, ¢’ o ¢*)y = (s 0 ¢, ¢V g and(s,¢*H o ¢\ g = (¢ 0 5,¢" )y, SO
(5,[¢', *" ) = ([s, 4], ¢') . The second equality in (iii) is now obtained using (3.23)18) and
taking¢’ = [s, ¢] in the previous formula. O

Proof of Proposition 3.24We start proving that if is simple and € Met2°, then the restriction
of Ly to LES°(H), which we also denote by : LES?(H) — LPS°(H), is surjective. To do this,
we only have to show thdt; is a Fredholm operator of index zero and that it has no keFigdt, for
each vertew, k, : L5S,(H,) — L?S,(H,), defined byk, = /=1 Ade,dpr, — v/—1 Ade, Ok, , iS
obviously a compact operator (¢f3.1.4), and by the Kahler identitieg:— 1 Adg, dx, acting onLLS

is the(1, 0)-laplacianAy, = dx, 0%, + 0%, Jx,, which is elliptic and selfadjoint, hence Fredholm,
and has index zero. Now,; equals)_, o, V—=1A0sdy,, up to a compact operator, so it is also
a Fredholm operator of index zero. To prove that it has nodeme notice that ifts € L5S%(H)
satisfies. 7 (s) = 0, then(s, Ly (s)) 2.5 = 0, so Lemma 3.28(iii) impliede, s, = 0 and[s, ¢] = 0;
i.e. s is actually an endomorphism &, sos, = cidg,, for certain constant. Sincetr(o - s) = 0,
the constantis = 0, sos, = 0.

Let 4 minimise M, in MetgzoB. To prove thatn, ,(H) = 0, we assume the contrary. Since
Ly : LYS°(H) — L?S°(H) is surjective, andn, -(H) € S°(H) is not zero, there exists a non-
zeros € LES°(H) with Ly (s) = —m, - (H). We shall consider the values 81, , along the path
H. = Hes € Meth” for small|e|. First,

d d
£|mU,T(H5)|%IE e=0 atr(maﬂ'([{s)z)‘s:o = Q(mU,T(H)7 LH(S))H = _2|mcr,7'(H)|%J7

(cf. (3.25)), and since is even,

d
o (.|

d
/|m07 p : |m07( 6)|12115

so the pathi. is in Metp, for small|¢|. Thus,-L M, ,(H. )\6:0 = 0, asH minimisesM,,. . in
Meth'y,. Now, Lemma 3.28(||) applied te € LQS( ) gives

d
Mo ()] = (e (H),5) g2 = = (L), )2

As in the first paragraph of this proof, R is simple ands € L5S°(H) satisfiess, Ly(s)) 2 g = 0,
then Lemma 3.28(iii) implies thatis zero. This contradicts the assumptieg . (1) # 0. g

eo = ~PlImo ()17 y <0,

Definition 3.29. We say thatl/, . satisfies the main estimate W et?? 2B if there are constants
C4,C3 > 0, which only depend o®, such thatup |s| < C1 M, ,(H )—|— Cy, forall H = Ke® €
Meth'y, s € L5S.

Proposition 3.30. If R is simple and}M,, , satisfies the main estimate Met2 ‘g, then there is a

hermitian metric orR satisfying thg o, 7)-vortex equations. This hermitian metric is unique up to
multiplication by a positive constant.
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Proof. This result is proved in exactly the same way as in {B,14], so here we only sketch the
proof. One first shows that i/, (K'¢”) is bounded above, then the Sobolev norpag;» are

bounded. One then takes a minimising sequece® } for M, ,, with s; € L5SY; then||s;|[p»
are uniformly bounded, so after passing to a subsequgreg converges weakly i} to somes.
One then sees that,, , is continuous in the weak topology (Metg:OB, soM, , (K e®7) converges to
M, (Ke®). Thus,H = Ke® minimises)M,, .. By Proposition 3.24y, - (H) = 0, i.e. H satisfies
the vortex equations. By elliptic regularity/ is smooth. The uniqueness of the solutidrfollows
from the convexity of\,, , (cf. Lemma 3.28(iii)) and the simplicity oR. g

The proof of Theorem 3.1 is therefore reduced to show ti&tig (o, 7)-stable, ther/,  satisfies
the main estimate ilMetg:OB (this is the content of3.6).

3.5. Equivalence ofC® and L! estimates. The following proposition will be used i§3.6.
Proposition 3.31. There are two constants;, Cs > 0, depending orB and o, such that for all
H=Ke® € Metg’OB, s € LSO sup|s| < Chlls||pr + Coa.

Corollary 3.32. M, , satisfies the main estimateMietg’OB if and only if there are constants,, C'; >

0, which only depend o, such thatl|s||;: < 1M, .(H) + Cy, forall H = Ke* € Methy,

s € L5S°. a
Corollary 3.32 is immediate from Proposition 3.31. To prd®position 3.31, we need three

lemmas. The first one is due to Donaldson [D3] (see also thef pfdS, Proposition 2.1]).

Lemma 3.33. There exists a smooth functian: [0, cc) — [0, 00), with a(0) = 0 anda(z) = =

for > 1, such that the following is true: For ani € R, there is a constant’(B) such that if
[ is a positive bounded function oXi and A f < b, whereb is a function inL? (X)) (p > n) with

16]|z» < B, thensup | f| < C(B)a(||f||11). Furthermore, ifA f < 0, thenA f = 0. a
Lemma 3.34.1f s € LS and H = Ke® € Meth, then([¢, ¢*F], 5) > ([¢, o*1], 5).

Proof. The functionf () = ([¢, ¢*<], s) fore € R,whereH. = Ke**,isincreasing, adf(c)/d e =
[s, ]I, > 0 (cf. (3.26)). Nowf (0) = ([¢,¢™"],5), f(1) = ([¢,¢*],5), sowe are done. [
Lemma3.35.If H = Ke® € Meth, withs € LYS, then

1
(mU,T(H) - mg77—(1()78) 2 5 |O-1/2 . S| A|Ul/2 . 8|7

wheresl/2 . s € 125 is of course defined biy'/2 - 5), = ov/%s,,, for v € Qo.

Proof. Thislemma, and its proof, are similar to (but not completeiynediate from) [B, Proposition
3.7.1]. First, Lemma 3.34 and (3.8) imply

(3.36) (Mo, (H) = my, (K),s)>V—1A(c-Fy —a-Fg,s) =+v—1A(c-0e(e *xe’),s),
where

(3.37) (- 0e(e *0ke®),s) = 0o - e Oxe®,s) + (o- e *Te’, Ok s)

(for A isthe Chern connection corresponding to the médir)c To make some local calculations, we
choose alocak’,-orthogonal basiu, ; } of eigenvectors of,,, for each vertex, with corresponding
eigenvalueg )\, ;}, and let{«""} be the corresponding dual basis; thus,

_§ ' oy vyg
Sy = Av,zuv,z @u.
7
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Asin[B, (3.36)], alocal calculation gives —* Ji, e**, s,) = 3]s, |*; multiplying by o, and adding

forv € Qo, we get(o - e~*dce®, s) = 10|s'|2, wheres’ = ¢'/2 - 5. Thus,

(3.38) (o - e e’ s) = %5a|s'|2 — 151005 + 8|5| A 9I5|

¢From (3.36), (3.37), (3.38) and the equalty= 2./—1 AdJ for the action of the laplacian on
0-forms in a Kahler manifold, we get

(mor(H) —mg,(K),s) > %|s'|A|s’| +v-1 A(5|s| A 8|s’|) +vV-1A(0c-e ?0ke®, Iks).

In the proof of [B, Proposition 3.7.1], there are severablazalculations which, although there they
are only used for the section € L%S defining the metricH = Ke®, are actually valid for any
K-selfadjoint section, in particular fof € L1S. Thus, [B, (3.42)] applied te, is

V—1A(e™* 0, €, 00K, 5y) > Z V=TA(OA,; AOA, ),

and multiplying byo, and adding fow € )y, we get

(3.39) V—1A(o-e*0ge’ 0 0ks) > Z V=TA@X, ; AON, ),

1/2

. 1
where)! , :=o0,/" A, ; are the eigenvalues of, = o/

*s,; similarly, [B, (3.43)] applied ta’ is
(3.40) Z V=TAON,; A 5)%) > V—1A0|s|A|S|) = — /=1 A(O|s'| A D|S)).
¢From (3.38), (3.39), (3.40), we obtdim, . (H) — m, - (K),s) > £|s'|Als. a
Proof of Proposition 3.31Let o, = min{o,|v € Qo}, Omax = max{o,|v € Qp}. GivenH =

Ke* € Meth, withs € L5S°, let f = |o'/2 - 5| andb = 207 1/* (|, (H)| + |ma- (K)]). We
now verify thatf andb satisfy the hypotheses of Lemma 3.33, for a cerfaiwhich only depends

on B. First, |||l < 202 (||mg (H)||» + Mo (K)||zr) < B := 20_/*2B'/7. Second, we
prove that
(3.41) Af <b.

At the points wheref does not vanishf~! < 0_1/2|s|‘1, so Lemma 3.35 gives

min

—-1/2

min

Af <20 s (mp (H) — mo o (K), s) < 20

min

|mg7T(H) — Mg,7 (K)| <0,

while to consider the points wherg vanishes, we just take into account tlaf = 0 almost ev-
erywhere (a.e.) inf~1(0) ¢ X, and thath > 0 by its definition, so (3.41) actually holds a.e. in
X . The hypotheses of Lemma 3.33 are thus satisfied, so thests exconstant’(B) > 0 such that
sup f < C(B)a(||f|lrr), with with @ : [0, 00) — [0, 00) as in Lemma 3.33. This estimate can also

be written asup £ < Cy||f||r1 + Ca, whereCy, C > 0 only depend orB. Now, |s| < o_/*f and
f< O'iq/azx|8|, S0

sup|s| < ot 2 (Chl| il + C2) < ot 2 (Crotl2 sl o + Ca)

min min max

The estimate is obtained by redefining the constahts’s. O
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3.6. Stability implies the main estimate.The following proposition, together with Proposition 3,30
are the key ingredients to complete the proof of Theorem &.1Qefinition 3.29 for the main esti-
mate).

Proposition 3.42.If R is (o, 7)-stable, thenV/,, . satisfies the main estimateMeté’:OB.

To prove this, we need some preliminaries (Lemmas 3.43)3.Uét {C;}52, be a sequence of
constants withlim C'; = oc.
J]—00

Lemma 3.43.1f M, , does not satisfy the main estimatelifet2'}, then there is a sequenge; 2
in 155 with K'e% € Met%", (which we can assume to be smooth), such that

@) Jim sz = oo,
J—r0o0

(II) HS]‘HLI > CjM(I(esj).

Proof. Letb > ||m, . (K)||}, withb < B, soMetg’:g C MetgzoB. Thus, if M, , does not satisfy
the main estimate ilMeté’:OB, then it does not satisfy the main estimatdbhtg:g either. We shall
prove that for any positive constafit, if there are positive constants’ and NV such that]s||;: <
C'M, . (Ke®*)+C" wheneves € L5S° with Ke* € Meté’:g and||s|[;: > N, thenM, . satisfies the
main estimate irMetgzg. The lemma follows from this claim by choosing a sequenceoofstants
{N;}22, with N; — oo, and taking”” ands; € L5S° with Ke* ¢ Meté’:g C Meté’:OB, l|sillz >
N, and||s||;: > C;M, . (Ke*) 4+ CY. LetC’,C", N be such that

Isllzr < C'M, ,(Ke®) + C" for ||s||pr > N.

Let Sy = {s € LESOIKe® € Meté’:g and||s||;: < N}. By Proposition 3.31, its € Sy, then
sup|s,| < sup|s| < Cil|s]|pr + C2 < C1N + C; (hereCy andC; are not the first elements of
the sequenc¢C’;}72, but constants as in Proposition 3.31), so by Lemma 3122, is bounded
below onSy, i.e. M, (Ke®*) > —A for eachs € Sy, for some constamt > 0. Thus,||s||f1 <
C'(M, . (Ke®) + X) + N for eachs € Sy. ReplacingC” by max{C"”,C’'A + N}, we see that
sl < C'M,(Ke®) + C”, for eachs € LES® with Ke* € Met'). By Corollary 3.32,M,

satisfies the main estimate Met5’;. Finally, since the set of smooth sections is denseisi®, we
can always assume that is smooth (we made the choiée< B so that if Ke® is in the boundary

[, (H)||7, ;= b of Metly, we can still replace; by a smooths’, with K'es € Mety3). O

Lemma 3.44. Assume thal/, . does not satisfy the main estimate]\iﬁeté’:oB. Let{s;}52, be a
sequence as in Lemma 3.43,= ||s;||;:, C'(B) = C; + Csy, whereC';, C; are as in Proposition
3.31, andu; = s;/l;. Thus,||u;||;: = 1 andsup |u;| < C(B). After going to a subsequence,
uj — ue Weakly inL3S°, for some nontriviak., € L55° such thatifZ : R x R — R is a smooth
non-negative function such th&# (z,y) < 1/(z — y) whenever: > y,and.#. : R xR — Ris a
smooth non-negative function with. (=, y) = 0 whenever: — y < ¢, for some fixed > 0, then

(o- V-1AFy, Uso)12 + (0 ﬂ(uoo)gguoo, 3guoo)L2 + (Z(s)p, @) 2 — (T -1d, use) 2 < 0.

Proof. To prove this inequality, we can assume tiaand.%. have compact support (fetp |u;| are
bounded, by Lemma 3.31, and the definitions®fs)dsu., and.Z.(s)¢ only depend on the values
of # and.Z. at the pairg\;, A;) of eigenvalues, as seen§B.1.6). Now, if.# and.#. have compact
support then, for large enough

F(z,y) < Wz, ly), F(z,y) <1l ly),
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whereW¥ and are defined as in (3.15) and (3.21) (cf. the proof of [B, Prapms3.9.1]). Since
[; — oo, from these inequalities we obtain that for large enoggh

(F () Octij, D) po < LW (L ott0) O, Deujn) 12,
(ﬂf(u])¢7 ¢)L2 S l_l(¢(l]u])¢7 ¢)L27

so Lemma 3.43(iii) applied ts; = /;u;, together with lemma 3.22, give an upper bound

1 Ieliz
OF L

> l],_lMO.ﬂ—(I(el]uj) + l]_lH(bH%2 > (0 -V=1AFg, uj) e

+ (0 F(uj) Oy, Oguj)r2 + (Fe(u;)d, @) 2 — (7 -id, uj)pe.
As in the proof of [B, Proposition 3.9.1], one can use thisermipound to show that the sequence
{u;}32, is bounded inl.i. Thus, after going to a subsequeneg— u. in L, for someu., € LS
With ||uco||zr = 1, SOu is non-trivial.

We now prove the estimate fer. First, sinceup |u;| < b:= C(B), u; — ux in Lab; applying
Lemma 3.14(iii) , one can show (as in the proof of [S, Lemmd)&hat (o -/~ 1 AFk, uj) 2 + (o -
ﬂ(u]‘)ggu]‘, 351@),:2 approachesa . \/—_1/\FK7 uOO)L2 + (U . ﬁ(uoo)gguoo, 35UOO)L2 as) — oo.
Second, sincé} C L? is a compact embedding and actualllye L7 ,S C L§ S, applying Lemma
3.14(iv) (as in the proof of [B, Proposition 3.9.1}f. : L§,S — L§ ,/S(End %), u — Z.(u), is
continuous onLabS, solim oo F.(u;) = F.(us). Sincesup |u;| are bounded, this implies that
(F-(u;)0, )12 converges tq.Z7. (u )¢, ¢)r2 asj — oo. Finally, it is clear thafr - id, u;) ;> —
(7 -1d, us) 2 @Sj — oo. This completes the proof. O

Lemma 3.45.1f M, , does not satisfy the main estimatef\jhetg’oB, andu., € L5S%is aninLemma
3.44, then the following happens:

(i) The eigenvalues af., are constant almost everywhere.
(i) Let the eigenvalues af., be Ay,...,A.. If F : R x R — R satisfies#(\;,\;) = 0
whenever\; > \;, 1 < 4,5 < r, thenZ (u.) (deus.) = 0.
(ii) If #. isanin Proposition 3.44, thef# . (u..)¢ = 0.

Proof. Parts (i) and (ii) of are proved as in [UY, appendix], [§6.3.4 and 6.3.5], or [B§53.9.2
and 3.9.3], using Lemma3.14(ii) for part (i) and the estinatLemma 3.44 for part (ii). Part (iii) is
similar to [B, Lemma 3.9.4], and again uses the estimate mrha 3.44. g

We now construct a filtration of quiver subsheaveRofising L} -subsystems, as in [B3.10].

Lemma 3.46. Assume that/, . does not satisfy the main estimatelifet?",. Letu., € L5S° be
as in Lemma 3.44. Let the eigenvalues:gf, listed in ascending order, bﬁo <AL < e <A
Sinceu,, is ‘o-trace free’ (cf. §3.1.3), there are at least two different eigenvalues, i.e> 1. Let
Pos; - .., pr : R — R be smooth functions such that, fpr< r, p;(z) = 1if 2 < A;, p;(z) = 0 if
x> Ajy1, andp,(z) = 1if 2 < A, Letw, : & — &, be the canonical projections (cf3.3)) and ¢

be as in(3.4). The operators; = p;(u..) andr’; , =’ om,, for0 < j < r, satisfy:

(I) nhe L3S, 7 =) = rf*F and (1 — 7)) der = 0.
(||) (id =77, o.(ba o (7, ®idn,) = OIfc.Jr eachv € Q.
(i) Not all the eigenvalues af,, are positive.

Proof. The proof of (i) is as in [S] (right below Lemma 5.6; see also fBoposition 3.10.2(i)-(iii)]).
Part (ii) is similar to, but more involved than, [B, Propasit 3.10.2(iv)], so we now give a detailed
proof of this part. For eachi, lets > 0 be such that < (A\;11 — A;)/2, andey, 2 : R — R be
smooth non-negative functions such thatz) = 0if 2 < X\;1; —e/2 andeyy (z) = 1if 2 > Aj4q,
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in the case ofpy; andyy(y) = 1if y < A; andyq(y) = 0if y > A; + /2, in the case ofp;. Let
Z.:R xR — R be given by

Fe(x,y) = o1(2)p2(y).

If Z.(xz,y) #0,thenz > X\;11 —e/2andy < A; +¢/2,50x —y > Ay — A; —e > ¢; thus, %,
satisfies the hypothesis of Lemma 3.45(jii),80(ux )¢ = 0. BUt.Z. (us ) = @1 (teo) 09002 (o)
(cf. (3.12)), wherep; (us.) = id -7} andgy(u.,) = =}, which completes the proof of part (ii).
Finally, part (iii) follows fromtr(o - u.,) = 0 and the non-triviality ofu. . O

Proof of Proposition 3.42Assume thafl/, . does not satisfy the main estimatel\'rhetg:OB. We have
to prove thatR is not (o, 7)-stable. By Lemma 3.46(i), the operators, are weak holomorphic
vector subbundles of,, for v € Qo [UY, §4]. Applying Uhlenbeck-Yau regularity theorem [UY,
§7], they represent reflexive subsheadés C &,, and by Lemma 3.46(ii), the inclusiod$, C &,
are compatible with the morphisnag, hence defin€)-subsheave®’ = (&}, ¢%) of R = (£, ¢).
We thus get a filtration of)-subsheaves

0 +RE—= R <=+ —=R. =R.

Asin|[B, (3.7.2)],

r r—1
oo = Mo+ Y A = y) = Nide = > (A1 — M),
Jj=1 7=0
so thev-component.., , = s © 7, Of uy IS
r—1
(3.47) Uoow = Aride, = Y (A1 — M),
j=0

(note that it may happen that , = =/, , for somev andj). From (3.13) and/, = p;(tico ),
Je, ﬂ-;,v = dpj(tcov)(0s,tc0v), SO

r—1 r—1
D N = A0, 1P =D (A = M) (A pi)? (oo 0) D, (eo,0), O, (o )
(348) = =

= (y(uoo,u) (5€vuoo,v)7 8&,“00,1/)7
where.# : R x R — R, defined by.# = Zé;lo(Aj+1 — X;)(d p;)?, satisfies the conditions of

Lemma 3.44 (cf. e.g. the proof of [S, Lemma 5.7]). We make dg@® previous calculations to
estimate the number

7=0

Y = Vol(X) (A,, deg, - (R) — X_:(Am —Aj) degg,T(Ré‘)) :

On the one hand, the degree of the substigafC &, is given by (3.1.5),

Vol(X) deg(€],) = (V-TAFK,, 7)) 2 = 10e,75 172,
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and this formula, together with equations (3.47) and (3.4&ply

r—1
X = Z Oy (V _IAFI(N )‘7’ idfv - Z()\]-l-l T;,v) + Z Oy Z J+1 = Hagv ]’UHL2
L

vEQo J=0 2 VEQo =0

1

_ Z 7, Vol (X)) ()\,, k(&) — \

vEQo J
= (0 V=1AFg,tus) 2 + (0 F (too) (0ston ), Ogtice ) 12 — (7 +id, too) 12

It follows from Lemma 3.44 (with#, = 0, cf. Lemma 3.45(iii)), tha < 0. On the other hand, if
R is (o, 7)-stable, themi, - (R) > s (R}), for 0 < j < r,and sincer - u., € L5S" is trace free,

(Ajr1 = X)) I’k(t‘f},u))

Il
=]

r—1

(0 us) Zavtr (Uoo 0 Ty) = Ay Zavrk Z 41— ngrk i0) =0,

vEQo J=0 vEQo
so we get
Vol(X -
X = Z i1 — Zavrk 1) deg, (R Zaurk ) deg, ,(R%)
2 veQy 7 rk ]=0 vEQo vEQo
r—1
= Vol(X) Z JH+1 Z o, k(& ] ) (o (R) = NU,T(R;)) >0
J=0 vEQo

Therefore, ifM,, , does not satisfy the main estimateZ\'rhetg:OB, thenR cannot beo, 7)-stable. O

3.7. Stability implies existence and uniquenes of special meti Let R = (£, ¢) be a(o, 7)-
polystable holomorphi€-bundle onX. To prove that it admits a hermitian metric satisfying the
quiver (o, T)-vortex equations, we can assume tRas (o, 7)-stable, which in particular implies that
it is simple. The existence and uniqueness of a hermitiamieretisfying the quivefe, 7)-vortex
equations is now immediate from Propositions 3.30 and 3.42. O

Sections 3.2 and 3.7 prove Theorem 3.1.

4. YANG—MILLS—HIGGS FUNCTIONAL AND BOGOMOLOV INEQUALITY

Let o, 7 be collections of real numbets,, 7, with o, > 0, for v € Q)y. Given a smooth complex
vector bundlel, let ¢, (£) andchy(E) be its first Chern class and second Chern character, respec-
tively. By Chern—Weil theory, ifd is a connection oty thenc, (F) (resp.chy(F)) is represented by

the closed form\é; tr(Fy4) (resp.— gz tr(F2)). Define the topologial invariants df

(4.1) )= [ ey = o= [ eI
and

w2 1 9 w2
4.2) Chz(E):/Xchz(E)Am = —@/Xtr(FA)Am

(thus,C (F) is the degree of/, up to a normalisation factor). Given a holomorphic vectondie
£ on X, we denote by, (£) andCh;y (&) the corresponding topological invariants of its undenyin
smooth vector bundle.
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Theorem 4.3.1f R = (&, ¢) is a (o, 7)-stable holomorphi€)-bundle onX, and theg,-selfadjoint
endomorphismy—1 A F,, of M, is positive semidefinite, for eaahe )y, then

(4.4) D nCiE) 221 ) 0, Cha(Ey).
vEV vEQQ
If C1(&,) =0,Che(E) =0forall v e Qo, then the connectiondy, are flat for eactv € @y, and
(4.5) Z % oH Z oo, =1,idg,
ach— a€t—1(v)

for eachv € Qo, whereH is a solutlon of thel/-twisted quiver o, 7)-vortex equations ofk..
Thus, quiver bundles can be useful to construct flat conmestiNote that wheX is an algebraic
variety, (4.5) means that is a family of r-stable¢)-modules parametrized by (cf. [K, §§5, 6]).

This theorem is an immediate consequence of the Hitchinaiashi correspondence for holo-
morphic@)-bundles and Proposition 4.7 below. We shall use the netatiboduced irg2.2.

Definition 4.6. The Yang—Mills—Higgs function® M H, . : &/ x Q° — R is defined by
YMH,(A,0) = Y oullFallf+ Y llda, éallf

vEQq a€Q
2

+23 ot DY duodi - D> ¢ og, - ridg,|

vEQo a€h=1(v) act=1(v) 12
whereA, is the connection induced by;,, A,, and A;, on the vector bundl8om (£}, @ M,, Ep,).

In the following, || - || will mean theL?-norm in the appropiate space of sections. Note that in
Theorem 4.3 it is assumed thgf-1 A F,, is semidefinite positive for each € @y, so it defines a
semidefinite positive sesquilinear form 01 (Hom (E;, @ M,, Ey,)) by

(¢a, %)qa :/;r (¢a o(idg,, ®V—-1AF,)o qbZHa) , for eachg,, ¢, € (20(H01rn(Em<§©Ma7 Fra)).

Adding together, we thus get a semidefinite positive seswaat form on2°, defined by
(6ot = > (Sar &)1, foreachy, ¢’ € Q°.

a€Q1
Thus,||¢]|% 5 == (¢, @)z, > 0 for eache € Q°.

Proposition 4.7. If (4, ¢) € A’ x Q°, with 4, € A, forall v € Qo, then

YMH, (A ¢)=4 Z 104, ¢all> + 47 Z r,C1(E,) — 872 Z 0,Cha(Ey) = ||6/% ar
a€Q vEQQ vEQQ
2
+ 3 o oo VEIAEs, + Y deodi = N ¢ og, —idpg,
vEQo a€h~1(v) act—1(v)

Proof. Before giving the proof, we need several preliminariesstrinote that for anyl, € A",
(4.8) 14,117 = IAFA,||* = 87°Cha(E,)

(cf. e.g. [B, Theorem 4.2]). Secondly, we notice that thevature ofA,, for A € (), is given by
(49) FAa (¢a) — FAha o ¢a - ¢a o (FAta ® idMa —I_ idEta ®F a)
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where¢, is a section oHom (Fy,, E1,). Finally, since thg0, 1)-parts of the unitary connections
Asa, Apq define holomorphic structured,, also defines a holomorphic structure on the smooth vector
bundleHom (Fy,, Fr,), SO it satisfies the Kahler identities

Vv _1[A7 8Aa] = _52(17 V _1[A7 8Aa:| = 82(1

In particular, the commutator @f —1 A with the curvature’s, = QAﬁAa‘l‘gAa da, ISV —1[A, Fa,] =
Aly = Al whereA'y = 0304 + 0407 andA’y = 9404 + 049%. When acting on sections, of
Hom(Fy4, Ehq), this simplifies to

V=1AF4, ¢, = Ay _do — A} 0.
so that
(4.10) (V=1AFA 0, $a)12 = 104, 6all* = [0, all*.
To prove the proposition we define

EE: ¢a ¢*H’ EE: ¢*H
ach~— act=1(v)

for ¢ € Q% andv € Qq. Then

Y o o VETAEL, + Uy(9) = 7oidp, [P = ) oullAFs,|?

vEQo vEQQ
+ Y o U@ —oidp, P42 Y (V=TAFA, Us(¢))12=2 > oy (V=T AF4,,7idpg, )12,
vEQo vEQQ vEQo

where (4.9), (4.10) give
> (V=TAF4, Us(@)2 = D (V=TAF4,, 0y — ¢ao (V=TAF4,, @idrr,), 6a) 2

vEQo a€Q1
= Y (VTAFA, 00 0) 2 = Il = D 104,0all® = Y 10a.0al® = [ 6lle,01-
a€Q1 a€Q1 a€Q1
The proposition now follows from the previous equation8f4and the definition of'; (£,). g

Proof of Theorem 4.3Let R = (&, ¢) be (o, T)-stable,H the hermitian metric ofR satisfying the
(o, 7)-vortex equations (cf. Theorem 3.1), ad € <« the corresponding Chern connection. By
Definition 4.6, YMH, (A, ¢) > 0, while from Proposition 4.7, this i8x > ., 7.C1(Ey) —
8723 e0, TvCha(Ey) = (91150 @S da,9, = 0 for eacha € Q. Since we are assuming
¢l > 0, we obtain (4.4). Furthermore, if'\(£,) = Cha(E,) = 0 for eachv € Q,

thenYMH, - (A, ¢) = —|¢ll%.; < 0, but this functional is non-negative by Definition 4.6, so
YMH, (A, ¢) = 0. Thus,F4, = 0 and we also obtain (4.5) for eache (), again by Definition
4.6. U

5. TWISTED QUIVER SHEAVES AND PATH ALGEBRAS

The category of/ -twisted()-sheaves is equivalent to the category of coherent shevighnA-
modules, wherel is certain locally free) x -sheaf associated @ and A —the so-calledV -twisted
path algebraof (). This provides an alternative point of view of twisted quigldieaves which, in
certain cases, gives a more algebraic understanding @ficgnoperties of)-sheaves (cf. e.g;5.2
below). In particular, it may be a better point of view to sfutie moduli space problem, which we
will not address in this paper. To fix terminology, a localted (resp. free, coherent)y-algebra
is a sheaf$ of rings which at the same time is a locally free (resp. fregharent)Oy-module.
Given such arQx-algebra8, a locally free (resp. free, coherer)algebra is a sheafl of (not



22 LUIS ALVAREZ-CONSUL AND OSCAR GARGA-PRADA

necessarily commutative) rings ov@which at the same time is a locally free (resp. free, cohgrent
Ox-module. A coherent rightl-module is a sheaf of righi-modules which at the same time is a
coherent? x-module.

5.1. Coherent sheaves of rightA-modules. Throughout5.1, we assume th&} is a finite quiver,
that is,(Qo and(?; are both finite. Let\/ be as in§1.2.

5.1.1. Twisted path algebra.Let § = @,c0,0x - e, be the freeOx-module generated b,
wheree,, are formal symbols, for € )y. We consider a structure of commutatitd -algebra or§,
defined bye, - e, = ¢, if v = ¢/, ande, - e,, = 0 otherwise, for each, v’ € )y. Let

M:@Ma

a€Q

be a locally free sheaf @&-bimodules, whose left (resp. rigffmodule structure is given by, -m =
mif m € M, andv = ha (resp.m - e, = m if m € M, andv = ta), ande, - m = 0 otherwise
(resp.m - e, = 0 otherwise), for each € Qq, a € 1, m € M,. The M-twisted path algebraf )
is the tensoB-algebra of the&s-bimoduleM, that is,

A= @MW.

£>0
Note thatA is a locally freeQ x -algebra. Furthermore, sin€gis finite, A has a unit
(51) 1A = @Uerev.

5.1.2. Coherent.A-modules.We will show now that the category af -twisted()-sheaves is equiva-
lent to the category of coherent sheaves of righnhodules, ocoherent rightd-modules This result

is a direct generalisation of the corresponding equivaaicategories for quiver modules (cf. e.g.
[ARS]). We define an equivalence functor from the first to themnd category. L&R = (£, ¢) be an
M-twisted@-sheaf. Lettl = @©,¢q,&, as a coherend x-module. The structure of right-module
on I is given by a morphism aP x-modules:4 : E®o, A — E satisfying the usual axioms defin-
ing right modules over an algebra. lmt: E®o, 8 = @y e, Eo@0 5 Ox ey = E4Q0, Ox ey =

&,, be the canonical projection, and : &£, < FE the inclusion map, for each ¢ ,. Let
fy =ty oTy : B ®o, & = E. The morphisnug = Zuer Wy : B ®p, & — I defines a structure
of right 8-module onZ'. The tensor product of andM over§ is £ ©s M = @,cq, Fia @0, M,
letr, : £ ®@s M — B, @0, M, be the canonical projection, for eaghe ;. The morphism
o = Zate Lha O Pq 0 Ty W ®s M — F is a morphism o8-modules. Sinced is the tensor
S-algebra ofM, pa¢ induces a morphism af x-modulespy : £ ®o, A — E defining a struc-
ture of right.A-module onF. This defines the action of the equivalence functor on theaibjof
the category of\/-twisted()-sheaves. It is straightforward to construct an action efftinctor on
morphisms ofM -twisted ()-sheaves, so this defines a functor from the category/efvisted (-
sheaves to the category of coherent rightnodules. We now define a functor from the category
of coherent rightd-modules to the category dff -twisted()-sheaves, and see that this new functor
is an inverse equivalence of the previous functor. Eebe a coherent rightl-module, with right
A-module structure morphismy : £ @o, A — E. The decomposition (5.1) is a sum of orthog-
onal idempotents itd (i.e. €2 = e,, e, - e, = 0 for v,v' € Qo with v # '), SOF = $,e0,&,
with &, = pa(F ®@o, Ox -e,) C I, for eachv € @, and the tensor product df andM over
SISE @s M = @4eq,&a @0, M,. The restriction ofug to £ ©@o, M induces a morphism of
S-modulesyn : £ @s M — E. The image of;, ®o, M, underuys is therefore infy,, hence
defines a morphism af y-modules¢, : &, ®o, M, — &g, for eacha € Q. This defines a
functor from the category of coherent rigiitmodules to the category aff -twisted()-sheaves. It
is straightforward to define the action of this functor on piasms and to prove that this functor,



HITCHIN-KOBAYASHI CORRESPONDENCE, QUIVERS, AND VORTICES 23

together with the previous one, are inverse equivalenceatefjories (actually, af x -categories, cf.
e.g. [ARS]). This completes the proof of the following:

Proposition 5.2. The category of coherent righiit-modules is equivalent to the category\éftwisted
()-sheaves oiX .

5.2. Tensor products of stable twisted quiver bundles.As a simple application of Proposition
5.2, we now prove that the tensor product of two polystabisted holomorphic quiver bundles is
polystable as well. To do this, we first define the appropriaigon of tensor product of quiver
sheaves. Lef) = (Qo, Q1) and@Q’ = (Q, Q}) be two finite quivers with the same vertex set
Qo = @y, and tail and head mapsh : Q1 — Qo, t', 1 : Q] — @, respectively. Let\ (resp.
M) be a collection of finite rank locally free sheavel (resp./,) on X, for eacha € (), (resp.

a € Q). Let8 = $,e0,0x - €, be afree sheaf af x-algebras as i§5.1.1. LetM = &,cq, M,
M = Dareq; My, be locally free sheaves 8tbimodules defined as §5.1.1, and

A= é MO A= ém’@%{
£=0 £=0

the M -twisted andM’-twisted path algebras 6§ and@’, resp. Thus, the category of coherent right
A-modules (resp.A’-modules) is equivalent to the category bf-twisted Q-sheaves (respM’-
twisted()’-sheaves) oK. Let Q" be the quiver which has the same verticeg)aand@’, and has
the arrows of) and@’, i.e. Q" = (Qf, Q) is the quiver, with tail and head mag§ »” : Q7 — QJ,
defined by

0 =Qo=Qq Qf = Q1 11Q1,
t"a =ta, h"a =haifa € Q, andt"d’ =t'd’, 1'd' = F'd if ' € Q.

Let M" be the collection of finite rank locally free sheaveg’ on X, for eacha € @Y, given by
M =M, ifae @ andM, =M, if a' € Q]. Let

M =MaM = M.
a€Qo

The M"-twisted path algebra @’ is

A” — @M//@)SZ ~ 4 ®s A/.
£=0

The category of coherent”-modules is equivalent to the categoryMdf’-twisted()”’-sheaves oiX .
Let now E (resp. E’) be a coherent rightl-module (resp.A’-module). Since§ is a commutative
Ox-sheaf andF/, I’ are coheren§-modules, their tensor produét” = F ®g F’ is well defined
and is again a cohereStmodule. We define the structure of a coherent rigitmodule onE”

by the isomorphismd” = A ©g A’: the action ofa @ ¢’ € (A @s A'), one @ ¢ € £, for
eachz € X,is(e@¢€)-(a®@d) =e-a®e - -d. LetnowR = (&, ¢) be theM-twistedQ-
sheaf corresponding t&, andR’ = (&', ¢') the M’-twisted)’-sheaf corresponding t&’, by the
equivalences of categories of Propositin 5.2. Th&-twisted()”’-sheaf corresponding to their tensor
productly” isthenR” = (£, ¢"), wheref!! = £, @0, &, for eachv € (o, and¢!] = ¢, @o, id if
a€ @, 9!, =id®o, ¢, if d € Q). Thus,R" is thetensor producof R andR’'.

a’ T a

Proposition 5.3. Leto, 7, 7’ be collections of real numbets,, 7, and 7, respectively, witlr, > 0,
for eachv € o, and letr” = 7 4+ 7', If R is a (o, 7)-polystable holomorphid/-twisted@-bundle
andR’ is a (o, 7')-polystablei’-twisted holomorphi€)’-bundle, then their tensor produ&” is a
(o, 7")-polystable holomorphid/-twisted@”-bundle.
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Proof. To define the vortex equations ghandR’, resp., we fix a family; of hermitian metricsy,

on M,, for eacha € @4, and a familyg’ of hermitian metricsy, on M,, for eacha’ € @, resp.

By Theorem 3.1, there is a hermitian metfit on R satisfying the(c, 7)-vortex equations, and a
hermitian metricH’ on R’ satisfying the(o, 7’)-vortex equations. The Chern connection associated
to the metricH!! = H, ® H) on&!! = &, ® &, for eachv € Qo with nonzerof, and &/, has
curvaturelgy = I'y, ® id +id @y, Itis now straightforward to prove that the collectiéh’ of
hermitian metrics/{]/ on &/, for eachv € (o, is a hermitian metric orR” satisfying the(o, 7)-
vortex equations. Thu&” is (o, 7"’)-polystable, again by Theorem 3.1. O

6. EXAMPLES

6.1. Higgs bundles. Let X be a Riemann surface. Aiggs bundleon X is a pair( £, ®), whereF

is @ holomorphic vector bundle ovéf and® € H°(End(F) @ K) is a holomorphic endomorphism
of F twisted by the canonical bundl€ of X. The quiver here consists of one vertex and one arrow
whose head and tail coincide and the twisting bundle is diidedcanonical line bundle o, i.e.

the holomorphic tangent bundlé X of X . This quiver, and the twisting bundle attached to its arrow,
is represented in Fig. 1.

The Higgs bundl€F, ¢) is stableif the usual slope stability conditign( £) < p(F) is satisfied
for all proper®-invariant subbundleg’ of F. The existence theorem of Hitchin and Simpson [H, S]
says that /', ) is polystable if and only if there exists a hermitian metticon £ satisfying

(6.1) FH—I—[(I),(I)*] = —v—-lpidgw,

wherew is the Kahler form onX, id; is the identity onF’, andy is a constant. Note that taking the
trace in the first equation and integrating ovéemwe gety = u(F).

There are many reasons why Higgs bundles are of interespfahe most important of which is
the fact that there is a bijective correspondence betwesanmdgohism classes of poly-stable Higgs
bundles of degree zero oxi and isomorphism classes of semisimple complex represemsadf the
fundamental group oX'. This important fact is derived from a combination of thedream of Hitchin
and Simpson mentioned above and an existence theorem fieagguat harmonic metrics proved by
Donaldson [D3] and Corlette [C]. This correspondence can bk used to study representations of
71(X) in non-compact real Lie groups. In particular, by considgiihe groupU(p, ¢) one obtains
another interesting example of a twisted quiver bundle.dBmiify this quiver we observe that there
is a homeomorphism between the moduli space of semisimplesentation ofry (X) in U(p, ¢)
and the moduli space of poly-stable zero degree Higgs bafdled) of the form

E=VaW,
(6.2) (I):(Sg),

whereV andW are holomorphic vector bundles df of rank p andg, respectively,
B € H°(Hom(W,V)® K) and v ¢ H°(Hom(V,W)® K).

The corresponding quiver, with the twisting bundle attatteeach arrow, is represented in Fig.
2. Now, for this twisted quiver bundle one can consider theegal quiver equations. Although they
only coincide with Hitchin’s equations (6.1) for a partiauthoice of the parameters, it turns out that
the other values are very important to study the topologyefrhoduli of representations of (.X)
intoU(p, ¢q) [BGG1].
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Fig. 1. Fig. 2.

A very important tool to study topological properties of lgggbundle moduli spaces and hence
moduli spaces of representations of the fundamental gtgpdonsider th€* -action on the moduli
space given by multiplying the Higgs fiedel by a non-zero scalar. A poiitt’, ®) is a fixed point of
theC*-action action if and only if it is a variation of Hodge struog, that is,

(6.3) EF=Fn&- -k,
for holomorphic vector bundlek; such that the restriction
®; := Py, € H'(Hom(F;, Fiq) @ K).

A variation of Hodge structure is therefore a twisted quivendle, whose twisting bundles até, =
T’ X, and the infinite quiver represented in Fig. 3.

T'X T'X T'X T'X T'X T'X

Fig. 3: Variations of Hodge structure.

One can generalize the notion of Higgs bundle to considestimgs by a line bundle other than
the canonical bundle. These have also very interesting gegpniGR].

6.2. Quiver bundles and dimensional reduction. Quiver bundles and their vortex equations appear
naturally in the context of dimensional reduction. To expkhis, consider the manifold x G /P,
where X is a compact Kahler manifoldy is a connected simply connected semisimple complex
Lie group andP C G is a parabolic subgroup, i.e/P is a flag manifold. The group: (and
hence, its maximal compact subgrolipC () act trivially on X and in the standard way da#/ P.
The Kahler structure oX together with ak-invariant K&hler structure otv'/ P define a product
Kahler structure orX' x G'/P. We can now consider@-equivariant vector bundle ove¥ x G/ P
and studyK -invariant solutions to the Hermitian—Einstein equatiotisturns that these invariant
solutions correspond to special solutions to the quivetexoequations on a certain quiver bundle
over X, where the quiver is determined by the parabolic subgiujn [AG1] we studied the case in
whichG/ P = P!, the complex projective line, which is obtained as the eritofG = SL(2, C) by

the subgroup of lower triangular matrices, generalizirgypyus work by [G1, G2, BG]. The general
case has been studied in [AG2]. We will just mention here sofrtee main results and refer the
reader to the above mentioned papers.

A key fact is the existence of a quivér with relationsk’ naturally associated to the subgrobip
A relationof the quiver is a formal complex linear combinatios- ) _ . ¢;p; of pathsp; of the quiver
(i.e. ¢; € C), and a path ir) is a sequencg = «aq - - - a,,, Of arrowse; € @; which compose, i.e.
withta;_y = ha; for 1 < j < m:

(6.4) pr el e T L 10y
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The set of vertices of the quiver associate#tooincides with the set of irreducible representations
of P. The arrows and relations are obtained by studying cersaitopical decompositions related to
the nilradical of the Lie algebra dP. For example, foP!, P! x P! andP?, the quiver is the disjoint
union of two copies of the quivers in Fig. 4, 5 and 6, respetyiv

Fig. 4:G/P =P

Fig. 5:G/P =P x PL Fig. 6:G/P = P2

In the case of the quiver associatedRt§ the set of relations is empty, while for the quivers

associated t&! x P! andP?, the relations-, are given by
2 1 1 2
= a2y )~ all )

where) € Z? is a vertex,L; and L, are the canoncial basis Gf, anda({) : A — A — L; are the
arrows going out from\, for ;j = 1,2. Given a sefC of relations of the quive€), a holomorphic
(@, K)-bundle (with no twisting bundled/,) is defined as a holomorphi@-bundleR = (&, ¢)
which satisfies the relations= 3 . c;p; in K, i.e. such thap . ¢;¢(p;) = 0, whereg(p) : &, —
Ena, is defined for any path (6.4) as the compositigp) := ¢4, 0 -+ - 0 ¢q,,

Let (@, K) be the quiver with relations associated’toOne has an equivalence of categories

{ coherent G—equivariant

sheaveson X x GG/P } — { (@, K)—sheaves on X }

The holomorphid~-equivariant vector bundles ok x G/ P and the holomorphi¢@, K)-bundles
on X are in correspondence by this equivalence. Thus, the agted@--equivariant holomorphic
vector bundles orX x (PY)? and X x P? is equivalent to the category of commutative diagrams
of holomorphic quiver bundles oi for the corresponding quivep. If we now fix a total order in
the set of vertices, any coherefitequivariant sheaf on X x /P admits aG-equivariant sheaf
filtration

F:0—>Fg—=>Fr = =F,=F,

Fo/Fso1 Zp &, @q7Oy,, 0<s<m,

where{ o, A1, ..., A, } is a finite subset of vertices, listed in ascending ordgy, . ., £, are non-
zero coherent sheaves dh with trivial G-action, andQ, , is the homogeneous bundle ov&y P
corresponding to the representation The mapg andq are the canonical projections fromx G/ P
to X andG/ P, respectively. IfF is a holomorphie-equivariant vector bundle, thef, . . ., &, are
holomorphic vector bundles.

(6.5)
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The appropriate equation to consider on a filtered bundlelAG a deformation of Hermite—
Einstein equation which involves as many parametgrs,, . . ., 7, € R as steps are in the filtration,
and has the form

Tolo
Ty

(6.6) V=1AF, = N :
TmIm

where the RHS is a diagonal matrix, written in blocks coroesfing to the splitting which a hermitian
metric i defines in the filtrationF. If iy = --- = 7, then (6.6) reduces to the Hermite—Einstein
equation. As in the ordinary Hermite—Einstein equatior,ghistence of invariant solutions to the
Hermite—Einstein equation on an equivariant holomorplti@afion is related to a stability condition
for the equivariant holomorphic filtration which naturalfwolves the parameters.

Let 7 be aG-equivariant holomorphic vector bundle dh x G//P. Let F be theG-equivariant
holomorphic filtration associated t6 and R = (&, ¢) be its corresponding holomorphi®, X )-
bundle onX, where(Q, ) is the quiver with relations associatedfo ThenF has ak -invariant
solution to ther-deformed Hermite—Einstein equations if and only if thetgedbundlest, in R
admit hermitian metricg/, on &y, for each vertex\ with £, # 0, satisfying

(6.7) V=ImAFg, + Y ¢a0gi— > dho¢s=1iids,,

a€h—1()) a€t=1())

wheren, is the multiplicity of the irreducible representation a@sponding to the vertex and 7{
are related ta-, by the choice of thds-invariant metric onz/P. It is not difficult to show that the
stability of the filtration coincides with the stability ofi¢ quiver bundle where the parameters
in the general stability condition for a quiver bundle eqtred integers:,. This, together with the
dimensional reduction obtainment of the equations, prewigith an alternative proof of the Hitchin—
Kobayashi correspondence for these special quiver bundles

Although the quiver bundles obtained by dimensional reidnobn X x G/ P are not twisted, it
seems that twisting may appear if one considers dimensiedattion on more generél-manifolds
— this is something to which we plan to come back in the future.
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