
ESI The Erwin S
hr�odinger International Boltzmanngasse 9Institute for Mathemati
al Physi
s A-1090 Wien, Austria
Comparison Results and Steady States for theFujita Equation with Fra
tional Lapla
ianMatthias BirknerJos�e Alfredo L�opez-MimbelaAnton Wakolbinger

Vienna, Preprint ESI 1265 (2003) June 1, 2004Supported by the Austrian Federal Ministry of Edu
ation, S
ien
e and CultureAvailable via http://www.esi.a
.at



Comparison results and steady states for theFujita equation with fra
tional Lapla
ianR�esultats de 
omparaison et solutions stationnairesde l'�equation de Fujita ave
 Lapla
ien fra
tionnelMatthias Birkner�, Jos�e Alfredo L�opez-Mimbelayand Anton WakolbingerzAbstra
tWe study a semilinear PDE generalizing the Fujita equation whose evolution oper-ator is the sum of a fra
tional power of the Lapla
ian and a 
onvex non-linearity. Usingthe Feynman-Ka
 representation we prove 
riteria for asymptoti
 extin
tion versus �-nite time blow up of positive solutions based on 
omparison with global solutions. Fora 
riti
al power non-linearity we obtain a two-parameter family of radially symmetri
stationary solutions. By extending the method of moving planes to fra
tional powersof the Lapla
ian we prove that all positive steady states of the 
orresponding equationin a �nite ball are radially symmetri
.R�esum�eNous �etudions une �equation de r�ea
tion-di�usion semilin�eaire (g�en�eralisant l'�equa-tion de Fujita), dont l'op�erateur d'�evolution est la somme d'une puissan
e fra
tion-nelle du Lapla
ien et d'une non-lin�earit�e 
onvexe. A l'aide de la repr�esentation deFeynman-Ka
 nous exhibons des 
rit�eres entrainant l'extin
tion asymptotique, respe
-tivement l'explosion en temps �ni, de solutions positives. Ces 
rit�eres s'obtiennent en
omparant ave
 des solutions globales. Pour une 
ertaine puissan
e 
ritique de la non-lin�earit�e nous obtenons une famille param�etris�ee de solutions stationnaires �a sym�etrieradiale. Par extension de la m�ethode de d�epla
ement d'hyperplans �a des puissan
esfra
tionnelles du Lapla
ien, nous prouvons que toute solution positive stationnaire del'�equation 
orrespondante dans une boule �nie 
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1 Introdu
tionWe 
onsider the \generalized Fujita equation"��tu(t; x) = Lu(t; x) +G(u(t; x)); t � 0; x 2 Rd; (1.1)u(0; x) = '(x) � 0;where L = �� is the fra
tional power �(��)�=2 of the Lapla
ian, 0 < � � 2,and G : R+ ! R+ is a 
onvex fun
tion satisfying 
onditions (2.1) and (2.2) below.Solutions will be understood in the mild sense (see e.g. [23℄) so that (1.1) makes sensefor any non-negative bounded measurable fun
tion ' on Rd.A well-known fa
t is that for any non-trivial initial value ' there exists a numberT' 2 (0;1℄ su
h that (1.1) has a unique solution u on Rd� [0; T') whi
h is boundedon Rd � [0; T ℄ for any 0 < T < T', and if T' < 1, then ku(�; t)kL1(Rd) ! 1 ast " T'.When T' =1 we say that u is a global solution, and when T' <1 we say thatu blows up in �nite time or that u is non-global.The study of blow up properties of (1.1) goes ba
k to the fundamental work ofFujita [13℄, who studied Eq. (1.1) with � = 2 and G(z) = z1+�, � > 0. Theinvestigation of (1.1) with a general � was initiated by Sugitani [26℄, who showedthat if d � �=�, then for any non-vanishing initial 
ondition the solution blows upin �nite time. Using a Feynman-Ka
 representation for the solutions of semilinearproblems of the form (1.1), this 
on
lusion was re-derived in [4℄ and the 
orrespondingbehaviors of equations with time-dependent nonlinearities and of various systems ofsemilinear pde's were studied.It is known (e.g. [21℄, [22℄) that in super
riti
al dimensions d > �=�, Eq. (1.1)admits global as well as non-global positive solutions, depending on the \size" ofthe initial 
ondition. For short we address this parameter 
onstellation as the globalregime.In the �rst part of the present note we prove two 
omparison 
riteria in the globalregime:(i) Assume the initial value ' � 0 leads to a globally bounded solution. Then anyinitial value  with 0 �  � (1 � ")', " > 0, gives rise to a solution 
onverging tozero.(ii) Assume the initial value ' � 0 leads to a solution whi
h is uniformly boundedaway from 0 for all t > 0 and all x in some ball � Rd. Then any initial value  with � (1 + ")', " > 0, gives rise to a solution whi
h blows up in �nite time.The essential tool in proving (i) and (ii) is the probabilisti
 representation of thesolution of (1.1) provided by the Feynman-Ka
 formula, that was obtained in [4℄ (see(2.4) below).Natural 
andidates for the 
omparison in (i) and (ii) are (time-)stationary solu-2



tions of (1.1), i.e. solutions of the \ellipti
" equation��u(x) +G(u(x)) = 0; x 2 Rd: (1.2)In the 
ase � = 2 and G(z) = z1+�, it is known that (see [17℄, [9℄, [15℄, [27℄)- for d > 2, 1 + � < (d + 2)=(d � 2), apart from u � 0, no bounded non-negativesolution of (1.2) exists- for d > 2, � = (d+ 2)=(d � 2) � 1, all bounded stationary solutions of (1.2) aregiven by the familyu
;A(x) = A(d(d � 2))(d�2)=2�d(d� 2) + (A2=(d�2)kx� 
k)2�(d�2)=2 ; 
; x 2 Rd; A 2 R+: (1.3)(Note that the two parameters of the family are the symmetry 
enter 
 of u and itsvalue A at 
.)- for d > 2, � > (d+2)=(d� 2)� 1, there exists a one-parameter family uA; A > 0of solutions of (1.2) with the properties: uA(x) is symmetri
 around x = 0,uA(0) = A; kxk2=�uA(kxk)! K(d; �) as kxk !1; (1.4)where K(d; �) is a 
onstant not depending on A.In the 
ase � < 2, mu
h less is known. For d > �, � = (d + �)=(d � �) � 1,we spe
ify in Proposition 3.1 a two-parameter family u
;A, 
 2 Rd, 0 < A < 1; ofradially symmetri
 solutions of��u(x) + u1+�(x) = 0; x 2 Rd (1.5)with the propertyu
;A(
) = A; kxkd��u
;A(kxk)! K(d; �; �) as kxk ! 1where K(d; �; �) is a positive 
onstant. A natural 
onje
ture now is that, like inthe Lapla
ian 
ase, for � = (d + �)=(d � �) � 1 the u
;A 
onstitute all the boundedsolutions of (1.5), and that for � < (d+�)=(d��)�1 there are no bounded non-zerosolutions at all.As a �rst step to answer these questions, in Se
tion 4 we make use of the so
alled \method of moving planes", whi
h is well known in the Lapla
ian 
ase, toshow symmetry of positive solutions in a ball. Essential tools (like Hopf's boundarylemma) 
an be 
arried over to the �-Lapla
ian 
ase. With this method, we were ableto show (see Theorem 4.1) that the following equation has only radially symmetri
non-negative solutions: ��u(x) + F (u(x)) = 0; x 2 B;u(x) = 0; x 2 Rd nB:Here B is an open ball 
entered around 0 and F : R+ ! R+ is non-de
reasing. We
onje
ture that an analogous statement is valid for F (z) = zp with p = (d+�)=(d��)and Rd instead of B. In subse
. 4.3 we des
ribe several problems we think one wouldhave to over
ome for 
arrying over the moving planes method to the unbounded spa
esetting in this 
ase. 3



2 Two 
omparison 
riteriaIn this se
tion we assume that the fun
tion G in Eq. (1.1) satis�es the 
onditionslimz!0+ G(z)z1+� = 
 2 (0;1) (2.1)and Z 1� dzG(z) <1 (2.2)for 
ertain positive numbers � and �.Lemma 2.1 Let G be a 
onvex fun
tion satisfying (2.1), and " > 0. For any M > 0there exists "0 > 0 su
h thatG((1 + ")z)(1 + ")z > (1 + "0)G(z)z for 0 < z �M .Proof By 
onsidering G=
 instead of G we 
an assume that 
 = 1. Given ~" > 0there exists Æ > 0 su
h that(1 � ~")z� < G(z)z < (1 + ~")z�for z 2 (0; Æ). Take ~" < ((1 + ")� � 1)=((1 + ")� + 1). Then for z < Æ=(1 + ") := x0,G((1 + ")z)(1 + ")z > (1 � ~")(1 + ")�z� > (1 � ~")(1 + ")�(1 + ~") G(z)z = (1 + 
0)G(z)zwhere 
0 > 0. Sin
e z 7! G(z)=z is 
ontinuous and stri
tly in
reasing in (0;1) itfollows that infz2[x0;M ℄ �G((1+")z)(1+")z =G(z)z � > 1+
00 with 
00 > 0. Taking "0 = 
0^
00 yieldsthe assertion. 2Let us observe that if v is a globally bounded solution of (1.1) we ne
essarily have,for all x, Ptv(0; x)! 0 as t!1;where (Pt) is the semigroup with generator L. Indeed, from the integral form of (1.1)v(t; x) = Ptv(0; x) + Z t0 Pt�sG(v(s; x)) ds� Ptv(0; x) + Z t0 Pt�sG(Psv(0; x)) ds� Ptv(0; x) + Z t0 G(Ptv(0; x)) ds� tG(Ptv(0; x));4



where we used in the �rst inequality that Ptv(0; �) � v(t; �), and Jensen's inequalityafter the se
ond line. It follows from the global boundedness of v thatlimt!1Ptv(0; x) � limt!1G�1(Const: t�1) = 0: (2.3)Proposition 2.1 Let G be a 
onvex, in
reasing fun
tion satisfying (2.1) and (2.2).Assume the initial value ' � 0 leads to a globally bounded solution of (1.1). Thenany initial value  with 0 �  � (1� ")', " > 0, gives rise to a solution 
onverginguniformly to zero.Proof Re
all that the Feynman-Ka
 representation of solutions of (1.1) is given by(see [4℄)u(t; x) = ZRd u(0; y)pt(y; x)Ey �exp Z t0 G(u(s;Xs))u(s;Xs) ds���� Xt = x� dy; (2.4)where (Xt) is the L�evy pro
ess with generator L, and pt(x; y), t > 0, x; y 2 Rd, areits transition densities.Suppose that v is a globally bounded solution of (1.1) and that 0 � u(0; �) �(1 � ")v(0; �) where 0 < " < 1. As (1.1) preserves ordering we have u(t; x) � v(t; x)for all t � 0 and x 2 Rd, whi
h together with (2.4) improves tou(t; x) � ZRd(1 � ")v(0; y)pt(y; x)Ey �exp Z t0 G(v(s;Xs))v(s;Xs) ds���� Xt = x� dy= (1� ")v(t; x)uniformly in t and x. Inserting this bound again into the Feynman-Ka
 representationof u yieldsu(t; x) � ZRd u(0; y)pt(y; x)Ey �exp Z t0 G((1 � ")v(s;Xs))(1� ")v(s;Xs) ds���� Xt = x� dy:Putting z(t; x) := (1� ")v(t; x) in the above inequality and using Lemma 2.1 (with "in Lemma 2.1 substituted by ~" := "=(1 � ")) we getu(t; x) � ZRd u(0; y)pt(y; x)Ey �exp Z t0 11 + "0 G((1 + ~")z(s;Xs))(1 + ~")z(s;Xs) ds���� Xt = x� dy= ZRd u(0; y)pt(y; x)Ey he(1�"00)At��� Xt = xi dy;where "0 > 0 is given by Lemma 2.1, "00 := "0=(1 + "0) andAt := Z t0 G(v(s;Xs))v(s;Xs) ds: (2.5)5



Thus,u(t; x) � ZRd u(0; y)pt(y; x)Ey he(1�"00)At1(eAt < (Ptv(0; x))�1=2)��� Xt = xi dy+ZRd u(0; y)pt(y; x)Ey he(1�"00)At1(eAt � (Ptv(0; x))�1=2)��� Xt = xi dy:Sin
e eAt � (Ptv(0; x))�1=2 implies e(1�"00)At � eAt (Ptv(0; x))"00=2, we obtainu(t; x) � ZRd u(0; y)pt(y; x) (Ptv(0; x))�1=2+(Ptv(0; x))"00=2 ZRd u(0; y)pt(y; x)Ey �eAt�� Xt = x� dy� (1� ")�(Ptv(0; x))1=2+ v(t; x)(Ptv(0; x))"00=2�whi
h tends to 0 uniformly as t!1 due to (2.3). 2Proposition 2.2 Let G be a 
onvex, in
reasing fun
tion satisfying (2.1) and (2.2).Assume the initial value ' = v(0; �) � 0 leads to a globally bounded solution of (1.1)whi
h for some open ball B � Rd and some � > 0 obeysinfx2B v(t; x) � � for all suÆ
iently large t > 0. (2.6)Then for any " > 0, the initial 
ondition (1 + ")' leads to blow-up in �nite time.Proof By the Feynman-Ka
 formula,v(t; x) = ZRd v(0; y)pt(y; x)Ey �eAt�� Xt = x� dy;where At is given by (2.5). If K > 0 thenZRd v(0; y)pt(y; x)Ey �eAt;At � K�� Xt = x� dy � eKExv(0;Xt)! 0as t ! 1 uniformly in x due to (2.3). Therefore, for all K > 0 there exists T0 =T0(K; 
) > 0 su
h that for t > T0 v(t; x)RRd v(0; y)pt(y; x)Ey [eAt;At � Kj Xt = x℄ dy � 2: (2.7)Without loss of generality we 
an assume that infx2B1(0) v(t; x) � � for all t largeenough, where Br(x) denotes the ball in Rd of radius r 
entered at x. Arguing asabove we 
he
k via the Feynman-Ka
 representation that for all t � 0 and x 2 Rd,u(t; x) � (1 + ")v(t; x). Plugging this again into the Feynman-Ka
 representation foru yieldsu(t; x) � (1 + ")ZRd v(0; y)pt(y; x)Ey �expZ t0 G((1 + ")v(s;Xs))(1 + ")v(s;Xs) ds���� Xt = x� dy� (1 + ")ZRd v(0; y)pt(y; x)Ey he(1+"0)At��� Xt = xi dy6



for some "0 > 0 by Lemma 2.1. Using this and (2.7) we obtain for given K > 0 and tbig enough thatu(t; x) � (1 + ")eK"0 ZRd v(0; y)pt(y; x)Ey �eAt;At � K�� Xt = x� dy� (1 + ")eK"0 v(t; x)2 :Hen
e, for anyK > 0 we �nd infx2B1(0) u(t; x) � �(1+")eK"0=2 for all suÆ
iently larget. As is well known (see e.g. [19℄), this inequality together with (2.2) are suÆ
ientfor �nite-time blowup of u. 2The kind of threshold phenomenon des
ribed by the following 
orollary is well-known for the 
lassi
al Lapla
ian, see e.g. [11℄, Thm. 1.1 or [16℄, Thm. 1.14 for relatedresults.Corollary 2.1 Let G be a 
onvex, in
reasing fun
tion satisfying (2.1) and (2.2), and' � 0 a non-trivial positive bounded solution ofL'(x) +G('(x)) = 0:a) For ea
h " > 0 the solution u of (1.1) with initial value u(0; x) = (1 + ")'(x),x 2 Rd, blows up in �nite time.b) For ea
h " 2 (0; 1) the solution u of (1.1) with initial value u(0; x) = (1�")'(x),x 2 Rd 
onverges uniformly to 0 as t!1.Proof This is immediate from propositions 2.1 and 2.2. 23 A 
lass of radially symmetri
 stationary solu-tionsWe now set out to spe
ify a family of positive stationary solutions of (1.1) in theparti
ular 
ase of G(z) = zp, where p = (d + �)=(d � �). Before doing this, we still
onsider the 
ase of a general p, and note that the \ellipti
" equation��u(x) + up(x) = 0; x 2 Rd (3.1)
an be rewritten in integral form asu(x) = Z 10 Ex [up(Xt)℄ dt; x 2 Rd; (3.2)where (Xt) denotes the (symmetri
) �-stable pro
ess in Rd. Hen
e, for d � �, dueto re
urren
e of (Xt), the only non-negative solutions of (3.1) are u � 0 and u � 1.Therefore, we hen
eforth assume that d > �, in whi
h 
ase (3.2) rewrites as (see [5℄,p. 264) u(x) = ZRd A(d; �)up(y)ky � xkd�� dy; x 2 Rd; (3.3)where A(d; �) := �(12(d� �))=[�(12�)2��d=2℄.7



Proposition 3.1 If p = (d + �)=(d � �), then for any A 2 (0;1) and 
 2 Rd thefun
tionu
;A(x) = A�1 + �A2=(d��)2�1 �� � d+�2 � Æ� � d��2 ���1=� kx� 
k�2�(d��)=2solves (3.1).Proof Without loss of generality we assume that 
 is the origin. Due to (3.3) itsuÆ
es to show that u0;A(x) = ZRd A(d; �)up0;A(y)ky � xkd�� dy; x 2 Rd: (3.4)Let us write a := A�2=(d��)2 �� �d+�2 � Æ� � d��2 ��1=�. We �rst note thatu0;A(x) = A(1 + 4�2k x2�ak2)(d��)=2 = A[Bd�� � x2�a�(see [12℄, p. 155), where for any f 2 L1(Rd), bf(x) := RRd e�2�iy�xf(y) dy is the Fouriertransform of f , and for any 
omplex w with Re(w) > 0Bw(x) := 1�(w2 )(4�)d=2 Z 10 r(w�d)=2�1e�r�kxk2=4r dr:Hen
edu0;A(x) = A h[Bd�� � �2�a�ib(x) = A(2�a)d[[Bd��(2�ax) = A(2�a)dBd��(�2�ax):Noti
e that Bw(x) = 2(d�w)=2+1� �w2 � (4�)d=2kxk(w�d)=2K(d�w)=2(kxk); x 2 Rd; (3.5)where for any 
omplex �, K� is the Ma
donald's fun
tion ([28℄, x6�22), also known asmodi�ed Bessel fun
tion of the se
ond kind, whi
h is given byK�(z) = 12 �12z�� Z 10 r���1e�r�z2=4rdr; Re(z2) > 0:It follows thatdu0;A(x) = Aad��=2�(d��)=2 2�(d��2 ) kxk��=2K�=2(k2�axk): (3.6)To 
ompute the Fourier transform of the other side of (3.4) we use the 
onvolutiontheorem, (3.5) and�A(d; �)k � k�(d��)�b(x) = (2�kxk)�� ; x 2 Rd; 0 < Re(�) < d;8



(e.g. [12℄, p. 154) to obtain�ZRdA(d; �)up0;A(y)ky � �kd�� dy�b(x) = (2�)��kxk��Ap " 1�1 + 4�2k �2�ak2�(d+�)=2#b(x)= (2�)��kxk��Ap h[Bd+� � �2�a�ib(x)= (2�)��kxk��Ap(2�a)dBd+�(�2�ax)= 2���(d��)=2kxk��=2Apad+�=2 2� � d+�2 �K��=2(k2�axk)Sin
e K� = K�� ([1℄, Formula 9.6.6), by 
omparing the RHS of the last equality withthat of (3.6) we see that they are equal for the value of a stated at the beginning ofthe proof. The result follows from uniqueness of Fourier transforms. 2Remarks 1. Re
all [8, 18℄ that for 0 < � � 2 and d > � the Kelvin transform of uis de�ned by v(x) := 1kxkd��u� xkxk2� ; x 2 Rd; x 6= 0: (3.7)A simple 
al
ulation shows that for any �xed 
 2 Rd the family of solutions fu
;AgA�0rendered by Proposition 3.1 is invariant under the Kelvin transform with 
enter 
v
(x) := 1kx� 
kd��u
;A�
+ x� 
kx� 
k2� :2. Moreover, if u is any given regular positive solution of (3.1) (where 0 < � � 2,p > 1 and d > �) and x 6= 0, then its Kelvin transform v(x) satis�es��v(x) + vp(x)kxk(d+�)�p(d��) = 0: (3.8)Indeed, let G� denote the Green's operator 
orresponding to ��, and x 6= 0. Then,�G��� vp(x)kxk(d+�)�p(d��)� = Z A(d; �)kx� ykd�� � 1kyk(d+�)�p(d��)� 1kyk(d��)p � up� ykyk2� dy= A(d; �)Z 1


x� zkzk2


d�� � 1kzkd�� � up(z) dz= A(d; �)Z 1


 x � kzk � zkzk


d�� � up(z) dz= A(d; �)ZRd up(z) dz


 xkxk � kxk � z 


d��= 1kxkd��u� xkxk2� = v(x);9



where we used the elementary identity kx � kzk� zkzkk = k xkxk �kxk � zk in the fourthequality.3. Pro
eeding as in the proof of Proposition 3.1 one 
an verify, again assumingd > � and p = (d + �)=(d � �), that a singular expli
it solution to (3.1) is given byusing(x) = h2� �� �d+�4 � Æ� � d��4 ��2i1=(p�1) � 1kxk(d��)=2 ; x 6= 0;and that using is a �xed point of the Kelvin transform (3.7).4 Rotational symmetry of solutions in a ballLet F : R+ ! R+ be non-de
reasing, not identi
ally 
onstant, and � 2 (0; 2). Letu : Rd ! R+ be a non-negative bounded solution to��u+ F (u) = 0; x 2 B1(0); u � 0 in B1(0)
; (4.1)i.e., for all x in the unit ball we haveu(x) = Z 10 Ex �F (Xt); supu�t jXuj < 1� dt = ZB1(0)G�(x; y)F (u(y)) dy; (4.2)where X is the symmetri
 �-stable pro
ess and G�(x; y) is the 
orresponding Green'sfun
tion for the unit ball.It is well known that (4.1) possesses nontrivial positive solutions if F is of theform F (u) = Ku, where K > 0 is a 
onstant [14℄. Existen
e of positive solutionsto (4.1) for non-linear rea
tion terms is a deli
ate question whose answer dependsrather sensitively on F . For example in the 
ase of the 
lassi
al Lapla
ian (� = 2) ind � 3 and a non-linearity of power type F (u) = u1+� it is well known that there arenontrivial solutions to (4.1) if and only if 1 + � < (d + 2)=(d � 2), see e.g. [24℄.It is tempting to 
onje
ture that this phenomenon extends from � = 2 to � 2 (0; 2℄,the Lapla
ian being repla
ed by ��, and the threshold for 1+� being (d+�)=(d��).Note that this 
omplements our 
onje
ture given at the end of Se
tion 1: Whereas inthe 
ase of Rd nontrivial solutions should exist i� 1+� � (d+�)=(d��), in the 
aseof bounded balls the 
ondition for existen
e of nontrivial solutions solutions shouldbe 1 + � < (d + �)=(d � �).In our setting, proving existen
e of a nontrivial positive solution to (4.1) 
onsti-tutes a 
hallenging proje
t for future resear
h. In the present paper we will not treatthis question, but rather proveTheorem 4.1 Any non-negative solution to (4.1) is symmetri
 about the origin.Our approa
h is based on the method of moving planes, a devi
e that goes ba
k toAlexandrov [2℄ and has by now a venerable history in the study of symmetries ofsolutions of pde's, see also [25℄ and [15℄. The idea is as follows: Choose any dire
tion10



PSfrag repla
ements x 0 1�1 x1x��� T��Figure 1inRd, without loss of generality the x1-dire
tion, and show that u is mirror symmetri
with respe
t to the hyperplane through the origin with this given dire
tion as a normalve
tor. In order to a
hieve this let us de�ne for � 2 (�1; 1)T� := fx 2 Rd : x1 = �g; �� := fx 2 Rd : x1 < �gand for x 2 Rd let x� := (2�� x1; x2; : : : ; xd) be the image under re
e
tion along T�;see Figure 1.De�ne the set � by� := �� 2 (�1; 0) : u(x�) � u(x) 8x 2 ��; ��x1u(x) > 0 8x 2 T� \ B1(0)� : (4.3)Observe that by the minimum prin
iple we have u(x�) > u(x) for x 2 ��\B1(0) and� 2 �, i.e., � 2 � means that re
e
tion along T� (stri
tly) in
reases the value of u.In subse
. 4.2 we prove that sup � = 0 (4.4)so that by 
ontinuity u(�x1; x2 : : : ; xd) � u(x1; x2 : : : ; xd) whenever x1 � 0. By
onsidering � > 0 and working in the opposite dire
tion we 
an then 
on
lude thereversed inequality and hen
e obtain the desired symmetry.4.1 Some preparatory lemmasLemma 4.1 A bounded solution u of (4.2) satis�es u 2 C(Rd) \ C1(B1(0)).Proof Using the expli
it form of the Green's kernel of the ball (see e.g. [8℄, formula(2.3)) one easily 
he
ks that inter
hange of integration and di�erentiation is justi�ed.11



Lemma 4.2 (Minimum prin
iple) Let D � Rd be a bounded domain. Supposew : Rd ! R+ is 
ontinuous, ��w � 0 on D, and satis�es w � 0 on D
. Then eitherw � 0 or w > 0 on D.Proof Let D" := fx 2 D : w(x) > "g. By 
ontinuity D" is open. Assume thatD" 6= ; for some " > 0. Let (Xt) be the �-stable pro
ess, and � := inffs : Xs 62 Dgthe hitting time of D
. Then Mt := w(Xt^�) � w(X0) � R t^�0 ��w(Xs) ds is a Px-martingale for ea
h x 2 D. Let furthermore � 0 := inffs : Xs 2 D"g. For ea
h x 2 Dwe have ExM� 0 = 0, orw(x) = Ex [w(X� 0^�)℄ +Ex "Z � 0^�0 (���w)(Xs) ds# � Ex [w(X� 0^�)℄ � "Px(� 0 < � ) > 0be
ause (Xt) hits any open subset of D with positive probability before exiting fromD. 2We will have o

asion to 
onsider the behavior of u at the boundary of the ball.In this respe
t, the following lemma is helpful:Lemma 4.3 (Hopf's �-stable boundary lemma) Let D � Rd be open, w : Rd !R+ 
ontinuous with w � 0 on D
, ��w � 0 on D, w not identi
ally zero. Letx0 2 �D satisfy an interior sphere 
ondition, i.e. there exists a ball BÆ(x1) � D withBÆ(x1) \D
 = fx0g, and let � be an outward pointing unit ve
tor at x0. Then���w(x0) < 0(in fa
t, lim"&0(w(x0)� w(x0 � "�))=" = �1).Proof Be
ause of the interior sphere 
ondition at x0 we 
an �nd a ball BÆ(x1) � Dsu
h that BÆ(x1) \ D
 = fx0g and also eB � D, where eB is the \left half" of aspheri
al shell around x1 with interior radius Æ and exterior radius Æ0 > Æ; see Figure2. Observe that w > 0 in D by Lemma 4.2, in parti
ular inf eB w > 0 be
ause eB is
ompa
t and w 
ontinuous. Let � := infft : Xt 62 BÆ(x1)g. Thenw(x) = Ex �w(X� )� Z �0 (��w)(Xt) dt� � Exw(X� )for x 2 BÆ(x1). Take x = x0� "� with " > 0 small enough, and denote by 
 the anglebetween x1 x0 and xx0. Then 
 2 (��=2; �=2) be
ause � is an outward pointingve
tor, hen
e 
os 
 > 0. The 
osine theorem gives jx � x1j2 = Æ2 + "2 � 2Æ" 
os 
.Using the expli
it form of the Poisson kernel for the 
omplement of a ball (see e.g.[8℄, formula (2.2) or [6℄, Thm. A and res
ale) we 
an estimatew(x) � Exw(X� ) � Z eB P (x; y)w(y) dy� �infeB w�C�;d Z eB�Æ2 � jx� x1j2jy � x1j2 � Æ2��=2 jx� yj�d dy� C �Æ2 � jx� x1j2��=2 � C 0"�=2:Thus we see that lim sup"&0(w(x0)� w(x0 � "�))=" = �1. 212
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Figure 2Lemma 4.4 Let w : Rd ! R be 
ontinuous, bounded with w � 0 on �0, w(x0) =�w(x). Let x� 2 T0 be su
h that there exists a Æ > 0 with ��w � 0 on BÆ(x�) \ �0.Then either w � 0; or w > 0 on BÆ(x�) \ �0 and ��x1w(x�) < 0:Proof Assume w 6� 0. Let x 2 BÆ(x�)\�0. If w(x) = 0 we would have (see e.g. [8℄)��w(x) = 
�;dPVZRd w(x+ y)� 0jyjd+� dy > 0by the non-triviality and symmetry of w, in 
ontradi
tion to the assumption.To show that the derivative is non-zero 
hoose Æ0 > 0 su
h that sup�0nBÆ0(x�)w > 0.Let (Xt) be the �-stable pro
ess, � := infft : Xt 62 BÆ0(x�)g. De�ne v(x) := Exw(X� ),ev(x) := Ex R �0 (���w)(Xs) ds. Observe that��v = 0 in BÆ0(x�) and v = w in Rd nBÆ0(x�);��ev = ��w in BÆ0(x�) and ev = 0 in Rd nBÆ0(x�):Uniqueness of the Diri
hlet problem for �� in BÆ0(x�) thus gives w = v+ev. We havev(x) = Rjy�x�j>Æ0 P (x; y)w(y) dy for x 2 BÆ0(x�), where the Poisson kernel is given by(see e.g. [8℄, formula (2.2))P (x; y) = C�;d �Æ02� jx� x�j2jy � x�j2 � Æ02��=2 jx� yj�d; x 2 BÆ0(x�); y 62 BÆ0(x�):One 
he
ks that ��x1P (x�; y) < 0 for y 2 �0 and ��x1P (x�; y) > 0 for y 2 ��0. Theinter
hange of integration and di�erentiation is justi�ed be
ause w is bounded, so we
an 
ompute ��x1v(x�) = Zjy�x� j>Æ0 ��x1P (x�; y)w(y) dy < 0:13



Furthermore, for x 2 BÆ0(x�)ev(x) = ZBÆ0(x�)G(x; y)(���w)(y) dy;where the Green kernel for BÆ0(x�) is given by (see e.g. [8℄, formula (2.3) or [6℄ and
onsider the obvious s
aling properties of �-stable pro
esses)G(x; y) = 
�;d(jx� yj)��d Z wÆ0 (x;y)0 r�=2�1(r + 1)d=2dr; (4.5)where wÆ0(x; y) = (Æ02� jx� x�j2)(Æ02� jy� x�j2)=jx� yj2. Inspe
tion shows that forx; y 2 BÆ0(x�) \ �0 we have G(x; y) � G(x; y0), hen
e ev � 0 in BÆ0(x�) \ �0 and bysymmetry ev � 0 in BÆ0(x�) \ (��0). We 
on
lude that (�=�x1)ev(x�) � 0 and thus��x1w(x�) � ��x1v(x�) < 0: 24.2 Proof of (4.4)We pro
eed in three steps and show that1. � � (�1;�1 + ") for some small " > 0,2. � is open. In parti
ular for � 2 � there exists " > 0 su
h that [�; �+ ") � �.3. From 1. and 2. we 
on
lude that � = (�1; �max). We �nally show that�max = 0.Step 1. Obviously (�1; 0; : : : ; 0) is an outward pointing dire
tion for ea
h x 2 �B1(0)\��1=2. By the boundary lemma and the fa
t that (�=�x1)u is 
ontinuous in B1(0)there is an open neighborhood D of �B1(0) \ ��1=2 su
h that (�=�x1)u > 0 onD \B1(0). Choose " > 0 so small that ��1+" \ B1(0) � D. Then �1 + "=2 2 �.Step 2. We argue by 
ontradi
tion. Assume there was �� 2 � and also a sequen
e(�n) � (�1; 0) n � with �n & ��. From the de�nition of �, possibly passing to asuitable subsequen
e (whi
h we again would denote by (�n)) we 
an always arrive atone of the following possibilities:a) There exists a sequen
e (xn) � B1(0), xn 2 ��n, with xn ! x� 2 B1(0) andu(xn) � u(x�nn ) for all n, orb) There exists a sequen
e (xn) � B1(0), xn 2 T�n, with xn ! x� 2 B1(0) and(�=�x1)u(xn) � 0 for all n. 14



Assume a) was true. We 
annot have x� 2 ��� be
ause u is 
ontinuous and u(x��) >u(x) for x 2 ��� by the above remark. Hen
e x� 2 T�� \ B1(0). But then we have(�=�x1)u(x�) = limn!1(u(x�nn ) � u(xn))=(2d(xn; T�n)) � 0. By Hopf's boundarylemma, this for
es x� to be away from �B1(0), but then we obtain a 
ontradi
tion to�� 2 �.If b) was true we would again �nd a point x� 2 T�� \B1(0) with (�=�x1)u(x�) � 0and arrive at a 
ontradi
tion.Step 3. From the pre
eding steps we know that � = (�1; �max). If u(x�max) � u(x)for x 2 ��max then we have found a symmetry 
enter. As u is 
ontinuous, u = 0 on�B1(0) and stri
tly positive inside B1(0) this 
an only be true for �max = 0. Indeed,if �max < 0 then by 
ontinuity we would have u(x) � u(x�max) for x 2 ��max, but withu(x) 6� u(x�max). De�ne w(x) := u(x�max) � u(x). Observe that w is 
ontinuous andbounded, non-negative in ��max and w(x�max) = �w(x). For x 2 ��max \ B1(0) wehave ��w(x) = (��)u(x�max)� (��)u(x) = � �F (u(x�max))� F (u(x))� � 0;and we infer from Lemma 4.4 that (�=�x1)w(x) < 0 for all x 2 T�max \ B1(0). In
on
lusion, �max < 0 implies �max 2 � whi
h by Step 2 for
es sup � > �max. This isa 
ontradi
tion.4.3 Remarks and open questions1. The approa
h developed above invites to try to use the moving planes methodalso for the 
orresponding problem on Rd in order to prove the analogue of Gidasand Spru
k's theorem [17℄ in our setting, namely that any solution u of (3.1) withp = (d+ �)=(d � �) must be symmetri
 about some point.In fa
t, steps 2 and 3 from subse
. 4.2 
an be 
arried over easily to the in�nitespa
e setting: On
e we have, for a given normal dire
tion, a \good" hyperplane T�,we 
an push it along until we hit a symmetry 
enter. Here, \good" means that � liesin the analogue of (4.3), with Rd instead of the unit ball. Unfortunately, we havenot been able to implement step 1 in the Rd setting. In order to get the movingplanes method started, one would have to show that for � suÆ
iently negative wehave u(x�) > u(x) for all x 2 ��. We 
onje
ture that this is the 
ase. Indeed, usingthe tools developed in subse
. 4.1 it is possible to adapt several steps of the proofof Chen and Li, [9℄ to the 
ase of general �. There is however a te
hni
al diÆ
ultywhi
h we were not able to over
ome, and whi
h we brie
y explain below.Via the Kelvin transformation and (3.8) we may assume that u de
ays like 
 �jjxjj��d at in�nity. Put w�(x) := u(x�) � u(x). Then w� is anti-symmetri
 withrespe
t to re
e
tion at T� and satis�es ��w�(x) + 
(x)w�(x) = 0 on Rd, where
(x) = p�(x)p�1 with some �(x) 2 [u(x) ^ u�(x); u(x) _ u�(x)℄. Following [9℄ thetask would be to prove that for � � 0, w� does not be
ome negative on ��. Morepre
isely we would like to show that for � � 0, a situation where the restri
tion ofw� to �� has a stri
tly negative minimum leads to a 
ontradi
tion. However, the15



non-lo
ality of �� together with the fa
t that we a
tually do not have a boundaryvalue problem for w� on ��, but a more 
ompli
ated restri
tion in form of an anti-symmetry, seem to invalidate the arguments of the 
ru
ial Lemma 2.1 in [9℄ in the
ase � < 2: A minimum value of the restri
tion of w� to �� at x� 2 �� need not be aglobal minimum of w�, and thus ��w�(x�) � 0 need not lead to a 
ontradi
tion, atleast not without further arguments.2. It is an open question whether Theorem 4.1 holds if �� is repla
ed by the generatorof a L�evy pro
ess with rotationally symmetri
 in
rement distribution. We 
onje
turethat the answer is in the aÆrmative.A
knowledgementWe thank an anonymous referee for valuable remarks. M. Birknerand A. Wakolbinger would like to thank Centro de Investiga
i�on en Matem�ati
as,Guanajuato, Mexi
o, and Erwin S
hr�odinger International Institute for Mathemati-
al Physi
s, Vienna, Austria for their hospitality. J.A. L�opez-Mimbela appre
iates thehospitality of Goethe University during his visit in Frankfurt in summer 2002. Travelsupport of CONACyT (Mexi
o) and DAAD (Germany) is gratefully a
knowledged.Referen
es[1℄ M. Abramowitz and I.A. Stegun (1972). Handbook of Mathemati
al Fun
tions,9th Edition. Dover, New York.[2℄ A.D. Alexandrov (1956-1958). Uniqueness theorems for surfa
es in the largeI-V. Vestnik Leningrad Univ. 11 No. 19, 5-17 (1956); 12 No. 7, 15-44 (1957);13 No. 7, 14-26 (1958); 13 No. 13, 27-34 (1958); 13 No. 19, 5-8 (1958). Englishtransl. in Am. Math. So
. Transl. 21, 341-354, 354-388, 389-403, 403-411, 412-416 (1962).[3℄ G. Bian
hi (1997). Non-existen
e of positive solutions to semilinear ellipti
equations on Rn or Rn+ through the method of moving planes. Commun. inPartial Di�erential Equations 22 (9 & 10), 1671-1690.[4℄ M. Birkner, J.A. L�opez-Mimbela and A. Wakolbinger (2002). Blow-up of semi-linear PDE's at the 
riti
al dimension. A probabilisti
 approa
h. Pro
. Am.Math. So
iety 130, No. 8, 2431-2442.[5℄ R.M. Blumenthal, R.K. Getoor (1968). Markov pro
esses and potential theory.A
ademi
 Press, New York.[6℄ R.M. Blumenthal, R.K. Getoor, D.B. Ray (1961). On the distribution of �rsthits for the symmetri
 stable pro
esses. Trans. Amer. Math. So
. 99, 540-554.[7℄ H. Brezis and L. Nirenberg (1983). Positive solutions of nonlinear ellipti
 equa-tions involving 
riti
al Sobolev exponents. Comm. Pure Appl. Math. 36, 437-477. 16



[8℄ K. Bogdan, T. By
zkowski, Potential theory of S
hr�odinger operator based onfra
tional Lapla
ian. Probab. Math. Statist. 20 (2000), no. 2, 293{335.[9℄ W.X. Chen and C. Li (1991). Classi�
ation of solutions of some nonlinearellipti
 equations. Duke Math. J. 63, no. 3, 615{622.[10℄ W.-Y. Ding and W.-M. Ni (1985). On the ellipti
 equation �u+Ku(n+2)=(n�2) =0 and related topi
s. Duke Math. J. 52, no. 2, 485{506.[11℄ E. Feireisl and H. Petzeltov�a (1997). Convergen
e to a ground state as a thresh-old phenomenon in nonlinear paraboli
 equations. Di�. Integral Equation 10,no. 1, 181-196.[12℄ G.B. Folland (1995). Introdu
tion to Partial Di�erential Equations Se
ond Edi-tion. Prin
eton University Press. Prin
eton, New Jersey.[13℄ H. Fujita (1966). On the blowing up of solutions of the Cau
hy problem forut = �u+ u1+�. J. Fa
. Univ. Tokyo Se
t. I 13, 109-124.[14℄ R.K. Getoor (1959). Markov operators and their asso
iated semigroups. Pa
i�
Jour. Math. 9 (1959), 449-472.[15℄ B. Gidas, W.M. Ni, and L. Nirenberg (1981). Symmetry of positive solutionsof nonlinear ellipti
 equations in Rn, Mathemati
al analysis and appli
ations,Part A, Adv. in Math. Suppl. Stud. 7, 369-402.[16℄ Ch. Gui, W-M. Ni and W. Wang (1992). On the stability and instability ofpositive steady states of a semilinear heat equations in Rn. Comm. Pure andAppl. Math. Vol. XLV, 1153-1181.[17℄ B. Gidas and J. Spru
k (1981). Global and lo
al behavior of positive solutionsof nonlinear ellipti
 equations. Comm. Pure Appl. Math. 34, no. 4, 525{598.[18℄ D. Gilbarg and N.S. Trudinger (1998). Ellipti
 Partial Di�erential Equationsof Se
ond Order. Springer Verlag, New York.[19℄ K. Kobayashi, T. Sirao and H. Tanaka (1977). On the growing up problem forsemilinear heat equations. J. Math. So
. Japan 29, 407-424.[20℄ N.S. Landkof (1972). Foundations of modern potential theory. Springer-Verlag,Berlin.[21℄ J.A. L�opez-Mimbela and A. Wakolbinger (2000). A probabilisti
 proof of non-explosion of a non-linear PDE system. J. Appl. Probab. 37, no. 3, 635{641.[22℄ M. Nagasawa and T. Sirao (1969). Probabilisti
 treatment of the blowing upof solutions for a nonlinear integral equation. Trans. Amer. Math. So
. 139,301{310. 17



[23℄ A. Pazy (1983). Semigroups of linear operators and appli
ations to partial dif-ferential equations. Applied Mathemati
al S
ien
es, 44. Springer-Verlag, NewYork.[24℄ S.I. Poho�zaev (1965). Eigenfun
tions of the equation �u+ �f(u) = 0. SovietMath. Dokl. Tom 165, No. 1, 1408{1411.[25℄ J. Serrin (1971). A symmetry problem in potential theory. Ar
h. Rat. Me
h.Anal. 43, 304-318.[26℄ S. Sugitani (1975). On nonexisten
e of global solutions for some nonlinearintegral equations. Osaka J. Math. 12, 45-51.[27℄ X. Wang (1993). On the Cau
hy problem for rea
tion-di�usion equations.Trans. Amer. Math. So
. 337, 549{590.[28℄ G.N.Watson (1944). A Treatise on the Theory of Bessel Fun
tions 2nd Edition.Cambridge University Press.

18


