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SYMPLECTIC HOMOLOGY AND PERIODIC ORBITS NEARSYMPLECTIC SUBMANIFOLDSKAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANAbstra
t. We show that a small neighborhood of a 
losed symple
ti
 sub-manifold in a geometri
ally bounded aspheri
al symple
ti
 manifold has non-vanishing symple
ti
 homology. As a 
onsequen
e, we establish the existen
eof 
ontra
tible 
losed 
hara
teristi
s on any thi
kening of the boundary of theneighborhood. When applied to twisted geodesi
 
ows on 
ompa
t symple
-ti
ally aspheri
al manifolds, this implies the existen
e of 
ontra
tible periodi
orbits for a dense set of low energy values.1. Introdu
tionThe symple
ti
 homology of an open subset of a symple
ti
 manifold is inti-mately 
onne
ted with 
losed 
hara
teristi
s on the shells near the boundary of thesubset, [FH℄. In this paper we show that for a small neighborhood of a 
ompa
tsymple
ti
 submanifold in a geometri
ally bounded symple
ti
ally aspheri
al man-ifold the symple
ti
 homology does not vanish. As a 
onsequen
e, we establish theexisten
e of 
ontra
tible 
losed 
hara
teristi
s on any thi
kening of the boundaryof su
h a neighborhood.Symple
ti
 homology was originally introdu
ed and studied in the series of pa-pers [CFH, CFHW, FH, FHW℄. Here we follow more re
ent treatments from [BPS℄and, more indire
tly, from [Vi℄. In parti
ular, we 
onsider the (dire
t limit) sym-ple
ti
 homology of bounded open sets in a geometri
ally bounded, symple
ti
allyaspheri
al manifold (W;!), and we prove the following:Theorem 1.1. Let U be a suÆ
iently small neighborhood of a 
ompa
t symple
ti
submanifold M of W . Then SH[a; b)(U ) 6= 0 for a < b < 0, when jaj is suÆ
ientlylarge and jbj is suÆ
iently small.This yields the following existen
e result along the lines of the Weinstein{Mosertheorem.Theorem 1.2. Let H : W ! R be a smooth fun
tion whi
h attains an isolatedminimum on a 
ompa
t symple
ti
 submanifold M (say, HjM = 0). Then thelevels fH = �g 
arry 
ontra
tible periodi
 orbits for a dense set of small values� > 0.As an appli
ation we obtain a new existen
e theorem for twisted geodesi
 
ows.Date: De
ember 14, 2002.Key words and phrases. Periodi
 orbits, Hamiltonian 
ows, Floer and symple
ti
 homology.2000 Mathemati
s Subje
t Classi�
ation. 53D40, 37J45.This work was partially supported by the NSF and by the fa
ulty resear
h funds of the Uni-versity of California, Santa Cruz. The third author was fully supported by NSERC.1



2 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANCorollary 1.3. Let (M;�) be a 
ompa
t symple
ti
ally aspheri
al manifold and letH : T �M ! Rbe the standard kineti
 energy Hamiltonian for a Riemannian metri
on M , i.e., H(q; p) = kpk2. Then the Hamiltonian 
ow of H with respe
t to thetwisted form ! = !0 + ��� has 
ontra
tible periodi
 orbits on the levels fH = �gfor a dense set of small values � > 0.Theorem 1.2 strengthens or 
omplements some other re
ent existen
e results. Inparti
ular, it is shown in [GK2℄, with no assumptions on the symple
ti
 manifold(W;!) but when M is a Morse{Bott non-degenerate minimum, that there exists asequen
e of energy values �k ! 0 su
h that all the levels fH = �kg 
arry 
ontra
tibleperiodi
 orbits. Furthermore, under suitable additional 
onditions, a nontrivialtopologi
al lower bound for the number of periodi
 orbits on every low energy levelwas established in [GK1, Ke℄.For twisted geodesi
 
ows, Corollary 1.3 augments a large family of existen
eresults beyond the appli
ations of the results in [GK1, GK2, Ke℄ des
ribed above.For instan
e, it was shown in [Ma
, Po℄ that there are 
ontra
tible periodi
 orbitson a sequen
e of energy levels fH = �kg with �k ! 0 for any 
ompa
t manifoldM and any 
losed form � 6= 0 with �j�2(M) = 0. Also, when M is a torus, thereare periodi
 orbits (not ne
essarily 
ontra
tible, e.g., if � = 0) on almost all energylevels for any �; see [GK1℄ and referen
es therein, 
f. [Ji℄. We refer the reader tothe survey [Gi℄ for a dis
ussion of the results on twisted geodesi
 
ows obtainedprior to 1995.Remark 1.4. In Theorem 1.1, the assumption that W is geometri
ally bounded
an be repla
ed by other hypotheses that ensure that the symple
ti
 homology ofU is well de�ned. In parti
ular, the theorem also holds for symple
ti
 manifoldswith symple
ti
ally 
onvex boundary (see Remark 2.3). The 
hoi
e to 
onsidergeometri
ally bounded manifolds was motivated by our interest in the appli
ationto twisted geodesi
 
ows.The paper is organized as follows. In Se
tion 2, we re
all the de�nition of ge-ometri
ally bounded manifolds and show that twisted 
otangent bundles are geo-metri
ally bounded. In Se
tion 3, we brie
y review the de�nitions and propertiesof Floer and symple
ti
 homology whi
h are essential for the proofs of the maintheorems. We also show that the non-vanishing property of symple
ti
 homologyimplies the \nearby" existen
e of periodi
 orbits. In Se
tion 4 we show that thesymple
ti
 homology in question is non-vanishing and we 
omplete the proofs of themain theorems. Finally, in Se
tion 5 we dis
uss the notion of a relative homologi
al
apa
ity related to these results.A
knowledgments. The authors are deeply grateful to Ba�sak G�urel and Jean-Claude Sikorav for useful dis
ussions and suggestions. The se
ond author wouldalso like to thank the ESI, Vienna for the hospitality during the period when thiswork was essentially 
ompleted. The third author would like to express his gratitudeto the Fields Institute and the University of Toronto for their hospitality.2. Geometri
ally bounded symple
ti
 manifolds2.1. De�nition of geometri
ally bounded symple
ti
 manifolds. In whatfollows, we will need to use the Floer homology of 
ompa
tly supported fun
tionson non-
ompa
t symple
ti
ally aspheri
al manifolds. In order for this to be well



PERIODIC ORBITS NEAR SYMPLECTIC SUBMANIFOLDS 3de�ned, 
ertain 
onditions on the manifold at in�nity must be imposed to ensurethat the ne
essary 
ompa
tness theorems hold. One standard way to a
hieve thisis to require the symple
ti
 manifold to be in a 
ertain sense 
onvex. However, themanifolds we are most interested in { twisted 
otangent bundles { do not generallymeet this requirement. Hen
e 
onvexity is repla
ed here by the less restri
tiverequirement that the manifold is geometri
ally bounded. Let us re
all the de�nition.De�nition 2.1. A symple
ti
 manifold (W;!) is said to be geometri
ally boundedif W admits an almost 
omplex stru
ture J and a 
omplete Riemannian metri
 gsu
h thatGB1. J is uniformly !-tame, i.e., for some positive 
onstants 
1 and 
2 we have!(X; JX) � 
1kXk2 and j!(X;Y )j � 
2kXk kY kfor all tangent ve
tors X and Y to W .GB2. The se
tional 
urvature of (W; g) is bounded from above and the inje
tivityradius of (W; g) is bounded away from zero.Observe that if W is 
ompa
t then 
ondition (GB1) holds automati
ally wheng, ! and J are 
ompatible, i.e.,(1) !(�; J �) = g(�; �):Clearly, for 
ompa
t manifolds 
ondition (GB2) also holds for any metri
, andso every 
ompa
t symple
ti
 manifold is geometri
ally bounded. Other examplesof geometri
ally bounded manifolds are given in the next se
tion. We refer thereader to Chapters V (by J.-C. Sikorav) and X (by M. Audin, F. Lalonde and L.Polterovi
h) in [AL℄ for a more detailed dis
ussion of this 
on
ept.2.2. Example: twisted 
otangent bundles. Let us re
all the de�nition of atwisted 
otangent bundle. Consider a 
losed manifold M and a 
losed two-form(magneti
 �eld) � on M . Set W = T �M . The form ! = !0 + ��� is 
alled atwisted symple
ti
 form, where !0 is the standard symple
ti
 form on T �M and� : T �M !M is the natural proje
tion.One reason these forms are of interest is be
ause the Hamiltonian 
ow of thestandard kineti
 energy Hamiltonian H : T �M ! R, de�ned by a Riemannianmetri
 on M , des
ribes the motion of a 
harge on M in the magneti
 �eld �. Thisis also 
alled a twisted geodesi
 
ow.Proposition 2.2. A twisted 
otangent bundle (T �M;!) is geometri
ally boundedfor any 
losed manifold M and any 
losed two-form � on M .This proposition is, of 
ourse, well known. The fa
t that T �M satis�es 
ondition(GB2) for the natural metri
 indu
ed by a metri
 on M , is stated without a proofin [AL℄; see p. 96 and p. 286. This assertion is used by Lu in [Lu℄ to show that atwisted 
otangent bundle (again, with a natural metri
) is geometri
ally bounded.For the sake of 
ompleteness, we outline a proof of Proposition 2.2 below (for adi�erent 
hoi
e of metri
 on T �M ).1Proof. Let 't be the 
ow on W = T �M formed by �berwise dilations by the fa
toret. The standard symple
ti
 form !0 is homogeneous of degree one with respe
t tothe dilations: '�t!0 = et !0. Pi
k a �berwise 
onvex hypersurfa
e � inW , en
losing1The authors are grateful to Jean-Claude Sikorav for suggesting to us the idea of this proof.



4 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANthe zero se
tion M . Note that � has 
onta
t type for !0, but not ne
essarily forthe twisted form !. Denote by U the 
losure of the unbounded 
omponent of the
omplement to � in W , i.e., U = [t�0't(�).On the ve
tor bundle TW j�, pi
k any �berwise metri
 g and a 
omplex stru
turewhi
h are 
ompatible with !0 in the sense of equation (1). (We also require theradial ve
tors to be g-orthogonal to �.) Let us extend these stru
tures to U so that(2) '�t g = etg for t � 0;i.e., g, just as !0, is homogeneous of degree one with respe
t to the dilations, andJ Æ ('t)� = ('t)� Æ J:Then the metri
 g, the almost 
omplex stru
ture J , and !0 are 
ompatible on Uand hen
e the 
ondition (GB1) holds for these stru
tures. We will show that this
ondition also holds for g, J , and ! for, perhaps, a dilated hypersurfa
e �.The metri
 g is obviously 
omplete. Indeed, identifying U with � � [1;1), wesee that the metri
 g has the formg = dt2t + gj�t :It is then 
lear that the integral 
urves 't(x), for t > 0 and x 2 �, are minimizinggeodesi
s of g. Thus, the distan
e from x to 't(x) is equal to ln t and goes to 1 ast!1. Therefore, every bounded subset of U is 
ontained in some shell �� [1; t℄and is, hen
e, relatively 
ompa
t. This is equivalent to 
ompleteness.It follows readily from (2) that the se
tional 
urvature of g goes to zero as x!1in U . As a 
onsequen
e, the se
tional 
urvature of g is bounded from above on U .Combined with 
ompleteness, this implies that the inje
tivity radius is boundedaway from zero. Thus, 
ondition (GB2) holds.It is also easy to verify 
ondition (GB1). Note that ��� is homogeneous of degreezero for 't, i.e., '�t��� = ���. Then, by a straightforward 
al
ulation, it is 
learthat for any positive 
onstants 
1 < 1 and 
2 > 1, this 
ondition holds in the smallerset 't(U ), provided that t is large enough.To 
omplete the proof it suÆ
es to extend g and J to the bounded part W r't(U ). �Remark 2.3. Re
all that an open symple
ti
 manifold (W;!0) is said to be 
onvexat in�nity if there exists: a hypersurfa
e � � W whi
h separates W into one setwith 
ompa
t 
losure and another, U , with non-
ompa
t 
losure; and a 
ow ofsymple
ti
 dilations on U , 't (for t � 0), whi
h is transversal to �U = �. (See[EG℄.) An argument similar to the proof above (with the ex
eption of the stepdealing with ���) shows that a symple
ti
 manifold (W;!0) whi
h is 
onvex atin�nity is also geometri
ally bounded. This reasoning together with the fa
t that��� is \small" 
ompared to !0 is the main point of the proof above.3. Symple
ti
 homology3.1. Floer theory. In this se
tion we brie
y re
all the de�nitions of Floer homol-ogy and symple
ti
 homology as well as some of their properties. All the results hereare stated without proof. The reader interested in a detailed treatment of Floer ho-mology should 
onsult, for example, [HZ, Sa℄ or the original sour
es [Fl1, Fl2, Fl3℄.



PERIODIC ORBITS NEAR SYMPLECTIC SUBMANIFOLDS 5For the de�nition and properties of symple
ti
 homology the reader is referred to[BPS, CFH, CFHW, FH, FHW, Vi℄.23.1.1. Floer homology for negative a
tions. Let (W;!) be a symple
ti
 manifold,possibly open, whi
h is geometri
ally bounded (see De�nition 2.1). Assume, aswell, that (W;!) is symple
ti
ally aspheri
al, i.e.,!j�2(M) = 0 and 
1(TM )j�2(M) = 0:Denote by H the spa
e of smooth, 
ompa
tly supported fun
tions on S1 �W .To ea
h H 2 H we 
an asso
iate the time-dependent Hamiltonian ve
tor �eld XHwhi
h is de�ned by the equation dH = �iXH!. The set of 
ontra
tible periodi
orbits of XH with period equal to one is denoted by P(H).Let LW be the spa
e of smooth 
ontra
tible loops in W . We 
an also asso
iateto ea
h H 2 H the a
tion fun
tional AH : LW!R given byAH(x) = � ZD2 �x�! + ZS1 H(t; x) dt;where �x : D2!W is any map whi
h restri
ts to S1 = �D2 as x. This fun
tionalis well de�ned sin
e !j�2(W ) = 0, and the 
riti
al points of AH are exa
tly theelements of P(H). The set of 
riti
al values of AH is 
alled the a
tion spe
trumand we denote it by S(H) = fAH (x) j x 2 P(H)g:In general terms, the Floer homology of H is the homology of the (relative)Morse{Smale{Witten 
omplex of AH on LW . However, when W is not 
ompa
t,every point in the 
omplement of suppH is a degenerate 1-periodi
 orbit (
riti
alpoint of AH ) with zero a
tion. To avoid this set, we will only 
onsider the homologygenerated by the 
ontra
tible 1-periodi
 orbits with negative a
tion.More pre
isely, for a �xed a 2 (�1; 0), setPa(H) = fx 2 P(H) j AH(x) < agand assume that H satis�es the following 
ondition:(�a): Every 1-periodi
 orbit x 2 Pa(H) is nondegenerate.Sin
e 
1(TM )j�2(M) = 0, the elements of Pa(H) are graded by the Conley-Zehnderindex �CZ; see [Sa℄. With this, the Floer 
omplex of H for a
tions less than a isthe graded Z2-ve
tor spa
e CFa(H) = Mx2Pa(H)Z2x:To de�ne the Floer boundary operator, we �rst �x an almost 
omplex stru
tureJgb for whi
h (W;!) is geometri
ally bounded as in De�nition 2.1. Let J be the setof smooth t-dependent !-tame almost 
omplex stru
tures whi
h are !-
ompatiblenear supp (H) and are equal to Jgb outside some 
ompa
t set. Ea
h J 2 J de�nesa positive-de�nite bilinear form on LW . We 
an then 
onsider the moduli spa
eM(x; y;H; J) of downward gradient-like traje
tories of AH whi
h go from x toy and have �nite energy. For a dense subset, Jreg(H) � J , ea
h moduli spa
eM(x; y;H; J) is a smooth manifold of dimension �CZ(x)� �CZ(y).2The de�nitions of symple
ti
 homology vary 
onsiderably from paper to paper. Here we adoptthe approa
h of [BPS℄.



6 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANThe Floer boundary operator is then de�ned by�H;Jx = Xy2Pa(H) with �CZ(x)��CZ(y)=1 � (x; y)y;where � (x; y) stands for the number (mod 2) of elements inM(x; y;H; J)=R andR a
ts (freely) by translation on the gradient-like traje
tories. The operator �H;Jsatis�es �H;J Æ �H;J = 0 and the resulting Floer homology groups HFa(H) areindependent of the 
hoi
e of J 2 Jreg(H).Remark 3.1. Sin
e (W;!) with Jgb is geometri
ally bounded and H is 
ompa
tlysupported, there is a uniform C0-bound for the elements ofM(x; y;H; J) (see, forexample, Chapter V in [AL℄). Hen
e, the 
ompa
tness of the appropriate modulispa
es follows from the usual arguments.Remark 3.2. In this de�nition of �H;J we ignore matters of orientation by 
onsid-ering only 
oeÆ
ients inZ2.Remark 3.3. It is un
lear whether HFa(H) depends on the 
hoi
e of Jgb. It isindependent of this 
hoi
e if the set of almost 
omplex stru
tures for whi
h W isgeometri
ally bounded is 
onne
ted.It will also be useful to 
onsider Floer homology restri
ted to smaller negativea
tion intervals. More pre
isely, for 
onstants �1 � a < b < 0 let H 2 Ha;b, whereHa;b = fH 2 H j a; b =2 S(H)g:Assume, as well, that H has property (�b). Then CFa(H) is a sub
omplex ofCFb(H) and HF[a; b)(H) is the homology of the quotient 
omplex CF[a; b)(H) =CFb(H)=CFa(H) with the indu
ed boundary operator.In fa
t, the set Ha;b is open in H with respe
t to the strong Whitney C1-topology. Moreover, in ea
h 
omponent of Ha;b, the fun
tions with property (�b)form a dense set and have identi
al Floer homology groups. Therefore, we 
ande�ne HF[a; b)(H) for any H 2 Ha;b as the restri
ted Floer homology of a nearbyfun
tion in Ha;b with property (�b).3.1.2. Morse{Bott Floer homology. The extension of the de�nition of HF[a; b)(H)to every H 2 Ha;b is parti
ularly useful in the Morse{Bott 
ase whi
h we nowdes
ribe.A subset P � P(H) is said to be a Morse{Bott manifold of periodi
 orbitsif the set C0 = fx(0) j x 2 Pg is a 
ompa
t submanifold of W and Tx0C0 =ker(D�1H (x0)� id) for every x0 2 C0: Here �1H is the time-1 
ow of XH .For su
h sets of periodi
 orbits we have the following result whi
h holds forgeometri
ally bounded, symple
ti
ally aspheri
al manifolds.Theorem 3.4. (Po�zniak, [Po, Corollary 3.5.4℄; Biran{Polterovi
h{Salamon, [BPS,Se
tion 5.2℄) Let �1 � a < b < 0 and H 2 Ha;b. Suppose that the set P = fx 2P(H) j a < AH < bg is a 
onne
ted Morse{Bott manifold of periodi
 orbits. ThenHF[a; b)(H) is isomorphi
 to H�(P ;Z2).



PERIODIC ORBITS NEAR SYMPLECTIC SUBMANIFOLDS 73.1.3. Monotone homotopies. Let H;K 2 Ha;b be two fun
tions with H(t; x) �K(t; x) for all (t; x) 2 S1 �W . Then there exists a monotone homotopy s 7! Ksfrom H to K, i.e., a family of fun
tions Ks su
h thatKs = (H for s 2 (�1;�1℄K for s 2 [1;1)and �sKs � 0. For ea
h su
h homotopy there is a well-de�ned Floer 
hain map�KH : CFb(H)!CFb(K):In fa
t, the map �KH takes CFa(H) to CFa(K), and so it de�nes a 
hain map forthe quotient 
omplexes, �KH : CF[a; b)(H)!CF[a; b)(K):This indu
es a homomorphism of Floer homology,�KH : HF[a; b)(H)!HF[a; b)(K):The following results 
on
erning these homomorphisms are well known ; see, e.g.,[CFH, FH℄ and [BPS, Se
tions 4.4 and 4.5℄.Lemma 3.5. The homomorphism �KH is independent of the 
hoi
e of the mono-tone homotopy Ks and satis�es the following identities�KH Æ �HG = �KG for G � H � K;�HH = id for every H 2 Ha;b:Lemma 3.6. If Ks 2 Ha;b for all s 2 [0; 1℄, then �KH is an isomorphism.This last result states that the only way in whi
h the map �KH 
an fail to bean isomorphism is if periodi
 orbits, with a
tion equal to a or b, are 
reated duringthe homotopy. In fa
t, this is a parti
ular instan
e of the following more generalphenomenon.Let Ks be a monotone homotopy from H to K, as above. Assume, for some
 < a, that K 2 H
;b and �KH(CFa(H)) � CF
(K):Then �KH indu
es a homomorphism �̂KH from HF[a; b)(H) to HF[
; b)(K). (Weuse the \ ^ " to denote the fa
t that the map goes between Floer homology groupsrestri
ted to di�erent intervals of a
tions.) In this 
ase, we get the following gener-alization of Lemma 3.6.Lemma 3.7. For s 2 [�1; 1℄, let as be a 
ontinuous family of numbers, less thanb, su
h that a�1 = a and a1 = 
. If Ks 2 Has;b for every s 2 [�1; 1℄, then�̂KH : HF[a; b)(H)!HF[
; b)(K)is an isomorphism.Remark 3.8. To de�ne the 
hain maps above and to prove that the homomorphisms�KH and �̂KH are independent of the 
hoi
e of the monotone homotopy (as long asKs 2 Has;b), one needs to 
onsider moduli spa
es whi
h are de�ned using generi
parameterized families in J . Ea
h su
h family is 
onstant and equal to Jgb outside a
ompa
t set in W . Hen
e, as in Remark 3.1, the ne
essary 
ompa
tness statementsfollow from the standard arguments.



8 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMAN3.2. Symple
ti
 homology.3.2.1. Dire
t limits and exhausting sequen
es. Following 
losely the dis
ussion in[BPS, Se
tions 4.6 and 4.7℄, we re
all here the algebrai
 
onstru
tions needed tode�ne symple
ti
 homology. Let (I;�) be a partially ordered set whi
h is thoughtof as a 
ategory with pre
isely one morphism from i to j whenever i � j. A partiallyordered system of R-modules over I is a fun
tor from this 
ategory to the 
ategoryof R-modules. This is written as a pair (G; �) where G assigns to ea
h i 2 I an R-module Gi and � assigns to ea
h i � j an R-module homomorphism �ji : Gi ! Gjsu
h that �kj Æ �ji = �ki for i � j � k and �ii is the identity on Gi.The partially ordered set (I;�) is said to be upwardly dire
ted if for ea
h i; j 2 Ithere is an l 2 I su
h that i � l and j � l. In this 
ase, the fun
tor (G; �) is 
alleda dire
ted system of R-modules and its dire
t limit is de�ned aslim�!G = f(i; x) j i 2 I; x 2 Gig= �;where (i; x) � (j; y) if and only if there exists an l 2 I su
h that i � l; j � l and�li(x) = �lj(y).Note also that for ea
h i 2 I there is a natural homomorphism�i : Gi ! lim�!Gwhi
h takes x to the equivalen
e 
lass [i; x℄.It is possible to a
tually 
ompute a dire
t limit given an exhausting sequen
e.This is a sequen
e fi�g�2Z+ � I with the following two properties� For every � 2 Z+ we have i� � i�+1 and �i�+1i� : Gi� ! Gi�+1 is anisomorphism.� For every i 2 I there exists a � 2Z+ su
h that i � i� .Lemma 3.9. For su
h a sequen
e the map�i� : Gi� ! lim�!Gis an isomorphism for all � 2Z+.3.2.2. Constru
tion of SH[a; b)(U ). Let U � W be a bounded open subset. Weare now in a position to de�ne an invariant SH[a; b)(U ) of U , 
alled the symple
ti
homology of U for the a
tion interval [a; b). This is done by taking the dire
t limitof 
ertain Floer homology groups.Let Ha;b(U ) = fH 2 Ha;b j supp (H) � S1 � U; HjS1�U � 0g:This set has a partial order given byH � K () H � K;and it is 
learly upwardly dire
ted. Note thatHa;b(U ) 6= ; for any�1 � a < b < 0.To ea
h H 2 Ha;b(U ) we 
an asso
iate the Z2-ve
tor spa
e given by the Floerhomology groups HF[a; b)(H). Furthermore, for H � K we have, by Lemma 3.5, ahomomorphism �KH whi
h satis�es the required identities to make this a dire
tedsystem. Passing to the dire
t limit, we setSH[a; b)(U ) = lim�!HF[a; b)(H):
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h H 2 Ha;b(U ) we have the natural homomorphism�H : HF[a; b)(H)! SH[a; b)(U ):Remark 3.10. The 
ondition that supp (H) � S1 �U is sometimes repla
ed by theweaker requirement supp (H) � S1 � �U , see [CFH, FH℄, where the bar denotes the
losure. This results in a symple
ti
 homology with properties similar to the ones
onsidered here and in [BPS℄. However, it is likely that the di�erent de�nitions 
anyield di�erent symple
ti
 homology groups when �U fails to have 
onta
t type. It isalso worth noti
ing that the symple
ti
 homology de�ned with supp (H) � S1 � �U
annot be 
al
ulated by passing to exhausting sequen
es (but rather exhaustingfamilies of fun
tions). For example, the fun
tions H� from Se
tion 3.3 
ould not beused to 
al
ulate su
h symple
ti
 homology.We now re
all the de�nitions and properties of some of the natural maps intro-du
ed in [FH℄ for symple
ti
 homology. The reader interested in further details andthe proofs of these properties should 
onsult [BPS, CFH, FH℄.3.2.3. Monotoni
ity maps. Let V � U also be a bounded open subset of W . Thenwe have the natural in
lusion Ha;b(V ) � Ha;b(U )and the indu
ed natural homomorphism in symple
ti
 homology�UV : SH[a; b)(V )! SH[a; b)(U );whi
h is 
alled a monotoni
ity map.Lemma 3.11. For a nested sequen
e U1 � U2 � U3 of bounded open subsets of W ,�U3U2 Æ �U2U1 = �U3U1 .The relationship of the monotoni
ity map and the map �H is des
ribed, forH 2 Ha;b(V ), by the following 
ommutative diagram(3) SH[a; b)(V ) �UV // SH[a; b)(U )HF[a; b)(H)�HbbFFFFFFFF �H <<xxxxxxxx3.2.4. Exa
t triangles. For �1 � a � b � 
 < 0 and a fun
tion H we have theshort exa
t sequen
e of 
omplexes0! CF[a; b)(H)! CF[a; 
)(H)! CF[b; 
)(H)! 0:If a; b; 
 =2 S(H), this sequen
e yields the exa
t homology triangle 4a;b;
(H) givenby HF[a; b)(H) // HF[a; 
)(H)�{{xxxxxxxxHF[b; 
)(H)��ccFFFFFFFF



10 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANPassing to the dire
t limit, we obtain an exa
t triangle4a;b;
(U ) for the symple
ti
homology for U : SH[a; b)(U ) // SH[a; 
)(U )�||xxx
xx

xx
xSH[b; 
)(U )��bbFFFFFFFFNote that the map �� has degree �1 in both diagrams.Finally, let us des
ribe a relation between the exa
t triangles and the homomor-phisms indu
ed by monotone homotopies whi
h will be 
ru
ial to us later on. LetfKsg be a monotone homotopy between fun
tions H;K 2 Ha;b(U ) with H � K.As mentioned above, this indu
es a homomorphism�KH : HF[a;b)(H)!HF[a;b)(K):If, for some 
 < a, we have K 2 H
;b and �(CFa(H)) � CF
(K), then Ks alsoindu
es a homomorphism̂�KH : HF[a; b)(H)!HF[
; b)(K):Lemma 3.12. The following diagram 
ommutesHF[
; b)(K)�
��HF[a; b)(H)�̂KH 88ppppppppppp �KH // HF[a; b)(K)where � is the map from the exa
t triangle 4
;a;b(K).Proof. Using the expli
it de�nition of the maps �KH and �̂KH (see [CFH, FH℄), itis not hard to see that the diagram 
ommutes even on the 
hain level. �3.3. Symple
ti
 homology and \nearby existen
e" of periodi
 orbits. LetU be a bounded open subset ofW with smooth boundary �U . Then the symple
ti
homology SH[a; b)(U ) 
ontains information about the symple
ti
 geometry of thehypersurfa
e �U . In parti
ular, it dete
ts the 
ontra
tible 
losed 
hara
teristi
s onor near �U .To make this idea more pre
ise, set � = �U and de�ne a thi
kening of � tobe a map 	: [�1; 0℄� �!M whi
h is a di�eomorphism on its image and satis�es	(f0g��) = � and 	([�1; 0)��) � U . The following result, in a slightly di�erentversion, essentially goes ba
k to [FH℄.Proposition 3.13. Suppose that SH[a; b)(U ) 6= 0 for �1 < a � b � 0. Then forany thi
kening 	 of � = �U there is a sequen
e ftig � [�1; 0), 
onverging to 0,su
h that the 
orresponding hypersurfa
es �ti = 	(ti � �) all 
ontain 
ontra
tible
losed 
hara
teristi
s.Proof. Assume that no su
h sequen
e exists. Then there exists a number � 2 [�1; 0)su
h that none of the hypersurfa
es �t for t 2 [�; 0) 
ontains a 
ontra
tible 
losed
hara
teristi
. Consider a sequen
e of smooth fun
tions f� : [�; 0℄!(�1; 0℄ withthe following properties



PERIODIC ORBITS NEAR SYMPLECTIC SUBMANIFOLDS 11� f�(t) = (0 for t 2 [�=4�; 0℄;a� � for t 2 [�; �(1� 1=4�)℄.� f 0�(t) > 0 for t 2 (�(1� 1=4�); �=4�):� f�(t) � f�+1(t) for all � 2Z+ and t 2 [�; 0℄.Using these fun
tions, we 
onstru
t a sequen
e of Hamiltonians H� : M!R bysetting H�(x) = 8><>:0 for x 2M n �U;f�(t) for x 2 �t; t 2 [�1; 0);a� � for x 2 U n	([�1; 0)� �):The fun
tions fH�g 
learly have the se
ond property of an exhausting sequen
e andsatisfy H� � H�+1. We 
laim that the maps �H�+1H� are (trivially) isomorphismsand the fun
tions fH�g indeed form an exhausting sequen
e. By 
onstru
tion, theHamiltonian ve
tor �elds XH� are only nonzero on the level sets 
orrespondingto the hypersurfa
es f�tgt2[�;0). On these level sets, the traje
tories of the XH�
orrespond to 
hara
teristi
s and, by assumption, none of these 
an be 
losed and
ontra
tible. Away from the level sets f�tgt2[�;0), the traje
tories are all 
onstantand have a
tion either equal to zero or less that a. Thus, the Floer homology groupsHF[a; b)(H�) are trivial for all � and the fun
tions H� form an exhausting sequen
e.This implies that SH[a; b)(U ) = �H� (HF[a; b)(H�)) = 0;whi
h is a 
ontradi
tion. �4. Proofs of the main theoremsWe are now in a position to prove Theorem 1.1 and Theorem 1.2. Sin
e mostof this se
tion is devoted to the proof of the �rst of these theorems, we re
all itsassertion for the sake of 
onvenien
e.Theorem 4.1. Let M be a 
ompa
t symple
ti
 submanifold of (W;!), a geomet-ri
ally bounded symple
ti
ally aspheri
al manifold. Let U be a suÆ
iently smallneighborhood of M in W . Then SH[a; b)(U ) 6= 0 for all suÆ
iently large negative aand small negative b.Combining Theorem 4.1 and Proposition 3.13, we immediately obtain Theorem1.2, i.e., the existen
e of periodi
 orbits near any 
ompa
t oriented hypersurfa
ebounding a small neighborhood of M in W .4.1. Proof of Theorem 4.1. Let E !M be the symple
ti
 normal bundle to M ,i.e., the symple
ti
 orthogonal 
omplement to TM in TW jM . We �rst re
all that aneighborhood of the zero se
tion in E has a natural symple
ti
 stru
ture. Moreover,on this neighborhood, there exists a �berwise quadrati
 Hamiltonian whose 
ow isperiodi
. This 
an be seen as follows.Let us equip E with a Hermitian metri
 whi
h is 
ompatible with the �berwisesymple
ti
 stru
ture on E. We denote by � : E ! R the square of the �berwisenorm, i.e., �(z) = kzk2. Re
all that E has a 
anoni
al �berwise one-form whosedi�erential is the �berwise symple
ti
 form. (The value of this form at z 2 E isequal to the 
ontra
tion of the �berwise symple
ti
 form by z.)



12 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANFixing a Hermitian 
onne
tion on E we extend this �berwise one-form to agenuine one-form � on E. Then the form!E = 12d� + �is symple
ti
 on a neighborhood of the zero se
tion in E. Here we have identi�ed� = !jM with its pull-ba
k to E.It is not hard to see that all the orbits of the Hamiltonian 
ow of the fun
tion� : E ! Rare periodi
 with period �, just as for the square of the standard norm onR2n. (In fa
t, iX!E = z=2 everywhere on E, where X is the ve
tor �eld generatingthe standard �berwise Hopf a
tion.) This fa
t will be essential for the 
al
ulationof the Floer homology of a small tubular neighborhood of M in W .By the symple
ti
 neighborhood theorem, a suÆ
iently small neighborhood ofM in (W;!) is symple
tomorphi
 to a small neighborhood of M in (E;!E). Fromnow on, we will assume that this identi�
ation has been made. Hen
e, in whatfollows, ! = !E and � is regarded as a fun
tion on a neighborhood of M in W .Sometimes, we will write �(z) as kzk2.Denote by Br the dis
 bundle of radius r in E. The key to the proof of Theorem4.1 is the following result.Proposition 4.2. Let 0 < r < R be suÆ
iently small and assume thata 2 [�1;��R2) and b 2 [��r2; 0):Then SH[a; b)n0 (Br) = SH[a; b)n0 (BR) =Z2;where n0 = 12(dimM � 
odimM );and the monotoni
ity map �BRBr : SH[a; b)n0 (Br)! SH[a; b)n0 (BR) is an isomorphism.Remark 4.3. In [FHW℄, Floer, Hofer and Wyso
ki 
ompute the symple
ti
 homol-ogy of ellipsoids in R2n and prove results whi
h are similar to Proposition 4.2 forE = R2n (see Corollary 2 and Proposition 6). Our proof of Proposition 4.2 issimilar in spirit to that in [FHW℄. However, instead of using expli
itly perturbednon-degenerate Hamiltonians as in [FHW℄, we use Morse{Bott Floer theory (seeTheorem 3.4) to 
al
ulate the relevant Floer homology groups. This is motivatedby the su

essful use of this te
hnique in [BPS℄.Remark 4.4. The hypothesis that R > 0 is small is only needed to guarantee thatBR is 
ontained inW for whi
h the Floer homology is de�ned. This hypothesis 
ansometimes be relaxed. For example, if !E is symple
ti
 on the entire total spa
e ofE and (E;!) is geometri
ally bounded, we 
an take arbitrarily large radii R and r.Theorem 4.1 follows immediately from Proposition 4.2. Indeed, when U is smallenough, we may assume that U � BR and, sin
e M � U , the dis
 bundle Br is
ontained in U for suÆ
iently small r > 0, i.e.,Br � U � BR:By Lemma 3.11, the in
lusion map �BRBr fa
tors asSH[a; b)(Br)! SH[a; b)(U )! SH[a; b)(BR);and by Proposition 4.2, the map �BRBr is a nontrivial isomorphism for suitablenegative 
onstants a and b. Thus, we 
on
lude that SH[a; b)(U ) 6= 0.



PERIODIC ORBITS NEAR SYMPLECTIC SUBMANIFOLDS 134.2. Proof of Proposition 4.2.4.2.1. Outline of the proof. First we 
onsider the following diagram whi
h allowsus to work in the setting of Floer homology:(4) SH[a; b)(Br) �BRBr // SH[a; b)(BR)HF[a; b)(Hr�)�Hr� OO �HR� Hr�// HF[a; b)(HR� ):�HR�OOHere, fHr�g�2Z+ and fHR� g�2Z+ are 
hosen to be upward exhausting sequen
esfor the symple
ti
 homology groups SH[a; b)(Br) and SH[a; b)(BR), respe
tively.Hen
e, the two verti
al arrows are isomorphisms (for suÆ
iently large �). Thereis also a natural monotone homotopy Hs� from Hr� to HR� , for ea
h �, so the map�HR� Hs� is well-de�ned. The fa
t that the diagram 
ommutes then follows easilyfrom diagram (3) and the de�nition of the dire
t limit.By diagram (4), Proposition 4.2 will follow from the two results below whi
h
on
ern the restri
ted Floer homology of the fun
tions Hs� . In parti
ular, theseresults imply that the groups HF[a; b)n0 (Hr�) and HF[a; b)n0 (HR� ) are nontrivial, andthat �HR� Hr� is an isomorphism between them.Claim 4.5. Let n0 = 12 (dimM � 
odimM ). For every s 2 [r;R℄ and any 
 < awhi
h is not a negative integer multiple of �s2, the map�: HF[
; b)n0 (Hs�)! HF[a; b)n0 (Hs�)is (eventually) an isomorphism andHF[
; b)n0 (Hs�) = HF[a; b)n0 (Hs�) =Z2:Here, � is the map from the exa
t triangle 4
;a;b(Hs�).Claim 4.6. Let k0 be the largest integer in (0;�a=�r2) and let s0; s1 2 [r;R℄ satisfys0 < s1 <p1 + 1=(k0 + 1)s0:Then there are 
onstants 
, satisfying 
 < a, su
h that the map�̂Hs1� Hs0� : HF[a; b)(Hs0� )! HF[
; b)(Hs1� )is well-de�ned and an isomorphism. Moreover, 
 
an be 
hosen so that 
 =2 ��s21Z+.Claim 4.5 implies that the groups HF[a; b)n0 (Hr� ) and HF[a; b)n0 (HR� ) are both iso-morphi
 to Z2. It just remains to show that�HR� Hr� : HF[a; b)n0 (Hr�)! HF[a; b)n0 (HR� )is an isomorphism. To see this, let s0 and s1 satisfy the assumptions of Claim 4.6and 
onsider the following version of the 
ommutative diagram from Lemma 3.12:(5) HF[
; b)(Hs1� )�
��HF[a; b)(Hs0� )�̂Hs1� Hs0� 77oooooooooooo �Hs1� Hs0� // HF[a; b)(Hs1� )



14 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANTogether, Claims 4.5 and 4.6 imply that the map�Hs1� Hs0� : HF[a; b)n0 (Hs0� )!HF[a; b)n0 (Hs1� )is an isomorphism. Now, by Lemma 3.5, for any sequen
e fsigi=1;:::;k withr = s0 < s1 < � � � < sk�1 < sk = R;we 
an de
ompose �HR� Hr� as�HR� Hr� = �HR� Hsk�1� Æ �Hsk�1� Hsk�2� Æ � � � Æ �Hs1� Hsr� :Choosing the si so that si < si+1 <p1 + 1=(k0 + 1)si, it follows that �HR� Hr� is anisomorphism from HF[a; b)n0 (Hr� ) to HF[a; b)n0 (HR� ).4.2.2. Res
aling. For simpli
ity, we will assume that r = 1 and R > 1. This 
analways be a
hieved by s
aling the symple
ti
 stru
ture on W and the metri
 on E.In this 
ase, the �xed 
onstants a and b satisfy a < ��R2 < �� < b < 0, and k0 isthe largest integer in (0;�a=�).4.2.3. The fun
tions Hs�. Here, we 
onstru
t the fun
tions Hs�, des
ribe their 
losedorbits with period equal to one, and prove that for ea
h s 2 [1; R℄ the sequen
efHs�g is (eventually) upwardly exhausting for SH[a; b)(Bs).We begin by 
onstru
ting the exhausting sequen
e fH�g � fH1�g for SH[a; b)(B1).These fun
tions depend only on the norm of the �bre variable, i.e., H� = H�(kzk).The fun
tions Hs� are then obtained by res
aling the argument as Hs�(kzk) =H�(kzk=s).Consider a sequen
e of smooth nonde
reasing fun
tions f� : [0;1) ! (�1; 0℄,for � 2Z+, with the following properties (see Figure 1):(F1) f�(t) = (0 for t 2 [1� 1=2�+2; 1);f�(0) for t 2 [0; 1� 1=2�℄:(F2) f�(t) 2 [�1=2�+2; 0℄ for t 2 (1� 1=2�+1; 1� 1=2�+2):(F3) f 0�(t) = 2�+3 for all t 2 [1� 3=2�+2; 1� 1=2�+1℄.(F4) f 00� > 0 for t 2 (1 � 1=2�; 1� 3=2�+2) andf 00� < 0 for t 2 (1 � 1=2�+1; 1� 1=2�+2):Figure 1. The fun
tions f�
11−1/2



PERIODIC ORBITS NEAR SYMPLECTIC SUBMANIFOLDS 15On B = B1, set H�(z) = f�(kzk2);and extend this fun
tion to be identi
ally zero on W r B.Re
all that on the neighborhood of M where !E is symple
ti
, the Hamiltonian
ow of �(z) = kzk2 is totally periodi
 with period �. Hen
e, for ea
h �, the 
owof XH� is totally periodi
 and the traje
tories on ea
h level set of H� all have thesame period. The level sets whi
h 
onsist of non-
onstant 
losed orbits with periodequal to one 
orrespond to the solutions of the equations(6) f 0�(kzk2) = k�;where k is a positive integer. These solutions are easy to 
lassify. When k is in theinterval [1; 2�+3=�), there are exa
tly two levels of H� where equation (6) holds:kzk2 = t��;k; where t��;k 2 [1� 1=2�; 1� 3=2�+2), andkzk2 = t+�;k; where t+�;k 2 (1� 1=2�+1; 1� 1=2�+2℄.Sin
e 2�+3 =2 �Z+, there are no other solutions to (6).Remark 4.7. As � in
reases, one just gets new solutions, t��;k, of equation (6) forin
reasingly large values of k.We now show that for large enough � that only the orbits on the levels kzk2 =t+�;k 2 (1�1=2�+1; 1�1=2�+2) with k 2 [1; �a=�) have a
tion in (a; b℄. By a simple
al
ulation, the a
tion of ea
h of the orbits on the level set kzk2 = t��;k is equal toA��;k(1) = f�(t��;k)� t��;k�k:Sin
e f�(t) < �2� for all t 2 [0; 1�3=2�+2℄, the a
tions A��;k de
rease exponentiallyto negative in�nity as � ! 1. Hen
e, the orbits on the levels kzk2 = t��;k willeventually have a
tion less than a. It is also easy to 
he
k that the a
tions A+�;k(1)de
rease monotoni
ally to ��k as � ! 1. Thus, be
ause b > ��, all the levelskzk2 = t+�;k will eventually have a
tion less than b. Similarly, the levels kzk2 = t+�;k,with k 2 (�a=�; 2�+3=�), will eventually have a
tion less than a.From this dis
ussion we also see that the fun
tions fH�g belong to Ha;b for allsuÆ
iently large �.Lemma 4.8. The sequen
e fH�g is (eventually) upwardly exhausting for the sym-ple
ti
 homology SH[a; b)(B).Proof. The only property that is not immediately obvious is that �H�+1H� is anisomorphism for all suÆ
iently large �. To see this, 
onsider � as a 
ontinuousparameter and look at the monotone homotopy fH�+�g�2[0;1℄ between H� andH�+1. When � is large enough, the new periodi
 orbits with period one whi
happear as � goes from zero to one will all have a
tion less than a. (This follows fromRemark 4.7 and the fa
t that A+�;k(1) ! �k� as � !1.) Hen
e, fH�+�g 2 Ha;bfor all � 2 [0; 1℄ and Lemma 4.8 immediately follows from Lemma 3.6. �Remark 4.9. The same argument shows that fH�g is (eventually) upwardly ex-hausting for every SH[
; d)(B) with a � 
 � d < 0.



16 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMANFor 1 � s � R, we now de�ne the fun
tions Hs� by the equationHs�(kzk) = H�(kzk=s) = f�(kzk2=s2):For these new Hamiltonians the level sets 
onsisting of 1-periodi
 orbits are de�nedby the equations(7) f 0�(kzk2=s2) = s2k�:When k is any integer in [1; 2�+3=�s2) ea
h of these equations has two solutions,kzk2 = s2t��;k(s), where t��;k(s) is in [1 � 1=2�; 1 � 3=2�+2) and t+�;k(s) is in (1 �1=2�+1; 1� 1=2�+2℄: We also have t��;k(s)! t��;k as s! 1 for all k and �.The a
tions of the orbits on these level sets are equal toA��;k(s) = f�(t��;k(s)) � t��;k(s)�ks2:As � !1, the a
tions A��;k(s) de
rease exponentially to negative in�nity, and thea
tions A+�;k(s) de
rease monotoni
ally to ��ks2.Just as above, Hs� is in Ha; b for suÆ
iently large �, and the only orbits witha
tion in [a; b) are those on the level sets kzk2 = s2t+�;k(s) for k 2 [1; �a=�s2).The same arguments also show that the fun
tions Hs� (eventually) form an upwardexhausting sequen
e for SH[a; b)(Bs). In parti
ular, this is true for s = R.4.2.4. Proof of Claim 4.5. By the s
aling properties of the fun
tions Hs� it suÆ
esto prove Claim 4.5 for the 
ase s = 1. Re
all that the periodi
 orbits ofH� whi
h lieon the level sets de�ned by kzk2 = t��;k have a
tions whi
h de
rease exponentiallyas � ! 1. So, when 
onsidering bounded intervals of a
tions and large enough�, the only relevant periodi
 orbits are those on the level sets of H� de�ned bykzk2 = t+�;k. The a
tions of these orbits is given byA+�;k(1) = f�(t+�;k) � t+�;k�kwhi
h de
reases to ��k monotoni
ally. The following result is now obvious.Lemma 4.10. Let l be a non-negative integer and let �(l + 1)� < � � � � �l�.Then for suÆ
iently large � HF[�;�)(H�) = 0:Now, 
onsider intervals of the form [�k� � �;�k� + Æ) where 0 < �; Æ < � andk 2Z+. By the same reasoning as above, for suÆ
iently large �, the only level setwith a
tion in this interval is kzk2 = t+�;k.Lemma 4.11. For any 0 < �; Æ < � and all � suÆ
iently largeHF[�k���;�k�+Æ)� (H�) �= H�+j(k)(SM;Z2);where SM is the sphere bundle of the normal bundle to M in W andj(k) = 12 dimW + k 
odimM � 1:Proof. The assertion, up to the value of the shift j, follows immediately from The-orem 3.4 provided that the set of periodi
 orbits in kzk2 = t+�;k is Morse{Bott.However, it is straightforward to 
he
k that the Morse{Bott 
ondition is equiva-lent, for the Hamiltonians in questions, to the 
ondition f 00� (t+k ) 6= 0, [BPS, Lemma5.3.2℄. The value of j(k) is determined by the standard analysis of the Conley{Zehnder indi
es for a small generi
 perturbation of the Hamiltonian. �
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eeding with the proof of Claim 4.5, we �rst show that for any 
onstant 
 < a,where 
 is not a negative integer multiple of �, the map�: HF[
; b)n0 (H�)! HF[a; b)n0 (H�)is an isomorphism provided that � is large enough.To do this, we 
onsider the following exa
t sequen
e whi
h is a part of the exa
ttriangle 4
;a;b(H�) (see Se
tion 3.2.4).(8) HF[
; a)n0 (H�)! HF[
; b)n0 (H�) �! HF[a; b)n0 (H�) ! HF[
; a)n0�1(H�):First, assume that 
 and a are 
ontained in an interval of the form (��(k +1);��k℄. Then Lemma 4.10 immediately implies that the �rst and last terms in(8) vanish for suÆ
iently large � and hen
e � is an isomorphism.Next, we look at the 
ase where 
 and a are in adja
ent intervals, i.e.,��(k + 1) < 
 < ��k < a � ��(k � 1)for some integer k � 2 (sin
e a < ��). By Lemma 4.11, if � is large enough,HF[
; a)n0 (H�) = Hn0+j(k)(SM;Z2) = 0;be
ause n0 + j(1) = dimSM and j(1) < j(k). (The sequen
e j(k) is in
reasing.)In a similar manner we obtainHF[
; a)n0�1(H�) = Hn0+j(k)�1(SM;Z2) = 0;when k � 2. Hen
e, in this 
ase, � is again an isomorphism.Now, for any 
 < a su
h that 
 =2 �Z+, the map � 
an be fa
tored as a 
om-position of isomorphisms for points in adja
ent intervals. More pre
isely, � =�l Æ�l�1 Æ � � � Æ�1 where�j : HF[
j;b)n0 (H�)! HF[
j�1 ;b)n0 (H�):The 
onstants 
j are 
hosen to be in adja
ent intervals so that 
0 = a and 
j =2 ��Z+for j � 1. The previous argument then implies that ea
h �j is an isomorphism forsuÆ
iently large �. Thus, the same is true for �.It remains to show that HF[
; b)n0 (H�) = HF[a; b)n0 (H�) =Z2. The above argumentredu
es the problem to the 
al
ulation of HF[�; b)n0 (H�) for �2� < � < �� and �large enough. By Lemma 4.11, we haveHF[�; b)n0 (H�) = Hn0+j(1)(SM;Z2) = HdimSM (SM;Z2) =Z2sin
e n0 + j(1) = dimSM . This 
ompletes the proof of Claim 4.5.4.2.5. Proof of Claim 4.6. Again by the s
aling properties of the fun
tions Hs�, itsuÆ
es to prove Claim 4.6 when s0 = 1 and 1 < s1 <p1 + 1=(k0 + 1).We must �rst �nd 
onstants 
 < a for whi
h the homomorphism(9) �̂Hs1� H� : HF[a; b)(H�)! HF[
; b)(Hs1� )is well-de�ned. For any 
 < a, the fun
tion Hs1� is in H
;b for all suÆ
iently large �.This follows again from the fa
t that the a
tions A+�;k(s1) de
rease monotoni
allyto ��ks21 as � ! 1. So, it remains for us to �nd 
onstants 
 < a su
h that theFloer 
hain map �Hs1� H� satis�es(10) �Hs1� H� (CFa(H�)) � CF
(Hs1� )(see Se
tion 3.1.3).
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t, 
ondition (10) only makes sense for generi
 perturbations of H� and Hs1�whose 
losed orbits, with period equal to one and negative a
tion, are nondegener-ate. Let ~H� and ~Hs1� be su
h perturbations of H� and Hs1� , respe
tively. Then itsuÆ
es to �nd 
onstants 
 < a for whi
h the 
ondition(11) � ~Hs1� ~H� (CFa( ~H�)) � CF
( ~Hs1� )is satis�ed whenever ~H� (respe
tively, ~Hs1� ) is suÆ
iently C1-
lose to H� (respe
-tively, Hs1� ).Consider �rst the 
ase when a 2 (�k0�; �(k0 + 1)�). For any � > 0, we 
an
hoose � suÆ
iently large and kH� � ~H�kC1 suÆ
iently small, so that the a
tionsof the periodi
 orbits for ~H� are all within � of some A��;k(1). Similarly, we 
an
hoose � and ~Hs1� so that the a
tions of the periodi
 orbits for ~Hs1� are within � ofsome A��;k(s1).Let x be any periodi
 orbit of ~H� with period equal to one and a
tion less thana, i.e., x 2 Pa( ~H�). By 
hoosing � < �k0� � a, we have(12) A ~H� (x) � �(k0 + 1)� + �:Now, the Floer 
hain map � ~Hs1� ~H� is de�ned using a homotopy ~Hs� from ~H� to~Hs1� . We 
an 
hoose this homotopy so that k�s ~Hs� � �sHs�kL1 is arbitrarily small.Assume that y 2 Pa( ~Hs1� ) appears in � ~Hs1� ~H� (x) with nonzero 
oeÆ
ient. By thede�nition of � ~Hs1� ~H� , this implies the existen
e of a perturbed pseudo-holomorphi

ylinder u : R� S1 ! W whose ends are mapped to x and y. The energy of this
ylinder satis�es E(u) � A ~H� (x)� A ~Hs1� (y) + supf�s ~Hs�g:(See, for example, [BPS℄ Se
tion 4.4.)Sin
e Hs� is monotone and E(u) � 0, this implies that(13) A ~Hs1� (y) � A ~H� (x) + k�s ~Hs� � �sHs�kL1 :Together, inequalities (12) and (13) yield(14) A ~Hs1� (y) � �(k0 + 1)� + �+ k�s ~Hs� � �sHs�kL1 :Now, the assumption that s1 <p1 + 1=(k0 + 1) implies that�(k0 + 1)� < �k0�s21:If we 
hoose � and k�s ~Hs� � �sHs�kL1 to be small enough to satisfy2�+ k�s ~Hs� � �sHs�kL1 < �k0�s21 + (k0 + 1)�;then we get A ~Hs1� (y) < �k0�s21 � �:This implies that A ~Hs1� (y) � �(k0 + 1)�s21 + �:Hen
e, for a 2 (�k0�; �(k0 + 1)�), 
ondition (11) holds for all 
 2 (a; �(k0 +1)�s21).Next we 
onsider the 
ase when a = �(k0 + 1)�. If � is suÆ
iently large andkH�� ~H�kC1 is suÆ
iently small, then any periodi
 orbit x 2 CF a( ~H�) will satisfyA ~H� (x) � �(k0 + 2)� + �:
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t that the a
tions A+�;k de
rease monotoni
ally to �k�.Using the same arguments as above, we see that any y 2 CF a( ~Hs1� ) whi
h appearsin � ~Hs1� ~H� (x) with nonzero 
oeÆ
ient satis�esA ~Hs1� (y) � �(k0 + 2)� + k�s ~Hs� � �sHs�kL1 :The assumption that s1 <p1 + 1=(k0 + 1) is equivalent to�(k0 + 2)� < �(k01 + 1)�s21;so 
hoosing � and k�s ~Hs� � �sHs�kL1 to be small enough we getA ~Hs1� (y) � �(k0 + 2)�s21 + �:Thus, when a = �(k0 + 1)�, 
ondition (11) holds for any 
 2 (�(k0 + 1)�; �(k0 +2)�s21).To 
omplete the proof of Claim4.6 we must prove that �̂Hs1� H� is an isomorphism.This will follow almost immediately from Lemma 3.7 and the fa
t that for large �the a
tions A+�;k(s) are arbitrarily 
lose to �k�s2 for all s 2 [1; s1℄.For a 2 (�k0�; �(k0 + 1)�), we 
hoose 
 2 (a; �(k0 + 1)�s21) so that �̂Hs1� H� iswell-de�ned. (Note that here we 
an 
hoose 
 so that 
 =2 ��s21Z+.) Then, for �suÆ
iently large, it is easy to see that there are 
ontinuous families as with a1 = aand as1 = 
, su
h that A+�;k0+1(s) < as < A+�;k0(s)for all s 2 [1; s1℄. For any su
h family as, ~Hs� 2 Has ;b for all s 2 [1; s1℄. Lemma3.7 then implies that �̂Hs1� H� is an isomorphism. A similar argument works for the
ase a = �(k0 + 1)�.This 
ompletes the proof of Claim 4.6 and hen
e Proposition 4.2.5. Homologi
al symple
ti
 
apa
ityFollowing [FHW℄ 
losely, we will now de�ne a 
ertain relative homologi
al 
a-pa
ity. The results of of this paper imply the �niteness of this 
apa
ity in various
ases.As above, let W be a geometri
ally bounded symple
ti
ally aspheri
al manifold.For an open subset U � W , we setSH[a; 0)(U ) = lim�!b%0SH[a; b)(U ):Furthermore, for a 
ompa
t subset Z � W , we de�ne its symple
ti
 homology asSH[a; 0)(Z) = lim �U&Z SH[a;0)(U );where the limit is taken over all open sets U � Z. By the de�nition of the inverselimit, we have the proje
tion map�aU : SH[a;0)(Z)! SH[a; 0)(U )for every open set U � Z.Example 5.1. Let M be a 
losed symple
ti
 submanifold of W and let BR be thetubular neighborhoods of M 
onstru
ted in Se
tion 4.1. As readily follows fromProposition 4.2, SH[a; 0)n0 (M ) =Z2, where n0 = 32 dimW � 
odimM � 1. Moreover,



20 KAI CIELIEBAK, VIKTOR L. GINZBURG, AND ELY KERMAN�aBR : SH[a; 0)n0 (M ) ! SH[a; 0)n0 (BR) is an isomorphism, provided that a < ��R2.Furthermore, SH[a; 0)(BR) = 0 if ��R2 < a < 0.De�ne the relative homologi
al 
apa
ity of (U;Z) as
SH(U;Z) = inff�a j �
U 6= 0 for all 
 < ag:Clearly, 
SH is an invariant of symple
tomorphisms of the ambient manifold W .The fa
t that 
SH is a symple
ti
 
apa
ity (de�ned only on submanifolds ofW ) 
anbe easily veri�ed using Proposition 4.2. In other words, we haveTheorem 5.2.(1) [Invarian
e℄. The relative 
apa
ity 
SH is an invariant of symple
tomor-phisms of W .(2) [Monotoni
ity℄. Let Z 0 � Z � U � U 0. Then 
SH(U;Z) � 
SH(U 0; Z) and
SH(U;Z) � 
SH(U;Z 0).(3) [Homogeneity℄. For any 
onstant a > 0,
SH(U;Z; a!) = a 
SH(U;Z; !):(4) [Normalization℄. Assume that M is a 
losed symple
ti
 submanifold of ageometri
ally bounded symple
ti
ally aspheri
al manifold W and let BR bea symple
ti
 tubular neighborhood of M in W of radius R > 0 (see Se
tion4.1). Then 
SH(BR;M ) = �R2.Here the �rst three assertions are obvious. To prove the last assertion note that
SH(BR;M ) � �R2 by Proposition 4.2. On the other hand, SH[a; 0)(BR) = 0 when��R2 < a < 0 as readily follows from the analysis 
arried out in Se
tion 4.2.3 (seeLemma 4.10). Thus, 
SH(BR;M ) � �R2, whi
h 
ompletes the proof of the lastassertion.The 
apa
ity 
SH(U; point) is essentially the homologi
al 
apa
ity introdu
ed in[FHW℄. On
e, 
SH(U;Z) < 1, the symple
ti
 homology of V is non-zero for anyopen subset V of U su
h that Z � V � U . Then a suitable version of Proposition3.13 implies the nearby existen
e theorem in (U;Z), i.e., the existen
e of 
ontra
tibleperiodi
 orbits on a dense of levels of any fun
tion attaining an isolated minimumon Z. Yet, the �niteness of this 
apa
ity does not seem to imply the existen
eof periodi
 orbits for almost all energy levels as does the Hofer{Zehnder 
apa
ity.A di�erent version of a relative 
apa
ity, a relative analogue of the Hofer{Zehder
apa
ity, whi
h is suÆ
ient for proving a version of the almost existen
e theoremis introdu
ed and analyzed in detail in [GG℄.Finally, we note that the relative homologi
al 
apa
ity 
SH is di�erent from,although apparently related to, the one introdu
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