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1 Introdu
tionThe hard question in the renormalization of a perturbative quantum �eldtheory (QFT) is whether the symmetries of the underlying 
lassi
al theory
an be maintained in the pro
ess of renormalization. The diÆ
ulties are
onne
ted with the singular 
hara
ter of quantized �elds whi
h forbids astraightforward transfer of the arguments valid for the 
lassi
al theory.Traditionally, the impa
t of symmetries of the 
lassi
al theory on thestru
ture of quantum theory was analyzed in terms of the fun
tional formu-lation of QFT (see, e.g. [24℄). In this formalism, the algebrai
 properties ofthe intera
ting �elds are not dire
tly visible. In 
ausal perturbation theory�a la Bogoliubov-Epstein-Glaser [2, 11℄, on the other hand, the algebras ofobservables of the intera
ting theory 
an be 
onstru
ted dire
tly [3℄, and itis desirable to have a general method by whi
h the stru
ture of the 
lassi
altheory 
an be transferred into quantum theory.Typi
ally the various symmetries whi
h one wants to be present in thequantized theories are implied by 
ertain identities (the Ward identities)whi
h one imposes as renormalization 
onditions. A universal formulation ofthese identities is given by the Master Ward Identity (MWI) [6℄. In [6℄ it wasshown that the MWI implies �eld equations, energy momentum
onservation,
harge 
onservation and a rigorous substitute for equal-time 
ommutation re-lations of quark 
urrents. Appli
ation of the MWI to the ghost- and to theBRS-
urrent of non-Abelian gauge theories yields ghost number 
onservationand the 'Master BRST Identity' [6℄. These symmetries 
ontain the informa-tion whi
h is needed for a lo
al 
onstru
tion of the algebra of observables,i.e. the elimination of the unphysi
al �elds and the 
onstru
tion of physi
alstates in the presen
e of an adiabati
ally swit
hed o� intera
tion (see [4℄,[6℄).In [6℄ the MWI was obtained in the following way: the di�eren
e betweendi�erent orders of di�erentiation and time-ordering,��x1 ~T (W1; :::;Wn)(x1; :::; xn)� ~T (��W1; :::;Wn)(x1; :::; xn) (1)( ~T (W1; :::;Wn)(x1; :::; xn) denotes the time-ordered produ
t of the Wi
k poly-nomials W1(x1); :::;Wn(xn) in free �elds), is formally 
omputed by means ofthe Feynman rules and the 
ausal Wi
k expansion (see Se
t. 4 of [11℄) (orequivalently the normalization 
ondition (N3) [4℄). The MWI requires thenthat renormalization has to be done in su
h a way that this heuristi
ally de-rived result is preserved. The main motivations for imposing this 
ondition3



were, on the one hand side, the many, important and far-rea
hing 
onse-quen
es of the MWI, and on the other hand side, the experien
e that theMWI 
an nearly always be ful�lled.In this paper we give a further important argument in favor of the MWI:it is the straightforward generalization to QFT of the most general 
lassi
alidentity for lo
al �elds whi
h 
an be obtained from the �eld equations and thefa
t that 
lassi
al �elds may be multiplied point-wise (see (10)). Sin
e quan-tum �elds are distributions whi
h 
annot, in general, be multiplied point-wise, the derivation of the MWI in 
lassi
al �eld theory is not transferableto quantum �eld theory. There, the MWI is a highly non-trivial normaliza-tion 
ondition whi
h 
ontains mu
h more information than merely the �eldequations.We will start our study of the MWI with another equation, whi
h willturn out to be equivalent to the MWI. Namely we �rst formulate the mostgeneral identity whi
h follows in 
lassi
al �eld theory from the �eld equations.Due to formal similarity we 
all it the Generalized S
hwinger-Dyson Equation(GSDE). In this form it does not depend on a splitting of the Lagrangian intoa free and an intera
tion part. We then introdu
e su
h a splitting and obtainthe perturbative version of the Generalized S
hwinger-Dyson Equation whi
h
an be imposed as renormalization 
ondition.It turns out that it is appropriate to use an o� shell formalism wherethe entries of time-ordered produ
ts are 
lassi
al �elds not subje
t to any�eld equation as advo
ated by Stora. The MWI then gives a formula fortime-ordered produ
ts of �elds where one of the entries vanishes if the free�eld equations are imposed. In the traditional version of 
ausal perturba-tion theory all 
al
ulations are done in terms of Wi
k produ
ts of free �elds.There the same identity be
omes visible as a non-
ommutativity of di�eren-tiation and time-ordering (1). To understand the 
onne
tion between bothformalisms we introdu
e a map � whi
h asso
iates free �elds to general (o�shell) �elds. The time-ordered produ
ts T of o� shell �elds in this paper arerelated to the time-ordered produ
ts ~T (1) of on shell �elds by~T (W1(x1); : : : ;Wn(xn)) = T (�(W1)(x1); : : : ; �(Wn)(xn)) :In 
ontrast to ~T , there is no reason why T should not 
ommute with deriva-tives. Therefore, we adopt here the proposal of Stora [29℄ and postulate thatT 
an be freely 
ommuted with derivatives. Stora 
alls this the A
tion WardIdentity (AWI), be
ause it means that the intera
ting �elds as well as the4



S-matrix depend on the intera
tion Lagrangian only via its 
ontribution tothe a
tion. A 
aveat has to be added here: while no anomaly of the AWI isknown, there does not yet exist a proof that anomalies are always absent.1With that the non-
ommutativity of ~T with derivatives is tra
ed ba
kto the non-
ommutativity of � with derivatives. So, the MWI of [6℄ 
an beformulated in terms of time ordered produ
ts where one of the entries is ofthe form [��; �℄(W ). The latter expression vanishes if the free �eld equationsare imposed, hen
e the MWI of [6℄ is a spe
ial 
ase of the MWI proposed inthis paper. A
tually, under a natural 
ondition on the 
hoi
e of �, the twoformulations are even equivalent. The freedom in the 
hoi
e of parametersin the Feynman propagators of derivated �elds (see [8℄ and [6℄) is 
onvertedin the present formalism into the freedom in the 
hoi
e of �.The use of o� shell �elds has another advantage: it fa
ilitates the in-trodu
tion of auxiliary �elds whi
h in the presen
e of derivative 
ouplingsor in the de�nition of the BRS transformation may lead to a more elegantformulation. On the other hand, the use of auxiliary �elds introdu
es morefree parameters in the 
hoi
e of �.Our analysis might be 
ompared with the formulation of the QuantumA
tion Prin
iple of Lowenstein [19, 20℄ and Lam [17, 18℄. These authorsshowed in the framework of BPHZ renormalization how 
lassi
al symmetries
an be transferred into renormalized perturbation theory. In 
ontrast tothese works, we emphasize the stru
tural similarity of 
lassi
al and quantumperturbative �eld theory. As a 
onsequen
e, our arguments do not rely onthe rather involved 
ombinatori
s of BPHZ renormalization. However, wedid not yet investigate the stru
ture of anomalies of the MWI. Another dif-feren
e is that the formalism of Lam seems to be in
onsistent for verti
es
ontaining higher than �rst derivatives of the basi
 �elds, see Se
t. V of [17℄.We over
ome these diÆ
ulties by means of the map � (
f. the Example(111)).Another, more re
ent approa
h to a general treatment of symmetries inrenormalized perturbation theory is the Quantum Noether Condition (QNC)of Hurth and Skenderis [15℄. In 
ase of the BRS-
urrent it may be understoodas a reformulation of the 'perturbative gauge invarian
e' of [8℄, see the lastRemark in Se
t. 4.5.2 of [6℄ (published version). Similar to that 
onditionit has two di�erent kinds of impli
ations: (i) The QNC for tree diagrams1It might be that Lemma 1 in [20℄ or Lemma 1 in [17℄ a
tually implies the AWI, butdue to the rather di�erent formalisms this 
onje
ture 
ould not yet be veri�ed.5



is simply the 
onservation of the 
lassi
al symmetry 
urrent2 in presen
eof an adiabati
ally swit
hed o� intera
tion. This yields restri
tions on theintera
tion. A rigorous and enlarged version of that analysis is given (asan appli
ation of MWI/AWI) in Appendix B for the example of the BRS-
urrent. (ii) Provided the intera
tion is su
h that the (Q)NC is 
lassi
allyful�lled (i.e. for all tree diagrams), it makes sense to impose it for loopdiagrams. There it is a renormalization 
ondition whi
h is less general thanthe MWI/AWI (
f. again the above mentioned Remark in [6℄).The paper is organized as follows: in Se
t. 2.1 we study the 
anoni
alstru
ture of 
lassi
al �eld theory. We use Peierls' 
ovariant de�nition ofthe Poisson bra
ket [23℄ whi
h does not rely on a Hamiltonian formalism,and give a dire
t proof that it satis�es the Ja
obi identity. In Se
t. 2.2 wedetermine the perturbative expansion of the 
lassi
al �elds as formal powerseries. The 
oeÆ
ients of this expansion are the retarded produ
ts. We provethat they satisfy the GLZ relations [12℄. We brie
y dis
uss the possibility ofeliminating derivative 
ouplings by introdu
ing auxiliary �elds in Se
t. 2.3.In Se
t. 3 we formulate the GSDE and the MWI, introdu
e the map �and dis
uss the relation to the formulation of the MWI in [6℄.In Se
t. 4 we introdu
e the perturbative expansion of the intera
tingquantum �elds (as formal power series) by the prin
iple that as mu
h aspossible of the 
lassi
al stru
ture is maintained in the pro
ess of quantization,in parti
ular the GLZ relation, the AWI and the MWI. All these 
onditionsare formulated in terms of the retarded produ
ts, be
ause in this formulationthe 
onditions have the same form in the 
lassi
al theory as well as in thequantum theory. In quantum theory, on the other hand, one 
an equivalentlyformulate everything in terms of the more familiar time-ordered produ
ts.The resulting formalism is not 
ompletely equivalent to the one given in [6℄.We 
larify the signi�
an
e of the di�eren
e.In Se
t. 5 we derive the 'Master BRST Identity' [6℄ (whi
h results from theappli
ation of the MWI and AWI to the free BRS-
urrent) in the formalismof this paper. We also use the MWI and AWI to determine the admissibleintera
tion of a BRS-invariant lo
al gauge theory. By a modi�
ation of thispro
edure one 
an derive the 
onditions whi
h are used in [6℄ to express BRS-invarian
e of the intera
tion from more fundamental prin
iples. This is donein Appendix B. As a byprodu
t this will 
larify the relation to perturbativegauge invarian
e (in the sense of [8℄).2Some 
onfusion 
ould be avoided by omitting the 'Q' of 'QNC' in these 
al
ulations.6



Appendix A gives an expli
it formula for the map � and shows its unique-ness in a parti
ular framework.2 Classi
al �eld theory for lo
alized intera
-tions2.1 Retarded produ
t and Poisson bra
ketTo keep the notations simple we 
onsider only one real s
alar �eld ' (on thed-dimensional Minkowski spa
e M , d > 2) and LagrangiansL = L0 + Lint (2)where the free part L0 is �xed. We will vary the intera
tion partLint = �gP ('; ��') def= : �gLint; (3)whi
h is a polynomial P = Lint in ' and ��' (later we will also allow forhigher derivatives of ') multiplied by a test fun
tion g 2 D(M ). The latter isinterpreted as a spa
e-time dependent 
oupling 
onstant. We assume that theCau
hy problem is well posed for all Lagrangians in our 
lass. For simpli
itywe restri
t our formalism to smooth solutions. In non-linear theories, 
lassi
al�elds whi
h are initially smooth may get singularities. But, in this paper,we are mainly interested in perturbation theory. It follows from the analysisin Se
t. 2.2 that there is a unique smooth perturbative solution, if the givenin
oming free solution is smooth.Let CL be the set of smooth solutions f : M ! R of the Euler-Lagrangeequation �� �L�(��') = �L�' ; (4)with 
ompa
tly supported Cau
hy data. We 
onsider CL as the 
lassi
alphase spa
e. (This is equivalent to the traditional point of view in whi
h anelement of the phase spa
e is the set of the 
orresponding Cau
hy data, e.g.the fun
tions (f; _f); f 2 CL, restri
ted to the time x0 = 0.)We interpret the �eld ' as the evaluation fun
tional on C def= C1(M ;R): 3'(x)(f) def= f(x); f 2 C1(M ;R) : (5)3A 
omplex s
alar �eld is the analogous evaluation fun
tional on C1(M ; C ) and wede�ne '�(x)(f) � f�(x). 7



Fun
tionals of the �eldF (') � NXn=0 Z dx1:::dxn '(x1) : : : '(xn)tn(x1; :::; xn); N <1; (6)then lead in a natural way to fun
tionals on C,F (')(f) def= F (f); f 2 C: (7)Here t0 2 C and the tn are suitable test fun
tions where we admit also 
ertaindistributions with 
ompa
t support, in parti
ular Æ4(n�1)(x1 � xn; :::; xn�1 �xn)f(xn); f 2 D(M ). More pre
isely, we admit all distributions with 
ompa
tsupport whose Fourier transform de
ays rapidly outside of the hyperplanef(k1; : : : ; kn);Pi ki = 0g. We denote the algebra of fun
tionals of the form(6) by F(C) and, when restri
ted to CL, by F(CL).The �eld 'L whi
h satis�es the �eld equation (4) is obtained as the re-stri
tion of ' to CL, 'L def= 'jCL; (8)This restri
tion indu
es a homomorphism of the algebras of fun
tionals FF (')! F (')L = F ('L): (9)In parti
ular, the fa
torization property(AB)L(x) = AL(x)BL(x) (10)holds for polynomials A;B in ' and their partial derivatives. (The algebraof these polynomials will be denoted by P,P =_f�a'; a 2 Nd0g : ) (11)It is a main diÆ
ulty of quantum �eld theory that the fa
torization property(10) is no longer valid.To 
ompare theories with di�erent Lagrangians we use the fa
t that bythe assumed uniqueness of the solution of the Cau
hy problem there existsto ea
h f2 2 CL2 pre
isely one f1 2 CL1 whi
h 
oin
ides with f2 outside ofthe future of the region where the respe
tive Lagrangians di�er, f1(x) =8



f2(x) 8x 62 (supp (L1 � L2) + V +).4 We denote the 
orresponding map (the'wave operator') by rL1;L2:rL1;L2 : CL2 ! CL1 ; f2 7! f1: (12)Obviously it holds rL1;L2 Æ rL2;L3 = rL1;L3 . Analogously we de�ne aL1;L2 :CL2 ! CL1 ; f2 7! f1 by requiring that f1 and f2 agree in the distant future.This bije
tion between the spa
es of solutions 
an be used to express theintera
ting �elds as fun
tionals on the spa
e of free solutions. We 
allAretLint(x) def= A(x) Æ rL0+Lint;L0 : CL0 ! R (13)for A 2 P the 'retarded �eld'. The retarded �eld is a fun
tional on thefree solutions whi
h solves the intera
ting �eld equation. We will de�ne theperturbation expansion of 
lassi
al intera
ting �elds as the Taylor series ofthe retarded �elds as fun
tionals of the intera
tion Lagrangian,AretLint(x) = 1Xn=0 1n!Rn;1(L
nint ; A(x)) : (14)The retarded produ
ts Rn;1 will be 
onstru
ted in Se
t. 2.2. Note��x AretLint(x) = (��A)retLint(x) (15)and that the fa
torization property (10) holds for the retarded �elds, too.Besides the 
ommutative and asso
iative produ
t (10) there is a se
ondprodu
t for 
lassi
al �elds: the Poisson bra
ket. Peierls [23℄ has given a def-inition of the Poisson bra
ket without re
ourse to a Hamiltonian formalism.We now review his pro
edure. It is 
onvenient to generalize our formalismsomewhat: we admit also non-lo
al intera
tions, i.e. the intera
tion part ofthe a
tion S does not need to be of the form Sint = R dxLint(x), but may berepla
ed by an arbitrary fun
tional F 2 F(C). The �eld equations are stillobtained by the prin
iple of least a
tion, but in 
ontrast to (4) they may in-volve non-lo
al terms. The 
lassi
al phase spa
e CL, the �eld 'L; F (')L andthe maps rL1;L2 ; aL1;L2 (12) are de�ned in the same way as before, but nowdenoted by CS ; 'S; F (')S and rS1;S2 ; aS1;S2 . (9) and the fa
torization (10)hold still true. We will not dis
uss whether solutions of the general Cau
hy4V� denote as usual the forward and ba
kward light-
ones, respe
tively, and V � their
losures. 9



problem for these non-lo
al a
tions exist. It is suÆ
ient for our purpose thatperturbative solutions always exist and are unique.Let F � F (') and G � G(') be fun
tionals from F(C). We introdu
ethe retarded produ
t RS(F;G) and the advan
ed produ
t AS(F;G),RS(F;G) def= dd� j�=0G Æ rS+�F;S ; (16)AS(F;G) def= dd� j�=0G Æ aS+�F;S (17)whi
h are fun
tionals on CS. Note that the entries of the retarded and ad-van
ed produ
ts are unrestri
ted fun
tionals of the �eld. In general it isnot possible to repla
e them by their restri
tion to the spa
e of solutions,as the following example shows: let S = R dxL0(x) with L0 = 12��'��',F = R dx g(x)�'(x) and G = '(y). Then '(y) Æ rS+�F;S(f) = f(y) + �g(y)and hen
e RS(F;'(y)) = g(y), but FS = 0.The retarded and advan
ed produ
ts have the following important prop-erties:Proposition 1. (a) The retarded produ
t 
an be expressed in terms of theretarded Green fun
tion,RS(F;G) = �Z dx dy � ÆGÆ'(x)�retS (x; y) ÆFÆ'(y)�S : (18)(b) The advan
ed and retarded produ
ts are related byAS(F;G) = RS(G;F ) : (19)Here �retS is the unique retarded Green fun
tion of Æ2SÆ'(x)Æ'(y) 
onsidered as anintegral operator, i.e. it satis�es the equationsZ dy�retS (x; y) Æ2SÆ'(y)'(z) = Æ(x� z) = Z dy Æ2SÆ'(x)'(y)�retS (y; z); (20)and (in 
ase S is lo
al)supp �retS � f(x; y) j x 2 y + V +g: (21)For non-lo
al intera
tions with 
ompa
t support we may 
onstru
t the re-tarded Green fun
tion (and also the retarded produ
t) in the sense of formalpower series. 10



Sin
e Æ2SÆ'(x)'(y) is symmetri
, it follows that�advS (x; y) def= �retS (y; x) (22)is the advan
ed Green fun
tion. Similarly to the proof of (a) one �nds thatthe advan
ed produ
t AS(F;G) ful�lls (18) with �retS repla
ed by �advS . Thisand (22) immediately imply (b).Example: The abstra
t formalism may be illustrated by the example of areal Klein Gordon �eld with a polynomial intera
tion, S = R dx 12[��'��'�m2'2�gP (')℄. We obtain Æ2SÆ'(x)Æ'(y)(f) = �(�+m2+g(x)P 00(f(x)))Æ(x�y),and �retS (x; y)(f) = ��ret(x; y; gP 00(f)); (23)is the unique retarded Green fun
tion of the Klein-Gordon operator with apotential gP 00(f), where f is the 
lassi
al �eld 
on�guration on whi
h thefun
tionals are evaluated.We will use the formula (18) as de�nition of the retarded produ
t outsideof the spa
e of solutions f 2 CS (and analogously for the advan
ed produ
ts).Proof. It remains to prove (a).Let f 2 CS and rS+�F;S(f) = f + �h +O(�2). Then0 = dd� j�=0 Æ(S + �F )Æ'(y) (f + �h) = ÆFÆ'(y)(f) + Z dz Æ2SÆ'(y)'(z)(f)h(z) (24)and (in the 
ase of a lo
al a
tion S) h(z) = 0 if z 62 supp (F ) + �V+. Hen
e,RS(F;'(x))(f) = h(x) = �Z dy�retS (x; y) ÆFÆ'(y)(f); (25)and by means ofRS(F;G)(f) = dd� j�=0G(')(f + �h) = Z dx ÆGÆ'(x)(f)h(x) (26)we obtain the assertion (18). (In the 
ase of a non-lo
al a
tion the 
onditionon the support of h has to be appropriately modi�ed.)11



De�nition 1. The Peierls bra
ket asso
iated to an a
tion S is a produ
ton F(C) with values in F(CS) de�ned byfF;GgS def= RS(F;G) �RS(G;F ) = RS(F;G)�AS(F;G): (27)The Peierls bra
ket depends only on the restri
tion of the fun
tionals tothe spa
e of solutions,fF;GgS = fF 0; GgS if FS = F 0S : (28)Namely, let F be a fun
tional whi
h vanishes on the spa
e of solutions. Thisis the 
ase if F is of the form5F = Z dxG(x) ÆSÆ'(x) : (29)Then the retarded produ
t with a fun
tional H isRS(F;H) =Z dx dy dz �ÆG(x)Æ'(y) ÆSÆ'(x) +G(x) Æ2SÆ'(x)Æ'(y)��retS (y; z) ÆHÆ'(z) : (30)The �rst term vanishes on the spa
e of solutions, therefore we obtainRS(F;H) = Z dz G(z) ÆHÆ'(z) : (31)The same expression is obtained for the advan
ed produ
t, thus the Peierlsbra
ket of F and H vanishes. We may therefore de�ne the Peierls bra
ketfor fun
tionals on the spa
e of solutions byfFS; GSg = fF;GgS :It is easy to see that for the example of the Klein Gordon �eld with apolynomial intera
tion without derivatives the Peierls bra
ket 
oin
ides withthe Poisson bra
ket obtained from the Hamiltonian formalism. The Peierls5We ta
itly assume here that the ideal JS generated by the �eld equation (i.e. the setof fun
tionals of the form (29)) is identi
al with the set of fun
tionals whi
h vanish on thespa
e of solutions. This seems to be true in relevant 
ases. Otherwise, we have to repla
ethe restri
tion map F 7! FS by the quotient map with respe
t to JS .12



bra
ket, however is de�ned also for derivative 
ouplings and even for non-lo
al intera
tions where the Hamiltonian formalism has problems. Moreover,it is manifestly 
ovariant and does not use a splitting of spa
e-time into spa
eand time.We now want to show that the Peierls bra
ket ful�ls in general the usualproperties of a Poisson bra
ket. Antisymmetry, linearity and the Leibniz ruleare obvious 6, but the Ja
obi identity is non-trivial (a
tually it is not dis
ussedin the paper of Peierls). We will see that the Ja
obi identity follows from thefa
t that rS2;S1 
ommutes with the Peierls bra
ket (hen
e it is a 
anoni
altransformation).Proposition 2. (a) The retarded wave operator rS2 ;S1 preserves the Peierlsbra
ket (27), fF Æ rS2;S1 ; G Æ rS2;S1gS1 = fF;GgS2 Æ rS2 ;S1 (32)and the same statement holds for aS2;S1.(b) The Peierls bra
ket (27) satis�es the 
onditions whi
h are required for aPoisson bra
ket, in parti
ular the Ja
obi identityfFS; fHS; GSgg+ fGS ; fFS;HSgg+ fHS ; fGS; FSgg = 0 : (33)Proof. It suÆ
es to prove (32) for an in�nitesimal 
hange of the intera
tion:setting S1 = S and S2 = S + �H, the in�nitesimal version of (32) readsfRS(H;F ); GSg+ fFS; RS(H;G)g =RS(H; fF;Gg) + dd� j�=0(RS+�H(F;G)�AS+�H(F;G)) (34)where we used in the last term the extended de�nition of the retarded andadvan
ed produ
ts outside of the spa
e of solutions introdu
ed after Propo-sition 1.We now insert the formula for the retarded produ
t of Proposition 1everywhere in (34). Applying ÆÆ' to (20) we �ndÆÆ'(z)�advS (x; y) = �Z dv dw�advS (x; v) Æ3SÆ'(v)Æ'(w)Æ'(z)�advS (w; y); (35)6Linearity and the Leibniz rule hold already for the retarded and advan
ed produ
ts.13



and analogouslydd� j�=0�advS+�H(x; y) = �Z dv dw�advS (x; v) Æ2HÆ'(v)Æ'(w)�advS (w; y): (36)With that (34) 
an be veri�ed by a straightforward 
al
ulation.By an analogous 
al
ulation we prove that the advan
ed transformationaS2;S1 is a 
anoni
al transformation. The in�nitesimal version is (34) wherein the �rst three terms RS is repla
ed by AS and where the last term, theterm with the �-derivative, is un
hanged. Hen
e, 
onsidering the di�eren
eof these two versions of (34), the latter term drops out, and we obtain theJa
obi identity (33).2.2 Higher order retarded produ
ts and perturbationtheoryIn analogy to equation (16) we de�ne the higher order retarded produ
ts byRS(F
n; G) = dnd�n j�=0G Æ rS+�F;S : (37)They have a unique extension to (n + 1)-linear fun
tionals on F(C) whi
hare symmetri
 in the �rst n variables. With that the perturbative expansionof G Æ rS+�F;S in � readsG Æ rS+�F;S ' 1Xn=0 �nn!RS(F
n; G) �: RS(e�F
 ; G) (38)in the sense of formal power series. If S is the free part of the a
tion, this isthe perturbative expansion of the retarded �elds (13) in terms of free �elds.In the �rst paper of [5℄, equation (71), we gave an expli
it formula for Rin the 
ase where all fun
tionals are lo
al and where F and G do not 
ontainderivatives. It took the form of a retarded multi-Poisson bra
ket. In 
ase ofderivative 
ouplings this 
an no longer be true, as we already know from thedis
ussion of the retarded produ
t of two fa
tors, 
f. the 
ounter exampleafter equation (17).The general 
ase where S, F and G might be non-lo
al 
an be obtainedfrom the formula dd�RS(e�F
 ; G) = RS(e�F
 ; RS+�F (F;G)) (39)14



whi
h is the Taylor series expansion ofdd�G Æ rS+�F;S = RS+�F (F;G) Æ rS+�F;S ; (40)the latter identity following dire
tly from the de�nition of the retarded prod-u
ts. On the r.h.s. of (39) we understand RS+�F (F;G) as an unrestri
tedfun
tional, i.e. RS+�F (F;G) 2 F(C). Comparing the 
oeÆ
ients on bothsides of (39) yields a re
ursion relation:RS(F
(n+1); G) = � nXl=0 �nl�RS�F
l;Z dx dy ÆFÆ'(x)�adv (n�l)S+�F (x; y) ÆGÆ'(y)�;(41)where �adv (k)S+�F (x; y) def= dkd�k j�=0�advS+�F (x; y)= (�1)kk!Z dv1:::dvk dz1:::dzk�advS (x; v1)� Æ2FÆ'(v1)Æ'(z1)�advS (z1; v2)::: Æ2FÆ'(vk)Æ'(zk)�advS (zk; y) :This shows the existen
e of solutions in the sense of formal power series.Peierls' formula for the Poisson bra
ket together with the fa
t that theretarded wave operators rS;S0 are 
anoni
al transformations lead to an inter-esting relation between the higher order retarded produ
ts.Let F;G and S1 be fun
tionals from F(C) and let S = S0 + �S1. Thenwe have fF Æ rS;S0 ; G Æ rS;S0gS0 = (RS(F;G)�RS(G;F )) Æ rS;S0 : (42)A

ording to the de�nition of the retarded produ
ts it holdsRS(F;G) Æ rS;S0 = dd� j�=0G Æ rS+�F;S0where we used the 
omposition property of the wave operators. If we nowtake the n-th derivative with respe
t to � on both sides of (42) we �ndXI�f1;:::;ngfRS0(
i2IHi; F ); RS0(
j 62IHj ; G)gS0 =RS0(
ni=1Hi 
 F;G)�RS0(
ni=1Hi 
G;F ) (43)15



with Hi 2 F(C). This relation is in quantum �eld theory known as theGLZ-Relation (see below). It plays an important role in renormalization.In 
ase S and F are lo
al, we 
an �nd an elegant expression for theretarded produ
ts. We introdu
e the following di�erential operator on thespa
e of fun
tionals F(C)R(x) := �Z dy � ÆFÆ'(x)�retS (y; x) ÆÆ'(y)� : (44)Note that R(x) is smooth in x sin
e �retS maps smooth fun
tions with 
om-pa
t support onto smooth fun
tions. A

ording to (18) we haveRS(F;G) = Z dx (R(x)G)S : (45)The n-th order 
ase looks quite similar:Proposition 3. The n-th order retarded produ
t is given by the formulaRS(F
n; G) = n!Zx01�:::�x0n dx1 : : : dxn(R(x1) � � � R(xn)G)S (46)Proof. We �rst show that the power series de�ned by the r.h.s. of formula(46) G 7! G(�) = R0S(exp
 �F;G) (47)de�nes a homomorphism on the algebra of fun
tionals G 2 F(C). This meansthat for two fun
tionals G and H we have the fa
torizationR0S(F
n; GH) = nXk=0 �nk�R0S(F
k; G)R0S(F
n�k;H) : (48)We use the fa
t that the operators R(x) are fun
tional derivatives of �rstorder. Hen
e from Leibniz' rule we getR(x1) � � � R(xn)GH = XI�f1;:::;ng(Yi2I R(xi)G)(Yj 62I R(xj)H) : (49)It remains to 
he
k the time ordering pres
ription. For any n-tupel of timest = (x01; : : : ; x0n) we 
hoose a permutation �t with x0�t(1) � : : : � x0�t(n). Weobtain R0S(F
n; G) = Z dnx(R(x�t(1)) : : :R(x�t(n))G)S : (50)16



If we insert (49) into (50) we see that the permutation �t restri
ted to I aswell as to the 
omplement of I yields the 
orre
t time ordering. The n-foldintegral fa
tories, and the integrals over (xi; i 2 I) and (xj; j 62 I) do notdepend on the 
hoi
e of I, but only on the 
ardinality of I. This proves (48).We now show that the formal power series for the retarded �eld (47)with a
tion S + �F satis�es the �eld equation ÆÆ'(x)(S + �F ) = 0 and thus
oin
ides with RS(exp
 �F;G) be
ause of (48) and the uniqueness of theretarded solutions. We have to show R0S(exp
 �F; Æ(S+�F )Æ'(x) ) = 0. So we insertG = ÆÆ'(y)S into (47), useR(x) ÆÆ'(y)S = � ÆFÆ'(x) Z dz�retS (z; x) Æ2SÆ'(x)Æ'(z) = � ÆFÆ'(x)Æ(x� y) :(51)and obtain the wanted �eld equation where we exploit the fa
t thatR(y) ÆFÆ'(x) =0 if y is not in the past of x.Sin
e we are mainly interested in lo
al fun
tionals, we 
hange our pointof view somewhat. Let P denote as before the set of polynomials of ' andits derivatives (11). Ea
h �eld A 2 P de�nes a distribution with values inF(C), A(f) = Z dxA(x)f(x) ; f 2 D(M ) :We �x a lo
al a
tion S whi
h later will be the free a
tion. We now de�ne theretarded produ
ts of �elds as F(CS) valued distributions in several variablesby Rn;1(A1 
 � � � 
An; B)(f1 
 � � � 
 fn; g) �Z d(x; y)Rn;1(A1(x1); : : : ; An(xn);B(y))f1(x1) � � � fn(xn)g(y) def=RS(A1(f1)
 � � � 
An(fn); B(g)) (52)The retarded produ
ts Rn;1 are multi-linear fun
tionals on P with values inthe spa
e of F(CS) valued distributions. We may equivalently 
onsider themas distributions on the spa
e of P
n+1 valued test fun
tionsD(M n+1 ;P
n+1) =(P 
D(M ))
n+1, i.e. we sometimes write RS(A1f1 
 � � � 
Anfn; Bg)In Se
t. 4 we will de�ne perturbative quantum �elds by the prin
iplethat as mu
h as possible of the stru
ture of perturbative 
lassi
al �elds ismaintained in the pro
ess of quantization. For this purpose we are going towork out main properties of the retarded produ
ts Rn;1 (52).17



� The 
ausality of the retarded �elds,BS+A(f)(x) = BS(x); if supp f \ (x+ V�) = ; (53)(where f 2 D(M ); A;B 2 P) translates into the support property:supp Rn;1 � f(x1; :::; xn; x)jxl 2 x+ V�;8l = 1; :::; ng: (54)� A deep property of the retarded produ
ts Rn;1 is the GLZ-Relation.In (43) we formulated it for general retarded produ
ts. For the retardedprodu
ts of lo
al �elds the GLZ-Relation readsXI�f1;:::;ngfRjIj;1(
i2Ifi; f); RjI
j;1(
k2I
fk; g)g =Rn+1;1(f1 
 :::
 fn 
 f ; g) �Rn+1;1(f1 
 :::
 fn 
 g; f) (55)for f1; :::; fn; f; g 2 P 
D(M ).Glaser, Lehmann and Zimmermann (GLZ) [12℄ found this formula inthe framework of non-perturbative QFT for the retarded produ
ts in-trodu
ed by Lehmann, Symanzik and Zimmermann [22℄. In 
ausalperturbation theory [11℄ the GLZ-relation is a 
onsequen
e of Bogoli-ubov's de�nition of intera
ting �elds [2℄, see Proposition 2 in [4℄. Theimportant point is that the retarded produ
ts on the l.h.s. in (55) areof lower orders, jIj; jI
j < n+ 1.� From their de�nition (52) it is evident that the retarded produ
tsRn;1 
ommute with partial derivatives��xlRn;1(: : : ; Al(xl); : : :) = Rn;1(: : : ; ��Al; : : :) ; l = 1; : : : ; n+ 1 ; (56)where A1; : : : ; An+1 2 P. Note that the kernel of the linear mapP 
D(M ) �! F(C) : A
 g 7! A(g) (57)is pre
isely the linear span of f��A
 g+A
 ��g jA 2 P; g 2 D(M )g.(56) expresses the fa
t that the retarded produ
ts Rn;1 depend on thefun
tionals (i.e. the images of the map (57)) only. This 
an be inter-preted in physi
al terms: Lagrangians whi
h give the same a
tion yieldthe same physi
s. This is the motivation for Raymond Stora to require(56) for the retarded (or equivalently: time ordered) produ
ts of QFT,and he 
alls this the A
tion Ward Identity (AWI) [29℄, see Se
t. 4.18



� We now assume that S is at most quadrati
 in the �elds. Then these
ond derivative is independent of the �elds, and therefore also theGreen fun
tions. We set�S(x; y) def= ��retS (x; y) + �advS (x; y) : (58)We look at the Poisson bra
ket of a retarded produ
t with afree �eld. Let A;B 2 P and f; g; h 2 D(M ). We are interested infRn;1(A
n; B)(f
n; g); '(h)gS : (59)By de�nition of the retarded produ
ts of lo
al �elds this is equal tofRS(A(f)
n; B(g)); '(h)gS (60)We apply Proposition 1 to 
ompute the Poisson bra
ket. From Propo-sition 3 it follows that RS 
ommutes with fun
tional derivatives if S isa quadrati
 fun
tional. Hen
e we obtainZ dx Z dy �RS(nÆA(f)Æ'(x) 
A(f)
n�1; B(g))+RS(A(f)
n; ÆB(g)Æ'(x) )��S(x; y)h(y) (61)Using the formulaZ dx ÆA(f)Æ'(x) k(x) =Xa Z dx �A�(�a')(x)f(x)�ak(x) (62)for the fun
tional derivative of a lo
al fun
tional, we �nally arrive atthe formula fRn;1(f1; : : : ; fn+1); '(h)gS =n+1Xk=1Xa (Rn;1(f1; : : : ; �fk�(�a')�a�Sh; : : : ; fn+1) (63)where f1; : : : ; fn+1 2 D(M ;P), h 2 D(M ) and where �S was 
onsideredas an integral operator a
ting on h.The requirement that this relation holds also in perturbative QFT playsan important role in the indu
tive 
onstru
tion of perturbative quan-tum �elds (see Se
t. 4). 19



� Symmetries: there are natural automorphi
 a
tions �L and �L of thePoin
are group (L 2 P"+) on (P
D(M ))
n+1 and on F(C), respe
tively.The retarded produ
ts are Poin
are 
ovariant: Rn;1 Æ�L = �L ÆRn;1,provided S is invariant. A universal formulation of all symmetries whi
h
an be derived from the �eld equations in 
lassi
al �eld theory is givenby the MWI, see Se
t. 3.� The fa
torization (AB)retLint(x) = AretLint(x)BretLint(x) and the Leibniz rulefor the retarded produ
t of two fa
tors yield, in general, ill-de�nedexpressions in QFT. It is the Master Ward Identity whi
h allows toimplement the 
onsequen
es of the fa
torization property of 
lassi
al�eld theory into quantum �eld theory.2.3 Elimination of derivative 
ouplingsIntera
tion Lagrangians 
ontaining derivatives of �elds usually 
ause 
om-pli
ations in the 
anoni
al formalism. They also 
hange relations betweendi�erent �elds, as may be seen by the non-linear term in the formula whi
hexpresses the �eld strength F �� of a Yang-Mills theory in terms of the ve
-tor potential A�. A 
onvenient way to deal with these 
ompli
ations is theintrodu
tion of auxiliary �elds.As an example we 
onsider the LagrangianL('; ��') = 12��'��'� m22 '2 + Lint('; ��') (64)of a real s
alar �eld ' with the Euler-Lagrange equation(�+m2)' = �Lint('; ��')�' � �� �Lint('; ��')� ��' : (65)To eliminate ��' in Lint we introdu
e a ve
tor �eld '� and a LagrangianL('; ��';'�) = �12'�'� + '���'� m22 '2 + Lint(';'�): (66)with the Euler-Lagrange equations:0 = �'� + ��'+ �Lint(';'�)�'� ; (67)��'� = �m2'+ �Lint(';'�)�' ; (68)20



whi
h are equivalent to (65). We see that pre
isely in the 
ase when theintera
tion Lagrangian depends on ��' the intera
ting �eld '� di�ers from��'.Example: By expli
it 
al
ulation we are going to show that the retardedprodu
ts RL0('�(y); ��'(x)) and RL0('�(y); '�(x)) are di�erent, although��'L0 = '�L0 (where L0 is the free part of the Lagrangian (66)), so wesee again that the entries of the retarded produ
ts must not be repla
edby their restri
tion to the spa
e of solutions. The fastest way to 
omputethese retarded produ
ts is to use Proposition 1(a), as in (23). However, we�nd it more instru
tive to go ba
k to Peierls' de�nition of retarded produ
ts(16): by de�nition rL0+�Æy'� ;L0(f0; h0) is the solution (f; h) of (67)-(68) withLint(z) = �Æ(z � y)'�(z) whi
h agrees in the distant past with (f0; h0). Weobtain '(x) Æ rL0+�Æy'� ;L0(f0; h0) = f(x) = f0(x)� ����ret(x� y);'�(x) Æ rL0+�Æy'� ;L0(f0; h0) = h�(x)= h�0 (x)� �(�����ret(x� y)� g��Æ(x� y)): (69)Hen
e,RL0('�(y); ��'(x)) = ��xRL0('�(y); '(x)) = ������ret(x� y); (70)but RL0('�(y); '�(x)) = �(�����ret(x� y)� g��Æ(x� y)): (71)3 The Master Ward Identity3.1 Generalized S
hwinger-Dyson EquationIt is an immediate 
onsequen
e of the �eld equations � ÆSÆ'�S = 0 for a givenlo
al a
tion S that all fun
tionals of the form�AÆSÆ'�(h) (72)(by whi
h we mean the point-wise produ
t of an arbitrary 
lassi
al �eldA 2 P with ÆSÆ' smeared out with the test fun
tion h) vanish on the spa
e ofsolutions CS . 21



If we set S = S0 + �S1, and di�erentiate with respe
t to � at � = 0 weobtain the identityRS0�S1; AÆS0Æ' (h)�+ �AÆS1Æ' (h)�S0 = 0: (73)For A � 1 this equation looks similar to the S
hwinger-Dyson equationi~hTS1ÆS0Æ' i + hÆS1Æ' i = 0; (74)whi
h holds for the va
uum expe
tation values of time ordered produ
ts fora quantum �eld theory with a
tion S0 (see, e.g. [14℄). (Note that the fa
tori~ is absorbed in (73) in the retarded part of the Poisson bra
ket.) For thisreason we 
all (73) the retarded S
hwinger-Dyson Equation and thevanishing of (72) the generalized S
hwinger-Dyson Equation (GSDE).Note that the retarded S
hwinger-Dyson Equation has the same form in
lassi
al physi
s as in quantum physi
s.In the retarded S
hwinger-Dyson equation we may permute the two en-tries in the retarded produ
t. Namely, the di�eren
e is just the Poissonbra
ket whi
h vanishes if one of the entries vanishes on the spa
e of solu-tions.For the retarded produ
ts of lo
al �elds we obtain the perturbative versionof the generalized S
hwinger-Dyson Equation,Rn;1�f1; : : : ; fn; hÆS0Æ' �+nXl=1 Rn�1;1�f1; : : : ; fl�1; fl+1; : : : ; fn; hÆflÆ' � = 0 (75)with fi; h 2 D(M ;P); i = 1; : : : ; n, and where the fun
tional derivative off 2 D(M ;P) is de�ned by ÆfÆ'(x) = Æ R dy f(y)Æ'(x) ; (76)i.e. ÆfÆ' =Xa (�1)jaj�a �f�(�a') : (77)22



Pro
eeding by indu
tion on n and using the GLZ-Relation (55), we obtainan equivalent formula for the 
ase that the term h ÆS0Æ' is one of the �rst nentries of Rn;1, namelyRn;1�f1; : : : ; fn�1; hÆS0Æ' ; fn�+nXl=1 Rn�1;1�f1; : : : ; fl�1; hÆflÆ'; fl+1; : : : ; fn� = 0: (78)The equations (75) and (78) remain meaningful in perturbative QFT.Also there they are equivalent sin
e the GLZ-Relation still holds. We requireeither of them as a renormalization 
ondition (see Se
t. 4). Equivalently, ananalogous identity may be postulated for the time ordered produ
ts (wherethe two versions above 
oin
ide in view of the symmetry of time orderedprodu
ts). It is a generalization of the 
ondition (N4) in [4℄.7 But there, fol-lowing the tradition in 
ausal perturbation theory, we 
onsidered the entriesof time ordered or retarded produ
ts as Wi
k polynomials of the free �eld.Therefore, time ordering and partial derivatives did not 
ommute, and theformulation of identities involving derivatives of �elds 
ontained many freeparameters. A 
onsistent 
hoi
e of these parameters was made possible bythe MWI proposed in [6℄.The QFT version of (75) or (78) seems to 
orrespond to the 'broomsti
kidentity' of Lam given in Fig. 8 of [18℄. We think that Lam is unable to writedown this identity as an equation be
ause the arguments of his time-orderedprodu
ts are on shell �elds; and 
ompared to [6℄ (whi
h uses also an on shellformalism, 
f. Se
t. 4) he is not equipped with the 'external derivative'.We will see that the MWI is equivalent to the generalized S
hwinger-Dyson Equation (75). Therefore, the MWI 
an be interpreted as a quantumversion of all identities for lo
al �elds whi
h follow in 
lassi
al �eld theoryfrom the �eld equations.3.2 De�nition of a map � from free �elds to unre-stri
ted �eldsTo keep the formulas simple, we 
onsider the 
ase of one real s
alar �eld '.The pro
edure, however, applies to a general model. Let J denote the ideal7A �rst generalization (in the framework of 
ausal perturbation theory) of the renor-malization 
ondition (N4) was given in an unpublished preversion of [25℄.23



in the algebra P of polynomials of �elds whi
h is generated from the free�eld equation, J = fXa Aa�a(�+m2)'; Aa 2 P; a 2 Nd0g ; (79)let P0 = P=J be the algebra of free �elds and let � : P ! P0 be the 
anoni
alsurje
tion. Sin
e J is translation invariant, we may de�ne derivatives withrespe
t to spa
e-time 
oordinates in P0 by ���(B) def= �(��B), and in thissense the free �eld equation holds true for �'.The wanted map � is a se
tion � : P0 ! P. In 
ontrast to the surje
tion �,the se
tion � is not 
anoni
ally given. We restri
t its 
hoi
e by the followingrequirements:(i) � Æ � = id, i.e. � is a se
tion.(ii) � is an algebra homomorphism.8(iii) The Lorentz transformations 
ommute with ��.(iv) ��(P1) � P1, where P1 is the subspa
e of �elds whi
h are linear in�a'.(v) �� does not in
rease the mass dimension of the �elds, i.e. ��(B) is asum of terms with mass dimension � dim (B). In parti
ular we �nd��(') = '.(vi) P is generated by �elds in the image of � and their derivatives. Inthe present 
ase (one real s
alar �eld), this 
ondition is automati
allysatis�ed.By (i) �� : P ! P is a proje
tion: ���� = ��. The linearity of � and
ondition (i) imply ker �� = ker � = J , and hen
e���' = �m2��' : (80)We are now looking for the most general expli
it formula for �� whi
h satis�esthe above requirements. Due to (ii) it suÆ
es to determine ��(�a'). Byde�nition of � and � it must hold��(A)�A 2 J 8A 2 P (81)8In 
ase of 
omplex �elds we additionally require �(A�) = �(A)�.24



and hen
e ���a' = �a' +Xb 
ab�b(�+m2)' (82)with 
onstants 
ab 2 R.The determination of an admissible se
tion � satisfying 
onditions (i) to(v) is equivalent to the determination of a 
omplementary subspa
e K =��(P1) of J1 def= J \P1 whi
h is Lorentz invariant and satis�es the 
onditionthat already the subspa
es with mass dimension � n are 
omplementary,K(n) + J (n)1 = P(n)1 : (83)Sin
e the �nite dimensional representations of the Lorentz group are 
om-pletely redu
ible, this is always possible. Namely, for the lowest mass dimen-sion n0 = (d�2)=2 the subspa
e generated by the �eld equation is zero, thusK(n0) = P(n0)1 = R'. From this the existen
e of K(n+1) may be proved byindu
tion on n. One just has to 
hoose a Lorentz invariant 
omplementarysubspa
e L(n+1) of K(n)+J (n+1)1 in P(n+1)1 and to set K(n+1) = K(n)+L(n+1).The arbitrariness in the 
hoi
e of L(n) depends on the multipli
ity inwhi
h the irredu
ible subrepresentations of the Lorentz group o

ur in therespe
tive subspa
es. In the present 
ase it turns out that � is unique (seethe se
ond part of Appendix A).In 
ase one introdu
es the auxiliary �eld '�, the 
hoi
e of � involves freeparameters. A spe
ial 
hoi
e for � is given in the �rst part of AppendixA. For the lowest derivatives we obtain the following general solution of therequirements (i)-(vi): ��(') = '; (84)��(��') = ��('�) = 
'� + (1 � 
)��'; 
 2 R n f0g; (85)��(����') = ��(��'�) = (1 + 2�)����'��(��'� + ��'�)� 1 + 2�d g���'� 1dg��m2'+ 2�d g����'�; (86)where 
 and � 2 R are free parameters. The 
ondition 
 6= 0 is ne
essary andsuÆ
ient for (vi) provided (i)-(v) are satis�ed. A preferred 
hoi
e is 
 = 1.3.3 The Master Ward identityLet A be a fun
tional of the �eld whi
h vanishes a

ording to the �eld equa-tion derived from the a
tion S0, i.e. AS0 = 0. A is of the form (
f. the25



remark in footnote 3) A = Z dxG(x) ÆS0Æ'(x) ; (87)with G(x) 2 F(C). (This formula states that A is an arbitrary element of theideal JS0 generated by the �eld equation belonging to S0.) We may introdu
ethe derivation ÆA = Z dxG(x) ÆÆ'(x) (88)on F(C). The GSDE imply(MWI) RS0(eS1
 ; A) = �RS0(eS1
 ; ÆA(S1)) 8S1 2 F(C) (89)and, by using the GLZ equationRS0(eS1
 
A;B) = �RS0(eS1
 
ÆA(S1); B)�RS0(eS1
 ; ÆA(B)) 8S1; B 2 F(C) :(90)This equation (in a di�erent form, see (109) below) was proposed by Boas andD�uts
h [6℄ under the name Master Ward Identity (MWI) as a universalrenormalization 
ondition in perturbative QFT. In the present formulationit is evidently equivalent to the GSDE. Note that up to now (in 
ontrast to[6℄) the formulation of the MWI makes sense also in the 
ase that S0 is nota quadrati
 fun
tional of the �eld. Similarly to the GSDE, the MWI holdsalso non-perturbatively:AS0+S1 = ��ÆA(S1)�S0+S1 ; A 2 JS0; S1 2 F(C): (91)Example: As a typi
al appli
ation let us look at the free 
omplex s
alar �eldwith the 
onserved 
urrentj� = 1i ('���'� '��'�) : (92)Let A = h�j; gi � R dx ��j�(x)g(x) with g 2 D(M ). We haveA = 1i �hg'�; ÆS0Æ'� i � hg'; ÆS0Æ' i� (93)and hen
e ÆA = 1i �hg'�; ÆÆ'� i � hg'; ÆÆ'i� : (94)26



If g � 1 on the lo
alization region of F 2 F(C), ÆAF is the in�nitesimalgauge transformation of F , and inserting A into the MWI yields the wellknown Ward identity of the model.A problem with the MWI in the form presented above is the non-uniquenessof the derivation ÆA for a given A, e.g. forA = Z dxh(x)((�+m2)'�(x))(�+m2)'(x) (95)in 
ase of the 
omplex s
alar �eld. We therefore turn now to the free �eld 
aseand use the te
hniques and 
onventions developed in the pre
eding se
tion.We will give a unique pres
ription to write any A = R dxh(x)B(x)with B 2 J � P and h 2 D(M ) (i.e. A 2 JS0) in the form A =R dxh(x)Pj Bj(x)bj(x) with bj 2 P1 \ J . Then we may setÆA = Z dxh(x)Xj Bj(x)Æbj(x) (96)with Æbj(x)(F ) = �RS0(bj(x); F ) ; F 2 F(C) ; (97)where we used (30) and the fa
t that for terms whi
h are linear in the �eld the�rst term on the right hand side vanishes, su
h that (31) holds everywhere,not only on the spa
e of solutions.To give the mentioned pres
ription let B 2 J . Then B = p(B) where p =1��� is a proje
tion from P onto J . Sin
e �� is an algebrai
 homomorphismwe �nd p(B1B2) = B1p(B2) + p(B1)��(B2) : (98)Hen
e, we may write every B 2 J in the formB =X�2GB�p(�) (99)where we introdu
ed the set G of generators of the �eld algebra P,G def= f�a' j a 2 Nd0g (100)whi
h is a ve
tor spa
e basis of P1. The 
oeÆ
ients B� 
an be found inthe following way: Any B 2 P is a polynomial P in �nitely many di�erent27



elements �1; : : : ; �n 2 G, B = P (~�); ~� = (�1; : : : ; �n). Sin
e B 2 J we haveB = B � ��(B) = P (~�)� P (��(~�)) (101)= Z 10 d� dd�P (�~�+ (1� �)��(~�)) (102)= nXi=1 Pi(~�; ��(~�))p(�i) (103)with Pi(~�; ��(~�)) = Z 10 d��iP (�~�+ (1� �)��(~�)): (104)Hen
e we may set B�i = Pi(~�; ��(~�)), i = 1; : : : ; n and B� = 0 if � 62f�1; : : : �ng.Example: Let ' be a real s
alar �eld. For � = '; ��' the expression p(�)vanishes. But for � = ����' we obtain p(�) = g��d (� +m2)' = g��d ÆS0Æ' andhen
e Æp(�)(x)(F ) = g��d ÆFÆ' : (105)In many appli
ations one wants to 
ompare derivatives in the free theorywith those in the intera
ting theory. One is therefore interested in expressionsof the form A = Z dxh(x)(����(B)(x)� ��(��B)(x)) (106)with B 2 P and h 2 D(M ). To get a more general identity we even admith 2 D(M ;P). Clearly, [��; ��℄(B) 2 J , hen
e A 2 JS0 . Using the Leibniz'rule ��B =P�2G �B����� we �nd[��; ��℄(B) =X�2G ��(�B�� )[��; ��℄(�) (107)and get the formulaÆA = Z dxh(x)X�2G ��(�B�� )(x)Æ[��;��℄(�)(x) : (108)28



In terms of the retarded �elds (13) we end up with(MWI0) �h([��; ��℄B)�Lint = X�; 2G�h ����B��� Æ��; �Lint� �Lint ; (109)where the di�erential operator Æ��; is de�ned byÆ��; f(x) = �Z dy RS0�[��; ��℄(�)(x);  (y)�f(y) ; f 2 D(M ;P) : (110)Note that RS0�[��; ��℄(�)(x);  (y)� is a linear 
ombination of partial deriva-tives of Æ(x� y).Example: Let � = ��'. Then [��; ��℄(�) = g��d (�+m2)'. Hen
e Æ[��;��℄(�) =g��d ÆÆ' , therefore one obtains for the di�eren
e between derivatives of free orintera
ting �elds��(��')S0+S1 � (������'))S0+S1 = g��d �ÆS1Æ' �S0+S1 : (111)We think that the non-vanishing of [��; ��℄(��') 
ompared to [��; ��℄(') = 0explains why the formalism of Lam be
omes in
onsistent for verti
es 
ontain-ing higher than �rst derivatives of the basi
 �elds (
f. Se
t. V of [17℄).We derived (109) as a 
onsequen
e of the MWI (91). It is even equivalentif J \ P1 is spanned by �elds of the form [��; ��℄( ) and their derivatives,with  2 P1, sin
e then the l.h.s. of the MWI (89) 
an be written as a linear
ombination of �elds of the form of the l.h.s. of (109). In the 
ase of thefree s
alar �eld this 
ondition is 
learly ful�lled, sin
e [��; ��℄(��') = (�+m2)'. In the enlarged model with the auxiliary �eld '� we �nd [��; ��℄(') =
(��'�'�) and [��; ��℄('�) = (��'�+m2') + (
 � 1)��('�� ��'), hen
ehere it follows from 
 6= 0. Also in general it follows from 
ondition (vi) on� in Se
t. 3.2. Namely, let � 2 J \ P1. A

ording to (vi) and (iv), � is ofthe form � =Xk;a �a��( k;a)  k;a 2 P1 :Hen
e, � = �� �(��) =Xk;a [�a; ��℄��( k;a) :29



The result now follows from the derivation property of the 
ommutator[��1 � � � ��n ; ��℄ =Xk ��1 � � � ��k�1[��k ; ��℄��k+1 � � � ��n :We point out that the MWI (in the original form (89) or (90) as well asin the se
ond form (109)) is well de�ned in perturbative QFT, too. This isa main ingredient of the next Se
tion.4 Quantization: de�ning properties of per-turbative quantum �eldsThe stru
ture of perturbative 
lassi
al �eld theory whi
h was analyzed inthis paper 
an to a large degree be preserved during quantization. Themain 
hange is the repla
ement of the 
ommutative produ
t of fun
tionalsF 2 F(C) by a ~-dependent non-
ommutative asso
iative produ
t, and bythe repla
ement of the Poisson bra
ket by 1i~ times the 
ommutator. Thede�nition of the produ
t 
an be read o� from Wi
k's Theorem,F �~ G = 1Xn=0 ~nn! Z d(x; y) ÆnFÆ'(x1) � � � Æ'(xn) nYi=1 �+(xi � yi) ÆnGÆ'(y1) � � � Æ'(yn)(112)where �+ denotes the positive frequen
y fundamental solution of the KleinGordon equation. This abstra
t algebra (whi
h we still denote by F(C)) 
anbe represented on Fo
k spa
e by Wi
k polynomials�(F ) =Xn 1n! Z dnx ÆnFÆ'(x1):::Æ'(xn) j'=0 : '(x1):::'(xn) : ; (113)the kernel of this representation being the set of fun
tionals F vanishing onCL0 , 
f. [5℄.A dire
t 
onstru
tion of solutions of the �eld equations in the 
ase of lo
alintera
tions is, in general, not possible be
ause of ultraviolet divergen
es.One may, however, start from the ansatzBLint (f) = 1Xn=0 1n!Rn;1(L
nint ; Bf) (114)30



in analogy to (14) and try to determine the retarded produ
ts Rn;1 as polyno-mials in ~ su
h that they satisfy the following properties: They are (n+ 1)-linear 
ontinuous fun
tionals on D(M ;P) with values in F(C) whi
h aresymmetri
 in the �rst n entries, have retarded support (54) and satisfy theGLZ-Equation (55). Moreover they have to ful�l the unitarity 
onditionRn;1(f1 
 :::
 fn; f)� = Rn;1(f�1 
 :::
 f�n ; f�): (115)It turns out, that already by these properties, the retarded produ
ts Rn;1are uniquely determined outside of the total diagonal x1 = : : : = xn+1 interms of the lower order retarded produ
ts where the lowest order is de�nedby R0;1(Bf) = B(f)jCL0 . Renormalization then means the extension of theretarded produ
ts to the diagonal. This is a variant of the Bogoliubov-Epstein-Glaser renormalization method and, in the adiabati
 limit g � 1, it hasbeen worked out by Steinmann [27℄. A modernized and lo
al version of thepro
edure will be presented in [7℄.The main work whi
h remains to be done is the so-
alled �nite renormal-ization, i.e., the analysis of the ambiguities in the extension pro
ess.In a �rst step, the 
ondition (63) (
ondition (N3) of [4℄) 
an be used toredu
e the extension problem to a problem for numeri
al distributions. Byrequiring translation invarian
e these numeri
al distributions depend onlyon the di�eren
es of 
oordinates, thus one has to study the mathemati
alproblem of extending a distribution whi
h is de�ned outside of the origin toan everywhere de�ned distribution. The possible extensions 
an be 
lassi�edin terms of Steinmann's [27℄ s
aling degree, and it is a natural requirementthat the s
aling degree should not in
rease during the extension pro
ess. Inaddition one 
an show that the extension 
an always be done su
h that theretarded produ
ts are Lorentz 
ovariant.The steps des
ribed above 
an always be performed and leave, for everynumeri
al distribution, a �nite set of parameters unde�ned. The proposal isnow to add two further 
onditions.One is the A
tion Ward Identity (56) proposed by Stora [29℄. At present,no example is known where this identity 
annot be ful�lled, so we assumethat it holds. We require then the Master Ward Identity in the form (89)or (90), or, equivalently, the generalized S
hwinger-Dyson equation in theform (75) or (78). Here anomalies may o

ur, and one has to 
he
k in agiven model whether these identities 
an be satis�ed. Fortunately, for atypi
al appli
ation, one needs these identities only for spe
ial 
ases whi
h31



may be 
hara
terized by the polynomial degree of the �elds and the numberof derivatives whi
h are involved.Without the validity of the AWI, one had to require the MWI or, equiv-alently, the GSDE, also for all derivatives of the �elds whi
h appear in theformulas, i.e. for G�a ÆS0Æ' ; 8a 2 Nd0, as well as for derivatives of the retardedprodu
ts.Remark: The Quantum Noether Condition (QNC) [15℄ (already mentionedin the introdu
tion) is an alternative, less general normalization 
onditionfor 
ausal perturbation theory. It is not 
ompatible with the normalization
ondition (N3) (see the last Remark in Se
t. 4.5.2 of [6℄, published version)whi
h makes its appli
ation somewhat 
umbersome.The formalism given here is not 
ompletely equivalent to the one of [6℄.The algebras of symbols P and P0 given in [6℄ may be identi�ed with ouralgebras P and P0 of 
lassi
al �elds. The main di�eren
e is the absen
e ofthe A
tion Ward Identity, thus derivatives 
ould not freely be shifted from�elds to test fun
tions. Therefore, in [6℄ an 'external derivative' ~�� on P0was introdu
ed whi
h generates new symbols ~�aA (A 2 P0, a 2 Nd0). Theargument of the retarded produ
t of [6℄ (we denote it here by ~Rn;1) is anelement of( ~P0 
D(M ))
(n+1) where ~P0 def= _f~�aA jA 2 P0; a 2 N40g (116)(for details see [6℄). The retarded produ
ts ~Rn;1 of symbols with externalderivative(s) 
an be de�ned in terms of retarded produ
ts without externalderivative (normalization 
ondition (~N)). The MWI is then expressed by afurther normalization 
ondition (N), 
ombined with (~N). In parti
ular (~N)and (N) imply~Rn;1(W1g1; : : : ; (~��Wl)gl +Wl��gl; : : : ;Wn+1gn+1) = 0 ;W1; :::Wn+1 2 P0 :(117)To 
larify the relation of the two formalisms we extend � to a map ~� :~P0 ! P by setting ~�(~�aA) def= �a�(A); A 2 P0; (118)and requiring that ~� is an algebra �-homomorphism, similarly to [6℄. Thede�ning property (vi) of � means that ~� is surje
tive. But ~� is not inje
tive,even if the auxiliary �eld '� is introdu
ed. So, from the retarded produ
t32



Rn;1 of this paper, we 
an 
onstru
t a retarded produ
t ~Rn;1 in the sense of[6℄, by de�ning~Rn;1(W1g1; : : : ;Wn+1gn+1) def= Rn;1(~�(W1)g1; : : : ; ~�(Wn+1)gn+1): (119)But, in general, it might happen that ~Rn;1 does not vanish if one entry is in(ker ~�), and then it would be impossible to 
onstru
t Rn;1 from ~Rn;1. If theRl;1; l � n, satisfy all de�ning properties given here (in
luding the AWI andthe MWI), then the 
orresponding ~Rl;1; l � n, (119) ful�ll the requirementson a retarded produ
t given in [6℄, in parti
ular (~N) and (N).We see, that the normalization 
onditions on ~Rn;1 are weaker than thenormalization 
onditions on Rn;1: (117) 
an always be ful�lled by de�nition(see [6℄), even for W1; :::;Wn+1 2 ~P0. On the other side it is still un
learwhether one 
an always satisfy the 'A
tionWard Identity'. It seems, however,that the formalism given here is the natural one when departing from 
lassi
al�eld theory.Remark: In the formalism of [6℄ and in [8℄ the Feynman (or retarded) prop-agators of perturbative QFT 
ontain undetermined parameters, if there areat least two derivatives present (in d = 4 dimensions). On the 
lassi
alside (retarded) �elds and their perturbative expansion are unique. The non-uniqueness is lo
ated in the 
hoi
e of the map �: the free parameters in � 
anbe identi�ed with the free parameters in the Feynman propagators of QFT.This is obvious from�ret'0;�0(x� y) def= ~R1;1(�0(y);'0(x)) = R1;1(~�(�0)(y); ~�('0)(x)): (120)In the non-enlarged formalism (without '�), in whi
h � is unique, a parti
ular
hoi
e of the parameters in the Feynman propagators of [6℄ is done.5 Appli
ation to BRS-Symmetry5.1 MotivationThe 
anoni
al formalism as developed in this paper 
annot dire
tly be appliedto gauge theories be
ause there the Cau
hy problem is ill posed due to theexisten
e of time dependent gauge transformations. As usual, one may adda gauge �xing term as well as a 
oupling to ghost and antighost �elds to the33



Lagrangian su
h that the Cau
hy problem be
omes well posed. The algebraof observables is then obtained as the 
ohomology of the BRS transformations [1℄ whi
h is a graded derivation whi
h is implemented by the BRS 
harge Q.In QFT one �nally 
onstru
ts the spa
e of physi
al states as the 
ohomologyof Q (see e.g. Se
ts. 4.1-4.2 of [4℄).The implementation of this program in the 
ase of perturbative gauge�eld theory meets the problem that in general the BRS operator Q is 
hangeddue to the intera
tion [4℄. It is a major problem to exhibit the 
orrespondingWard identities whi
h generalize the Slavnov Taylor identities to the 
ase of
ouplings of 
ompa
t support.In the 
ase of a purely massive theory one may adopt a formalism due toKugo and Ojima [16℄ who use the fa
t that in these theories the BRS 
hargeQ 
an be identi�ed with the in
omimg (free) BRS 
harge, whi
h we denoteby Q0. For the S-matrix to be a well de�ned operator on the physi
al Hilbertspa
e of the free theory one then has to require[Q0; T ((gL)
n)℄jkerQ0 ! 0 (121)in the adiabati
 limit g ! 1, see e.g. [10, 13℄. This is the motivationto require 'perturbative gauge invarian
e' [8, 9, 26℄, whi
h is a somewhatstronger 
ondition than (121) but has the advantage that it is well de�nedindependent of the adiabti
 limit. The 
ondition (121) (or perturbative gaugeinvarian
e) 
an be satis�ed if additional s
alar �elds (
orresponding to Higgs�elds) are in
luded. Unfortunately, in the massless 
ase, it is unlikely thatthe adiabati
 limit exists.9So, in the general 
ase an S-matrix formalism is problemati
. One shouldbetter rely on the 
onstru
tion of lo
al observables in terms of 
ouplings with
ompa
t support. But then Q is a formal power series with zeroth order termQ0, and it is not obvious whi
h 
onditions one should put on the retarded(or time ordered) produ
ts.The diÆ
ulty is that one has to formulate symmetry 
onditions for theperturbed �elds whi
h themselves are deformed due to the intera
tion. Butusing the formalism of the present paper we 
an disentangle these two prob-lems. Namely, we �rst use the MWI together with the AWI to 
ompute the
ommutator of the free BRS 
harge Q0 with the retarded (or time ordered)9Tomotivate perturbative gauge invarian
e in that 
ase one 
an derive it from a suitableform of 
onservation of the BRS-
urrent. To lowest orders this results (as a byprodu
t)from Appendix B. 34



produ
ts. The resulting family of identities is 
alled the Master BRST Iden-tity and may be used as a renormalization 
ondition in its own right. Onethen 
an formulate 
onditions on the intera
tion whi
h ensure that the Mas-ter BRST Identity implies BRS-invarian
e of the intera
ting theory.5.2 The free BRS-transformationWe illustrate the general ideas on the example of N massless gauge �eldsA�a; a = 1; :::; N , ea
h of them a

ompanied by a pair of fermioni
 ghost�elds ~ua; ua. We may also introdu
e auxiliary �elds Ba (the Nakanishi-Lautrup �elds [21℄). We work in Feynman gauge, in whi
h the free �eldequations read �A�a = 0; �ua = 0 = �~ua; 8a (122)together with the equation for the auxiliary �eld��A�a = Ba : (123)We omit in what follows the 
olour index a by using matrix notation.The free BRS-
urrent j� def= B��u� (��B)u (124)is 
onserved due to the free �eld equations, ��j� = B�u � u�B. The
orresponding 
harge Q0 def= �Zx0=
onst: d3xj0(x)�S0 ; (125)is nilpotent, i.e. Q20 = 0 and fQ0; Q0gS0 = 0 ; (126)where we introdu
ed a grading into our Poisson bra
ket 
orresponding toghost number.Using 
urrent 
onservation as well as the GLZ relation we �nd for thePoisson bra
ket of Q0 with a retarded produ
tfQ0; RS0(F1; : : : ; Fn)gS0 = �RS0(h�j; hi; F1; : : : ; Fn) ; (127)35



where h � 1 on a 
ausally 
omplete open regionO 
ontaining the lo
alizationregions of all Fi 2 F(C), i = 1; : : : ; n (
f. the analogous argument for timeordered produ
ts in [5℄).10 To avoid signs whi
h are due to ferminoi
 permu-tations, we assume that all (lo
al) fun
tionals F1; :::; Fn are bosoni
, i.e. a�eld polynomial with an odd ghost number is smeared out with a Grassmannvalued test fun
tion.The free �eld equations are derived from the LagrangianL0 = 12��A�(��A� � ��A�) + ��~u��u�B��A� + 12B2 (130)hen
e �u = �ÆS0Æ~u ; �B = �� ÆS0ÆA� (131)with S0 = R L0. Thus we obtainÆ�j(x) = �B(x) ÆÆ~u(x) � u(x)�� ÆÆA�(x) def= ~s0(x) ; (132)hen
e Æh�j;hi = Z dxh(x)~s0(x) def= s0 (133)on �elds lo
alized in the region where h � 1, i.e. we obtain the free BRStransformations0(~u) = �B ; s0(B) = 0 ; s0(A�) = ��u ; s0(u) = 0 ; (134)10It is instru
tive to derive (127) in terms of retarded produ
ts: let ��h = b� � a�with supp b� \ (V + + O) = ; and supp a� \ (V � + O) = ;. Sin
e RS0(F1; : : : ; Fn)is lo
alized in O, we may vary b� in the spa
elike 
omplement of O without a�e
tingfhj�; b�iS0 ; RS0(F1; : : : ; Fn)g. In this way and by using (��j�(x))S0 = 0 we �ndfQ0; RS0(F1; : : : ; Fn)gS0 = fhj�; b�iS0 ; RS0(F1; : : : ; Fn)g: (128)By means of the support property (54) of the retarded produ
ts and the GLZ-Relation(55) we obtain for the r.h.s. of (128)= XI�f1;:::;n�1gfRS0((Fl)l2I ; hj; bi); RS0((Fk)k2I
 ; Fn)g= RS0 (hj; bi; F1; : : : ; Fn)� RS0(F1; : : : ; Fn; hj; bi)= RS0(hj; bi; F1; : : : ; Fn) = �RS0(h�j; hi; F1; : : : ; Fn) : (129)36



whi
h is obviously nilpotent. Note that the 'lo
al' free BRS-transformation~s0(x) R dy f(y) (where f 2 P 
D(M )) di�ers from s0f(x) by a sum of diver-gen
es. We now apply the MWI to (127) and �nd the identityfQ0; RS0(F1; : : : ; Fn)gS0 = nXk=1 RS0(F1; : : : ; s0(Fk); : : : ; Fn) : (135)In [6℄ this identity (in a somewhat di�erent form, see (141) and (144) below)is 
alled 'Master BRST Identity'.We may ask how the Master BRST Identity (135) 
hanges if one elim-inates the Nakanishi-Lautrup �eld B by using the �eld equation B = �A.The problem is that the ideal JB generated from B � �A in the algebra PBof all polynomials in the �elds and their derivatives is not stable under s0.We dis
uss two possibilities.� The quotient algebra P = PB=JB may be identi�ed with the subalgebraof polynomials in PB whi
h do not 
ontain B or its derivatives. Let�B : P ! PB denote this identi�
ation (i.e. �B(�aB + JB) = �a��A�)and �B : PB ! P : X ! X + JB the 
anoni
al homomorphism. Thenwe set t = �Bs0�B (136)i.e. t(~u) = �A ; t(A�) = ��u ; t(u) = 0 : (137)This 
hoi
e has the disadvantage that t2 6= 0. On the other hand, it hasthe advantage that it 
ommutes with derivatives. Another advantage isthat the arising form of the Master BRST identity is equally simple asin the model with the auxiliary �eld B. Namely, let F be a fun
tionalof the �elds A�; u; ~u. The image under s0 might depend on B, buts0(F )� t(F ) = Z dx (B(x)� �A(x)) ÆFÆ~u(x) (138)and B � �A = ÆS0ÆB . Hen
e if we repla
e in the Master BRST identitys0 by t the 
orre
tion terms due to the MWI involve derivatives withrespe
t to B. Hen
e if none of the fun
tionals Fi depends on B, weobtain the Master BRST Identity (se
ond form)fQ0; RS0(F1; : : : ; FngS0 = nXk=1 RS0(F1; : : : ; t(Fk); : : : ; Fn) (139)37



where now the �eld B has been eliminated.� Another possibility is to use the fa
t that on the algebra P0 = P=J ,where J is the ideal of P whi
h is generated by the free �eld equations,the BRS transformation ŝ0 is well de�ned e.g. by the adjoint a
tionof Q0 (w.r.t. the Poisson bra
ket). Using the se
tion � : P0 ! P ofSe
t. 3.2 11 we set t̂ def= �ŝ0� = ��t; (140)� denoting the 
anoni
al homomorphism P ! P0 (as in Se
t. 3.2). t̂has vanishing square but does not 
ommute with derivatives. It natu-rally o

urs if one 
onsiders the entries of retarded (and time-ordered)produ
ts as fun
tionals of the free �elds, as traditionally done in 
ausalperturbation theory. The pri
e to be paid is a more 
ompli
ated formof the Master BRST Identity. Namely, (t� t̂)(F ) = (1���)t(F ) 2 JS0,hen
e from the MWI we �nd the Master BRST identity (third form)fQ0; RS0(F1; : : : ; Fn)gS0 = nXk=1 RS0(F1; : : : ; t̂(Fk); : : : ; Fn)�Xk 6=l RS0((Fi)i<max(l;k); Æ(t�t̂)FkFl; (Fj)j>max(l;k)) : (141)In many appli
ations t̂(P ); P 2 P, 
an be written as the divergen
e ofanother �eld polynomial P 0� 2 P by using the free �eld equations, i.e.�t̂(P )�� �t(P )� = �(��P 0�), or equivalentlyt̂(P ) = ��(��P 0�): (142)In the next Subse
t. we will see that an admissible intera
tion Lintmust ful�l this property. So let us assume that in (141)Fk = fkPk with t̂(Pk) = ��(��P 0�k ) ; fk 2 D(M ); k = 1; :::; n:(143)In RS0(F1; : : : ; fk��(��P 0�k ); : : : ; Fn) we would then like to move thederivative to the test fun
tion fk (i.e. outside of the unsmeared retarded11The avoidan
e of the �eld B 
ontradi
ts the requirement (vi) on �, but this is noharm. To do so we 
hoose ��(��A�) = ��A� , 
f. (85).38



produ
t). This produ
es 
orre
tions whi
h 
an dire
tly be read o� fromthe se
ond formulation of the MWI (109):fQ0; RS0(f1P1; : : : ; fnPn)gS0 =� nXk=1 RS0(f1P1; : : : ; (��fk)��(P 0�k ); : : : ; fnPn)+Xk 6=l RS0((fiPi)i<max(l;k); G((Pk; P 0k)fk; Plfl); (fjPj)j>max(l;k)) ; (144)whereG((P1; P 01)f1; P2f2) def= �Æ(t�t̂)f1P1(f2P2)�X�; 2G f1����P 01��� �Æ��; �(f2P2)� :(145)Obviously, there is also a mixed formula in whi
h the step from (135)(or (139), or (141)) to (144) is done for some of the fa
tors Fk only(not for all). In the forms (141) and (144) the Master BRST Identitywas found in [6℄ with Æ(t�t̂)FkFl 
orresponding to the terms G(1)(Fk; Fl).(G(: : :) (145) denotes the same terms.)Note that the Master BRST Identity (in either form) is independent ofthe 
hoi
e of an intera
tion and is therefore well suited for the formalism of
ausal perturbation theory where one aims at �nding the retarded (or timeordered) produ
ts not only for the intera
tion Lagrangian itself but for awhole 
lass of �elds.Given the free (quantum) gauge �elds, requirements on the intera
tionare formulated in [6℄, in parti
ular a suitable form of BRS-invarian
e. Theserequirements determine the intera
tion to a far extent [28, 9, 26℄. Then itis demonstrated that for su
h an intera
tion the validity of parti
ular 
asesof the Master BRST Identity and of ghost number 
onservation (whi
h isanother 
onsequen
e of the MWI) suÆ
es for a 
onstru
tion of the net oflo
al algebras of observables. This 
onstru
tion yields also a spa
e of physi
alstates and an expli
it formula for the 
omputation of the BRS-transformationof an arbitrary quantum �eld.In that referen
e the requirements expressing BRS-invarian
e of the in-tera
tion have been motivated by the parti
ular 
ase of purely massive gaugemodels (121) (in whi
h the adiabati
 limit exists, see e.g. [10, 13, 8℄), and bywhat has been used in the 
onstru
tion and holds true in the most important39



examples. However, it is desirable to derive these 
onditions from more fun-damental prin
iples without using the adiabati
 limit. The MWI and AWIare well suited tools for su
h a derivation, as it is demonstrated in AppendixB. However, in the next Subse
tion we determine the admissible intera
tionof a lo
al gauge theory independently of the 
orresponding pro
edure in [6℄.This is a further important appli
ation of the MWI and AWI.5.3 Admissible intera
tionBy an admissible intera
tions we understand an intera
tion for whi
h a de-formed BRS 
harge Q exists12. Let the free a
tion S0 and the free BRS-
urrent be given. We make the ansatzSint =Xn�1 Sn�n (146)with Sn = R dxg(x)nLn(x), Ln 2 P, g 2 D(M ), g � 1 on some 
ausally 
om-plete open region O1. We want to �nd a 
onserved 
urrent of the intera
tingtheory j� =Xn�0 j(n)� �n (147)where j(0)� is the free BRS 
urrent. The BRS-transformation s : P ! P, willbe 
onstru
ted in the form s =Xn�0 Z dx ~sn(x)�n (148)with ~sn(x) a lo
al (graded) derivation, and ~s0(x) given by (132). In additionwe require that s is nilpotent on the spa
e of solutions and ful�lls(s(F ))S = ŝ(FS) ; (149)where ŝ is de�ned in terms of the BRS-
urrent j (147) byŝ(FS) = fQ;FSg ; Q def= hj; biS ;8 lo
al F with supp F � O (150)12For simpli
ity we do not investigate the existen
e of Q as an operator (whi
h is usedfor the 
onstru
tion of physi
al states in [4℄ and [6℄). This existen
e involves an infraredproblem whi
h 
an be avoided by a spatial 
ompa
ti�
ation [4℄. Here, we only requirethat Q implements a nilpotent (graded) derivation on the intera
ting �elds (149)-(150),whi
h is a deformation of the free BRS-transformation s0 (133).40



(with S = S0 + Sint). Thereby, O is a 
ausally 
omplete open region withO � O1. Due to 
urrent 
onservation there is a rather large freedom in the
hoi
e of b = (b�). It only needs to be a smooth version of a delta fun
tionon a Cau
hy surfa
e of O with supp b � O1. For later purpose we 
hoose bin the following way: let h 2 D(O1) with h � 1 on O. Then the b� whi
hwe will use later on is obtained from ��h by the same 
ausal splitting as in(128). Note that for an arbitrary given lo
al F 2 F(C) the regions O, O1 aswell as h and b 
an be suitably adjusted.We require 
urrent 
onservation within the region O1 (where g is 
on-stant) only, RS0(eSint
 ; �j(x)) = 0 ; 8x 2 O1 : (151)To zeroth order in � this is simply the 
ondition that the free BRS 
urrentis 
onserved in the free theory�j(0) �: G0 2 J (152)and apply the MWI,0 = RS0(eSint
 ; ~s0(x)Sint �Xn�1 �j(n)(x)�n) ; x 2 O1; (153)where ~s0(x) = ÆG0(x) (132).To �rst order we �nd the requirement~s0(x)S1 � �j(1)(x) �: �G1(x) 2 J : (154)Therefore we 
an apply again the MWI and obtain0 = RS0(eSint
 ; ~s1(x)Sint+ ~s0(x)Xn�2 Sn�n�Xn�2 �j(n)(x)�n) ; x 2 O1; (155)with ~s1(x) = ÆG1(x). Iterating the pro
edure we obtain the 
onditions~s0(x)Sn + ~s1(x)Sn�1 + : : :+ ~sn�1(x)S1 � �j(n)(x) �: �Gn(x) 2 J ; (156)and set ~sn(x) := ÆGn(x). We see that at every order, Sn must be 
hosen su
hthat n�1Xk=0 ~sk(x)Sn�k 2 Pdiv + J (157)41



where Pdiv = f��f� ; f� 2 Pg. This indu
tive determination of s and Sintby requiring �j = 0 has some similarity with the pro
edure in [15℄, 
f. Ap-pendix B. Sin
e Gn(x) = ÆGn(x)S0 = ~sn(x)S0 the relation (156) and 
urrent
onservation imply 'lo
al' BRS-invarian
e of the a
tion S = S0 + Sint withinO1: ~s(x)S =Xn�0 �n nXk=0 ~sk(x)Sn�k = �j(x) ; x 2 O1 ; (158)and hen
e �~s(x)S�S = 0 ; 8x 2 O1 : (159)It remains to verify that the so 
onstru
ted BRS-transformation s (148)satis�es (149) and the nilpoten
y0 = (s2(F ))S = ŝ2(FS) 8F : (160)To prove the �rst property we 
hoose h and b as in (128). Analogously to(129) we �nd fQ;FSg = �RS(h�j; hi; F ) : (161)Be
ause h�j; hi 2 JS we 
an apply the MWI:fQ;FSg = (Æh�j;hiF )S = (s(F ))S : (162)In the last step we have used (158) as well as supp h � O1 and h � 1 onsupp F .Finally, we want to 
he
k the nilpoten
y of ŝ. Using the Ja
obi identitywe �nd (s2(F ))S = 12fQ(b); fQ(b0); FSgg+ 12fQ(b0); fQ(b); FSgg= ffQ(b0); Q(b)g; FSg (163)for all admissible test fun
tions b; b0 (depending on the support of F ). Wemay now 
hoose b; b0 su
h that b0 satis�es the 
onditions also with respe
t tothe support of b (and of 
ourse supp b0 � O1). Then(s2(F ))S = fs(hj; bi)S ; FSg : (164)We now assume that s(j�) = ��C�� +H� (165)42



with an antisymmetri
 tensor �eld C�� 2 P and H� 2 JS . Then(s2(F ))S = fh��C�� ; b�iS ; FSg = 12fhC�� ; ��b� � ��b�iS ; FSg = 0 (166)sin
e the support of (��b� � ��b�) is spa
elike to the support of F .13For massless gauge �elds without matter �elds (i.e. the model studied inthe pre
eding Subse
t.) the usual expression for the BRS-
urrentj� = B �D�u� ��B � u+ 12��~u � (u� u) (167)(where (D�u)a = ��ua + fab
A�bu
) is BRS-invariant: s(j�) = 0. So theassumption (165) is trivially satis�ed.In 
ases where the 
ondition (165) 
annot be dire
tly 
he
ked one mayuse a perturbative formulation. SetH def= s(j)� �C (168)for some 
hoi
e of C = (C��). The 
ondition H 2 JS means thatRS0(eSint
 ;H) = 0 : (169)for all �. In zeroth order we �nd that H(0) 2 JS0 . Set K(0) = �H(0). Weapply the MWI and getRS0(eSint
 ; ÆK(0)Sint +H(n�1)) = 0 : (170)In lowest order this impliesK(1) def= � ÆK(0)S1 �H(1) 2 JS0 : (171)We now de�ne re
ursivelyK(n) def= � nXk=1 ÆK(n�k)Sk �H(n) (172)and prove by indu
tion thatRS0(eSint
 ; nXk=1 ÆK(n�k)Sl�k +H(l�n)) = 0 : (173)13In supp F + �V� we have b = 0 or b� = ��h.43



The lowest order term of (173) is (�K(n))S0 , hen
eK(n) 2 JS0. The re
ursionproblem 
an be solved if for every n there exists an antisymmetri
 tensor �eldC(n) and a ve
tor �eld K(n)� 2 JS0 su
h thatnXk=1 ÆK(n�k)Sk + nXk=0 sn�k(j(k)) = �C(n) �K(n) : (174)In the given derivation we have used various 
ases of the MWI. In QFTit may therefore happen that the appearan
e of anomalies restri
ts the setof admissible intera
tions further, e.g. models with (non-
ompensated) axialanomalies must be ex
luded.The 
onditions on a gauge intera
tion found here di�er somewhat fromthe 
orresponding 
onditions in [6℄ (
f. Appendix B) or in [26℄. For example:to ensure renormalizability it is required Sl = 0 for all l � 3 in [6℄. And the
ondition (189) (whi
h is the input for the derivation of the 
onditions of [6℄given in Appendix B) is stronger than (151). However, for the 
lass of renor-malizable (by power 
ounting) intera
tions we expe
t that the requirementsderived here and the ones given in [6℄ have pre
isely the same solutions.6 Appendix A: Constru
tion of the map �We work in d = 4 dimensions. In the �rst part we 
onstru
t re
ursively aparti
ular � in the enlarged model (i.e. with the �eld '�). This 
onstru
tionapplies also to the non-enlarged model. For the latter we prove that � isunique (in the se
ond part of this Appendix).6.1 Parti
ular solution for �We de�ne H�1:::�ss;n def= �n��1:::��s'� (�m2)n��(��1:::��s'); (175)whi
h is obviously an element of the ideal J (79) and totally symmetri
al in�1; :::; �s. Hen
e, these properties hold true also forF �1:::�rr;n = (�1)nNr;n X1�j1<:::<j2n�r X�2S2n 12nn!g�j�1�j�2 ::::::g�j�(2n�1)�j�2nH�1:::ĵ1:::ĵ2n:::�rr�2n;n ; n = 1; :::; hr2i; (176)44



(the hat means that the 
orresponding index is omitted, and [r=2℄ = r2 if reven and [r=2℄ = r�12 if r odd) whereNr;n = nYl=1(2 � 2l + 2r): (177)We now 
laim that��(��1:::��r') = ��(��1:::��r�1'�r) = ��1:::��r'+ [ r2 ℄Xn=1 F �1:::�rr;n (178)yields a parti
ular solution for ��(��1:::��r') for r � 2 by re
ursion withrespe
t to r. Together with the formulas (84)-(85) for r = 0; 1 this determinesa map � 
ompletely.Proof : The only non-trivial point is to verify ��(�a��'�) = �m2��(�a').Be
ause the r.h.s. of (178) is totally symmetri
al in �1; :::; �r, it suÆ
es toshow g�1�2��(��1:::��r') = �m2��(��3:::��r'): (179)For this purpose we set Nr;0 def= 1 andG�3 :::�rr;s def= X3�j1<:::<j2s�r X�2S2s 12ss!g�j�1�j�2 ::::::g�j�(2s�1)�j�2sH�3 :::ĵ1:::ĵ2s:::�rr�2(s+1);s+1 (180)for 0 � 2s � r � 2, and Gr;s def= 0 for 2s > r � 2. By inserting the de�nitionswe �nd that the identityg�1�2F �1:::�rr;n = (�1)nNr;n�1G�3:::�rr;n�1 + (�1)nNr;n G�3 :::�rr;n ; n = 1; :::; hr2i; (181)implies the assertion (179). 45



To prove (181) we write F �1:::�rr;n in the following form:F �1:::�rr;n = (�1)nNr;n�1(2� 2n + 2r)hg�1�2G�3:::�rr;n�1+X3�l<k�r(g�1�lg�2�k + g�1�kg�2�l)X g::::::Hr�2n;n+X3�l�r[g�1�lX g::::::H�2:::r�2n;n + (�1 $ �2)℄i+(�1)nNr;n X g::::::H�1�2:::r�2n;n: (182)Contra
tion of the se
ond (third respe
tively) line with g�1�2 gives 2(n �1)G�3 :::�rr;n�1 (and 2(r � 2n)G�3 :::�rr;n�1 resp.). In the last line we useg�1�2H�1:::�ss;n = H�3:::�ss�2;n+1; (183)and end up withg�1�2F �1:::�rr;n = (�1)nNr;n�1(2� 2n + 2r)(4 + 2(n� 1) + 2(r � 2n))G�3 :::�rr;n�1+(�1)nNr;n G�3 :::�rr;n : (184)6.2 Uniqueness of � for a single real Klein-Gordon �eldWe will prove that the map � is unique for P and J given by (11) and(79). Obviously, the relations ��(') = ', ��(��') = ��' and the re
ursiveformula (178) give a solution for � whi
h we denote by �0. Analogously to(82) and by the requirements (iii) and (v) on � we 
on
lude that the mostgeneral solution for � is of the form:��(��1:::��r') = �0�(��1:::��r') +M�1:::�r ;M�1:::�r def= 1r! X�2Sr [r=2℄Xl=1 lXj=1 al;jg��1��2 :::g��(2l�1)��2l���(2l+1) :::���r�(l�j)(�+m2)';(185)where al;j 2 R is a 
onstant. An �-tensor is ex
luded in M�1:::�r by the totalsymmetry in �1; :::; �r. We are now going to show that g�r�1�rM�1:::�r = 046



(see (179)) yields al;j = 0, 8l; j. We use the equationg�r�1�r 1r! X�2Sr g��1��2:::g��(2l�1)��2l���(2l+1):::���r =1(r � 2)! X�2Sr�2fNr;lg��1��2 :::g��(2l�3)��(2l�2)���(2l�1):::���(r�2)+Mr;lg��1��2 :::g��(2l�1)��2l���(2l+1) :::���(r�2)�g (186)whereNr;l andMr;l are non-vanishing 
ombinatori
al fa
tors, ex
eptMr;[r=2℄ =0. The requirement g�r�1�rM�1 :::�r = 0 gives the following 
hains of equationsas;sNr;s = 0; al;sMr;l + al+1;sNr;l+1 = 0 8l 2 fs; s+ 1; :::; [r=2℄� 1g;(187)where the 
hains are labeled by s = 1; 2; :::; [r=2℄. We �nd indeed al;j = 0,8l; j.7 Appendix B: Formulation of BRS-invarian
eof the intera
tion used in [6℄To derive the 
onditions whi
h are used in [6℄ to express BRS-invarian
e ofthe intera
tion14 we only require 
urrent 
onservation (151) but generalizedto all x 2 M . The latter makes possible an integration over x 2 M , whi
hremoves �j(n) from (156) and repla
es ~s0(x) by s0. This generalization is doneby admitting that 
urrent 
onservation at x is violated by a term of the formM�(x)��g(x). Sin
e we want to obtain 
onditions on the intera
tion whi
hare expressable in terms of free �elds, we require that M� is in the range of�: M� = ��(K�) for some K� . In detail our input is the requirement thatthere exist an intera
tion Sint (146), a BRS-
urrent j� (147) (with 
ompa
tsupport15 of j(n)� 8n � 1) and a formal power seriesK�(x) =Xn�1 �nK(n)� (x); K(n)� 2 P 
 C(M ) ; (188)14We shall not obtain that 
onditions in full generality. However, as far as we know, theparti
ular version whi
h we shall obtain determines the intera
tion to the same extent,see below.15Usually we expe
t supp j(n)� � supp g for n � 1.47



su
h thatRS0(eSint
 ; �j(x)� ��(K�)(x)��g(x)) = 0 ; 8x 2 M ; 8g 2 D(M ) : (189)So, in a formalism with auxiliary �elds, Sint and j depend on the 
hoi
e of�, but this dependen
e drops out when the auxiliary �elds are eliminated.16The 
ondition (189) 
orresponds to the 'QuantumNoether 
ondition in termsof intera
ting �elds' [15℄, and the following derivation may be viewed as arigorous and enlarged version of the 'o� shell formalism' given there.In working out the 
onsequen
es of (189) we will frequently use the AWIand the MWI (in parti
ular various formulations of the Master BRST Iden-tity) without mentioning it. As in [6℄ we use a formalism without B-�eld;so we may repla
e s0 by t due to (138). Similarly to (156) our requirement(189) is equivalent to the sequen
e of 
onditions~s0(x)Sn + ~s1(x)Sn�1 + : : :+ ~sn�1(x)S1 � �j(n)(x) + ��(K(n)� )(x)��g(x)�: �Gn(x) 2 J ; n � 1 ; (190)and (152) for n = 0, where ~sn(x) def= ÆGn(x). We will pro
eed in the followingway: �rst we insert formulas whi
h are indu
tively known into ~s1(x)Sn�1 +: : : + ~sn�1(x)S1. Then we integrate the resulting equation over x 2 M .Thereby, we take into a

ount that j(n) has 
ompa
t support.� To �rst order we obtain(tS1)S0 = (�� ��(K(1)� ))(g)S0 = ��(��K(1)� )(g)S0 : (191)Sin
e g is arbitrary we end up with the 
ondition that there must existL1; K(1)� 2 P with t̂L1 = ��(��K(1)� ) : (192)� To se
ond order n = 2 we multiply equation (190) by 2. Then we inserton
e (~s1(x)S1)S0 = �RS0(G1(x); S1)= �RS0(�j(1)(x); S1) +RS0(~s0(x)S1; S1) +RS0(��(K(1)� )(x)��g(x); S1)(193)16We explain this for the 4-gluon intera
tion in the formalismof [6℄. For a � 
orrespond-ing to CA = �12 this 
oupling is generated by S1, but for CA = 0 it appears in S2, 
f. theRemark at the end of Se
t. 4. 48



and on
e (~s1(x)S1)S0 = �RS0(S1; G1(x)) = ::: : Integration yieldsfQ0; RNS0(S1; S1)g = �RNS0(��(K(1)� )��g; S1)�RNS0(S1; ��(K(1)� )��g) ;(194)where RNS0(S1; S1) def= RS0(S1; S1) + 2(S2)S0 (195)and (RNS0 �RS0)(��(K(1)� )f; S1) : def= ��(K(2)� )(f)S0def= : (RNS0 �RS0)(S1; ��(K(1)� )f) : (196)are shorthand notations whi
h we will interpret below. We �nd theadditional requirement that there must exist L2 2 P; K(2)� 2 P 
C(M )with t̂L2(g2) + ��G((L1;K(1))g;L1g) + ��(K(2)� )(��g) = 0 : (197)� To third order n = 3 we multiply equation (190) by 3! = 6. Then weinsert twi
e (~s1(x)S2)S0 = �RS0(S2; G1(x)) = ::: (
f. (193)) and(~s2(x)S1)S0 = �RS0(G2(x); S1) = �RS0(�j(2)(x); S1)+RS0(~s0(x)S2; S1) +RS0(ÆG1(x)S1; S1) +RS0(��(K(2)� )(x)��g(x); S1) ;(198)as well as four times (~s1(x)S2)S0 = �RS0(G1(x); S2) = ::: and (~s2(x)S1)S0 =�RS0(S1; G2(x)) = ::: : Next we useRS0(ÆG1(x)S1; S1) +RS0(S1; ÆG1(x)S1) = �RS0(G1(x); S1; S1)= �RS0(�j(1)(x); S1; S1) +RS0(~s0(x)S1; S1; S1)+RS0(��(K(1)� )(x)��g(x); S1; S1) (199)and RS0(S1; ÆG1(x)S1) = �12RS0(S1; S1; G1(x)) = ::: : By integration weobtain fQ0; RNS0(S1; S1; S1)g =�2RNS0(��(K(1)� )��g; S1; S1)�RNS0(S1; S1; ��(K(1)� )��g) ; (200)49



whereRNS0(S1; S1; S1) def= RS0(S1; S1; S1)+2RS0(S2; S1)+4RS0 (S1; S2)+6(S3)S0(201)and (RNS0 �RS0)(��(K(1)� )f; S1; S1) : def= 2RS0(��(K(1)� )f; S2)+RS0(��(K(2)� )f; S1) +RS0(S1; ��(K(2)� )f) + 2��(K(3)� )(f) ;(RNS0 �RS0)(S1; S1; ��(K(1)� )f) : def=2RS0(S2; ��(K(1)� )f) + 2RS0 (S1; ��(K(2)� )f) + 2��(K(3)� )(f) : (202)With H def= tS2+G((L1;K(1))g;L1g)+��(K(2)� )(��g) and by using alsoa mixed version of the Master BRST Identity,fQ0; RS0(S1; S2)g = �RS0(��(K(1)� )��g; S2)+RS0(S1; tS2) +G((L1;K(1))g; S2)S0 ; (203)we �nd the following additional requirement: there must exist L3; K(3)with(tL3(g3))S0 +G((L1;K(1))g;L2g2)S0 +��(K(3)� )(��g)S0� (ÆHS1)S0 = 0 ;(204)where we have used H 2 JS0 (197). For the models studied in [6℄ itholds G((L1;K(1))g;L2g) 2 ran � and it is possible to ful�ll (204) withL3 = 0 = K(3). With that we may write H = (t� t̂)S2 by using (197),and the 
ondition (204) redu
es to�� Æ(t�t̂)S2S1 + � G((L1;K(1))g;L2g2) = 0 : (205)� In general it may happen that the higher orders n � 4 of (189) restri
tL1;L2 and L3 further and non-vanishing expressions for Lj andK(j) arepossible for arbitrary high j. We do not work this out here. Be
ause forthe models treated in [6℄ any solution (L1;L2;L3 = 0; K(1); K(2); K(3) =0) of (192), (197) and (205) ful�lls (189) to all higher orders n � 4 withLl = 0 = K(l); 8l � 4 (up to anomalies, i.e. violations of the MWI andthe AWI). 50



In [6℄ generalizations of (192), (197) and (205) have been used to de-termine the intera
tion, namely (141)17, (209) and (216) in the publishedversion. However, at least for the models studied in [6℄ it seems that anysolution of (192), (197) and (205) with L3 = 0 = K(3) satis�es also thesegeneralizations.So far this Appendix applies to 
lassi
al �eld theory and QFT. The fol-lowing dis
ussions are restri
ted to QFT. The de�nition RNS0(h) def= RS0(h)for h = S1; ��(K(1)� )f (zeroth order), and the above given �rst order (195)-(196) and se
ond order de�nitions (201)-(202) of RNS0 are 
ompatible withthe main properties of a retarded produ
t. By the latter we mean linearity,symmetry of Rn;1 in the �rst n entries, 
ausal support (54) and in parti
u-lar the re
ursion given by the GLZ-relation. The 
ontinuation (by analogy)of our indu
tive evaluation of (189) yields the de�nitons of RNS0(S
n1 ; S1),RNS0(S
n1 ; ��(K(1)� )f) and RNS0(��(K(1)� )f 
 S
n�11 ; S1) for all n � 3. We ex-pe
t that these whole sequen
es are 
ompatible with the (just mentioned)main properties of a retarded produ
t. If this holds true we 
an pro
eed sim-ilarly to formula (214) in [6℄ (whi
h is a parti
ular simple 
ase of Theorem3.1 in [25℄): to all orders we extend RNS0 to arbitrary fa
tors su
h that RNS0agrees with RS0 as far as possible and that RS0 �! RNS0 is an admissible �niterenormalization (i.e. the main properties of a retarded produ
t are preservedin this repla
ement). However, in general the RNS0 violate some normaliza-tion 
onditions, in parti
ular (63) (i.e. (N3)), the AWI and the MWI, see[6℄. With RNS0 being an admissible retarded produ
t, the equations (194) and(200) are perturbative gauge invarian
e (in the sense of [8, 9, 26℄) to se
ondand third order. So, we have shown to lowest orders that our 
ondition (189)implies that the intera
tion is su
h that perturbative gauge invarian
e 
anbe ful�lled by admissible �nite renormalizations. From the requirement thatthe latter property holds true one 
an derive the intera
tion (in
luding theLie-algebrai
 stru
ture [28℄) of massless and massive spin-1 gauge �elds andthe 
ouplings of spin-2 gauge theories (for an overview see [26℄).To interpret the RNS0 -produ
ts in terms of simple equations we go over tothe 
orresponding time-ordered produ
ts18 TN . As far as they are determined17More pre
isely we mean here (141) and the antisymmetry of the L��2 whi
h appearsin that formula.18We are not aware of a good notion of 'time-ordered produ
ts' in 
lassi
al �eld the-ory. But in QFT the retarded produ
ts fRn;1 j 0 � n � Ng determine uniquely the
orresponding time-ordered produ
ts fTn j 1 � n � N + 1g and vi
e versa, see e.g. [11℄.51



by (195)-(196) and (201)-(202) they ful�lT (eSint
 ) = TN(eS1
 ) ;T (eSint
 
Xn�1 �n��(K(n)� )f) = TN(eS1
 
 ��(K(1)� )f) (206)as formal power series in �, and we expe
t that this holds true also for thehigher orders. But understood as series with respe
t to the order n of Tn andTNn , the equations (206) express a reordering: the 
ontributions to Tn of theterms Sl; ��(K(l)� ) with l � 2, appear on the r.h.s. in time ordered produ
tsTNm of higher orders: (m� n) � (l � 1). The RNS0(S
n1 ; ��(K(1)� )f) satisfyRS0(eSint
 ;Xn�1 �n��(K(n)� )f) = RNS0(eS1
 ; ��(K(1)� )f) ; (207)however the 
orresponding relations for RNS0(S
n1 ; S1) and RNS0(��(K(1)� )f 
S
n�11 ; S1) are more involved.A
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