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Abstract

In the framework of perturbative quantum field theory a new, uni-
versal renormalization condition (called Master Ward ldentity) was
recently proposed by one of us (M.D.) in a joint paper with F.-M.
Boas. The main aim of the present paper is to get a better under-
standing of the Master Ward Identity by analyzing its meaning in
classical field theory. It turns out that it is the most general identity
for classical local fields which follows from the field equations. It is
equivalent to a generalization of the Schwinger-Dyson Equation and
is closely related to the Quantum Action Principle of Lowenstein and
Lam.

The validity of the Master Ward Identity makes possible a local
construction of quantum gauge theories.

*Work supported by the Deutsche Forschungsgemeinschaft.



As a byproduct we complete Peierls’ manifestly covariant definition
of the Poisson bracket.
PACS.11.10.Cd Field theory: axiomatic approach, 11.10.Ef Field the-
ory: Lagrangian and Hamiltonian approach, 11.10.Gh Field theory:
Renormalization, 11.15.Bt Gauge field theories: General properties
of perturbation theory, 11.15.Kc Gauge field theories: Classical and
semiclassical techniques
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1 Introduction

The hard question in the renormalization of a perturbative quantum field
theory (QFT) is whether the symmetries of the underlying classical theory
can be maintained in the process of renormalization. The difficulties are
connected with the singular character of quantized fields which forbids a
straightforward transfer of the arguments valid for the classical theory.

Traditionally, the impact of symmetries of the classical theory on the
structure of quantum theory was analyzed in terms of the functional formu-
lation of QFT (see, e.g. [24]). In this formalism, the algebraic properties of
the interacting fields are not directly visible. In causal perturbation theory
a la Bogoliubov-Epstein-Glaser [2, 11], on the other hand, the algebras of
observables of the interacting theory can be constructed directly [3], and it
is desirable to have a general method by which the structure of the classical
theory can be transferred into quantum theory.

Typically the various symmetries which one wants to be present in the
quantized theories are implied by certain identities (the Ward identities)
which one imposes as renormalization conditions. A universal formulation of
these identities is given by the Master Ward Identity (MWI) [6]. In [6] it was
shown that the MWI implies field equations, energy momentum conservation,
charge conservation and a rigorous substitute for equal-time commutation re-
lations of quark currents. Application of the MWI to the ghost- and to the
BRS-current of non-Abelian gauge theories yields ghost number conservation
and the "Master BRST Identity’ [6]. These symmetries contain the informa-
tion which is needed for a local construction of the algebra of observables,
i.e. the elimination of the unphysical fields and the construction of physical
states in the presence of an adiabatically switched off interaction (see [4],
6)).

In [6] the MWI was obtained in the following way: the difference between
different orders of differentiation and time-ordering,

T Wi o, W (@, ey ) = T Wi, ooy W) (21, vy 20) (1)

(T(Wy, ... W) (21, ..., x,) denotes the time-ordered product of the Wick poly-
nomials Wi(x1), ..., Wy(a,) in free fields), is formally computed by means of
the Feynman rules and the causal Wick expansion (see Sect. 4 of [11]) (or
equivalently the normalization condition (IN3) [4]). The MWI requires then
that renormalization has to be done in such a way that this heuristically de-
rived result is preserved. The main motivations for imposing this condition



were, on the one hand side, the many, important and far-reaching conse-
quences of the MWI, and on the other hand side, the experience that the
MWTI can nearly always be fulfilled.

In this paper we give a further important argument in favor of the MWI:
it s the straightforward generalization to QFT of the most general classical
identity for local fields which can be obtained from the field equations and the
fact that classical fields may be multiplied point-wise (see (10)). Since quan-
tum fields are distributions which cannot, in general, be multiplied point-
wise, the derivation of the MWI in classical field theory is not transferable
to quantum field theory. There, the MWI is a highly non-trivial normaliza-
tion condition which contains much more information than merely the field
equations.

We will start our study of the MWI with another equation, which will
turn out to be equivalent to the MWI. Namely we first formulate the most
general identity which follows in classical field theory from the field equations.
Due to formal similarity we call it the Generalized Schwinger-Dyson Fquation
(GSDE). In this form it does not depend on a splitting of the Lagrangian into
a free and an interaction part. We then introduce such a splitting and obtain
the perturbative version of the Generalized Schwinger-Dyson Equation which
can be imposed as renormalization condition.

It turns out that it is appropriate to use an off shell formalism where
the entries of time-ordered products are classical fields not subject to any
field equation as advocated by Stora. The MWI then gives a formula for
time-ordered products of fields where one of the entries vanishes if the free
field equations are imposed. In the traditional version of causal perturba-
tion theory all calculations are done in terms of Wick products of free fields.
There the same identity becomes visible as a non-commutativity of differen-
tiation and time-ordering (1). To understand the connection between both
formalisms we introduce a map o which associates free fields to general (off
shell) fields. The time-ordered products T of off shell fields in this paper are

related to the time-ordered products T' (1) of on shell fields by

T(Wi(21), ... Wlz)) = T(o(Wi)(21), ... o(Wi)(za) -

In contrast to T', there is no reason why 7' should not commute with deriva-
tives. Therefore, we adopt here the proposal of Stora [29] and postulate that
T can be freely commuted with derivatives. Stora calls this the Action Ward
Identity (AWI), because it means that the interacting fields as well as the



S-matrix depend on the interaction Lagrangian only via its contribution to
the action. A caveat has to be added here: while no anomaly of the AWT is
known, there does not yet exist a proof that anomalies are always absent.!

With that the non-commutativity of 7" with derivatives is traced back
to the non-commutativity of o with derivatives. So, the MWI of [6] can be
formulated in terms of time ordered products where one of the entries is of
the form [0, o](W). The latter expression vanishes if the free field equations
are imposed, hence the MWI of [6] is a special case of the MWI proposed in
this paper. Actually, under a natural condition on the choice of o, the two
formulations are even equivalent. The freedom in the choice of parameters
in the Feynman propagators of derivated fields (see [8] and [6]) is converted
in the present formalism into the freedom in the choice of o.

The use of off shell fields has another advantage: it facilitates the in-
troduction of auxiliary fields which in the presence of derivative couplings
or in the definition of the BRS transformation may lead to a more elegant
formulation. On the other hand, the use of auxiliary fields introduces more
free parameters in the choice of o.

Our analysis might be compared with the formulation of the Quantum
Action Principle of Lowenstein [19, 20] and Lam [17, 18]. These authors
showed in the framework of BPHZ renormalization how classical symmetries
can be transferred into renormalized perturbation theory. In contrast to
these works, we emphasize the structural similarity of classical and quantum
perturbative field theory. As a consequence, our arguments do not rely on
the rather involved combinatorics of BPHZ renormalization. However, we
did not yet investigate the structure of anomalies of the MWI. Another dif-
ference is that the formalism of Lam seems to be inconsistent for vertices
containing higher than first derivatives of the basic fields, see Sect. V of [17].
We overcome these difficulties by means of the map o (cf. the Example
(111)).

Another, more recent approach to a general treatment of symmetries in
renormalized perturbation theory is the Quantum Noether Condition (QNC)
of Hurth and Skenderis [15]. In case of the BRS-current it may be understood
as a reformulation of the ’perturbative gauge invariance’ of [8], see the last
Remark in Sect. 4.5.2 of [6] (published version). Similar to that condition
it has two different kinds of implications: (i) The QNC for tree diagrams

Tt might be that Lemma 1 in [20] or Lemma 1 in [17] actually implies the AWI, but
due to the rather different formalisms this conjecture could not yet be verified.



is simply the conservation of the classical symmetry current? in presence
of an adiabatically switched off interaction. This yields restrictions on the
interaction. A rigorous and enlarged version of that analysis is given (as
an application of MWI/AWI) in Appendix B for the example of the BRS-
current. (ii) Provided the interaction is such that the (Q)NC is classically
fulfilled (i.e. for all tree diagrams), it makes sense to impose it for loop
diagrams. There it is a renormalization condition which is less general than
the MWI/AWTI (cf. again the above mentioned Remark in [6]).

The paper is organized as follows: in Sect. 2.1 we study the canonical
structure of classical field theory. We use Peierls’ covariant definition of
the Poisson bracket [23] which does not rely on a Hamiltonian formalism,
and give a direct proof that it satisfies the Jacobi identity. In Sect. 2.2 we
determine the perturbative expansion of the classical fields as formal power
series. The coefficients of this expansion are the retarded products. We prove
that they satisfy the GLZ relations [12]. We briefly discuss the possibility of
eliminating derivative couplings by introducing auxiliary fields in Sect. 2.3.

In Sect. 3 we formulate the GSDE and the MWI, introduce the map o
and discuss the relation to the formulation of the MWI in [6].

In Sect. 4 we introduce the perturbative expansion of the interacting
quantum fields (as formal power series) by the principle that as much as
possible of the classical structure is maintained in the process of quantization,
in particular the GLZ relation, the AWI and the MWI. All these conditions
are formulated in terms of the retarded products, because in this formulation
the conditions have the same form in the classical theory as well as in the
quantum theory. In quantum theory, on the other hand, one can equivalently
formulate everything in terms of the more familiar time-ordered products.
The resulting formalism is not completely equivalent to the one given in [6].
We clarify the significance of the difference.

In Sect. 5 we derive the "Master BRST Identity’ [6] (which results from the
application of the MWI and AWI to the free BRS-current) in the formalism
of this paper. We also use the MWI and AWI to determine the admissible
interaction of a BRS-invariant local gauge theory. By a modification of this
procedure one can derive the conditions which are used in [6] to express BRS-
invariance of the interaction from more fundamental principles. This is done
in Appendix B. As a byproduct this will clarify the relation to perturbative
gauge invariance (in the sense of [8]).

2Some confusion could be avoided by omitting the 'Q’ of "QNC’ in these calculations.



Appendix A gives an explicit formula for the map ¢ and shows its unique-
ness in a particular framework.

2 Classical field theory for localized interac-
tions

2.1 Retarded product and Poisson bracket

To keep the notations simple we consider only one real scalar field ¢ (on the
d-dimensional Minkowski space M, d > 2) and Lagrangians

L =Ly~ Lint (2)

where the free part Ly is fixed. We will vary the interaction part

def
Eint — _gP(S‘Q7aMS‘Q) = _gLint7 (3)

which is a polynomial P = Ly in ¢ and d,¢ (later we will also allow for
higher derivatives of ¢) multiplied by a test function g € D(M). The latter is
interpreted as a space-time dependent coupling constant. We assume that the
Cauchy problem is well posed for all Lagrangians in our class. For simplicity
we restrict our formalism to smooth solutions. In non-linear theories, classical
fields which are initially smooth may get singularities. But, in this paper,
we are mainly interested in perturbation theory. It follows from the analysis
in Sect. 2.2 that there is a unique smooth perturbative solution, if the given
incoming free solution is smooth.
Let C. be the set of smooth solutions f: M — R of the Euler-Lagrange
equation o o
"0 Op @
with compactly supported Cauchy data. We consider C; as the classical
phase space. (This is equivalent to the traditional point of view in which an
element of the phase space is the set of the corresponding Cauchy data, e.g.
the functions (f, f), f € Cy, restricted to the time 2% = 0.)
def 3

We interpret the field ¢ as the evaluation functional on C = C> (M, R)
def o
e(x)(f) = flx),  [e€CT(MR). (5)

3A complex scalar field is the analogous evaluation functional on €°° (M, C) and we

define " () (f) = f*(x).




FPunctionals of the field

N
F(p) = Z/d$1---d$n o(xy)...p(an)tn(z, .., x,), N < oo, (6)
n=0
then lead in a natural way to functionals on C,

Fe)(f)=F(f), fec. (7)

Here ty € C and the t,, are suitable test functions where we admit also certain
distributions with compact support, in particular 54(”_1)(:1;1 — Xy ey Ty —
xn)f(x,), f € D(M). More precisely, we admit all distributions with compact
support whose Fourier transform decays rapidly outside of the hyperplane
{(k1,...,kn),> ; ki = 0}. We denote the algebra of functionals of the form
(6) by F(C) and, when restricted to C., by F(C¢).

The field ¢ which satisfies the field equation (4) is obtained as the re-

striction of ¢ to Cr,
def

pe = pless (8)
This restriction induces a homomorphism of the algebras of functionals F'
Fp) = Flg)e = Floo). (9)

In particular, the factorization property
(AB)e(z) = Ae(x)Be(z) (10)

holds for polynomials A, B in ¢ and their partial derivatives. (The algebra
of these polynomials will be denoted by P,

P =\/{0"¢.a e Nj} .) (11)

It is a main difficulty of quantum field theory that the factorization property
(10) is no longer valid.

To compare theories with different Lagrangians we use the fact that by
the assumed uniqueness of the solution of the Cauchy problem there exists
to each fy € Cr, precisely one f; € Cg, which coincides with f; outside of
the future of the region where the respective Lagrangians differ, fi(x) =



fo(z) Vo & (supp (L1 — L2) + V4).* We denote the corresponding map (the

‘wave operator’) by rz, £,

reycs  Coy, = Coy s fa f1 (12)

Obviously it holds rg, g, © g, 2o = T2,,0.- Analogously we define ag, ¢, :
Ce, = Ceyy Jo = f1 by requiring that f; and f; agree in the distant future.
This bijection between the spaces of solutions can be used to express the
interacting fields as functionals on the space of free solutions. We call
re def
AL (€)= A(@) 0 gty 2o Cop = R (13)
for A € P the 'retarded field’. The retarded field is a functional on the
free solutions which solves the interacting field equation. We will define the
perturbation expansion of classical interacting fields as the Taylor series of
the retarded fields as functionals of the interaction Lagrangian,
re - 1 e
A () =) ERM(,C%“A(:I;)) : (14)

n=0

The retarded products R, ; will be constructed in Sect. 2.2. Note
o AL (x) = (0" A, (@) (15)

and that the factorization property (10) holds for the retarded fields, too.
Besides the commutative and associative product (10) there is a second
product for classical fields: the Poisson bracket. Peierls [23] has given a def-
inition of the Poisson bracket without recourse to a Hamiltonian formalism.
We now review his procedure. It is convenient to generalize our formalism
somewhat: we admit also non-local interactions, i.e. the interaction part of
the action S does not need to be of the form Sj,, = f dx Ling(2), but may be
replaced by an arbitrary functional ' € F(C). The field equations are still
obtained by the principle of least action, but in contrast to (4) they may in-
volve non-local terms. The classical phase space Cg, the field ¢, F(¢), and
the maps rz, ¢,, az,.c, (12) are defined in the same way as before, but now
denoted by Cs, ¢s, F(p)s and rs, s,, as,.s,- (9) and the factorization (10)
hold still true. We will not discuss whether solutions of the general Cauchy

4V4 denote as usual the forward and backward light-cones, respectively, and V1 their
closures.



problem for these non-local actions exist. It is sufficient for our purpose that
perturbative solutions always exist and are unique.

Let F = F(¢) and G = G(¢) be functionals from F(C). We introduce
the retarded product Rs(F, ) and the advanced product Ag(F, ),

of d

Rs(F, )= T h=oGorsiaps (16)
of d

As(F, G) o ah:oG 0 astaF,S (17)

which are functionals on Cs. Note that the entries of the retarded and ad-
vanced products are unrestricted functionals of the field. In general it is
not possible to replace them by their restriction to the space of solutions,
as the following example shows: let S = [da Lo(x) with Lo = £0,00"¢,

F'= [drg(x)O¢(x) and G = ¢(y). Then o(y) o rspans(f) = f(y) + Agly)
and hence Rs(F,¢(y)) = g(y), but Fs = 0.

The retarded and advanced products have the following important prop-
erties:

Proposition 1. (a) The retarded product can be expressed in terms of the
retarded Green function,

0G et OF
Rs(F,G) = —/d:z; dy <WAS (x,y)w(y))S . (18)

(b) The advanced and retarded products are related by
As(F,G) = Rs(G, F) . (19)

Here A%’ is the unique retarded Green function of m considered as an
integral operator, i.e. it satisfies the equations

N A S gy
/dyAS (x’y)csso(y)@(Z) =d@—2) /dy 599(1’)99(y)AS ®:2),  (20)

and (in case S is local)
supp AY C {(z,y) |z € y+ Vil (21)

For non-local interactions with compact support we may construct the re-
tarded Green function (and also the retarded product) in the sense of formal
power series.

10



Since 5@(22)‘2(11) is symmetric, it follows that

A% (2, y) E A¥(y, @) (22)

is the advanced Green function. Similarly to the proof of (a) one finds that
the advanced product Ag(F, &) fulfills (18) with A%’ replaced by A%, This
and (22) immediately imply (b).

Example: The abstract formalism may be illustrated by the example of a
real Klem Gordon field with a polynomial interaction, S = [dx % S[0M 0,0 —

— gP(p)). We obtain 25 (f) = —(O-+m?+g(a) P(f())6(c —y),

A (,y)(f) = =AY (2, y;9P"(]), (23)

is the unique retarded Green function of the Klein-Gordon operator with a
potential gP”(f), where f is the classical field configuration on which the
functionals are evaluated.

and

We will use the formula (18) as definition of the retarded product outside
of the space of solutions f € Cs (and analogously for the advanced products).

Proof. 1t remains to prove (a).

Let f € Cs and rsiaps(f) = [+ Ah + O(A?). Then

d (SR 6% B
0= b gy U+ = i+ [ de g onte) @

and (in the case of a local action S) h(z) =0 if z & supp (F) + V,. Hence,

oF
Ro(Pao)f) = W) = = [y A e s (29
and by means of
RAR ) = Scatiolrm = [0 2 ) o)
S Ty B ’ do(x) ’
we obtain the assertion (18). (In the case of a non-local action the condition
on the support of h has to be appropriately modified.) O

11



Definition 1. The Peierls bracket associated to an action S is a product

on F(C) with values in F(Cg) defined by

def

(F,G}s ™ Rs(F,G) — Rs(G, F) = Rs(F,G) — As(F,G).  (27)

The Peierls bracket depends only on the restriction of the functionals to
the space of solutions,

(F.GYs = {F',G}s if Fs = F} | (28)

Namely, let ¥ be a functional which vanishes on the space of solutions. This
is the case if F' is of the form®

F:/d:z;G(:z;) o5

()
Then the retarded product with a functional H is

(29)

Rs(F, H) =

§G(x) 65 525 . SH
[ to (ot st 5 0 I O

The first term vanishes on the space of solutions, therefore we obtain

OH
() -
The same expression is obtained for the advanced product, thus the Peierls

bracket of ' and H vanishes. We may therefore define the Peierls bracket
for functionals on the space of solutions by

Rs(F, H) = /dz G(2) (31)

{Fs,Gs} ={F,G}s .

It is easy to see that for the example of the Klein Gordon field with a
polynomial interaction without derivatives the Peierls bracket coincides with
the Poisson bracket obtained from the Hamiltonian formalism. The Peierls

®We tacitly assume here that the ideal Js generated by the field equation (i.e. the set
of functionals of the form (29)) is identical with the set of functionals which vanish on the
space of solutions. This seems to be true in relevant cases. Otherwise, we have to replace
the restriction map F' — Fg by the quotient map with respect to Jg.

12



bracket, however is defined also for derivative couplings and even for non-
local interactions where the Hamiltonian formalism has problems. Moreover,
it is manifestly covariant and does not use a splitting of space-time into space
and time.

We now want to show that the Peierls bracket fulfils in general the usual
properties of a Poisson bracket. Antisymmetry, linearity and the Leibniz rule
are obvious ©, but the Jacobi identity is non-trivial (actually it is not discussed
in the paper of Peierls). We will see that the Jacobi identity follows from the
fact that rg, s, commutes with the Peierls bracket (hence it is a canonical
transformation).

Proposition 2. (a) The retarded wave operator rs, s, preserves the Peierls

bracket (27),

{F O T8,,8 Go r52751}51 = {Fv G}S2 °Ts,.8 (32)

and the same statement holds for ag, s, .
(b) The Peierls bracket (27) satisfies the conditions which are required for a
Poisson bracket, in particular the Jacobt identity

{Fs,{Hs,Gs}}+{Gs,{Fs,Hs}} + {Hs,{Gs, Fs}} =0 . (33)

Proof. 1t suffices to prove (32) for an infinitesimal change of the interaction:
setting S; = S and Sy = S + AH, the infinitesimal version of (32) reads

{RS(Hv F)vGS} + {FszS(Hv G)} =

Rs(H, (F,G)) + elscol R (F6) — Aso(F,G)) (34

where we used in the last term the extended definition of the retarded and
advanced products outside of the space of solutions introduced after Propo-
sition 1.

We now insert the formula for the retarded product of Proposition 1
everywhere in (34). Applying % to (20) we find

) 528
dp(2) dp(v)dp(w)dp(z)

5Linearity and the Leibniz rule hold already for the retarded and advanced products.

A (w,y), (35)

A (ay) = = [ dodw a3 (o0

13



and analogously

i| Aadv ( )_ /d d Aadv( )527}[
d\ A=0Lg\F\T, Y ) = vawAg \Tr,v 599(1))599(10)

With that (34) can be verified by a straightforward calculation.
By an analogous calculation we prove that the advanced transformation

A (w,y).  (36)

as, s, is a canonical transformation. The infinitesimal version is (34) where
in the first three terms Rg is replaced by Ag and where the last term, the
term with the A-derivative, is unchanged. Hence, considering the difference
of these two versions of (34), the latter term drops out, and we obtain the

Jacobi identity (33). O

2.2 Higher order retarded products and perturbation
theory

In analogy to equation (16) we define the higher order retarded products by
CdAn

They have a unique extension to (n 4 1)-linear functionals on F(C) which
are symmetric in the first n variables. With that the perturbative expansion

Rs(F®" ) |x=0G' © TstaRs - (37)

of Gorgyyrs in A reads
o] )\n B
Gorsiars ™ E_O:HRS(FQ@ ,G) = Rs(el), @) (38)

in the sense of formal power series. If S is the free part of the action, this is
the perturbative expansion of the retarded fields (13) in terms of free fields.

In the first paper of [5], equation (71), we gave an explicit formula for R
in the case where all functionals are local and where F' and ¢ do not contain
derivatives. It took the form of a retarded multi-Poisson bracket. In case of
derivative couplings this can no longer be true, as we already know from the
discussion of the retarded product of two factors, cf. the counter example
after equation (17).

The general case where S, F' and G might be non-local can be obtained
from the formula

d
aRS(e%F, () = Rs(el, Rspap(F.G)) (39)

14



which is the Taylor series expansion of

d

ﬁG orgiars = Repar(F,G) orgiams , (40)

the latter identity following directly from the definition of the retarded prod-
ucts. On the r.h.s. of (39) we understand Rsi p(F, ) as an unrestricted
functional, i.e. Rsiar(F,G) € F(C). Comparing the coefficients on both
sides of (39) yields a recursion relation:

@(n+1) (ry _ _ ~ (" @l OB adv(ne) G
fisth ) Z;(l)RS(F ’/dxdy 599(96)AS“F (x’y)W(y))’

(41)

where

adv (k def dk adv
AS+/\(F)(x7 y) = WL\:OASC}MF(J;? y)

= (—1)kk!/dvl...dvkle...deAgdv(l',Ul)

§2F §2F
RN P L L
Solondele) > 1 S S

This shows the existence of solutions in the sense of formal power series.
Peierls’ formula for the Poisson bracket together with the fact that the
retarded wave operators rg g, are canonical transformations lead to an inter-

A (2, y) -

esting relation between the higher order retarded products.
Let F,G and S; be functionals from F(C) and let S = Sy 4+ AS;. Then

we have
{Forss,, Gorss,ts, = (Rs(F,G) — Rs(G, F))orss, - (42)

According to the definition of the retarded products it holds

d
Rs(F,G)orss, = @M:(JG O T'S4uF,S)

where we used the composition property of the wave operators. If we now
take the n-th derivative with respect to A on both sides of (42) we find

Z {RSO(®Z'EIHZ'7F)vRSO(®]€IHJ7G)}SO =

Rs, (@[ H; @ F,G) — Rs,(@{_ H; @ G, ) (43)

15



with H; € F(C). This relation is in quantum field theory known as the
GLZ-Relation (see below). It plays an important role in renormalization.

In case S and F' are local, we can find an elegant expression for the
retarded products. We introduce the following differential operator on the
space of functionals F(C)

R(z) = —/dy <522)A§t(y,x)%(y)> . (44)

Note that R(z) is smooth in x since A%’ maps smooth functions with com-

pact support onto smooth functions. According to (18) we have
Rs(F,G) = /d:z; (R(x)G)s - (45)

The n-th order case looks quite similar:

Proposition 3. The n-th order retarded product is given by the formula

Rs(F®". G) = n! / dey...de, (R(xy) - R(x,)G)s (46)
#9<...<al
Proof. We first show that the power series defined by the r.h.s. of formula
(46)
G — G(X) = RY(expgy AF, G) (47)
defines a homomorphism on the algebra of functionals G € F(C). This means

that for two functionals G and H we have the factorization

G = Y (LR G-
k=0
We use the fact that the operators R(x) are functional derivatives of first
order. Hence from Leibniz’ rule we get

R(z1)-R(z,)GH = > ([[ RG] R=)H) . (49)
Ic{1,...,n} i€l igl
It remains to check the time ordering prescription. For any n-tupel of times

t = (29,...,22) we choose a permutation 7, with l’?rt(l) <... < l’?rt(n). We

obtain

RY(FO" () = /d”x(R(xm(l)) o R(T gy ()) G s (50)
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If we insert (49) into (50) we see that the permutation 7, restricted to [ as
well as to the complement of [ yields the correct time ordering. The n-fold
integral factories, and the integrals over (x;,¢ € I) and (x;,7 ¢ I) do not
depend on the choice of I, but only on the cardinality of I. This proves (48).

We now show that the formal power series for the retarded field (47)
with action S + AI" satisfies the field equation %(5 + AF) = 0 and thus

coincides with Rg(expg AF, () because of (48) and the uniqueness of the
5(SHAF)

retarded solutions. We have to show RY(expg AF), ) = 0. So we insert

; ‘ ()
G = WS into (47), use
) OF 528 OF
Rz S =— /dzAmz,:Jc = — ox —vy) .
SR EE R A E R FE R FE 151)
and obtain the wanted field equation where we exploit the fact that R(y) 522) =
0 if y is not in the past of z. O

Since we are mainly interested in local functionals, we change our point
of view somewhat. Let P denote as before the set of polynomials of  and
its derivatives (11). Each field A € P defines a distribution with values in
F(C),

AU = [ doa@)f(@) e D)

We fix a local action S which later will be the free action. We now define the
retarded products of fields as F(Cs) valued distributions in several variables

by
Roi(Ar @ @A, B) (@ © fn,9) =
[ ) Bus ) A BN Ao+ ol )o(0) ™
Rs(Ai(f1) © -+ & Au(f). B(g)) (52)

The retarded products R, ; are multi-linear functionals on P with values in
the space of F(Cs) valued distributions. We may equivalently consider them
as distributions on the space of P®"*! valued test functions D(M"*!, P+l =
(P @ D(M))®"t! | i.e. we sometimes write Rs(A,fi @ -+ @ A, fn, Bg)

In Sect. 4 we will define perturbative quantum fields by the principle
that as much as possible of the structure of perturbative classical fields is
maintained in the process of quantization. For this purpose we are going to
work out main properties of the retarded products R, 1 (52).
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e The causality of the retarded fields,
Bsyay(x) = Bs(x), if supp fN(z+ Vo)=10 (53)
(where f € D(M), A, B € P) translates into the support property:

supp R,1 C (21, ., vp,2)|e €2 + V¥l =1,....n}. (54)

o A deep property of the retarded products R, ; is the GLZ-Relation.
In (43) we formulated it for general retarded products. For the retarded
products of local fields the GLZ-Relation reads

Z {Rin1(@serfis )y Rjrej 1) (@pere frs 9)} =

Ropin(fi @@ fo@ fi9) = Ropia (i @0 fo@g; f) (55)
for fi,..., fu, [, 9 € P @ DM).

Glaser, Lehmann and Zimmermann (GLZ) [12] found this formula in
the framework of non-perturbative QFT for the retarded products in-
troduced by Lehmann, Symanzik and Zimmermann [22]. In causal
perturbation theory [11] the GLZ-relation is a consequence of Bogoli-
ubov’s definition of interacting fields [2], see Proposition 2 in [4]. The
important point is that the retarded products on the Lh.s. in (55) are
of lower orders, |1, [[¢] < n + 1.

e From their definition (52) it is evident that the retarded products
R, commute with partial derivatives

M BRua(oo s Awr), ) = Ry, 0" Ay ), =1, on+ 1, (56)
where Aq,..., A,11 € P. Note that the kernel of the linear map
P@DM) — F(C): A® g~ Alg) (57)

is precisely the linear span of {0*A@ g+ A@ d*g| A € P,g € D(M)}.
(56) expresses the fact that the retarded products R, ; depend on the
functionals (i.e. the images of the map (57)) only. This can be inter-
preted in physical terms: Lagrangians which give the same action yield
the same physics. This is the motivation for Raymond Stora to require
(56) for the retarded (or equivalently: time ordered) products of QFT,
and he calls this the Action Ward Identity (AWI) [29], see Sect. 4.
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o We now assume that S is at most quadratic in the fields. Then the
second derivative is independent of the fields, and therefore also the
Green functions. We set

As(l', y) d:ef - Ag‘et(xv y) + Agdv(xv y) . (58)

We look at the Poisson bracket of a retarded product with a
free field. Let A, B € P and f,g,h € D(M). We are interested in

{Rua (A", B)(f9", 9), 0(h)}s (59)
By definition of the retarded products of local fields this is equal to
{Bs(A())"", B(g)),¢(h)}s (60)

We apply Proposition 1 to compute the Poisson bracket. From Propo-
sition 3 1t follows that R commutes with functional derivatives if S is
a quadratic functional. Hence we obtain

/ ir / Rs(n >®A<f>®“—%B<g>>+

Using the formula

[ oS- [

for the functional derivative of a local functional, we finally arrive at
the formula

) (@)dk(x) — (62)

{Rn l(flv' . '7fn+1)799(h)}5 —
n+1
e
ZZ il g @ Sshs o fusa) (63)

where fi,..., for1 € DM, P), h € D(M) and where Ag was considered

as an integral operator acting on h.

The requirement that this relation holds also in perturbative QFT plays
an important role in the inductive construction of perturbative quan-
tum fields (see Sect. 4).
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e Symmetries: there are natural automorphic actions oy, and Sy, of the
Poincare group (L € 771) on (P@D(M))®"*+! and on F(C), respectively.
The retarded products are Poincare covariant: R, ;oap = 8o R, 1,
provided S isinvariant. A universal formulation of all symmetries which
can be derived from the field equations in classical field theory is given

by the MWI, see Sect. 3.

o The factorization (AB)' (z) = AE' (z)Bg (x) and the Leibniz rule
for the retarded product of two factors yield, in general, ill-defined
expressions in QFT. It is the Master Ward Identity which allows to
implement the consequences of the factorization property of classical
field theory into quantum field theory.

2.3 Elimination of derivative couplings

Interaction Lagrangians containing derivatives of fields usually cause com-
plications in the canonical formalism. They also change relations between
different fields, as may be seen by the non-linear term in the formula which
expresses the field strength F'*” of a Yang-Mills theory in terms of the vec-
tor potential A*. A convenient way to deal with these complications is the
introduction of auxiliary fields.

As an example we consider the Lagrangian

1 m2
Llp,0"p) = 50" p0up = 7992 + Line(0, 0" p) (64)

of a real scalar field ¢ with the Euler-Lagrange equation

OLini(p, 0" ) ILini(, 0" )
2 _ t _ v
(O+m%)e = 90 0 905 )

To eliminate 0*¢ in Liy we introduce a vector field ¢* and a Lagrangian

(65)

1 m?
L(p, 0"p,0") = =3¢ ou + 90" = 9" + Lin(, ). (66)
with the Fuler-Lagrange equations:
OLint (2, ")
0=—pu+dup+ T opr (67)
OLint (2, ")
Oup" = —mPp + B (68)



which are equivalent to (65). We see that precisely in the case when the
interaction Lagrangian depends on 0" the interacting field ¢* differs from
0" .

Example: By explicit calculation we are going to show that the retarded
products R, (¢"(y), 0%¢(x)) and Rg (¢"(y), ¢*(x)) are different, although
Mpr, = @, (where Lo is the free part of the Lagrangian (66)), so we
see again that the entries of the retarded products must not be replaced
by their restriction to the space of solutions. The fastest way to compute
these retarded products is to use Proposition 1(a), as in (23). However, we
find it more instructive to go back to Peierls’ definition of retarded products
(16): by definition rzy4xs,ov,co (fo, ho) is the solution (f, k) of (67)-(68) with
Lint(2) = M(z — y)p”(z) which agrees in the distant past with (fo, ho). We
obtain

P(x) 0 Toras,ov 0o (fo, ho) = fla) = folx) = A" A™ (z —y),
() © To4rs, e Lo fo, ho) = h*(2)
= hy(2) = M0""A™ (x — y) — ¢"8(x — y)). (69)

Hence,

Rey(¢" (), 0"¢(x)) = 0i Reo (97 (y), () = —0"0" A" (x —y),  (70)

but
Ry (¢"(y), " () = = (070" A™(x — y) — g""é(x — y)). (71)

3 The Master Ward Identity

3.1 Generalized Schwinger-Dyson Equation

It is an immediate consequence of the field equations <§—i> = 0 for a given
s

local action S that all functionals of the form

65
A (h 72
(45,) ™) (72)
(by which we mean the point-wise product of an arbitrary classical field
A € P with g—i smeared out with the test function h) vanish on the space of
solutions Cgs.
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If we set S = Sy + A5y, and differentiate with respect to A at A = 0 we
obtain the identity

Rs, <51,A(;io(h)> n <Ai—i(h)> =0 (73)

For A =1 this equation looks similar to the Schwinger-Dyson equation

050 0.5,

T
< 5 dep dep

)+ (=) =0, (74)

h
which holds for the vacuum expectation values of time ordered products for
a quantum field theory with action Sy (see, e.g. [14]). (Note that the factor
% is absorbed in (73) in the retarded part of the Poisson bracket.) For this
reason we call (73) the retarded Schwinger-Dyson Equation and the
vanishing of (72) the generalized Schwinger-Dyson Equation (GSDE).
Note that the retarded Schwinger-Dyson Equation has the same form in
classical physics as in quantum physics.

In the retarded Schwinger-Dyson equation we may permute the two en-
tries in the retarded product. Namely, the difference is just the Poisson
bracket which vanishes if one of the entries vanishes on the space of solu-
tions.

For the retarded products of local fields we obtain the perturbative version
of the generalized Schwinger-Dyson Equation,

550
Rur(fis-os fur
(i fuh e 2) 4

1)
ZRn—1,1<f17'"7fl—17fl+17"'7fn7 i>:0 (75)
=1

with fi,h € DM, P),i = 1,...,n, and where the functional derivative of
f € DM, P) is defined by

of
dep

o [dy f(y)
dp()

== (-1 lla f. (77)

9%p)

()=

i.e.
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Proceeding by induction on n and using the GLZ-Relation (55), we obtain
an equivalent formula for the case that the term h% is one of the first n
entries of R, ;, namely

85,
Rn,l(flv'--vfn—lvhé—;7fn>+

ZRn_1,1<f1,...,fl_l,hfs—ﬁ,flﬂ,...,fn) —0. (78)
=1

The equations (75) and (78) remain meaningful in perturbative QFT.
Also there they are equivalent since the GLZ-Relation still holds. We require
either of them as a renormalization condition (see Sect. 4). Equivalently, an
analogous identity may be postulated for the time ordered products (where
the two versions above coincide in view of the symmetry of time ordered
products). It is a generalization of the condition (N4) in [4].7 But there, fol-
lowing the tradition in causal perturbation theory, we considered the entries
of time ordered or retarded products as Wick polynomials of the free field.
Therefore, time ordering and partial derivatives did not commute, and the
formulation of identities involving derivatives of fields contained many free
parameters. A consistent choice of these parameters was made possible by
the MWI proposed in [6].

The QFT version of (75) or (78) seems to correspond to the ’broomstick
identity’ of Lam given in Fig. 8 of [18]. We think that Lam is unable to write
down this identity as an equation because the arguments of his time-ordered
products are on shell fields; and compared to [6] (which uses also an on shell
formalism, cf. Sect. 4) he is not equipped with the ’external derivative’.

We will see that the MWTI is equivalent to the generalized Schwinger-
Dyson Equation (75). Therefore, the MWI can be interpreted as a quantum
version of all identities for local fields which follow in classical field theory
from the field equations.

3.2 Definition of a map ¢ from free fields to unre-
stricted fields

To keep the formulas simple, we consider the case of one real scalar field .
The procedure, however, applies to a general model. Let 7 denote the ideal

TA first generalization (in the framework of causal perturbation theory) of the renor-
malization condition (N4) was given in an unpublished preversion of [25].
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in the algebra P of polynomials of fields which is generated from the free
field equation,

T ={>_ A0 (0+m*)p, A, € P,a € N} | (79)

let Py = P /T be the algebra of free fields and let 7 : P — Pg be the canonical

surjection. Since J is translation invariant, we may define derivatives with

respect to space-time coordinates in Py by 9*n(B) d:efw(a“B), and in this

sense the free field equation holds true for mep.

The wanted map o is a section o : Py — P. In contrast to the surjection 7,
the section o is not canonically given. We restrict its choice by the following
requirements:

1) moo =1id, i.e. o is a section.
(i) 7
(ii

) o is an algebra homomorphism.®
(iii) The Lorentz transformations commute with o.
)

(iv) om(P1) C Py, where P; is the subspace of fields which are linear in
0%p.

(v) o does not increase the mass dimension of the fields, i.e. on(B) is a
sum of terms with mass dimension < dim (B). In particular we find

om(p) = ¢.

(vi) P is generated by fields in the image of ¢ and their derivatives. In
the present case (one real scalar field), this condition is automatically
satisfied.

By (i) om : P — P is a projection: omom = om. The linearity of o and
condition (i) imply ker om = ker 7 = .J, and hence

oy = —miomy . (80)

We are now looking for the most general explicit formula for om which satisfies
the above requirements. Due to (ii) it suffices to determine om(9%p). By
definition of 7 and ¢ it must hold

on(A)—AeJ YAeP (81)

8In case of complex fields we additionally require o(A*) = o(A)*.
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and hence

ordip = 0% + Z A0+ mP)yp (82)
b

with constants ¢} € R.
The determination of an admissible section o satisfying conditions (i) to

(v) is equivalent to the determination of a complementary subspace K =

on(Py) of T d:efj N P; which is Lorentz invariant and satisfies the condition

that already the subspaces with mass dimension < n are complementary,
K 4 g =pi (83)

Since the finite dimensional representations of the Lorentz group are com-
pletely reducible, this is always possible. Namely, for the lowest mass dimen-
sion ng = (d —2)/2 the subspace generated by the field equation is zero, thus
K(o) = Pl(no) = Ry. From this the existence of K(*tY may be proved by
induction on n. One just has to choose a Lorentz invariant complementary
subspace L) of () —|—j1(n+1) in 731(n+1) and to set K (»t1) = () 4 [(n+1),

The arbitrariness in the choice of L depends on the multiplicity in
which the irreducible subrepresentations of the Lorentz group occur in the
respective subspaces. In the present case it turns out that o is unique (see
the second part of Appendix A).

In case one introduces the auxiliary field ¢*, the choice of o involves free
parameters. A special choice for o is given in the first part of Appendix
A. For the lowest derivatives we obtain the following general solution of the
requirements (i)-(vi):

om(p) = ¢, (84)
om(dp) = om(p") = v + (1 —7)d"p, v € R\ {0}, (85)
on(0"0"p) = om(0"¢") = (1 + 2c)0" 0"
v | v 1 +2a ,, Lo o 200 00
—a(0"p" + 0%p") — =g O — ="' mip + —g" s, (86)

where v and a € R are free parameters. The condition v # 0 is necessary and
sufficient for (vi) provided (i)-(v) are satisfied. A preferred choice is v = 1.

3.3 The Master Ward identity

Let A be a functional of the field which vanishes according to the field equa-
tion derived from the action Sy, i.e. Ag, = 0. A is of the form (cf. the
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remark in footnote 3)
6.5
A= /d:z;G T)———, 87
o 7

with G(x) € F(C). (This formula states that A is an arbitrary element of the

ideal Js, generated by the field equation belonging to So.) We may introduce
the derivation

04 = /d:z; G(x)(Sgo(zx) (88)
on F(C). The GSDE imply
(MWI) Rs, (e, A) = —Rs, (€21, 84(S1)) VS1 € F(C) (89)

and, by using the GLZ equation

Rs, (e @A, B) = —Rg, (2! ©64(51), B) — Rs, (2!, 64(B)) VSi,B € F(C).

(90)
This equation (in a different form, see (109) below) was proposed by Boas and
Diitsch [6] under the name Master Ward Identity (MWI) as a universal
renormalization condition in perturbative QFT. In the present formulation
it is evidently equivalent to the GSDE. Note that up to now (in contrast to
[6]) the formulation of the MWI makes sense also in the case that Sy is not
a quadratic functional of the field. Similarly to the GSDE, the MWI holds

also non-perturbatively:

ASo-I-Sl = _<5A(Sl)>50+517 Ae jsov Sl € f(C) (91)

FErample: As a typical application let us look at the free complex scalar field
with the conserved current

. L, . «
Ju = ;(‘P Duip — p0up") (92)
Let A =(0j,9) = [ dx9"j,(x)g(x) with g € D(M). We have
B 1 % (SSO 550
=1t 32~ o 5 ) (93
and hence . 5 5
a=1 (lov 5 (om0 ) - (o4
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If ¢ = 1 on the localization region of F' € F(C), d4F is the infinitesimal
gauge transformation of F', and inserting A into the MWI yields the well
known Ward identity of the model.

A problem with the MWT in the form presented above is the non-uniqueness
of the derivation d4 for a given A, e.g. for

A= [deh()(©+ ) (@)(O+ mela) (95)

in case of the complex scalar field. We therefore turn now to the free field case
and use the techniques and conventions developed in the preceding section.

We will give a unique prescription to write any A = [dxh(z)B(z)
with B € J C P and h € DM) (i.e. A € Js,) in the form A =
Jdxh(x) 3, Bi(x)bj(x) with by € Py J. Then we may set

5a = / e hle) 3 Bi(0)d (96)

with

Oy, @) (1) = —Rs, (bj (), ), I € F(C), (97)
where we used (30) and the fact that for terms which are linear in the field the
first term on the right hand side vanishes, such that (31) holds everywhere,
not only on the space of solutions.

To give the mentioned prescription let B € J. Then B = p(B) where p =
1—omis a projection from P onto J. Since o is an algebraic homomorphism

we find
p(B1By) = Bip(B:) + p(Bi)om(By) . (98)

Hence, we may write every B € J in the form

B=> Bup(x) (99)
X€G

where we introduced the set G of generators of the field algebra P,

def

G={0"¢|ae N} (100)

which is a vector space basis of P;. The coeflicients B, can be found in
the following way: Any B € P is a polynomial P in finitely many different
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elements x1,...,xn € G, B=P({),{ = (X1,--.,Xn). Since B € J we have

B= B on(B)= P({) ~ Plon({) (101)
/1 dA%P(A;H (1= Nor(0) (102)
- Z (X, om()p(x:) (103)

with _ )
PR, 07(Y)) :/0 DAPOT + (1 = Nor(T)). (104)

Hence we may set B,, = P(X,on(X)), ¢ = 1,...,n and B, = 0if y ¢
{x1 - Xl
Example: Let ¢ be a real scalar field. For y = c,o 0" the expression p(x)

vanishes. But for x = 0#0"¢ we obtain p(y) = (D +m ) = %55% and
hence

vl

Spo)(F) = 2 755 (105)

In many applications one wants to compare derivatives in the free theory
with those in the interacting theory. One is therefore interested in expressions
of the form

A= /d:z; h(z)(0,0m(B)(x) —on(0,B)(x)) (106)

with B € P and h € D(M). To get a more general identity we even admit
h € DIM,P). Clearly, [0,,0m](B) € J, hence A € Js,. Using the Leibniz’
rule 0“B =Y _, 2809, we find

XEG dx

[0, om)(B Zmr au,mr](x) (107)

XEG

and get the formula

4= /d:z;h Zm 8o oml(x)(x) (108)

XEG
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In terms of the retarded fields (13) we end up with

aEint
1
o) (109)

MWE) (0o, = 3 (hon(5))
X, WEG

where the differential operator 5; , 18 defined by

5 f(x) = / dy Rs, (10" om)()(2). () (y) . F€DOMLP) . (110)

Note that Rg, ([8“, or](x)(x), ;b(y)) is a linear combination of partial deriva-
tives of d(a — y).

Fxample: Let x = 0"p. Then [0, o7](x) = gsy(D—l-mz)cp. Hence 6jau orj(y) =
%%, therefore one obtains for the difference between derivatives of free or

interacting fields

weres
PP — om0 sns = L (2]
d 590 So+51
We think that the non-vanishing of [0*, o7](0"¢) compared to [0*, om](p) = 0
explains why the formalism of Lam becomes inconsistent for vertices contain-

ing higher than first derivatives of the basic fields (cf. Sect. V of [17]).

We derived (109) as a consequence of the MWI (91). It is even equivalent
if 7 NPy is spanned by fields of the form [0%, o7](¢)) and their derivatives,
with ¢ € Py, since then the L.h.s. of the MWI (89) can be written as a linear
combination of fields of the form of the Lh.s. of (109). In the case of the
free scalar field this condition is clearly fulfilled, since [0*, o7](dup) = (O +
m?)p. In the enlarged model with the auxiliary field ¢, we find [0*, o7](¢) =
70" — ") and [0", o7](p,) = (0", +m*0) + (v = 1)0" (0, — D), hence
here it follows from v # 0. Also in general it follows from condition (vi) on
o in Sect. 3.2. Namely, let v € J N Py. According to (vi) and (iv), x is of
the form

X= 0"0n(Yrs) Vra € P
k,a

Hence,

X=x—o(my) = Z[@“,UW]UW(;ZJ;W) :

k,a

29



The result now follows from the derivation property of the commutator

[aﬂl ) Mn? § a#«l o Mk 1 Mk? O-ﬂ-]a#«k+1 U a#n :

We point out that the MWTI (in the original form (89) or (90) as well as
in the second form (109)) is well defined in perturbative QFT, too. This is
a main ingredient of the next Section.

4 Quantization: defining properties of per-
turbative quantum fields

The structure of perturbative classical field theory which was analyzed in
this paper can to a large degree be preserved during quantization. The
main change is the replacement of the commutative product of functionals
F € F(C) by a h-dependent non-commutative associative product, and by
the replacement of the Poisson bracket by % times the commutator. The
definition of the product can be read off from Wick’s Theorem,

A e
Fx, G = J/ x A
' Z W o) dplen) 11 A E YRy

(112)
where Ay denotes the positive frequency fundamental solution of the Klein
Gordon equation. This abstract algebra (which we still denote by F(C)) can
be represented on Fock space by Wick polynomials

jg: n'b/“d” 5@( )|@:03 @(xl)”.¢(xn):, (113)

the kernel of this representation being the set of functionals F' vanishing on
Ce,, cf. [5].

A direct construction of solutions of the field equations in the case of local
interactions is, in general, not possible because of ultraviolet divergences.
One may, however, start from the ansatz

o0
mt E

n=0

R, (L27, Bf) (114)
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in analogy to (14) and try to determine the retarded products R, 1 as polyno-
mials in & such that they satisfy the following properties: They are (n + 1)-
linear continuous functionals on D(M, P) with values in F(C) which are
symmetric in the first n entries, have retarded support (54) and satisfy the
GLZ-Equation (55). Moreover they have to fulfil the unitarity condition

Boa(f1 @ @ fu, [)7 = Bua(f7 @ @ f7 7). (115)

It turns out, that already by these properties, the retarded products R, ;
are uniquely determined outside of the total diagonal z; = ... = 2,41 In
terms of the lower order retarded products where the lowest order is defined
by Roa(Bf) = B(f)le,,- Renormalization then means the extension of the
retarded products to the diagonal. This is a variant of the Bogoliubov-Epstein-
Glaser renormalization method and, in the adiabatic limit ¢ = 1, it has
been worked out by Steinmann [27]. A modernized and local version of the
procedure will be presented in [7].

The main work which remains to be done is the so-called finite renormal-
ization, i.e., the analysis of the ambiguities in the extension process.

In a first step, the condition (63) (condition (N3) of [4]) can be used to
reduce the extension problem to a problem for numerical distributions. By
requiring translation invariance these numerical distributions depend only
on the differences of coordinates, thus one has to study the mathematical
problem of extending a distribution which is defined outside of the origin to
an everywhere defined distribution. The possible extensions can be classified
in terms of Steinmann’s [27] scaling degree, and it is a natural requirement
that the scaling degree should not increase during the extension process. In
addition one can show that the extension can always be done such that the
retarded products are Lorentz covariant.

The steps described above can always be performed and leave, for every
numerical distribution, a finite set of parameters undefined. The proposal is
now to add two further conditions.

One is the Action Ward Identity (56) proposed by Stora [29]. At present,
no example is known where this identity cannot be fulfilled, so we assume
that it holds. We require then the Master Ward Identity in the form (89)
or (90), or, equivalently, the generalized Schwinger-Dyson equation in the
form (75) or (78). Here anomalies may occur, and one has to check in a
given model whether these identities can be satisfied. Fortunately, for a
typical application, one needs these identities only for special cases which
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may be characterized by the polynomial degree of the fields and the number
of derivatives which are involved.

Without the validity of the AWI, one had to require the MWI or, equiv-
alently, the GSDE, also for all derivatives of the fields which appear in the
formulas, i.e. for Ga“%, Ya € N, as well as for derivatives of the retarded
products.

Remark: The Quantum Noether Condition (QNC) [15] (already mentioned
in the introduction) is an alternative, less general normalization condition
for causal perturbation theory. It is not compatible with the normalization
condition (N3) (see the last Remark in Sect. 4.5.2 of [6], published version)
which makes its application somewhat cumbersome.

The formalism given here is not completely equivalent to the one of [6].
The algebras of symbols P and Py given in [6] may be identified with our
algebras P and Py of classical fields. The main difference is the absence of
the Action Ward Identity, thus derivatives could not freely be shifted from
fields to test functions. Therefore, in [6] an ’external derivative’ 9* on Py
was introduced which generates new symbols 9" A (A € Py, a € Nd). The
argument of the retarded product of [6] (we denote it here by R, ;) is an
element of

(Po® D(M)°*D where Py = \[{9"A|A € Po,a € Ni}  (116)
(for details see [6]). The retarded products R, of symbols with external
derivative(s) can be defined in terms of retarded products without external
derivative (normalization condition (N)) The MWTI is then expressed by a
further normalization condition (N), combined with (N). In particular (IN)
and (IN) imply
le(ngl, ceey (8”1/1/1)91 + I/Vl@”gl, ceey Wn-l—lgn-l—l) =0 ,Wl, ...Wn+1 € ,Po .
(117)
To clarify the relation of the two formalisms we extend ¢ to a map & :
Py — P by setting
def

F(0*A) = 0% (A), A€ P, (118)

and requiring that & is an algebra #-homomorphism, similarly to [6]. The

defining property (vi) of o means that & is surjective. But & is not injective,
even if the auxiliary field ¢* is introduced. So, from the retarded product

32



R, ; of this paper, we can construct a retarded product fx)ml in the sense of

[6], by defining

~ def

Ry i(Wigr, - s Wigigns1) = Roa(6(Wh)g, -, 6(Wog1)gnt)- (119)

But, in general, it might happen that fx)ml does not vanish if one entry is in
(ker &), and then it would be impossible to construct R, ; from ]Tx’ml. If the
Ri1, I < n, satisfy all defining properties given here (including the AWI and
the MWT), then the corresponding Ry, [ < n, (119) fulfill the requirements
on a retarded product given in [6], in particular (N) and (N).

We see, that the normalization conditions on fx)n’l are weaker than the
normalization conditions on R, 1: (117) can always be fulfilled by definition
(see [6]), even for Wi, ...,.W, 41 € Py. On the other side it is still unclear
whether one can always satisfy the ’Action Ward Identity’. It seems, however,
that the formalism given here is the natural one when departing from classical

field theory.

Remark: In the formalism of [6] and in [8] the Feynman (or retarded) prop-
agators of perturbative QFT contain undetermined parameters, if there are
at least two derivatives present (in d = 4 dimensions). On the classical
side (retarded) fields and their perturbative expansion are unique. The non-
uniqueness is located in the choice of the map o: the free parameters in o can
be identified with the free parameters in the Feynman propagators of QFT.
This is obvious from

AT (@ —y) Y Rua(xoly); po(2) = Ria(5(xo)(y), (o) (). (120)

In the non-enlarged formalism (without ¢*), in which o is unique, a particular
choice of the parameters in the Feynman propagators of [6] is done.

5 Application to BRS-Symmetry

5.1 Motivation

The canonical formalism as developed in this paper cannot directly be applied
to gauge theories because there the Cauchy problem is ill posed due to the
existence of time dependent gauge transformations. As usual, one may add
a gauge fixing term as well as a coupling to ghost and antighost fields to the
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Lagrangian such that the Cauchy problem becomes well posed. The algebra
of observables is then obtained as the cohomology of the BRS transformation
s [1] which is a graded derivation which is implemented by the BRS charge Q.
In QFT one finally constructs the space of physical states as the cohomology
of @) (see e.g. Sects. 4.1-4.2 of [4]).

The implementation of this program in the case of perturbative gauge
field theory meets the problem that in general the BRS operator () is changed
due to the interaction [4]. It is a major problem to exhibit the corresponding
Ward identities which generalize the Slavnov Taylor identities to the case of
couplings of compact support.

In the case of a purely massive theory one may adopt a formalism due to
Kugo and Ojima [16] who use the fact that in these theories the BRS charge
() can be identified with the incomimg (free) BRS charge, which we denote
by ()g. For the S-matrix to be a well defined operator on the physical Hilbert
space of the free theory one then has to require

[Qo, T((gL)"" )] lkergo — 0 (121)

in the adiabatic limit ¢ — 1, see e.g. [10, 13]. This is the motivation
to require 'perturbative gauge invariance’ [8, 9, 26], which is a somewhat
stronger condition than (121) but has the advantage that it is well defined
independent of the adiabtic limit. The condition (121) (or perturbative gauge
invariance) can be satisfied if additional scalar fields (corresponding to Higgs
fields) are included. Unfortunately, in the massless case, it is unlikely that
the adiabatic limit exists.?

So, in the general case an S-matrix formalism is problematic. One should
better rely on the construction of local observables in terms of couplings with
compact support. But then () is a formal power series with zeroth order term
(o, and it is not obvious which conditions one should put on the retarded
(or time ordered) products.

The difficulty is that one has to formulate symmetry conditions for the
perturbed fields which themselves are deformed due to the interaction. But
using the formalism of the present paper we can disentangle these two prob-
lems. Namely, we first use the MWI together with the AWI to compute the
commutator of the free BRS charge )y with the retarded (or time ordered)

9To motivate perturbative gauge invariance in that case one can derive it from a suitable
form of conservation of the BRS-current. To lowest orders this results (as a byproduct)
from Appendix B.
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products. The resulting family of identities is called the Master BRST Iden-
tity and may be used as a renormalization condition in its own right. One
then can formulate conditions on the interaction which ensure that the Mas-
ter BRST Identity implies BRS-invariance of the interacting theory.

5.2 The free BRS-transformation

We illustrate the general ideas on the example of N massless gauge fields
A a = 1,..., N, each of them accompanied by a pair of fermionic ghost
fields g, u,. We may also introduce auxiliary fields B, (the Nakanishi-
Lautrup fields [21]). We work in Feynman gauge, in which the free field
equations read

OA* =0, DOu,=0=0a, Va (122)

a

together with the equation for the auxiliary field
0,A = B, . (123)

We omit in what follows the colour index a by using matrix notation.
The free BRS-current
i B — (0" B)u (124)

is conserved due to the free field equations, d,7* = BOu — uOB. The

corresponding charge
def 3 -0
o ([ weiw) (125)
29 =const. So

is nilpotent, i.e. Q2 =0 and

{Q07 QO}SO =0 > (126)

where we introduced a grading into our Poisson bracket corresponding to
ghost number.

Using current conservation as well as the GLZ relation we find for the
Poisson bracket of (g with a retarded product

{Qo, Rsy(F1,..., Fo)}s, = —Rs,((07,h), Fi, ... ) (127)
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where i = 1 on a causally complete open region O containing the localization
regions of all F; € F(C), ¢ =1,...,n (cf. the analogous argument for time
ordered products in [5]).'° To avoid signs which are due to ferminoic permu-
tations, we assume that all (local) functionals Fi, ..., F, are bosonic, i.e. a
field polynomial with an odd ghost number is smeared out with a Grassmann
valued test function.

The free field equations are derived from the Lagrangian

Lo = %&Ay(@”A“ — O"A") + 0,0 0"u — BO, A" + %Bz (130)

hence 5s 5s
Ou=——2, OB =§,—2 131
R T “SA, (131)
with Sy = f,CO. Thus we obtain
) 0 def .
95(x) (x)(Sﬁ(l') U(x)au(SAu(l‘) SO(x) 9 ( 3 )
hence
S(ajny = /d:z; h(x)So(x) défso (133)
on fields localized in the region where i = 1, i.e. we obtain the free BRS
transformation
So(ﬂ) =-B ) SO(B) =0 ) SO(AM) = auu ) So(u) =0 ) (134)

107t is instructive to derive (127) in terms of retarded products: let *h = b* — a¥
with supp b N (V4 + 0) = 0 and suppa* N (V_ + O) = @. Since Rs,(Fi,...,Fp)
is localized in @, we may vary b* in the spacelike complement of @ without affecting
{Jus ") 59, Rsy (F1, ..., Fp)}. In this way and by using (0% j,(z))s, = 0 we find

{Qo, Rso (F1, ..., Fu)tsy = {{iu, 0")so, Rso (F1, ..., Fu)}. (128)

By means of the support property (54) of the retarded products and the GLZ-Relation
(55) we obtain for the r.h.s. of (128)

= > ARs((F)ier, (5, 8), Rso((Fi)rere, Fu)}

:RSD(<j;b>,F1,~~~,Fn) _RSD(Fla"'aFna<jab>)
= Rg,({4,0), F1,..., Fy) = —Rs, ({34, h), F1, ..., Fy) . (129)
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which is obviously nilpotent. Note that the 'local’ free BRS-transformation
So(x) [dy f(y) (where f € P@D(M)) differs from sof(x) by a sum of diver-
gences. We now apply the MWI to (127) and find the identity

{QovRSO(Flv' . '7Fn)}50 = ZRSO(Flv' . '750(Fk)7' . 7Fn) . (135)
k=1

In [6] this identity (in a somewhat different form, see (141) and (144) below)
is called "Master BRST Identity’.

We may ask how the Master BRST Identity (135) changes if one elim-
inates the Nakanishi-Lautrup field B by using the field equation B = 0A.
The problem is that the ideal Jg generated from B — A in the algebra Pg
of all polynomials in the fields and their derivatives is not stable under sq.
We discuss two possibilities.

e The quotient algebra P = Pg/Jp may be identified with the subalgebra
of polynomials in Pg which do not contain B or its derivatives. Let
op : P — Pg denote this identification (i.e. op(0*B + Jg) = 0°0, A”)
and 75 : Pg = P : X = X + Jp the canonical homomorphism. Then
we sef

t = TpSgoRB (136)

ie.
t(a) =0A, t(A,) = duu ,t(u)=0. (137)
This choice has the disadvantage that ¢* # 0. On the other hand, it has
the advantage that it commutes with derivatives. Another advantage is
that the arising form of the Master BRST identity is equally simple as

in the model with the auxiliary field B. Namely, let F' be a functional
of the fields A,,u,@. The image under sy might depend on B, but

So(F)—1(F)= /d:z; (B(x) — 814(:1:))52?;) (138)

and B — 0A = %. Hence if we replace in the Master BRST identity
so by t the correction terms due to the MWI involve derivatives with
respect to B. Hence if none of the functionals F; depends on B, we
obtain the Master BRST Identity (second form)

{Qo, Ry (Fy,. ., FuYsy = Y Rso(Fiooo o H(Fy), .. Fy) (139)
k=1
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where now the field B has been eliminated.

e Another possibility is to use the fact that on the algebra Py = P/J,
where J is the ideal of P which is generated by the free field equations,
the BRS transformation §y is well defined e.g. by the adjoint action
of Qo (w.r.t. the Poisson bracket). Using the section o : Py — P of
Sect. 3.2 11 we set

i o = ont, (140)
7 denoting the canonical homomorphism P — Py (as in Sect. 3.2). #
has vanishing square but does not commute with derivatives. It natu-
rally occurs if one considers the entries of retarded (and time-ordered)
products as functionals of the free fields, as traditionally done in causal
perturbation theory. The price to be paid is a more complicated form
of the Master BRST Identity. Namely, (t—1)(#) = (1 —om)t(F) € Ts,,
hence from the MWI we find the Master BRST identity (third form)

{Qo, Ry (Fy,. ., Fo)ysy = > Rsy(Fro. o H(Fy), .. F)
k=1

- Z RSO ((Fi)i<max(lvk)7 5(t—f)Fk Flv (Fj)j>max(lvk)) . (141)
kel

In many applications f(P), P € P, can be written as the divergence of
another field polynomial P € P by using the free field equations, i.e.
ri(P) <E Wt(P)) = (0, P"), or equivalently

~

i(P) = on(9,P"). (142)

In the next Subsect. we will see that an admissible interaction Liy
must fulfil this property. So let us assume that in (141)

Fy= fiPy with i{(P) =on(0,P"), fr€DM), k=1,.,n.
(143)
In Rs,(Fi,..., from(0,P)),...,F,) we would then like to move the

derivative to the test function f (i.e. outside of the unsmeared retarded

"The avoidance of the field B contradicts the requirement (vi) on ¢, but this is no

harm. To do so we choose om(d,A”) = 8, A", cf. (85).
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product). This produces corrections which can directly be read off from

the second formulation of the MWI (109):
{QovRso(flplv"'vfn )}So =
= R (fiPry . (D fi)om(PY), . fuPa)
k=1

+ > Ry (fiP)icmax(tiy GU(Pes P fis P (fiP))smasiiny) » (144)

k£l
where
i or;, I f2
G((Pr, P fi, P o) = =6 Si—iypr (f2P2)= Y fio < > Xt %C;/; ).
XHEeG
(145)

Obviously, there is also a mixed formula in which the step from (135)
(or (139), or (141)) to (144) is done for some of the factors Fj only
(not for all). In the forms (141) and (144) the Master BRST Identity
was found in [6] with d,_s 5, Fi corresponding to the terms GO(Fy, ).
(G(...) (145) denotes the same terms.)

Note that the Master BRST Identity (in either form) is independent of
the choice of an interaction and is therefore well suited for the formalism of
causal perturbation theory where one aims at finding the retarded (or time
ordered) products not only for the interaction Lagrangian itself but for a
whole class of fields.

Given the free (quantum) gauge fields, requirements on the interaction
are formulated in [6], in particular a suitable form of BRS-invariance. These
requirements determine the interaction to a far extent [28, 9, 26]. Then it
is demonstrated that for such an interaction the validity of particular cases
of the Master BRST Identity and of ghost number conservation (which is
another consequence of the MWI) suffices for a construction of the net of
local algebras of observables. This construction yields also a space of physical
states and an explicit formula for the computation of the BRS-transformation
of an arbitrary quantum field.

In that reference the requirements expressing BRS-invariance of the in-
teraction have been motivated by the particular case of purely massive gauge
models (121) (in which the adiabatic limit exists, see e.g. [10, 13, 8]), and by
what has been used in the construction and holds true in the most important
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examples. However, it is desirable to derive these conditions from more fun-
damental principles without using the adiabatic limit. The MWI and AWI
are well suited tools for such a derivation, as it is demonstrated in Appendix
B. However, in the next Subsection we determine the admissible interaction
of a local gauge theory independently of the corresponding procedure in [6].
This is a further important application of the MWI and AWI.

5.3 Admissible interaction

By an admissible interactions we understand an interaction for which a de-
formed BRS charge Q exists'?. Let the free action Sy and the free BRS-

current be given. We make the ansatz

Sin = > S (146)

n>1

with S, = [dzg(z)"L,(2), L, € P, g € D(M), g = 1 on some causally com-
plete open region O;. We want to find a conserved current of the interacting
theory

Ju= Y oA (147)

n>0

where jﬁo) is the free BRS current. The BRS-transformation s : P — P, will
be constructed in the form

s = ;/d:p S ()N (148)

with §,(x) a local (graded) derivation, and 3y(x) given by (132). In addition
we require that s is nilpotent on the space of solutions and fulfills

(s(F))s = 8(F5s) , (149)
where § is defined in terms of the BRS-current j (147) by

def , .

§(Fs)={Q,Fs} , Q@={(j,bs ,Vlocal F withsupp FF C O (150)

12For simplicity we do not investigate the existence of ) as an operator (which is used
for the construction of physical states in [4] and [6]). This existence involves an infrared
problem which can be avoided by a spatial compactification [4]. Here, we only require
that @ implements a nilpotent (graded) derivation on the interacting fields (149)-(150),
which is a deformation of the free BRS-transformation sy (133).
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(with S = Sg + Sint). Thereby, O is a causally complete open region with
O C O;. Due to current conservation there is a rather large freedom in the
choice of b = (b,). It only needs to be a smooth version of a delta function
on a Cauchy surface of O with supp b C O,. For later purpose we choose b
in the following way: let h € D(O;) with h = 1 on O. Then the b, which
we will use later on is obtained from d,h by the same causal splitting as in
(128). Note that for an arbitrary given local F' € F(C) the regions O, O as
well as h and b can be suitably adjusted.

We require current conservation within the region Oy (where g is con-

stant) only,
Rs,(e2™,0j(x)) =0, Yo € Oy . (151)

To zeroth order in A this is simply the condition that the free BRS current
is conserved in the free theory

iV =GyeJ (152)
and apply the MWI,
0 = Ry, (€5, So(2) St — »_ 07 (2)A") , 2 € Oy, (153)
n>1

where 5o(2) = dgy () (132).

To first order we find the requirement

Therefore we can apply again the MWI and obtain

0 = Ry, (€™, 81() Sine + 30() D S A" =Y 950 z € 0y, (155)

n>2 n>2

with 3 (z) = 06, (z)- Iterating the procedure we obtain the conditions

So()S, + 81()Sp—1 + ...+ 81 (2)S1 — a5 ( )= —Gu(x)e T, (156)

and set 5,(x) := dg,(»). We see that at every order, S, must be chosen such
that

n—1

5(2)Sn-r € Paiv + T (157)

k=0
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where Py = {0%f,, f. € P}. This inductive determination of s and Sy
by requiring d5 = 0 has some similarity with the procedure in [15], cf. Ap-
pendix B. Since G, () = 0, (2)50 = 3,(x)S the relation (156) and current
conservation imply ’local’ BRS-invariance of the action S = Sy + Sju¢ within

C)ﬂ

n

$(2)S =AY dk(w) Sk = Dj(x), w €O, (158)

n>0 k=0
and hence

(5(x)S)g=0, VazeO. (159)

It remains to verify that the so constructed BRS-transformation s (148)
satisfies (149) and the nilpotency

0= (s2(F))s = 82(Fs) VF. (160)

To prove the first property we choose h and b as in (128). Analogously to
(129) we find

{Q, Fs} = —=Rs((04, 1), F) . (161)
Because (07, h) € Js we can apply the MWI:
{Q. Fst = (0pjmF)s = (s(F))s - (162)

In the last step we have used (158) as well as supph C Op and h = 1 on
supp F'.

Finally, we want to check the nilpotency of 5. Using the Jacobi identity
we find

((F))s = QW) Q). Fs}) + S{Q).{Q(). Fs})
= ({Q(¥), Q). Fs) (163

for all admissible test functions b,b" (depending on the support of F'). We
may now choose b, &’ such that &’ satisfies the conditions also with respect to
the support of b (and of course supp &' C Op). Then

(s*(F))s = {s({5,0))s, F's} . (164)

We now assume that

s(Ju) = 0"Chy + H, (165)
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with an antisymmetric tensor field €, € P and H, € Js. Then
1
(s*(F))s = {(0"Chu, b5, Fs} = 5O, 078" = 0"V")s, Fs} =0 (166)

since the support of (90" — 9*b") is spacelike to the support of F.'?
For massless gauge fields without matter fields (i.e. the model studied in
the preceding Subsect.) the usual expression for the BRS-current

1
j“:B-D“u—a“B-u+§a“&-(u><u) (167)

(where (D*u), = 0"uy + fupeAju.) is BRS-invariant: s(j*) = 0. So the
assumption (165) is trivially satisfied.

In cases where the condition (165) cannot be directly checked one may
use a perturbative formulation. Set

def

o s(j) — aC (168)
for some choice of C' = (C},). The condition H € Js means that
Rs, (e H) =0 . (169)

for all A. In zeroth order we find that H® € Js,. Set K© = —H©, We
apply the MWI and get

RSO (G%m ) 5[{(0) Sint + H(nzl)) =0. (170)
In lowest order this implies
KOE — 508 — HY € Ty, . (171)

We now define recursively
KW =N 5o S — H™ (172)
k=1

and prove by induction that

n

Ry (€2™Y  Spctnmiy Ssp + HIZM) = 0. (173)

k=1

13In supp F 4+ V4 we have b = 0 or b* = 9*h.
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The lowest order term of (173) is (=K (™), , hence K" € Js,. The recursion
problem can be solved if for every n there exists an antisymmetric tensor field
O and a vector field [\u € Js, such that

ZawkSHZSM =9C™ — K| (174)

In the given derivation we have used various cases of the MWI. In QFT
it may therefore happen that the appearance of anomalies restricts the set
of admissible interactions further, e.g. models with (non-compensated) axial
anomalies must be excluded.

The conditions on a gauge interaction found here differ somewhat from
the corresponding conditions in [6] (cf. Appendix B) or in [26]. For example:
to ensure renormalizability it is required S; = 0 for all [ > 3 in [6]. And the
condition (189) (which is the input for the derivation of the conditions of [6]
given in Appendix B) is stronger than (151). However, for the class of renor-
malizable (by power counting) interactions we expect that the requirements
derived here and the ones given in [6] have precisely the same solutions.

6 Appendix A: Construction of the map o

We work in d = 4 dimensions. In the first part we construct recursively a
particular o in the enlarged model (i.e. with the field ¢*). This construction
applies also to the non-enlarged model. For the latter we prove that o is
unique (in the second part of this Appendix).

6.1 Particular solution for o

We define
Hire def "o ...0"p — (—mQ)”UW(a“l...a“scp), (175)

which is obviously an element of the ideal J (79) and totally symmetrical in
{1, .-, fts. Hence, these properties hold true also for

—1)» 1
FV1~~~VT — ( ) gyJTrll/JTr2‘”
i New (. Z 2 2!
1< < <Jan <r TES2,

v v Ul eeiJ1ee- % r
‘”g ]Tr(2n 1) ]TrQnH 1 ]1 ]277, 7"7 n = 17 ceey |:—:|7 (176)

r—2n,n 2
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(the hat means that the corresponding index is omitted, and [r/2] = 7 if r

even and [r/2] = "= if r odd) where

n

New=]]2-20+2r). (177)

=1

We now claim that
(5]
on(0...0"p) = on(0"..0" ") = 0.0 p + Z F,,l:;"'l'r (178)
n=1

yields a particular solution for om(9"...0"¢) for r > 2 by recursion with
respect to r. Together with the formulas (84)-(85) for r = 0,1 this determines
a map o completely.

Proof: The only non-trivial point is to verify om(9%0,0") = —mPor(d%p).
Because the r.h.s. of (178) is totally symmetrical in v, ..., 1, it suffices to
show

G, 0T (007 @) = —mPom (0.0 p). (179)

For this purpose we set N, g 1 and

def 1
v3...vp d€l Vi1 Vi
G = E g TR LA

3Sj1<~~~<j2s <r TES2 .

Vi oe1yVinas IV S T SO
g e Tyt (180)

for 0 <2s <r —2 and G, L0 for 25 > r — 2. By inserting the definitions
we find that the identity

—1)" —1)"
Gurvs Frl:%“yr = %G:?n—y{ (Z\[—)G:?ﬁ“yrv n=1,.., {_}7 (181)

implies the assertion (179).
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To prove (181) we write F”1-*" in the following form:

(—1)"
Fl/l...l/r — |: Vi Gl/g W
rn Nowa(2—2n +2ry 9 e

Z (gl’ll’l Valg _I_gV1Vk Vol Zg r 2nn_|_

3<I<k<r

3 Mzg CHZ 4 (mHVz)ﬂ

3<i<r

Zg CHYE (182)

Contraction of the second (third respectively) line with g,,,, gives 2(n —
DG (and 2(r — 2n)GY5 T resp.). In the last line we use

1
G Hyy ™ = H532Z+17 (183)
and end up with
Gy P17 = gy o= 1) + 20 — 20))G
Npn1(2 = 2n 4 2r)
L 0 (184)

NT’,TL

6.2 Uniqueness of ¢ for a single real Klein-Gordon field

We will prove that the map o is unique for P and J given by (11) and
(79). Obviously, the relations om(p) = ¢, om(0"¢p) = 0*p and the recursive
formula (178) give a solution for o which we denote by og. Analogously to
(82) and by the requirements (iii) and (v) on o we conclude that the most
general solution for ¢ is of the form:

mr(a”l 0" @) = oom (0.0 ) + M7

ppe D Zza”gw gt green gm0 (0 4 mP)e,

Cres, =1 j=1

(185)

where a;; € R is a constant. An e-tensor is excluded in M7 by the total
symmetry in vy, ...,,. We are now going to show that ¢, _,,, M =0
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(see (179)) yields a;; = 0, VI, j. We use the equation

Vrrll’rr2 m(20—1)Ym2l AJVm(2141) Vrr
Gor_1on =} E g g o'y | gVt =

TES,
Z { l/Tr1V7r2 g Vr(21-23)Vr(21-2) A¥m(21-1) = Pm(r-2)
(r — 2
Wesr 2
-I-Mr,zgy”l Vr2 mgl'w(zl—1)l/7r2lal/w(21+1) LLOYTr=2) D} (186)

where N, ; and M, ; are non-vanishing combinatorical factors, except M, [, /o) =
0. The requirement g,,_,,, M = 0 gives the following chains of equations

as s Ny s =0, arsMog+ ajg1,sNrjp1 =0 Vie{s,s+1,....[r/2] — 1},
(187)
where the chains are labeled by s = 1,2,...,[r/2]. We find indeed «a;; = 0,
vi,j. o

7 Appendix B: Formulation of BRS-invariance
of the interaction used in [6]

To derive the conditions which are used in [6] to express BRS-invariance of
the interaction'? we only require current conservation (151) but generalized
to all x € I\\/JI The latter makes possible an integration over x € M, which
removes 97 from (156) and replaces 3o(z) by so. This generalization is done
by admitting that current conservation at x is violated by a term of the form
M, (x)0"g(x). Since we want to obtain conditions on the interaction which
are expressable in terms of free fields, we require that M, is in the range of
o: M, = on(K,) for some K,. In detail our input is the requirement that
there exist an interaction Siy (146), a BRS-current j, (147) (with compact

support!® of ]ﬁn) ¥n > 1) and a formal power series

=> XKM(2), KM ePocM), (188)

n>1

14We shall not obtain that conditions in full generality. However, as far as we know, the
particular version which we shall obtain determines the interaction to the same extent,
see below.

15Usually we expect supp j,(fL) Csupp g for n > 1.
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such that
Rso(e%m,aj(x) —on(K,)(x)0"g(z)) =0, Ye e M, Vg€ DM) . (189)

So, in a formalism with auxiliary fields, Sy, and j depend on the choice of
o, but this dependence drops out when the auxiliary fields are eliminated.'®
The condition (189) corresponds to the ’Quantum Noether condition in terms
of interacting fields’ [15], and the following derivation may be viewed as a
rigorous and enlarged version of the ’off shell formalism’ given there.

In working out the consequences of (189) we will frequently use the AWI
and the MWI (in particular various formulations of the Master BRST Iden-
tity) without mentioning it. As in [6] we use a formalism without B-field;
so we may replace sg by ¢t due to (138). Similarly to (156) our requirement
(189) is equivalent to the sequence of conditions

So()S, + 81(x)Sp—1+ ... + Sp_1(2)S1 — 8]'(”)(:1;) + UW([&’lE”))(x)ayg(x)
= —Gulz)eJ,n>1, (190)

and (152) for n = 0, where 3, () def 06, (z)- We will proceed in the following
way: first we insert formulas which are inductively known into 3 (x)S,-1 +
oo+ 3,-1(2)S1. Then we integrate the resulting equation over x € M.

Thereby, we take into account that j has compact support.

e To first order we obtain
(tS1)s, = (0" on(K ) (g)s, = on(9"K[D)(g)s, - (191)

Since g is arbitrary we end up with the condition that there must exist
L1, KM e P with
Ly =or("KW) . (192)

e To second order n = 2 we multiply equation (190) by 2. Then we insert
once

(31(2)51)s, = —Rso(Gi(2), 51)

= —Rs, (05" (2), S1) + Rs, (30(2) 81, S1) + Rs, (om(K)(2)0 g(x), Sy)
(193)

16We explain this for the 4-gluon interaction in the formalism of [6]. For a o correspond-
ing to C'4 = —% this coupling is generated by 51, but for C'4 = 0 it appears in Ss, cf. the
Remark at the end of Sect. 4.
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and once (81(x)S1)s, = —Rs, (51, G1(x)) = ... . Integration yields

{Qo, RY (S1,51)} = —RY (an(KN)d”g, 1) — Ry (S1,om(KM)0"g) |

(194)
where
RS, (51,51) % Rey(S1,.51) + 2(S2)s, (195)
and
(RY — Rs,)(om(KM) £, 81) : Eon(KD)(f)s,
= (RY, = Rs))(S1,om(KD)f) . (196)

are shorthand notations which we will interpret below We find the
additional requirement that there must exist £, € P, ]&l, € PeC(M)
with

tLy(g%) + omG((Ly, KU )g,,/:lg) +on(K) )(8” )= (197)

To third order n = 3 we multiply equation (190) by 3! = 6. Then we
insert twice (§1(x)5%)s, = —Rs, (52, G1(x)) = ... (cf. (193)) and

(32(2)51)s, = = Rsy (Ga(2), 51) = —Rso(a'(z)( ),51)

+ Ry (50(2) 52, 51) + Ry (86, ()1, 51) + Ry (on(KP)(2)0"g(x), 51)
(198)

as well as four times (81(2)S2)s, = —Rs, (G1(x),5) = ... and (82(x)S1)s,

—Rs, (51, G2(x)) = ... . Next we use

RSO((SGl 51751) —I_RSO(Sl?(SGl Sl) = _RSO(Gl(x)751751)
= —Rg, (05" (), 51, 1) + Rs, (30(2) 51, 51, 51)
+Rs, (om(KM)(2)d"g(x), 51, 51) (199)

and 350(51,5(;1 Sl) = %RSO(Sl,Sl,Gl(:Jc)) = ... . By integration we

obtain

{QOvRN (51751751)} =
ZR]SVO(UW(A N9"g, Sy, 81) — RN (51,51, om(KDa¥g) , (200)
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where

Rg;(slv Slv Sl)defRso(Slv Slv Sl)—I_ZRSO(S?v Sl)+4RSO(Sl7 52)+6(S3)50
(201)

and

def

= 2Rs, (mr([& (1) )f, Ss)

b (KDY f) + 207 (K)(f)
(RY — Rs,)(S1, Sy, om(KM)f) - &
QRSO(SQ,O'TF([XIED)JC) +2Rs, (S1,0m( &52 )+ 20#([&( ))(f) . (202)

(RS, — R, )(om(K) f, 51, 51) :
+Rs, (om(K 2) )f,51) + Rsy (S1,0m

def

With H = 1S, 4+ G((Ly, KM)g, L1g) + mr([&l, )(8” ) and by using also
a mixed version of the Master BRST Identity,

{QovRSO(ShS?)} - _RSO(O-TF(A )aygv 52)
—I_RSO(SlvtS?) + G((’Clv A )gv 52)50 ) (203)

we find the following additional requirement: there must exist £5, K
with

(t’c?)(g?)))so —I_G((’Clv A )97'629 )50 —I_O-W(A )(au ) (5H51)50 =0,

(204)
where we have used H € Js, (197). For the models studied in [6] it
holds G((Ly, K™M)g, L2g) € ran o and it is possible to fulfill (204) with
Ls=0=K®, With that we may write H = (t — )5, by using (197),
and the condition (204) reduces to

—7 8eiys, 51+ 7 G((L1, KM)g, Lag®) = 0. (205)

In general it may happen that the higher orders n > 4 of (189) restrict
Ly, Ly and L3 further and non-vanishing expressions for £; and K are
possible for arbitrary high j. We do not work this out here. Because for
the models treated in [6] any solution (£, Ly, L3 = 0, KW, K®) KG) =
0) of (192), (197) and (205) fulfills (189) to all higher orders n > 4 with
L;=0= KU VI>4 (up to anomalies, i.e. violations of the MWI and
the AWI).
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In [6] generalizations of (192), (197) and (205) have been used to de-
termine the interaction, namely (141)'7, (209) and (216) in the published
version. However, at least for the models studied in [6] it seems that any
solution of (192), (197) and (205) with £3 = 0 = K® satisfies also these
generalizations.

So far this Appendix applies to classical field theory and QFT. The fol-

lowing discussions are restricted to QFT. The definition R (h) L Rs,(h)
for h = 51, U7T(K£1))f (zeroth order), and the above given first order (195)-
(196) and second order definitions (201)-(202) of R are compatible with
the main properties of a retarded product. By the latter we mean linearity,
symmetry of R, in the first n entries, causal support (54) and in particu-
lar the recursion given by the GLZ-relation. The continuation (by analogy)
of our inductive evaluation of (189) yields the definitons of R]SVO(S?”,Sl),
R%(S?”,UW([&’IEI))JC) and R]SVO (m(Kﬁl))f @ SP*tSy) for all n > 3. We ex-
pect that these whole sequences are compatible with the (just mentioned)
main properties of a retarded product. If this holds true we can proceed sim-
ilarly to formula (214) in [6] (which is a particular simple case of Theorem
3.1 in [25]): to all orders we extend RY to arbitrary factors such that RY
agrees with Rg, as far as possible and that Rg, — R]SVO is an admissible finite
renormalization (i.e. the main properties of a retarded product are preserved
in this replacement). However, in general the R]SVO violate some normaliza-
tion conditions, in particular (63) (i.e. (N3)), the AWI and the MWI, see
[6]. With RE being an admissible retarded product, the equations (194) and
(200) are perturbative gauge invariance (in the sense of [8, 9, 26]) to second
and third order. So, we have shown to lowest orders that our condition (189)
implies that the interaction is such that perturbative gauge invariance can
be fulfilled by admissible finite renormalizations. From the requirement that
the latter property holds true one can derive the interaction (including the
Lie-algebraic structure [28]) of massless and massive spin-1 gauge fields and
the couplings of spin-2 gauge theories (for an overview see [26]).

To interpret the R]SVO—products in terms of simple equations we go over to
18 TN

the corresponding time-ordered products . As far as they are determined

1"More precisely we mean here (141) and the antisymmetry of the £4” which appears
in that formula.

18We are not aware of a good notion of ’time-ordered products’ in classical field the-
ory. But in QFT the retarded products {R, ;|0 < n < N} determine uniquely the
corresponding time-ordered products {7, | 1 < n < N + 1} and vice versa, see e.g. [11].
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by (195)-(196) and (201)-(202) they fulfil
T(egm) =TV(ed),
o @Y Non(K)f) = TV(ed @ on(KM)f) (206)

n>1

as formal power series in A, and we expect that this holds true also for the
higher orders. But understood as series with respect to the order n of T,, and
TN the equations (206) express a reordering: the contributions to 7}, of the

terms 5y, UW(KIEI)) with [ > 2, appear on the r.h.s. in time ordered products
TN of higher orders: (m —n) > (I —1). The R%(Si@”,aw([x’ﬁl))f) satisfy

Rs, ( eém,Z)\”aw () RSO(€® ,mr([x(l))f) , (207)

n>1

however the corresponding relations for RY (ST, S)) and RY (m(Kﬁl))f ®
SEr=1S1) are more involved.
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