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ASYMPTOTICS OF THE TRANSITION PROBABILITIES OF THE SIMPLERANDOM WALK ON SELF-SIMILAR GRAPHSBERNHARD KR�ON1 AND ELMAR TEUFL2Abstra
t. It is shown expli
itly how self-similar graphs 
an be obtained as `blow-up' 
onstru
-tions of �nite 
ell graphs Ĉ. This yields a larger family of graphs than the graphs obtained bydis
retising 
ontinuous self-similar fra
tals.For a 
lass of symmetri
ally self-similar graphs we study the simple random walk on a 
ellgraph Ĉ, starting in a vertex v of the boundary of Ĉ. It is proved that the expe
ted number ofreturns to v before hitting another vertex in the boundary 
oin
ides with the resistan
e s
alingfa
tor.Using te
hniques from 
omplex rational iteration and singularity analysis for Green fun
tionswe 
ompute the asymptoti
 behaviour of the n-step transition probabilities of the simple ran-dom walk on the whole graph. The results of Grabner and Woess for the Sierpi�nski graph aregeneralised to the 
lass of symmetri
ally self-similar graphs and at the same time the error termof the asymptoti
 expression is improved. Finally we present a 
riterion for the o

urren
e ofos
illating phenomena of the n-step transition probabilities.1. Introdu
tionSelf-similar fra
tals are usually 
onstru
ted as the 
ompa
t invariant set of an iterated fun
tionsystem. Analysis on these sets is still a rapidly growing �eld in mathemati
s. One approa
h isto study self-similar graphs as the dis
retization of fra
tals and then transfer the results on thesegraphs ba
k to the fra
tals via res
aling. In this way one 
an 
onstru
t Brownian motion onfra
tals by starting with random walks on graphs, see for example Barlow [2℄, Lindstr�m [20℄ andthe referen
es therein.Contra
ted images of a fra
tal as 
ompa
t subsets of the fra
tal are 
alled 
ells. Correspond-ingly, self-similar graphs have 
ell graphs as �nite subgraphs whi
h 
arry essential information ofthe whole graph. Malozemov and Teplyaev de�ned self-similarity of graphs axiomati
ally in [21℄.Their de�nition was restri
ted to the 
ase where the 
ells of the graph have exa
tly two boundarypoints. In [18℄ one of the authors introdu
ed self-similarity for an arbitrary number of boundarypoints. Another axiomati
 approa
h for self-similar graphs with more boundary points was 
hosenin [22℄. Sabot 
onstru
ted self-similar graphs using equivalen
e relations on word spa
es, see [26℄.Probably the most extensively studied self-similar graph is the Sierpi�nski graph. In [12℄Grabner and Woess 
onsidered the Green fun
tion of the simple random walk on the Sierpi�nskigraph whi
h des
ribes the returning of the random walk to a 
ertain origin vertex. A 
ombinatorialsubstitution based on path arguments was used to obtain a fun
tional equation for this Greenfun
tion. Iterating this equation they obtained the analyti
 
ontinuation of the Green fun
tion as arapidly 
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2 B. KR�ON AND E. TEUFLwere 
omputed by analysing the singularity of the Green fun
tion in z = 1. These te
hniqueshad been introdu
ed by Flajolet and Odlyzko in [8, 23℄. Symmetri
ally self-similar graphs were
onstru
ted in [18℄ as 
lass of self-similar graphs su
h that the 
ombinatorial substitution mentionedabove 
an be applied. Se
tions 5 to 7 of the present paper are a generalisation and a furtherdevelopment of the asymptoti
 analysis in [12℄.In Se
tion 2 we re
all from [18℄ the axiomati
 de�nition of self-similarity of graphs and a graphtheoreti
 analogue to the Bana
h �xed point theorem for self-similar graphs. Heuristi
ally, thistheorem says that a self-similar graph has a \
entre", either as an origin vertex or as an origin
ell. We will later fo
us on self-similar graphs with an origin vertex. Our axiomati
 approa
h toself-similarity of graphs is based on 
ontra
ting a given in�nite graph. On the other hand one 
anobtain self-similar graphs by a \blow-up" 
onstru
tion, starting with a �nite 
ell graph. Theorem 1yields this 
onstru
tion expli
itly, the resulting graphs may have more irregular stru
tures thandis
retized post 
riti
ally �nite self-similar (p
fss) sets, see [2, 15℄ for the notion of p
fss sets. It isproved that a symmetri
ally self-similar graph is bipartite if and only if its 
ell graphs are bipartite.Se
tion 3 is devoted to the study of Green fun
tions. For the Sierpi�nski graph, a fun
tionalequation G(z) = f(z)G(d(z))is valid for the Green fun
tion G at the origin vertex, whi
h was �rst observed by Rammal andToulouse [24, 25℄, see also [12℄. In [18℄ this equation was generalised to the 
lass of so 
alledsymmetri
ally self-similar graphs. One property of these graphs is that their 
ell graphs are allisomorphi
. The fun
tions d and f are rational fun
tions asso
iated with the simple random walkon the 
ell graph Ĉ. The transition fun
tion d is the generating fun
tion of the probabilities thatthe simple random walk, starting in the boundary of Ĉ, hits another vertex in the boundary forthe �rst time after exa
tly n steps. The produ
t1Yk=0 f(dk(z))
onverges on the Fatou set F of d (possibly with the ex
eption of 
ountably many points) to theGreen fun
tion G as a solution of the fun
tional equation above. The point z = 0 is the onlyattra
ting �xed point of d and the Fatou set F 
ontains (C nR)[ (�1; 1).The simple random walk on a 
ell graph Ĉ of a symmetri
ally self-similar graph X is studiedin Se
tion 4. The number � of verti
es in the boundary of a 
ell graph does not depend on the
hoi
e of the 
ell. The graph Ĉ 
onsists of � amalgamated 
opies of the �-
omplete graph K�.This parameter � 
orresponds to the usual mass s
aling fa
tor of self-similar sets. The number� = d0(1) is 
alled time s
aling fa
tor. Let this random walk start at a vertex v in the boundaryof C. Then � is the average time until hitting another boundary vertex than v. For symmetri
allyself-similar graphs with bounded geometry it is proved that f(1) = �, where f(1) is the expe
tednumber of returns to v before hitting a new vertex in the boundary of Ĉ and � is the resistan
es
aling fa
tor, see [2℄. For the proof we use the relation � = ��.In Se
tion 5 we study the asymptoti
 behaviour of the n-step return probabilities. Using thefun
tional equation of Se
tion 3 we derive a lo
al singular expansion of G in z = 1,G(z) = (1� z) log(�)log(�)�1�!� log(1� z)log(� ) �+OÆ(jz � 1j)�for all z 2 C su
h that jz � 1j < r and jarg(1� z)j < Æ, where 0 < Æ < � and r > 0. The fun
tion! is 1-periodi
 and holomorphi
 on some horizontal strip around the real axes. In [12℄ this typeof expansion was 
omputed for the Sierpi�nski graph with a weaker error term. Using the method



TRANSITION PROBABILITIES ON SELF-SIMILAR GRAPHS 3of singularity analysis we obtain the asymptoti
s of the n-step return probabilities p(n)(o; o) to anorigin vertex o. For the 
ase that X is not bipartite we havep(n)(o; o) = n� log(�)log(�)��� log(n)log(� )�+O(n�1)�;where � is a 1-periodi
, holomorphi
 fun
tion de�ned on some horizontal strip around the real axes.If X is bipartite, then p(2n+1)(o; o) = 0 and p(2n)(o; o) satis�es the above asymptoti
 behaviour.This type of os
illation seems to be typi
al for random walks on self-similar graphs and Brownianmotion on fra
tals, see [3, 5, 9, 11, 12, 17, 27℄.It is proved in Se
tion 6 that the fun
tion � is not 
onstant if the Julia set J of d is a Cantorset. In Se
tion 7 it is shown that for any pair of verti
es x and y, the transition probabilitiesp(n)(x; y) satisfy the same asymptoti
 behaviour as p(n)(o; o). For this purpose we use a ratio limittheorem, see [12℄.Se
tion 8 is devoted to the 
ase where the 
ell graph is a �nite line Ln of length n. The 
orre-sponding transition fun
tions dn are 
onjugated to the Cheby
hev polynomials Tn via 
onjuga
ymap z 7! 1z . Their Julia set is (R[f1g)n(�1; 1) and the periodi
 fun
tion � is 
onstant. We studythe probability for hitting a given vertex in the minimal number of steps for general, lo
ally �nite,reversible Markov 
hains. This probability is maximal whenever the pro
ess 
an be proje
ted onthe simple random walk on Ln. From this we dedu
e that the 
ell-graphs of symmetri
ally self-similar graphs are isomorphi
 to Ln if and only if the transition fun
tion is 
onjugated to Tn inthe sense above. We are interested in 
hara
terisations of this type be
ause we believe that theseare the only symmetri
ally self-similar graphs with a 
onstant periodi
 fun
tion �. This wouldmean that in all other 
ases we may observe a non trivial os
illation of the asymptoti
 transitionprobabilities.In Se
tion 9 some examples are dis
ussed.2. Self-similar graphsGraphs X = (VX;EX) with vertex set VX and edge set EX are always supposed to beundire
ted, without loops or multiple edges. Verti
es x and y are adja
ent if fx; yg is an edge inEX. The degree degX (x) of x is the number of verti
es in VX being adja
ent to x. A graph hasbounded geometry if the set of vertex degrees is bounded. The vertex boundary or boundary �C ofa set C of verti
es in VX is the set of verti
es in VX nC whi
h are adja
ent to some vertex in C. Apath of length n 2 N0 from a vertex v to a vertex w is an (n+1)-tuple � = (v = x0; x1; : : : ; xn = w)of verti
es su
h that xi�1 and xi are adja
ent for 1 � i � n. The path � is 
losed if v = w. Thedistan
e dX (v; w) of v and w in X is the length of the shortest path from v to w. A set C ofverti
es is 
alled 
onne
ted if any pair of verti
es in C 
an be 
onne
ted by a path in X whi
h doesnot leave C. We write Ĉ for the subgraph of X spanned by C [ �C.We brie
y repeat the de�nition of self-similar graphs, see De�nitions 1 and 2 in [18℄ or in [19℄:Let F be a set of verti
es in VX and let CX (F ) be the set of 
onne
ted 
omponents in VX n F .We de�ne the redu
ed graph XF of X be setting VXF = F and 
onne
ting two verti
es x and y inVXF by an edge if and only if there exists a 
omponent C in CX(F ) su
h that x and y are in theboundary of C.De�nition 1. A 
onne
ted in�nite graph X is 
alled self-similar with respe
t to F � VX and : VX ! VXF if(F1) no verti
es in F are adja
ent in X,



4 B. KR�ON AND E. TEUFL(F2) the interse
tion of the boundaries of two di�erent 
omponents in CX (F ) 
ontains not morethan one vertex and(F3)  is an isomorphism between X and XF .We will write � instead of  �1 and Fn instead of  n(F ), where  n denotes the n-fold iterate of . Components of CX (Fn) are n-
ells, 1-
ells are also just 
alled 
ells. An origin 
ell is a 
ell Csu
h that �(�C) � C. A �xed point of  is 
alled origin vertex. See Se
tion 9 for examples.The following lemma is a graph theoreti
 analogue to the Bana
h �xed point theorem, see [18,Theorem 1℄ or [19, Lemma 1℄.Lemma 1. Let X be self-similar with respe
t to F and  . Then X is self-similar with respe
t toF k and  k, for any positive integer k. Either X has(a) exa
tly one origin 
ell and no origin vertex or(b) exa
tly one origin vertex o. If in this 
ase X is lo
ally �nite, then there is a positive integern su
h that the subgraphs XA of X whi
h are spanned by A [ fog, for 
omponents A inCX(fog), are self-similar graphs with respe
t toFA = fog [ (Fn \A) and  A =  njFA:The graphs XA have exa
tly one origin 
ell and o is their origin vertex.De�nition 2. Let X be a graph whi
h is self-similar with respe
t to F and psi. We 
all Ĉn then-
ell graph Cn, 1-
ell graphs are also 
alled 
ell graphs. The graph X is symmetri
 (or doublysymmetri
) if it is lo
ally �nite and satis�es the following axioms:(S1) All 
ells are �nite and for any pair of 
ells C and D in CX(F ) there exists an isomorphism� : VĈ ! VD̂ of Ĉ and D̂ su
h that �(�C) = �D.(S2) The automorphism group Aut(Ĉ) of Ĉ a
ts doubly transitive on �C, whi
h means that ita
ts transitively on the set f(x; y) j x; y 2 �C; x 6= yg ;where g((x; y)) is de�ned as (g(x); g(y)) for any g 2 Aut(Ĉ).If a self-similar graph X satis�es (S1) then let � be the number of verti
es in the boundary of a
ell. Axiom (S1) implies that � is independent of the 
hoi
e of the 
ell C.The next theorem des
ribes a `blow-up' 
onstru
tion for self-similar graphs satisfying Axiom(S1).Theorem 1. Let G = (VG;EG) be a �nite, 
onne
ted graph and let B be a subset of VG with thefollowing properties:� The set B has at least two elements, VG n B is 
onne
ted and no pair of verti
es in B isadja
ent in G.� The graph G 
onsists of � 
omplete subgraphs K1� ; : : : ;K�� whi
h are isomorphi
 to the
omplete graph K� with � verti
es, su
h that � = jBj and any two of these 
ompletesubgraphs have at most one vertex in 
ommon.Then for ea
h i in f1; : : : ; �g there is a graph X, a set F � VX and a map  : VX ! VXF su
hthat X is self-similar with respe
t to F and  , and the following statements are true:(a) The set VG n B is the unique origin 
ell of X, G is the 
orresponding 
ell graph and (VKi�) = B.(b) For any 
ell C there exists an isomorphism � : VĈ ! VG of Ĉ and G su
h that �(�C) = B.



TRANSITION PROBABILITIES ON SELF-SIMILAR GRAPHS 5(
) A vertex o is the origin vertex of X if and only if it is a �xed point of  in VKi�. In this
ase VKi� \B = fog and VX n fog is 
onne
ted.Proof. We 
onstru
t sequen
es of graphs (Yn)n2N, sets of verti
es (Fn)n2N, where Fn � V Yn, andfun
tions ( n)n2Nindu
tively su
h that they satisfy the following:� The fun
tion  n is an isomorphism between Yn�1 and the redu
ed graph (Yn)Fn .� The graph X = S1n=1 Yn (seen as union of graphs and not as set theoreti
 union) is self-similar with respe
t to F = S1n=1Fn and  : VX ! F , where  is de�ned by  jV Yn = n+1,� and X has the properties required in the theorem.First we set V Y�1 = ;, Y0 = Ki�, Y1 = G and F1 = B. Let  1 : V Y0 ! F1 be any bije
tivefun
tion. We suppose that there are graphs Yk and sets of verti
es Fk � V Yk, for 1 � k � n, su
hthat Yk�1 is a subgraph of Yk and there is an isomorphism  k : V Yk�1 ! Fk of Yk�1 and (Yk)Fk .Let ~Yn be a disjoint, isomorphi
 
opy of Yn and let �n : V Yn ! V ~Yn be the 
orrespondingisomorphism. In ~Yn the image �n(Yn�1) is now repla
ed by Yn su
h that for any x 2 V Y0 thevertex  n Æ � � � Æ  1(x) is identi�ed with �n( n�1 Æ � � � Æ  1(x)). In the resulting graph we repla
eevery �-
omplete graph H, whi
h is not 
ompletely 
ontained in Yn, by an isomorphi
 
opy of Gsu
h that any di�erent verti
es in the 
opy, that 
orrespond to verti
es in B, are amalgamatedwith di�erent verti
es in VH. In general this pro
edure of repla
ing the �-
omplete graphs is notunique. Let Yn+1 be the resulting graph.We set Fn+1 = Fn [ �n(V Yn n V Yn�1). The fun
tion n+1 : V Yn ! Fn+1de�ned by  n+1jVYn�1 =  n and  n+1jV YnnVYn�1 = �njV YnnVYn�1is an isomorphism between Yn and (Yn+1)Fn+1 . The sequen
es (Yn)n2Nand (Fn)n2Nare in
reasingand X = S1n=1 Yn is self-similar with respe
t to F = S1n=1Fn and  : VX ! F de�ned by jV Yn =  n+1.This 
onstru
tion implies that (a) and (b) are satis�ed. We havedX( (x);  (y)) � 2dX(x; y)for the `blow-up' fun
tion  and verti
es x and y in V X anddX(�(v); �(w)) � 2dX(v; w)for its inverse 
ontra
tion � =  �1 whi
h is de�ned on F , for details see [18, Theorem 1℄. Thisimplies that a �xed-point o has must lie in VKi� \ B and this interse
tion is a singleton. The set�fog = VKi� n fog is 
onne
ted in X, thus VX n fog is 
onne
ted. �By 
hoosing � = 2 every 
onne
ted �nite graph whi
h is not 
omplete 
an o

ur as 
ell graphof a self-similar graph satisfying (S1). Any self-similar graph with a unique origin 
ell 
an beobtained as a blow-up in the sense of Theorem 1, thus it 
hara
terises self-similar graphs whi
hremain 
onne
ted by removing an origin vertex, see Lemma 1.Let X be a symmetri
ally self-similar graph and let C be any 1-
ell of X. Then there existsexa
tly one 2-
ell C2, su
h that  (C) � C2. We denote the 1-
ells being 
ontained in C2 byC1; : : : ; C�. The 
ell graph Ĉ 
onsists of � amalgamated �-
omplete graphs K1� ; : : : ;K�� , whereVKi� = �(�Ci) and i 2 f1; : : : ; �g, see [19℄. For a vertex v 2 VĈ we 
all�(v) = jfi 2 f1; : : : ; �g j v 2 VKi�gj



6 B. KR�ON AND E. TEUFLthe bran
hing number of v. By Axiom (S2), Aut(Ĉ) a
ts transitively on �C. Thus all verti
es v ofthe boundary �C have the same bran
hing number �(v). Furthermore, Axiom (S1) implies that all
ell graphs are isomorphi
 and �(v) does also not depend on the 
hoi
e of the 
ell C. Consequently,we de�ne the bran
hing number � of a symmetri
ally self-similar graph as the bran
hing number�(v) of any vertex v in F . This bran
hing number 
hara
terises symmetri
ally self-similar graphswith bounded geometry:Theorem 2. A symmetri
ally self-similar graph X has bounded geometry if and only if � = 1.This theorem is an immediate 
onsequen
e of Theorem 3 in [19℄. The next theorem is a spe
ial
ase of Corollary 1 in [19℄.Theorem 3. Let X be a symmetri
ally self-similar graph with unbounded geometry. Then eitherthere exists no origin vertex and X is lo
ally �nite. Or there is an origin vertex whi
h is then theonly vertex with in�nite degree.In the following lemma we 
hara
terise those self-similar graphs satisfying (S1), whi
h arebipartite.Lemma 2. Let X be a self-similar graph with respe
t to F and  satisfying Axiom (S1). Then Xis bipartite if and only if some 
ell graph is bipartite. Furthermore, we have � = 2 if X is bipartite.Proof. If X is bipartite then every 
ell graph is bipartite, sin
e it is a subgraph of X.Now suppose that some 
ell graph is bipartite, when
e all 
ell graphs are bipartite thanks toAxiom (S1). A �-
omplete graph is bipartite if and only if � � 2. Any 
ell graph Ĉ 
onsists of �amalgamated 
opies of �-
omplete graphs, hen
e � = 2. Every 
losed path in Ĉ has even length.Either all paths in Ĉ 
onne
ting the two verti
es in �C have even length or they have all oddlength.Suppose that X is not bipartite. Then there exists a 
losed path � in X with minimal oddlength. This path 
annot be 
ompletely 
ontained in one 
ell graph, hen
e it meets verti
es in F .Let � = (x0; : : : ; xn) with x0 = xn 2 F and xk+n = xk for all k 2 N. Let xi, xj be verti
es in Fsu
h that i < j and xk =2 F for all i < k < j. Then j < i + n, sin
e � is not 
ontained in one
ell graph. Moreover, we have xi 6= xj. Otherwise (xi; : : : ; xj) would be a 
losed path in one 
ellgraph and (xj; : : : ; xi+n) would be a 
losed path in X with odd length stri
tly smaller than n. Let0 = i0 < � � � < i` = n be all those indi
es, su
h that xik 2 F for k 2 f0; : : : ; `g. Sin
e the lengths ofthe paths (xik�1 ; : : : ; xik) for k 2 f1; : : : ; `g have same parity, (�(xi0); : : : ; �(xi`)) is a 
losed pathin X of odd length stri
tly smaller than n in 
ontradi
tion to the minimality of �. �3. Green fun
tion at the originIn this se
tion we repeat and reformulate results and de�nitions from [18℄. LetP = �p(x; y)�x;y2VXbe the matrix of transition probabilities for the simple random walk on a symmetri
ally self-similargraph X whi
h is lo
ally �nite. The Green fun
tion for verti
es x and y in VX is de�ned as thegenerating fun
tion G(x; yjz) = 1Xn=0 p(n)(x; y)zn



TRANSITION PROBABILITIES ON SELF-SIMILAR GRAPHS 7of the n-step transition probabilities p(n)(x; y) from x to y for z 2 U (0; 1), where U (z0; r) = fz 2C j jz � z0j < rg for any z0 2 C and r > 0. If the Green fun
tion is 
onsidered as in�nitedimensional matrix, we have�G(x; yjz)�x;y2VX = 1Xn=0Pnzn = (I � zP )�1:Let C be a 
ell and let B be a nonempty subset of �C. ThenQB = �qB(x; y)�x;y2VĈdenotes the transition matrix of the simple random walk on Ĉ with absorbing boundary B. Thismeans that qB(x; y) = 1degĈ(x)if x 2 VĈ nB is adja
ent to a vertex y in VĈ and q(x; y) = 0 otherwise. We de�neQ�B(z) = 1Xn=0(zQB)n = (I � zQB)�1;for all z 2 C su
h that I�zQB is invertible. The entries of the matrix Q�B(z) are rational fun
tionsin z whi
h are holomorphi
 on U (0; r) for some r > 1. This follows from the fa
t that the simplerandom walk is absorbed by B almost surely, sin
e the graph Ĉ is �nite.Let v 2 �C, then we de�ne the rational fun
tions d and f byd(z) = Xw2�Cnfvg�Q��Cnfvg(z)�v;w and f(z) = �Q��Cnfvg(z)�v;v :The fun
tions d and f are independent of the 
hoi
e of v be
ause Aut(Ĉ) a
ts transitively on �C.Furthermore, double transitivity impliesd(z) = (� � 1) � �Q��Cnfvg(z)�v;wfor any vertex w 2 �C n fvg. Now d is the generating fun
tion of the probabilities that the simplerandom walk on Ĉ starting in some vertex v in �C hits a vertex in �C n fvg for the �rst time afterexa
tly n steps. Whereas f is the generating fun
tion of the probabilities that the random walkstarting in v returns to v after n steps without hitting a vertex in �C n fvg before. The start is
ounted as �rst visit, thus f(0) = 1. We 
all d the transition fun
tion and f the return fun
tionof X.We write G(z) instead of G(o; ojz) if X is a self-similar graph with origin vertex o.Lemma 3. Let X be a symmetri
ally self-similar graph with origin vertex o. Then(1) G(z) = f(z) �G(d(z))for all z 2 U (0; 1).This fun
tional equation was shown for the Sierpi�nski graph in [24, 25℄ and [12℄. It is a spe
ial
ase of Lemma 6 in [18℄.The basi
 idea behind this identity is the substitution z ! d(z) whi
h 
orresponds to a
ombinatorial path substitution re
e
ting the self-similarity of the graph. For more details seeSe
tion 4 in [18℄. The number of orbits of Aut(Ĉ) on the set f(v; w) j v; w 2 �Cg is the numberof `types' of transitions from one boundary vertex in �C to another. It is the number of variablesthat is needed for the fun
tional equations of the Green fun
tions. Similarly, this is the numberof variables in the renormalization equations for 
onstru
ting Brownian motion on fra
tals (see for



8 B. KR�ON AND E. TEUFLexample [20℄). Axiom (S2) ensures that only one variable is needed. Our te
hniques would applyto more general self-similar graphs if the dynami
s of multidimensional transition fun
tions 
ouldbe understood.Let D0 � C [ f1g be the set of all poles of the fun
tion f , and let D be the set of allz 2 C [ f1g su
h that dn(z) 2 D0 for some n 2 N0. The following lemma 
orresponds to theLemmata 9, 11, 12 and Theorem 4 in [18℄.Lemma 4. Let X be a symmetri
ally self-similar graph with bounded geometry.(a) The point z = 1 is a repelling �xed point of the transition fun
tion d.(b) The point z = 0 is a super-attra
ting �xed point of d, and it is the only attra
ting �xedpoint.(
) The Fatou set F of d is the immediate basin of attra
tion of z = 0.(d) The Julia set J of d is a subset of (R[ f1g) n (�1; 1).(e) The set D is a subset of (R[ f1g) n (�1; 1).(f) Every Green fun
tion G(x; yj � ) is holomorphi
 in F nD and 
annot be 
ontinued holomor-phi
ally to any point in J .In [18℄ this information was used for the des
ription of the spe
trum of the Lapla
ian. Hereit is the basi
 tool for studying the transition probabilities.We re
all that a point z0 is 
alled ex
eptional point of the map d if the smallest 
ompletelyinvariant set 
ontaining z0 is �nite. Let z0 2 F be an ex
eptional point of d. Then the smallest
ompletely invariant set 
ontaining z0 must also 
ontain 0, sin
e F is the immediate basin ofattra
tion of 0. Sin
e a rational fun
tion of degree greater or equal two has at most two ex
eptionalpoints, we have d(z0) = 0 and d(0) = z0, see the proof of Theorem 4.1.2 in the book of Beardon [4℄.Thus d has at most the ex
eptional point z = 0. Sin
e 0 =2 D0 the set of a

umulation points of D
oin
ides with J , see [4, Theorem 4.2.7 and 4.2.8℄. Hen
e D = D[J and F nD = (C [f1g)nD.We remark that either z = 0 is ex
eptional and d is 
onjugated to a polynomial or there are noex
eptional points at all. A
tually, both 
ases 
an o

ur, as we will show by examples in Se
tions 8and 9.Corollary 1. Let X be a symmetri
ally self-similar graph with bounded geometry and origin vertexo. The Green fun
tion G has a unique holomorphi
 
ontinuation to F n D andG(z) = 1Yk=0 f(dk(z))for all z 2 FnD. This 
onvergen
e is uniform on any 
ompa
t subset of F nD. If X is not bipartitethen F n D 
ontains an interval (�r;�1℄ for some r > 1.Proof. The �rst part is a 
onsequen
e of Lemma 4. Let X be not bipartite. Then, by Lemma 2,the 
ell graph Ĉ is not bipartite. Hen
e d is neither even nor odd. Therefore jd(�1)j < 1 and F nD
ontains (�r;�1℄ for some r > 1. �4. Geometri
 and probabilisti
 dimensions of self-similar graphsLet X be a symmetri
ally self-similar graph with respe
t to F and  . We 
all� = d0(1)
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aling fa
tor of X. Then � is the expe
ted number of steps of the simple random walkon the 
ell graph Ĉ for hitting �C n fvg, when starting in some v 2 �C. Let C2 be any 2-
ell of X.Then the number of 1-
ells in a 2-
ell� = jfC 2 C(F ) j C � VĈ2gjis 
alled the mass s
aling fa
tor of X. Axiom (S1) implies that � is independent of the 
hoi
e ofthe 2-
ell C2. Furthermore, we 
all ds = 2 log(�)log(� )the spe
tral dimension of X. The spe
tral dimension was �rst introdu
ed in physi
s literatureusing the density of states of the Lapla
ian, see [1, 25℄ and the referen
es therein. Later on, theexponent ds was studied from several points of view, see [2, 3, 9, 12, 14, 16, 17℄.A measure m on the set of verti
es V Y of a 
ountable graph Y is invariant with respe
t to atransition matrix P = (p(x; y))x;y2V Y if m �P = m, where m is 
onsidered as row ve
tor. Writtenin 
oordinates this is m(x) = Xy2V Y m(y)p(y; x)for any x 2 V Y . If Y is 
onne
ted and �nite, then the unique invariant probability measure of thesimple random walk is given bym(x) = degY (x)Px2V Y degY (x) = degY (x)2jEY j :Lemma 5. Let X be a symmetri
ally self-similar graph, and let C be any 
ell of X. Then m :VĈ ! R de�ned by m(x) = �(x)��is the unique invariant probability measure of the simple random walk on Ĉ.Proof. Let x be any vertex in VĈ. Sin
e the 
ell graph Ĉ 
onsists of � amalgamated �-
ompletegraphs, we have degĈ(x) = (� � 1)�(x) and 2jEĈj = ��(� � 1). This implies the lemma. �In the following we will make use of path arguments. For similar path de
ompositions see [11℄,[12℄, and espe
ially [18℄. These 
onstru
tions 
an be seen in the 
ontext of more general generatingfun
tions, see Goulden and Ja
kson [10℄.Let C be a 
ell of a symmetri
ally self-similar graph X. For v; w 2 �C and B � �C let�B(v; w) be the set of paths from v to w whi
h do not hit any vertex in B ex
ept for their startand their end vertex. The set of paths in �B(v; w) with positive length is denoted by ��B(v; w).The weight of a path � = (x0; : : : ; xn) in Ĉ is de�ned byW (�jz) = n�1Yi=0 zdegĈ(xi) = zn(� � 1)n n�1Yi=0 1�(xi)for z 2 C . Now W (�j1) is the probability, that the simple random walk on Ĉ, starting in x0,follows the path � in its �rst n steps. For a set of paths � we setW (�jz) = X�2�W (�jz):For �1 � �(x1; x2) and �2 � �(x2; x3) we write �1 Æ�2 for the set of all 
on
atenations of pathsin �1 with paths in �2. Then W (�1 Æ�2jz) = W (�1jz)W (�2jz):



10 B. KR�ON AND E. TEUFLLet v again be a vertex in �C. We de�ne û : U (0; 1)! C and u : U (0; 1)! C byû(z) = W (��fvg(v; v)jz) and u(z) = W (���C(v; v)jz):Then û is the generating fun
tion of the probabilities that the simple random walk on Ĉ, startingin v, returns for the �rst time to v after exa
tly n steps, where n > 0. And u is the generatingfun
tion of the �rst return after n steps without hitting any vertex in �Cnfvg before. Sin
e Aut(Ĉ)a
ts transitively on �C, the fun
tions û and u are independent of the 
hoi
e of v.Lemma 6. Let C be a 
ell of a symmetri
ally self-similar graph X, and let v and w be two di�erentverti
es in �C. Thenf(z) = W (��Cnfvg(v; v)jz) = 1 +W (���Cnfvg(v; v)jz) = 11� u(z)and d(z) = (� � 1)W (��Cnfvg(v; w)jz) = (� � 1)f(z)W (��C (v; w)jz):Proof. Sin
e ��Cnfvg(v; v) is the set of all paths in Ĉ from v to v whi
h do not hit verti
es in�C n fvg, we get f(z) =W (��Cnfvg(v; v)jz) = 1 +W (���Cnfvg(v; v)jz):Every path in ���Cnfvg(v; v) 
an be obtained by 
on
atenating a �nite number of paths in ���C(v; v),therefore f(z) = 1 + 1Xk=1u(z)k = 11� u(z) :The de�nition of d impliesd(z) = Xw2�CnfvgW (��Cnfvg(v; w)jz) = f(z) Xw2�CnfvgW (��C(v; w)jz):Here we used the fa
t, that��Cnfvg(v; w) = ��Cnfvg(v; v) Æ��C(v; w)):Axiom (S2) now yields the rest of the statement. �Lemma 7. Let X be a symmetri
ally self-similar graph, thenû(z) = u(z) + d(z)f(z) � 11� ��2��1d(z) � d(z)� � 1 :Proof. Let C be any 
ell of X and let v be any vertex in �C. If we denote by �(v) those paths in��fvg(v; v), whi
h hit a vertex in �C n fvg, then��fvg(v; v) = ���C(v; v) ℄�(v)and therefore û(z) = u(z) +W (�(v)jz). For an integer n in N0 let �n(v) be the set of all (n+ 1)-tuples a = (a0; : : : ; an) in (�C n fvg)n+1, su
h that ak 6= ak+1 for 0 � k < n. If we write �a(v) forthe set ��Cnfa0g(a0; a1) Æ � � � Æ��Cnfan�1g(an�1; an);then, by Lemma 6, W (�a(v)jz) = d(z)n(� � 1)n :Now we 
an de
ompose �(v) in the following way:�(v) = ℄n2N0 ℄a2�n(v)��C(v; a0) Æ�a(v) Æ��Cnfang(an; v):



TRANSITION PROBABILITIES ON SELF-SIMILAR GRAPHS 11From this we obtainW (�(v)jz) = Xn2N0 Xa2�n(v)W (��C(v; a0)jz)W (�a(v)jz)W (��Cnfang(an; v)jz) == Xn2N0 Xa2�n(v) d(z)(� � 1)f(x) � d(z)n(� � 1)n � d(z)� � 1 == d(z)f(z) � 11� ��2��1d(z) � d(z)� � 1using Lemma 6 and the fa
t, that j�n(v)j = (� � 1)(� � 2)n. �For the following statements we re
all that � = 1 if and only if the graph has boundedgeometry, see Theorem 2. Let the simple random walk on Ĉ start in a vertex v in �C. Thenf(1) is the expe
ted number of returns to v (the start is 
ounted as the �rst visit) before hittinganother vertex in �C. The resistan
e s
aling fa
tor is de�ned by the relation � = ��, see [2,Equation (6.29)℄.Theorem 4. Let X be a symmetri
ally self-similar graph. Then f(1) = ��.Proof. Sin
e û(1) = 1 and d(1) = 1, we obtainû0(1) = limz!1 û(z) � 1z � 1 = limz!1 d(z) + (� � 1)f(z)((� � 1)� (� � 2)d(z)) � d(z) � 1z � 1 = ��f(1)using Lemma 6 and 7. Now û0(1) is the expe
ted number of steps of the �rst return of simplerandom walk on Ĉ starting in vertex v in �C. Thus û0(1)m(v) = 1. A proof of this well knownidentity 
an be found in the book of Br�emaud, see [6, Theorem 3.2℄. By Lemma 5, we haveû0(1) = 1m(v) = ���
ompleting the proof. �Corollary 2. Let X be a symmetri
ally self-similar graph. Then �� > �.If X is a symmetri
ally self-similar graph with bounded geometry then the last 
orollaryimplies 0 < ds < 2. 5. Asymptoti
 analysisThroughout the rest of this paper let X be a symmetri
ally self-similar graph with boundedgeometry and origin vertex o. We re
all that symmetri
ally self-similar graphs with an originvertex have either bounded geometry or the origin vertex is the only vertex with in�nite degree,see Theorem 3.Sin
e d(1) = 1 and � = d0(1) > 2 there exists a holomorphi
 lo
al inverse d�1 of d in aneighbourhood of z = 1, whi
h has a attra
ting �xed point at z = 1. For n 2 N we write d�nfor the n-fold iterate of d�1. Let z0 2 C , r > 0 and 0 < Æ � �; then we write UÆ(z0; r) forthe set of all z 2 C n fz0g, su
h that jz � z0j < r and jarg(z0 � z)j < Æ. In parti
ular, we haveU�(1; r) = U (1; r) n [1; 1 + r). Furthermore, we write S(b) for the horizontal stripS(b) = �z 2 C �� jIm(z)j < �log(b)	:



12 B. KR�ON AND E. TEUFLLemma 8. Let H : U�(1; R) ! C be a holomorphi
 fun
tion for some R > 0 whi
h satis�esthe equation H(z) = H(d(z)) whenever z in U�(1; R) and d(z) 2 U�(1; R). Then there exists a1-periodi
, holomorphi
 fun
tion ! de�ned on the strip S(� ) and a r 2 (0; R), su
h thatH(z) = !� log(1� z)log(� ) �+ OÆ(jz � 1j)holds for z 2 UÆ(1; r) for all 0 < Æ < �. The fun
tion ! is 
onstant if and only if H is 
onstant.This lemma was proved by one of the authors in [27, Lemma 5℄. The proof of the lemma andthe following theorem are based on ideas of de Bruijn [7℄, Odlyzko [23℄ and Grabner and Woess[12℄. A detailed dis
ussion of the methods 
an be found in the book [28, Se
tion 16℄.The point z = 1 is a non-polar singularity of any Green fun
tion of any re
urrent randomwalk on an in�nite, lo
ally �nite graph, see for example [18, Lemma 10℄. Lemma 3 in [18℄ impliesthat the simple random walk on any symmetri
ally self-similar graph with bounded geometry isre
urrent.Theorem 5. Let X be a symmetri
ally self-similar graph with bounded geometry and origin vertexo, then there exists a 1-periodi
, holomorphi
 fun
tion ! on the strip S(� ), su
h that the Greenfun
tion G has the lo
al singular expansionG(z) = (1 � z) ds2 �1�!� log(1� z)log(� ) �+OÆ(jz � 1j)�for z 2 UÆ(1; r) and 0 < Æ < �, where r > 0.Proof. We substitute G(z) = (1 � z)�H+(z) into (1), where H+ is holomorphi
 in U�(1; 1) and� 2 R is some 
onstant. This yields H+(z) = f(z)q(z)�H+(d(z)), where q is given byq(z) = 1� d(z)1� zand q(1) = � . Furthermore we de�neH�(z) = �1Yn=�1 f(dn(z))q(dn(z))�:Sin
e f and q are holomorphi
 in U (1; R) for some R > 0, the last produ
t 
onverges if f(1)q(1)� =1. Hen
e, we have to 
hoose � = log(�)log(� ) � 1 = ds2 � 1:Moreover, the 
onvergen
e is uniform in U (1; R), and therefore the fun
tion H� is holomorphi
in U (1; R). Obviously, H�(d(z)) = H�(z)f(z)q(z)� holds for all z 2 U (1; R) su
h that d(z) 2U (1; R). Let H : U�(1; R) ! C be de�ned by H(z) = H�(z)H+(z), then H is holomorphi
 andsatis�es H(z) = H�(z)H+(z) = H�(z)f(z)q(z)�H+(d(z))= H�(d(z))H+(d(z)) = H(d(z));whenever z and d(z) are 
ontained in U�(1; R). Applying Lemma 8 to H we get a 1-periodi
holomorphi
 fun
tion ! on the strip S(� ) and a r 2 (0; R), su
h thatH(z) = !� log(1� z)log(� ) �+ OÆ(jz � 1j)



TRANSITION PROBABILITIES ON SELF-SIMILAR GRAPHS 13holds for z 2 UÆ(1; r) for all 0 < Æ < �. Sin
e H�(1) = 1 and H� is holomorphi
 in U (1; r), we�nally obtain G(z) = (1� z)� H(z)H�(z) = (1� z)��!� log(1� z)log(� ) �+ OÆ(jz � 1j)�for z 2 UÆ(1; r) and 0 < Æ < �. �We will now use the method of `singularity analysis' due to Flajolet and Odlyzko [8℄, in orderto obtain the asymptoti
 behaviour of p(n)(o; o). It should be mentioned here that a real Tauberiantheorem would not reveal the os
illating nature.Theorem 6. Let X be a symmetri
ally self-similar graph with bounded geometry and origin vertexo. If X is not bipartite, thenp(n)(o; o) = n� ds2 ��� log(n)log(� )�+O(n�1)�;where � : S(�2)! C is a 1-periodi
, holomorphi
 fun
tion given by its Fourier series�(z) = 1Xk=�1 !̂(�k)��1� log(�)+2k�ilog(�) � � e2k�iz:If X is bipartite, then p(2n+1)(o; o) = 0 andp(2n)(o; o) = 2(2n)�ds2 ��� log(2n)log(� ) �+ O(n�1)�:Proof. Sin
e the 1-periodi
 fun
tion ! of Theorem 5 is holomorphi
 in S(� ), we have!̂(k) = O"�e�2�jkj( �log(�)�")�for all k 2 Zand " > 0, where !̂(k) denotes the k-th Fourier 
oeÆ
ient of !. Therefore it ispossible to apply the method of `singularity analysis'. For the te
hni
al details of the transfer werefer to [23, Se
tion 5℄ and [28, Se
tion 16℄.If X is not bipartite, then z = 1 is the only singularity of G at the boundary of the unit disk.The asymptoti
 of p(n)(o; o) is now a 
onsequen
e of the singularity analysis.If X is bipartite, then G is an even fun
tion. Hen
e p(2n+1)(o; o) = 0. Furthermore, G has thesame singularity at z = �1 as at z = 1. Thus we have to add up the terms 
orresponding to thesingularities z = 1 and z = �1 for the asymptoti
s of p(2n)(o; o). �We remark here that the fun
tion H of the proof of Theorem 5 maps the interval (1� r; 1) toR. By inspe
tion of the proof of Lemma 8 in [27℄, we see that both ! and � map R to R. Hen
ethe Fourier 
oeÆ
ients of ! and � satisfy!̂(�k) = !̂(k) and �̂(�k) = �̂(k)for all k 2Z. It is possible to 
ompute the Fourier 
oeÆ
ients of ! for a given graphX numeri
ally,see [27℄.



14 B. KR�ON AND E. TEUFL6. Os
illationLet X be a symmetri
ally self-similar graph with bounded geometry and origin vertex o. Wehave shown that the asymptoti
s of p(n)(o; o) 
arries an os
illating fa
tor given by�� log(n)log(� )�;where � is a 1-periodi
, holomorphi
 fun
tion given by the Fourier series in Theorem 6. In thisse
tion we will give a ne
essary 
ondition for the 
ase that the 1-periodi
 fun
tion � is 
onstant.First of all we note that the following statements are equivalent:� The 1-periodi
 fun
tion � is 
onstant.� The 1-periodi
 fun
tion ! of Theorem 5 is 
onstant.� The fun
tion H given in the proof of Theorem 5 is 
onstant.A 
losed interval in R[ f1g is denoted by [a; b℄, where a; b 2 R[ f1g. Here a and b do notne
essarily satisfy the inequality a � b. For example, [1;�2℄ is the set fz 2 R j z � 1g[f1g[fz 2R j z � �2g. The same notation is used for open, respe
tively half open, intervals.Theorem 7. If � is 
onstant then the Julia set J of the transition fun
tion d is a 
losed interval[1; a℄ in the extended real line R[ f1g, where a 2 (1;�1℄.Proof. The Julia set J � R[f1g is either a Cantor set or a 
losed interval, see [4, Theorem 5.7.1℄.We will use the notation of the proof of Theorem 5. If � is 
onstant then the fun
tion H is also
onstant. Hen
e we obtain G(z) = C(1� z)�H�(z)for z 2 U (1; r), where C 6= 0 is some 
onstant and r > 0. Sin
e z = 1 is not a polar singularityby Lemma 10 in [18℄, we have � =2 Z. Therefore G has no analyti
 
ontinuation to the interval[1; 1 + r) and Corollary 1 implies that [1; 1 + r) � J [ D. Furthermore, the set of a

umulationpoints of D 
oin
ide with J . Thus J 
ontains the interval [1; 1+ r) and must therefore be itself a
losed interval in R[ f1g. �Corollary 3. If J is a Cantor set, then � is non-
onstant.It is not 
lear, if the opposite dire
tion of this 
orollary is also true. For rational fun
tionswith real Julia set there is a general method to de
ide whether their Julia set is an interval or aCantor set. Therefore we refer to Inninger's detailed dis
ussion of rational fun
tions in Se
tion 3and Se
tion 4 of [13℄. However, for a given transition fun
tion d the following observation may beuseful as well: If we 
an �nd a real number z0 > 1 whi
h is smaller than some d-ba
kwards iterateof z = 1 together with an integer n su
h that jdn(z0)j < 1, then J set is a Cantor set.7. Transition probabilities between arbitrary verti
esLet X be a symmetri
ally self-similar graph with bounded geometry and let P be the matrixof transition probabilities for the simple random walk on X.Lemma 9. If X is not bipartite, then P is strongly aperiodi
, that is, there exists a number n0su
h that inffp(n)(x; x) j x 2 Xg > 0 for all n � n0. In general, P 2 is strongly aperiodi
.
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e X has bounded geometry and is 
onne
ted, there exists a 
2 > 0 su
h that p(2)(x; x) �
2 for all x 2 VX. Thus P 2 is strongly aperiodi
.If X is not bipartite, then the 
ell graph Ĉ of X is not bipartite by Lemma 2. Hen
e for anyvertex v 2 VĈ there exists a 
losed path in Ĉ from v to v of odd length. By adding a path of theform (v; w; v), where w is adja
ent to v in Ĉ, we 
an extend su
h a path for v by an even numberof edges. Thus there is an odd number ` su
h that for any x 2 VĈ we 
an �nd a 
losed path fromv to v of length `. Sin
e any vertex x 2 VX is 
ontained in at least one 
ell graph, there is a realnumber 
1 > 0 su
h that p(`)(x; x) � 
1 for all x 2 VX. As every n � ` 
an be written in the formr � 2 + s � ` with r; s 2 N0, strong aperiodi
ity follows.We remark here, that it is possible to 
hoose ` = 3, if � � 3, sin
e the 
ell graph 
onsists of �
opies of the �-
omplete graph. �Theorem 8. Let x and y be two verti
es of a symmetri
ally self-similar graph X with boundedgeometry and origin vertex o. If X is not bipartite, thenp(n)(x; y) = n� ds2 ��� log(n)log(� )�+ o(1)�:If X is bipartite, let r be an element of f0; 1g su
h that d(x; y) � r mod 2. Then p(2n+1�r)(x; y) = 0and p(2n+r)(x; y) = 2(2n+ r)� ds2 ��� log(2n+ r)log(� ) �+ o(1)�:Proof. If X is not bipartite then limn!1 p(n)(x; y)p(n)(y; y) = 1;by [12, Theorem 2℄, sin
e P is irredu
ible, strongly aperiodi
 and re
urrent. Thusp(n)(x; y)p(n)(o; o) = p(n)(x; y)p(n)(y; y) � p(n)(y; y)p(n)(y; o) � p(n)(y; o)p(n)(o; o) = 1 + o(1):Now Theorem 6 implies the statement.If X is bipartite then we 
an partition VX into 
lasses V1 and V2, su
h that edges in EX only
onne
t verti
es in V1 with verti
es in V2. Then P 2 restri
ted to Vi for i 2 f1; 2g is irredu
ible,strongly aperiodi
 and re
urrent. If r = 0, then x and y are in the same 
lass. Hen
e p(2n+1)(x; y) =0 and p(2n)(x; y)p(2n)(o; o) = 1 + o(1):If r = 1, then p(2n)(x; y) = 0 andp(2n+1)(x; y)p(2n)(o; o) = Xv2VX p(x; v)p(2n)(v; x)p(2n)(o; o) = Xv2VX p(x; v)(1 + o(1)) = 1 + o(1):Note that the above sum is �nite, sin
e there are only �nitely many verti
es v 2 VX su
h thatp(x; v) > 0. Furthermore, (2n)� ds2 = (2n+ 1)� ds2 (1 + o(1)):As � is a 1-periodi
, holomorphi
 fun
tion, it is uniformly 
ontinuous on the real line. We havelog(2n+ 1) � log(2n) = O(n�1) and therefore�� log(2n)log(� ) � = �� log(2n+ 1)log(� ) �+ o(1)whi
h 
ompletes the proof. �
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omputed estimates for the transition probabilities p(n)(x; y) on the Sierpi�nski graphwhi
h are uniform in spa
e (x; y 2 VX) and time (n 2 N). His result yields the 
orre
t asymptoti
type p(n)(x; y) � n� log(3)log(5)as n!1, see [14℄.8. Geodesi
 transition probabilities and the line graphExample 1. Let the 
ell graphs of a self-similar graph X be isomorphi
 to the line Ln of lengthn � 2 (Figure 1a). If the graph X has an origin vertex o, then it 
onsists of an arbitrary numberof one-sided in�nite lines whi
h are amalgamated in their initial vertex o, see Figure 1b. If thereis no origin vertex then X is the two-sided in�nite line. The 
orresponding transition fun
tion dnx0 x1 x2 xn�1 xnLn o XFigure 1a Figure 1bis 
onjugated to the n-th Cheby
hev polynomial with 
onjuga
y map z ! 1z ,dn(z) = zn b n2 
Xk=0� n2k�(1� z2)k!�1 and dn(z) = Tn(1z )�1;see [18, Example 1℄. As J (Tn) = [�1; 1℄ we get J (dn) = [1;�1℄ = (R[ f1g) n (�1; 1). We have� = 2, � = n, � = 1, � = n and � = n2. Furthermore, if there is an origin vertex, we haveG(z) = 1p1� z2for z 2 C n J (dn). Hen
e the fun
tion � is 
onstant.To prove that lines as 
ell graphs are 
hara
terised by its return and transition fun
tions westate the following lemma.Lemma 10. Let Y be a lo
ally �nite, 
onne
ted graph, and let q(n)(x; y) be the n-step transitionprobabilities of a reversible Markov 
hain on Y whi
h is of nearest neighbourhood type. Thenq(n)(x; y)q(n)(y; x) � 41�n for di�erent verti
es x and y, whi
h are at distan
e n = d(x; y) fromea
h other. Here equality holds, if and only ifXw2V Yd(y;w)<d(y;x)q(x;w) = Xw2V Yd(x;w)<d(x;y)q(y; w) = 1and Xw2V Yd(x;w)<d(x;v)q(v; w) = Xw2V Yd(y;w)<d(y;v)q(v; w) = 12for all v 2 V Y n fx; yg, this is, the Markov 
hain 
an be proje
ted to the simple random walk onthe line Ln.
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h is more adequate for indu
tion: For a vertexv 2 V Y and a �nite set of verti
es W of V Y we write d(v;W ) = minfd(v; w) j w 2Wg. Let n 2 Nand let A and B be �nite subsets of V Y su
h that d(a;B) = d(b; A) = n for all a 2 A and b 2 B.For k 2 f0; : : : ; ng we introdu
e the level set Dk � V Y byDk = fx 2 V Y j d(x;A) = k; d(x;B) = n� kg:These level sets are �nite, D0 = A and Dn = B. Furthermore, we de�ne D�1 = Dn+1 = ;, andm�(x) = m(x) Xy2Dk�1 q(x; y); m+(x) = m(x) Xy2Dk+1 q(x; y);m0(x) = m(x)�m�(x) �m+(x) for a vertex x in Dk, where k 2 f0; : : : ; ng. We de�neQ(Di; Dj) = Xv2Di Xw2Dj m(v)q(n)(v; w)m+(v) � m(w)q(n)(w; v)m�(w) :for i; j 2 f0; : : : ; ng. Then we 
laim that Q(A;B) � 41�n. Equality holds, if and only m�(x) =m+(x) = 12m(x) for any vertex x in Dk, where k 2 f1; : : : ; n� 1g.First of all we noti
e that the 
ondition for equality indeed imply Q(A;B) = 41�n.We use indu
tion over n. For n = 1 the inequality is immediate. Now let n > 1 and let thestatement hold for all k < n. Fa
torizing with respe
t to the k-th step and using the reversibilityyields Q(A;B) = Xa2AXb2B 1m+(a)m�(b) �Xx2Dkm(x)q(k)(x; a)q(n�k)(x; b)�2for k 2 f1; : : : ; n � 1g. Now we use the inequality 4m�(x)m+(x) � m(x)2 for x 2 Dk, wherek 2 f1; : : : ; n� 1g. Here equality holds if and only if m�(x) = m+(x) = 12m(x). Thus we obtainQ(A;B) � 14 Xa2AXb2B 1m+(a)m�(b) �Xx2Dk m(x)q(k)(x; a)pm�(x) � m(x)q(n�k)(x; b)pm+(x) �2� 14 Xa2AXb2B 1m+(a)m�(b) �Xx2Dk m(x)2q(k)(x; a)2m�(x) ��Xx2Dk m(x)2q(n�k)(x; b)2m+(x) �using Cau
hy-S
hwarz inequality for the se
ond step. Now reversibility together with the indu
tionhypothesis for Q(A;Dk) and Q(Dk; B) implies thatQ(A;B) � 14 Q(A;Dk)Q(Dk; B) � 41�n:As we 
an fa
torize with respe
t to any k 2 f1; : : : ; n � 1g we get the postulated 
onditions forequality. �Corollary 4. Let dn be the transition fun
tion and let fn be the return fun
tion of a 
ell graphwhi
h is isomorphi
 to the line Ln of length n � 2. Then there is no other 
ell graph of a self-similargraph with bounded geometry with transition fun
tion dn or return fun
tion fn.Proof. Let the transition fun
tion of a 
ell graph be the fun
tion dn. Then dn is either even orodd, when
e the 
ell graph must be bipartite. By Lemma 2 the self-similar graph itself must bebipartite and therefore � = 2. As we have bounded geometry, � = 1 by Theorem 2. The seriesexpansion of dn in z = 0 starts with 21�nzn. Now Lemma 10 implies that the 
ell graph Ĉ mustbe the line Ln.Suppose fn is the return fun
tion of a 
ell graph Ĉ whi
h is not isomorphi
 to Ln and let vbe a vertex in the boundary �C. Sin
e fn is even, we have � = 2 and � = 1 as before. There areverti
es in C whi
h have edge degree stri
tly larger than 2 in the graph Ĉ. Let m be the minimal



18 B. KR�ON AND E. TEUFLdistan
e of v to a vertex x 2 C with degĈ(x) � 3. Then the probability of returning to v in exa
tly2m steps is stri
tly smaller than the 
orresponding probability for the line Ln. This means thatthe 2m-th 
oeÆ
ients of the series expansions of the return fun
tions of Ĉ and Ln around z = 0are di�erent. �9. Further ExamplesWell known Examples of symmetri
ally self-similar graphs are the Vi�
ek graph and theSierpi�nski graph. Both graphs do not belong to the following simple example of an in�nite 
lassof self-similar graphs.Example 2. Let the 
ell graph Ĉn 
onsist of n 
opies of the n-
omplete graph whi
h are amalga-mated in one vertex x, where n � 2. The boundary of the 
ell 
ontains exa
tly one vertex fromea
h of these 
opies, but not the vertex x. Starting with these 
ell graphs we 
an 
onstru
t di�erentsymmetri
ally self-similar graphs in the sense of Theorem 1. The four verti
es of the 
ell graphĈ4 in Figure 2a whi
h 
onstitute the boundary �C4 of the 
ell are drawn fat. Figure 2b shows the
orresponding 4-
ell graph Ĉ44 . The transition fun
tion dn of Ĉn is given by
Figure 2a Figure 2bdn(z) = z2n(n� 1)� 2n(n� 2)z + (n2 � 3n+ 1)z2for n � 2. For the parameters we have � = � = n, � = 1, � = 2n and � = 2. We remark that forn = 2 the 
ells are isomorphi
 to the line L2, d2(z) = T2(1z )�1, and J (d2) = [1;�1℄, see Example 1.For n � 3 we haved�n� 1n� 3� = 1; but d2�n� 1n� 2� = n� 1n(n� 1)� 1 2 (0; 1):Here n�1n�3 has to be read as 1 if n = 3. As 1 and n�1n�3 belongs to J (dn), whereas 0 and n�1n�2 doesnot, the Julia set is not 
onne
ted in R[f1g. Hen
e J (dn) is a Cantor set for n � 3. In the 
asethat there is an origin vertex we 
an 
on
lude that the 1-periodi
 fun
tion � is not 
onstant, usingCorollary 3.
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Figure 3Many transition fun
tions are of the form d(z) = zn=P (z), where n is the minimal number ofsteps from one point in the boundary of a 
ell C to another (in other words n = diam(�C)) and Pis a polynomial with integer 
oeÆ
ients. As the following example shows, this is not true for alltransition fun
tions.Example 3. The 3-dimensional, 4-s
aled Sierpi�nski graph 
onsists of 20 amalgamated 4-
ompletegraphs. The 1-
ell and 2-
ell 
an be seen in Figure 3. Their boundary verti
es are drawn fat. Ea
h4-
omplete graph is represented by a solid tetrahedron. Here we haved(z) = z4(�486 + 9z + 23z2 + 2z3)�104976 + 227448z � 156168z2 + 31212z3 + 2958z4 � 887z5 � 41z6 + 2z7and � = 20, � = 4, � = 1, � = 4415113 and � = 883452 . Asd�94� = 1 and d(2) = 3653the Julia set J is a Cantor set. If the 
onstru
ted self-similar graph has an origin vertex then the1-periodi
 fun
tion � is not 
onstant.A
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