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tN -fold tensor produ
ts of a rational CFT 
arry an a
tion of the permuta-tion group SN . These automorphisms 
an be used as gluing 
onditionsin the study of boundary 
onditions for tensor produ
t theories. Wepresent an ansatz for su
h permutation boundary states and 
he
k thatit satis�es the 
luster 
ondition and Cardy's 
onstraints. For a parti
u-larly simple 
ase, we also investigate asso
iativity of the boundary OPE,and �nd an intriguing 
onne
tion with the bulk OPE. In the se
ond partof the paper, the 
onstru
tions are slightly extended for appli
ation toGepner models. We give permutation branes for the quinti
, togetherwith some formulae for their interse
tions.In memory ofSonia Stan
iu



1. Introdu
tory remarksThanks to the pioneering work by Cardy [1,2℄ and to further, more re
ent developments(see e.g. [3-8℄), we have a reasonably 
omplete understanding of a 
ertain 
lass of boundary
onditions for rational 
onformal �eld theories. This 
lass is distinguished by an espe
iallysimple relation between the form of the bulk partition fun
tion and the gluing automor-phism 
 that 
onne
ts left- and right-moving symmetry generatorsW (z) = 
W (�z) for z = �z :If the rational bulk theory 
omes with a 
harge-
onjugate modular invariant partitionfun
tion Z(q; �q) =Xi2I �i(q)�i+ (q)� ;it is the standard gluing 
ondition 
 = id that leads to a simple pi
ture of boundary
onditions, basi
ally be
ause all Ishibashi states that 
an be formed for standard gluing
onditions are a
tually present in the bulk theory. The same is true for general 
 as longas, in the bulk partition fun
tion Z(q; �q), ea
h se
tor i is paired with !�1(i+) instead of the
harge-
onjugate se
tor i+, where !(i) labels the representation of the symmetry algebraW indu
ed in the se
tor i by the a
tion of 
. The boundary states asso
iated with this
lass of boundary 
onditions are often referred to as \Cardy boundary states".Non-standard gluing 
onditions (for bulk theories whose partition fun
tion is not of theappropriate !-type) are of 
ru
ial importan
e in string theory, starting with Diri
hletboundary 
onditions for free bosons. The non-trivial automorphisms 
 available for thegluing 
onditions of a rational CFT of 
ourse depend on the symmetry algebra W ofthe model. But there is a simple and natural 
onstru
tion that yields, from a givenrational model, new ones on whi
h universal automorphism groups a
t { namely takingtensor produ
ts of the original \
omponent theory". While this operation alone does notprodu
e very ex
iting e�e
ts in the domain of bulk theories, the stru
ture of asso
iatedboundary CFTs is mu
h ri
her: The set of all boundary 
onditions for an N -fold tensorprodu
t, even those that preserve the full symmetry, is not simply obtained by formingtensor produ
ts of boundary 
onditions for the 
omponent theory, but in
ludes boundary
onditions asso
iated with gluing automorphisms from the permutation group SN .In this paper, we present general formulae for su
h \permutation boundary states", �rstfo
using on situations where the original RCFT has a 
harge-
onjugate (or, if all se
torsare self-
onjugate, a diagonal) partition fun
tion. The permutation boundary states arestill \rational" in the sense that the boundary CFT is 
ovariant under the full symmetryalgebra WN , but we will see that the ex
itation (or open string) spe
tra of permutationbranes in general look rather di�erent from those of tensor produ
ts of Cardy states.Our work generalises studies of permutation branes in G � G WZW models [9℄. On theother hand, our boundary states are spe
ial 
ases of the \
onformal walls" that appearedin [10℄: while a general 
onformal wall is nothing but a symmetry-breaking 
onformalboundary 
ondition for a tensor produ
t model (not ne
essarily with identi
al fa
tors),our permutation branes 
an be viewed as walls with perfe
t transmission (or re
e
tion) ofenergy between (or within) the identi
al 
omponent theories.1



In the next se
tion, we �rst spe
ify some notations and 
onvenient assumptions, analysethe set of permutation Ishibashi states and give an ansatz for the permutation boundarystates. Then, two types of non-linear 
onstraints are 
he
ked for this ansatz, namely the
luster 
ondition in Subse
tion 2.2 and Cardy's 
onstraints in Subse
tion 2.3. The latter
ontains expli
it results for spe
tra of open strings supported by one permutation braneor stret
hing between two di�erent ones. Up to now, a third important set of sewingrelations, namely asso
iativity of the operator produ
t expansion of boundary �elds, 
anonly be dis
ussed in a rather simple 
ase (a spe
i�
 brane for a two-fold tensor produ
t){ whi
h however features an unexpe
ted 
onne
tion between the boundary OPE on thispermutation brane and the OPE of the 
omponent bulk CFT.The third se
tion is devoted to the 
onstru
tion of permutation branes for a CFT of in-terest to string theory, namely the Gepner model 
orresponding to the quinti
 Calabi-Yaumanifold. Gepner models are 
onstru
ted from tensor produ
ts of N = 2 super
onformalminimal models, and many of them admit an a
tion of a permutation group (S5 for thequinti
). Be
ause of various orbifold-like proje
tions involved in the Gepner 
onstru
tion,the bulk partition fun
tions of these models do not satisfy the assumptions used in Se
tion2, so some of the methods presented there have to be adapted. The Gepner proje
tionsare su
h that the Ishibashi state 
ontent depends strongly on the details of the models(the relative prime fa
tors in minimal model levels and 
y
le lengths of the permutation),therefore we restri
t ourselves to the quinti
 when 
omputing expli
it expressions for par-tition fun
tions and interse
tion forms. From the former, one 
an read o� the spe
trum ofmassless open string states, and they indi
ate that the new branes are BPS as expe
ted.The interse
tion forms should set the stage for a geometri
 interpretation of permutationboundary states. This is, however, left as one of several open problems, whi
h are listedin the 
on
luding se
tion.2. Permutation branes for rational CFTs with diagonal bulk invariantWe start from a unitary rational CFT on the plane with 
hiral (left- and right-moving)symmetry algebras WL = WR = W, and with a 
harge-
onjugate partition fun
tionZ(q; �q) = Pi2I �i(q)�i+ (q)� asso
iated with a de
omposition H = Li2I Hi 
 Hi+ ofthe state spa
e into irredu
ibles. For notational 
onvenien
e, let us assume that all se
torsare self-
onjugate, i.e. that the fusion rules satisfy N0ii = 1 where 0 denotes the va
uumse
tor. Furthermore, it will at a 
ertain point be advantageous to assume that no fusion
hannel with non-trivial multipli
ity o

urs: Nkij = 0 or 1.We 
an then form an N -fold tensor produ
t of this rational CFT, with 
hiral algebraWN :=W � � � � � W and partition fun
tionZ(N)(q; �q) = �Z(q; �q) �N = XI2IN �I (q)�I (q)�where we have used the multi-index I := (i1; : : : ; iN ) to label the 
hara
ters of the tensorprodu
t theory, �I (q) := �i1(q) � � ��iN(q). Again, the partition fun
tion Z(N)(q; �q) is adiagonal (and at the same time, be
ause of our simplifying assumption i = i+, also a
harge 
onjugate) modular invariant. 2



The tensor produ
t theory admits outer automorphisms whi
h a
t by permutations of the
omponents of WN , namely 
� : W [k℄(z) 7�!W [�(k)℄(z)where � 2 SN is a permutation and where W [k℄(z) := 1 
 � � � 
W (z) 
 � � � 
 1 denotesthe a
tion of a W-generator in the kth 
omponent theory, for k = 1; : : : ; N . We wantto 
onstru
t boundary 
onditions for the tensor produ
t theory with 
� appearing as agluing automorphism, i.e. we link left- and right-moving generators by the 
onditionW [k℄(z) =W [�(k)℄(�z) (1)along the boundary z = �z of the upper half-plane. These boundary 
onditions are 
onfor-mal sin
e 
� leaves the diagonal energy-momentum tensor T = T [1℄+ : : :+T [N ℄ �xed. Thegluing 
onditions (1) in fa
t guarantee that the full symmetry algebra WN is representedon the Hilbert spa
e of the boundary CFT (with 
onstant boundary 
ondition along thereal line) even though the analyti
 
ontinuation from upper to lower half-plane pres
ribedby (1) is not the standard one.2.1 An ansatz for permutation boundary statesPermutation boundary states are built up from obje
ts that implement the permutationgluing 
onditions (1). These Ishibashi states 
an be expanded asjIii� =XM ji1;M1i
� � �
jiN ;MN i
U ji��1(1);M��1(1)i
� � �
U ji��1(N);M��1(N)i (2)whereM = (M1; : : : ;MN ) is used to label orthonormal bases jik;Mki of energy eigenstatesin the representations Hik of W, and where the operator U in front of the right-moversis the 
hiral CPT operator as usual. It is important to realize that the obje
ts jIii� areavailable only for 
ertain multi-indi
es I = (i1; : : : ; iN ): Sin
e the partition fun
tion of thebulk theory is diagonal,jIii� exists if and only if ik = i��1(k) for all k = 1; : : : ; N : (3)This means that the two W-representations ik; il have to 
oin
ide whenever k and l areelements of the same 
y
le of the permutation� = �n�1 �(n�1) : : : ���1�1(n�1) � �n�2 �(n�2) : : : ���2�1(n�2) �: : : �n�P� �(n�P� ) : : : ���P� �1(n�P� ) � : (4)Here, we have 
hosen an arbitrary element n�� 2 f1; : : : ; Ng as representative of the �th
y
le C�� = �n�� �(n��) : : : �����1(n��) � ;the n�� will be kept �xed, and we denote the length of C�� by ��� , for � = 1; : : : ; P�, whereP� is the number of 
y
les of �. 3



We will abbreviate the 
ondition ik = i��1 (k) on the Ishibashi states by inserting a Kro-ne
ker symbol ÆC�I into the following formulae. Note that, even though ik = il, the sum-mation indi
es Mk; Ml in (2) are independent of ea
h other { whi
h in parti
ular makesit 
lear that the permutation Ishibashi states are not just superpositions of standard ones.Full-
edged boundary states jj� ii� for the gluing 
onditions (1) 
an be written as linear
ombinations of the Ishibashi states (2),jj� ii� =XI ÆC�I BI� jIii� : (5)We will now present a natural ansatz for the 
oeÆ
ients BI� and then perform two impor-tant 
onsisten
y 
he
ks, involving the so-
alled 
luster 
ondition resp. Cardy's 
onditionson the strip partition fun
tions.In our ansatz for the 
oeÆ
ients in (5), � = (�1; : : : ; �nP ) is a multi-index with as many
omponents as there are independent labels in�� in the Ishibashi states jIii� ; ea
h �� istaken from the label set I of all W-representations. The formula for BI� is multipli
ativein the in�� and redu
es to Cardy's solution for the 
omponent theory in the spe
ial 
aseN = 1: BI� = Bin1�1 � � �BinP�P with Bin��� = S�� in��S0 in� ���2 ; (6)we have dropped the supers
ript � from the 
y
le representatives n�� , the 
y
le lengths ���and the number of 
y
les P� . As usual, the matrix S implements modular transformationof the W-
hara
ters; therefore, the matrix �BI�� is invertible, and the ansatz (6) willprovide a 
omplete set, in the sense of [5℄, of boundary states for �xed gluing 
ondition
� { provided all sewing 
onstraints are satis�ed.2.2 Cluster 
onditionThe 
luster 
ondition gives a �rst 
he
k for the 
onsisten
y of our ansatz. In 
ontrast toCardy's 
onstraints, it involves a single boundary 
ondition and genus zero world-sheetsonly. It is obtained from a sewing relation whi
h 
ompares two di�erent ways (orderings ofOPEs) to evaluate a bulk �eld two-point fun
tion in the presen
e of the boundary (see e.g.[3,5,11,6,12℄), with subsequent proje
tion on the identity 
hannel { whi
h governs the longrange behaviour (the 
lustering properties) of the two-point fun
tion. (Stri
tly speaking,this requires the boundary 
ondition to be `fundamental' in the sense that only a singleva
uum 
hara
ter is present in the open string spe
trum; we will see in the next subse
tionthat our permutation branes have this property.) The 
luster 
ondition readsBI� BJ� =XK �IJK B0�BK� ; (7)where �IJK is a produ
t C�F involving a stru
ture 
onstant C from the OPE of the twobulk �elds 'I;I and 'J;J , as well as a 
ertain element F of the fusing matrix (whi
h relatesthe 
onformal blo
ks in the two 
hannels). Sin
e these data are known expli
itly only forfew CFTs, the �IJK 
an usually not be determined dire
tly.4



However, for the 
omponent theory (N = 1), a simple expression for the �IJK followsfrom the Verlinde formula and the fa
t that Cardy's boundary states provide a 
ompleteset of 
onsistent boundary states for standard gluing 
onditions (see in parti
ular [7,8℄).Plugging in Cardy's solutions for the Bi� into (7) for N = 1 yields�ijk = �S00S0kS0iS0j � 12 Nkij : (8)Clearly, the 
onstants �IJK for tensor produ
t bulk �elds 'I = 'i1 
 � � � 
 'iN et
.fa
torise into N 
onstants �iljlkl . The 
onstraint (7) impli
itly requires that all the bulk�elds involved have non-vanishing one-point fun
tions. In parti
ular, the bulk OPE on therhs is usually trun
ated by taking h � i�. Thus, in our situation, only those tensor produ
tso

ur that obey the ÆC�I -restri
tion from the Ishibashi states, and we have�IJK = ��in1jn1kn1 ��1 � � � ��inP� jnP� knP� ��P� :As a result, the summation in (7) splits into P� independent ones (with ea
h kn�� rangingover the full index set I). Our simplifying assumptions on the fusion rules imply that(Nkij)M = Nkij for all M 6= 0; 
ombining this with the fa
t that the generalised quantumdimensions represent the fusion rules,SiaS0a SjaS0a =Xk Nkij SkaS0a ; (9)it is an easy exer
ise to 
he
k that the boundary states (6) indeed satisfy the 
luster 
on-dition. It appears to be mainly a problem of notation to in
lude non-trivial multipli
itiesof fusion 
hannels: As in [7,8℄, one would have to introdu
e additional blo
k labels todisentangle summations. In the following, the simplifying property Nkij < 2 will play norole.2.3 Cardy's 
onditionsThe 
omputations ne
essary to test Cardy's 
onditions [2℄ provide mu
h more interest-ing physi
al information than the 
luster 
ondition. Cardy's 
onditions involve pairs ofboundary states and require that the quantityZ��(q) := hh� jj ~qL0� 
24 jj� ii
an be interpreted as the partition fun
tion of a CFT on the strip with boundary 
onditions� resp. � along the two boundaries; this partition fun
tion re
ords the spe
trum of theboundary CFT, or of ex
itations of open strings atta
hed to the branes � and �. Thea
tual 
ondition hidden in this statement is that Z��(q) = Pk nk�� �(1)k (q) must be alinear 
ombinations of 
hara
ters �(1)k (q) for some 
onformal symmetry algebra W(1) with(positive) integer 
oeÆ
ients nk��. We use ~q = exp(�2�i=� ) and q = exp(2�i� ), with �being the modular parameter. 5



In order to 
he
k Cardy's 
onstraints, we �rst need to 
ompute \sandwi
hes" of the 
losedstring propagator between two Ishibashi states, possibly 
orresponding to two di�erentpermutations �; � 2 SN :�hhI 0j ~qLtot0 � 
tot24 jIii� = XM;M0 ~qh(i1;M1)+:::+h(iN ;MN )�N 
24� hi01;M 01 j i1;M1i � � � hi0N ;M 0N j iN ;MN i� hi��1(1);M��1(1) j i0��1(1);M 0��1(1) i � � �hi��1 (N);M��1(N) j i0��1(N);M 0��1(N) i (10)We have pulled out the 
onformal weights h(ik;Mk) of the states jik;Mki, and 
 denotes the
entral 
harge of the 
omponent theory. For the rhs to be non-vanishing, the representationlabels and summation indi
es have to meet the following 
onditions, for all k = 1; : : : ; N :i0k = ik ; ik = i�(k) ; ik = i�(k) ; ik = i�-1�(k) ;M 0k = Mk ; Mk = M�-1�(k) : (11)The se
ond line means that there are as many free summation indi
es in (10) as thepermutation ��1� has 
y
les { namely P �-1� in the above notations. For non-vanishing
ontributions to (10), Mk and Ml are equal if k and l are in the same (��1�)-
y
le C��1�� ;as a 
onsequen
e, the highest weight h(ik;Mk) appears with a fa
tor ��� 1�. The Mk-summation then yields aW-
hara
ter with argument ~q��� 1� . After modular transformationto the open string 
hannel, we end up with 
hara
ters evaluated at fra
tional powers q1=�.The restri
tions on the representation labels ik are more severe sin
e they 
ontain theIshibashi 
onstraints from above. We 
an summarise them by inserting Krone
ker symbolsÆI;I0 and ÆC���I whi
h mean that the overlap vanishes unless ik = i0k andik = il whenever l = g(k) for some element g 2 � � � := spanf�; �g � SN ;the subgroup of SN generated by � and �. One 
an show that ÆC���I = ÆC�I � ÆC�I . (Below,we will sometimes refer to the orbits C��� of the subgroup � � � as \
y
les", by slightabuse of terminology.) With these abbreviations, and with the usual normalisation [2℄ ofIshibashi states, we have�hhI0j ~qL0� 
24 jIii� = ÆI;I0 � ÆC���I � �in1 �~q�1� � � ��inP �~q�P �= ÆI;I0 � ÆC���I � Xj1;:::;jP Sin1 j1 � � � SinP jP �j1 �q 1�1 � � � ��jP �q 1�P � : (12)In a feeble attempt to avoid 
luttering notations 
ompletely, we have omitted all super-s
ripts� 1� here, i.e. n� = n�� 1�, �� = ��� 1�, P = P� 1�. Again, the �j� denote 
hara
ters ofthe original symmetry algebra W. Note that the 
y
les of ��1� and ��1� 
oin
ide up tointernal reordering, therefore the result is symmetri
 in � and �. For � 6= �, the 
hara
tersin the last line of (12) are familiar from the twisted se
tors of 
y
li
 orbifold theories. Wewill make further remarks on this at the end of the subse
tion.6



Let us brie
y look at two spe
ial 
ases before ta
kling Cardy's 
onditions in the generalsituation. For � = �, the rhs of (12) involves a produ
t of N = P id 
hara
ters �jk (q) ofW, and the 
y
le restri
tions of � � � are simply those already 
aptured in ÆC�I . Insertingthe ansatz (6) for the full permutation boundary states, one �nds (re
all that S = S� withour assumptions)Z���� (q) = XJ=(j1;:::;jN ) " P�Y�=1 n(�) J���� # �j1 (q) � � ��jN (q) (13)with n(�) J���� = Xin�2I S��in�S�� in��S0 in� ��� Yk2C�� Sin� jk :The numbers n(�) J���� 
an be 
al
ulated with the help of the quantum dimension property(9) and of the Verlinde formula:n(�) J���� = Xk1;:::;k���1Nk1jn� j�(n�)Nk2k1 j�2(n�) � � � Nk���1k���2 j����1(n�) Xin� S�� in�S�� in�Sk���1 in�S0 in�= � Yk2C�� Njk ����� ; (14)where we have used asso
iativity of the fusion rules in the last step. All in all, we obtain thefollowing partition fun
tion for two boundary states asso
iated with the same permutationautomorphism:Z���� (q) = Xj1;:::;jN P�Y�=1  Yk2C�� Njk !���� �j1(q) � � ��jN(q) : (15)This is a sum of WN -
hara
ters with 
oeÆ
ients given by the ��-��-entries of \
y
le-wise" produ
ts of fusion matri
es (Ni)jk = Nkij from the 
omponent theory. Note thatour permutation boundary states are \orthonormal" in the sense that the va
uum o

urs(on
e) in the overlap (15) i� �� = ��.The 
ase � = id 6= � involves di�erent produ
ts ofW-
hara
ters, but is still easy to handlebe
ause ÆC� 1�I = ÆC���I = ÆC�I holds. The boundary states jj�iiid are tensor produ
ts ofCardy boundary states for the W-theory, but the ÆI;I0-proje
tion in the Ishibashi overlap(12) means that only those jI 0iiid 
ontribute to the partition fun
tion that obey i0k = i0�(k).Using this, eq. (12) and our ansatz (6), we getZ���id(q) = Xj1;:::;jP " PY�=1n(�) j����id # �j1 �q 1�1 � � � ��jP �q 1�P � ;7



with P = P� , �� = ��� , and with similar multipli
ities as before:n(�) j����id =Xin� S��in� Sin� j��S0 in� ��� Yk2C�� S�kin� :As for the power in the denominator, the �th �-
y
le 
ontributes ��=2 and ea
h of the ��id-"
y
les" 
ontributes 1=2. The S-matrix relations used above now yield the expressionZ���id(q) = Xj1;:::;jP " PY�=1 � Yk2C�� N�k���j� # �j1 �q 1�1 � � � ��jP �q 1�P � : (16)As a side-remark, we observe that the \va
uum Cardy state" jj0iiid of the tensor produ
ttheory provides a proje
tion on single WP� -
hara
ters in the sense thatZ��0id(q) = ��1 (q 1�1 ) � � ���P� (q 1�P� ) : (17)Therefore, any boundary state jjAii� for the gluing 
onditions (1) that is 
ompatible withjj0iiid lies in the latti
e 
one spanned by the jj�ii� .We have shown that Z���� (q) meets Cardy's 
onditions for � = � and for � = id. In thegeneral 
ase, the partition fun
tion is of the formZ���� (q) = XJ=(j1;:::;jP ) " P�Y�=1 n(�) J���� # �j1 �q 1�1 � � � ��jP �q 1�P � (18)where now P and the �� refer to number and lengths of the 
y
les of ��1�, while P � de-notes the number of \
y
les" or C���� of � � �: The Krone
ker symbols in (12) imply thatpre
isely P � of the in� are independent, while the 
onstraints on the summation indi
esMk in (11) leave us with a produ
t of P 
hara
ters.The slightly lengthy proof for the fa
t that the 
oeÆ
ients n(�) J���� are indeed positive in-tegers is given in Appendix A. All in all, we may 
on
lude that the partition fun
tionsZ���� (q) satisfy Cardy's 
onditions for all permutations �; � 2 SN as long as the boundarystate 
oeÆ
ients are given by formula (6). Furthermore, any other (
ompatible) permuta-tion boundary state lies in the integer latti
e over these states.Some 
omments on the form (18) of Z����(q) are in order. These partition fun
tionsdes
ribe spe
tra of boundary �elds, more spe
i�
ally, if �� 6= �� , spe
tra of boundary
ondition 
hanging operators (BCCOs). Already for the 
ase � = � 6= id, the spe
tra in(13,14) are in general di�erent from those obtained with tensor produ
ts of 
omponentCardy states, be
ause of the 
y
le-wise produ
ts of fusion matri
es in (14).That the partition fun
tions for � 6= � are built from 
hara
ters �j(q1=�� ) 
an be under-stood as follows: While both gluing automorphisms 
� and 
� preserve the full symmetryalgebra WN , it is a priori only the subalgebra A with 
�(A) = 
�(A) for all A 2 A, i.e.the �xed-point algebra under 
��1�, that is represented on BCCOs whi
h mediate between8



the two gluing 
onditions. The form of this subalgebra is determined (up to isomorphism)by the 
y
le lengths �� of ��1�, i.e. by the 
onjuga
y 
lass of this permutation. We haveA ' C�1W � � � � �C�PW where CMW 
onsists of all elements of WM that are invariantunder the 
y
li
 permutation of order M , i.e. the algebra CMW is the observable algebraof a 
y
li
 ZM-orbifold, see [13℄. This referen
e also shows how the 
hara
ters �j�q 1M �enter the partition fun
tion ofZM 
y
li
 orbifolds: To 
onstru
t su
h a partition fun
tion,one �rst proje
ts the M -fold tensor produ
t spa
e onto invariant states; the states left�xed by ZM 
ontribute Z(qN ; �qN ), where as before Z belongs to the given 
omponenttheory. To ensure modular invarian
e, one has to add twisted se
tors, arising from these\�xed points" after a
tion with modular group generators [13℄; this produ
es 
hara
terswith fra
tional powers of q. One 
an express�j�q 1M � = M�1Xs=0 �( bj;s)(q) (19)as a sum of 
y
li
 orbifold 
hara
ters �( bj;s)(q) 
orresponding to twisted se
tors labelled bys; see [14℄ for more details. The highest weights on the rhs of (19) are 
omputed with L0from the 
y
li
 orbifold model and read [13,14℄h(j;s) = hj + sM + M2 � 1M 
24 (20)where hj and 
 are 
onformal dimensions resp. 
entral 
harge of the given 
omponenttheory.The de
omposition (19) now �ts with general expe
tations: Computation of open stringpartition fun
tions Z���� (q) involves performing a modular transformation of tra
es of~qH

� 1� , where H
 is the 
losed string Hamiltonian. Indeed, this is one way to 
omputethe partition fun
tion in the (��1�)-twisted se
tor of 
y
li
 orbifolds; see also [15℄ for moredetails.The symmetry algebra of a whole system �i�i , i = 1; 2; : : :, of permutation branes isthe �xed point algebra �WN �F with the subgroup F = h��1i �j j i; j = 1; : : : i � SN .Chara
ters and fusion rules of su
h general permutation orbifolds have been studied indetail in Bantay's works [16℄. If all possible permutation branes are in
luded into thesystem, then F = SN and we arrive at the symmetry algebra of a symmetri
 produ
t.Thus, permutation branes have \long" open strings ending on them. In 
ontrast to thesetup in [17℄, where boundary states for 
losed strings in a symmetri
 produ
t ba
kgroundwere 
onstru
ted, here it is permutation gluing automorphisms that introdu
e long openstrings into a theory of ordinary (\short") 
losed strings.2.4 Boundary OPE in a spe
ial 
aseBeyond the 
luster 
ondition and Cardy's 
onditions, there are of 
ourse further sewingrelations whi
h have to be satis�ed in a 
onsistent boundary CFT [3℄. Most notably,the stru
ture 
onstants in the OPE of boundary �elds are 
onstrained by asso
iativity.9



Solutions for the stru
ture 
onstants in terms of the fusing matrix have been worked outby Runkel [6℄ and later by other authors in [7,8℄. The formulae there apply to any unitaryrational CFT (with diagonal bulk partition fun
tion) as long as Cardy-type boundarystates for standard gluing 
onditions (
 = id) are used. Thus, we 
an unfortunately not
arry them over to our more 
ompli
ated situation of permutation branes. We expe
tthat a 
omplete solution for the boundary OPE 
an be given on
e fusing matri
es forpermutation orbifolds are known.For the time being, let us merely have a brief look at a simple spe
ial 
ase, whi
h alreadydisplays some interesting features. We restri
t to a twofold tensor produ
t with � = (1 2)and fo
us at the brane jj�ii� = jj0ii� . A

ording to (13,14), the boundary spe
trum forthis spe
ial boundary 
ondition is given byZ0� 0� (q) =Xj2I �j (q)�j (q) : (21)It \
oin
ides" with that of the original bulk theory if we \identify" the right-moving 
hargesof bulk �elds with the se
ond tensor fa
tors of (
hiral) boundary �elds. (If we drop ourassumption of self-
onjugate se
tors, (21) will be repla
ed by the 
harge-
onjugate bilinearand some of the following arguments have to be adapted a

ordingly.)This observation allows to solve the asso
iativity 
ondition for the OPE of boundary �eldssupported by jj0ii� : That 
ondition has the s
hemati
 form (for a self-
onjugate theory)PP CIJP CKLP FPQ = CJKQ CIQL ;the C are the OPE 
oeÆ
ients in question, indexed by I = (i; i), J = (j; j) et
. as 
ountedin (21), and F is the fusing matrix for the 
onformal blo
ks of the boundary CFT. In thespe
ial 
ase at hand, the tensor produ
t stru
ture of the boundary �elds implies that thisfusing matrix is just the square of the fusing matrix of the 
omponent theory. But thismeans that the sewing relation for the boundary �elds in (21) has the same form as theone for the bulk �elds in the 
omponent theory. Therefore, the 
oeÆ
ients in the bulkOPE of the original 
omponent theory provide a solution to the sewing relations of theboundary OPE for the boundary 
ondition jj0ii� in the two-fold tensor produ
t theory!We have not analysed sewing relations involving BCCOs yet, but assuming that the aboveOPE 
oeÆ
ients survive all further tests, one 
an in parti
ular 
on
lude that the boundary�elds supported by jj0ii� are mutually lo
al. Namely, the bulk OPE 
oeÆ
ients ensureanalyti
ity of the 
orrelators. In view of the role of boundary OPEs for the analysisof non-
ommutative behaviour of branes [18℄, this suggests that the (low-energy) world-volumes of the branes jj0ii� are 
ommutative spa
es, whatever the underlying 
omponenttheory is. If a sigma-model interpretation of the original theory is available (with targetM say), then jj0ii� should des
ribe a brane whose world-volume is the diagonal in M �M .This is 
on�rmed by the results obtained in [9,19℄ for WZW models with group targetG � G, using the 
lassi
al interpretation of WZW gluing 
onditions resp. analysing themodule stru
ture of the algebra of boundary �elds in the in�nite level limit.10



3. Permutation branes for the quinti
Gepner models provide an important 
lass of string ba
kgrounds involving tensor produ
tsof rational CFTs [20℄. They were probably the �rst theories where 
y
li
 permutationorbifolds of bulk CFTs were studied in the literature [13,21℄. In this 
ontext, the orbifold
onstru
tion yields new 
losed string ba
kgrounds, whi
h 
orrespond to new Calabi-Yaumanifolds and to new spe
tra of massless 
losed (or heteroti
) string states. Here, wewant to use permutation gluing to obtain new (rational) branes for a given 
losed stringba
kground, whi
h remains unaltered.The partition fun
tions of Gepner models are built from tensor produ
t 
hara
ters [20℄���(q) := �s0(q) �l1m1;s1(q) � � � �lrnr;sr (q)where ea
h �ljmj ;sj (q) is a 
hara
ter of the N = 2 super Virasoro algebra with level kj { morepre
isely of the bosoni
 subalgebra (hen
e the additional label sj). The kj , j = 1; : : : ; r,are 
hosen in su
h a way that the 
entral 
harges 
j = 3kj=(kj + 2) add up to 3, 6 or 9,
orresponding to string 
ompa
ti�
ations down to D = 8, 6 resp. 4 external dimensions.�s0(q) is a 
hara
ter of the d = D�2 free fermions asso
iated with the transverse externaldire
tions. Our notations are as in [20℄, in parti
ular � = (s0;m1; : : : ;mr; s1 : : : ; sr) withs0; sj = 0; : : : ; 3, with mj = 0; : : : ; 2kj + 3 and with lj = 0; : : : ; kj. The 
ombinationslj +mj + sj must be even.Full Gepner model partition fun
tions (those asso
iated with SU(2) modular invariants oftype A) have the formZGep(q; �q) � Xb0;bjX�,�� (�1)s0 ���(q)���+b0�0+b1�1+:::+br�r(�q) (22)where �0 is the (2r+ 1)-ve
tor with all entries equal to 1, while �j has zeroes everywhereex
ept for the �rst and the (r+j+1) st entry whi
h are equal to 2. The supers
ript � abbre-viates Gepner's \�-
onstraints" in the summation, whi
h implement the GSO proje
tionand ensure that all left-moving states are taken only from the NS se
tors of the minimalmodels or only from the R se
tors, see [20℄. We have bj = 0; 1 and b0 = 0; : : : ;K � 1 withK := l
m(4; 2kj + 4).After some earlier general 
onsiderations in [22℄, expli
it boundary states for Gepner mod-els were 
onstru
ted in [23℄. The work [24℄ then introdu
ed methods to link abstra
t CFTboundary 
onditions to supersymmetri
 
y
les in the Calabi-Yau regime, based on a 
om-putation of the interse
tion form at the Gepner point. This has triggered many interestingdevelopments, see e.g. [25℄ for a very in
omplete list of referen
es, and has led to proposalsfor a new pi
ture of branes (and bundles) on Calabi-Yau spa
es [26℄.All these investigations are based on Gepner model boundary states where the full tensorprodu
t symmetry algebra is guaranteed by imposing, in ea
h of the r minimal modelsindividually, A- or B-type gluing 
onditions, whi
h 
orresponds to 
hoosing the gluingautomorphism 
(j) = 
mirror resp. 
(j) = id for all j = 1; : : : ; r.11



Whenever some of the levels kj 
oin
ide, a permutation group a
ts on the Gepner model,so one 
an look for permutation branes { whi
h will still be rational and will still fallinto the A- and B-type 
lassi�
ation of [22℄, as the diagonal N = 2 algebra is invariantunder 
� . Unfortunately, the pres
ription from Se
tion 2 
annot be used to 
onstru
t newboundary states for Gepner models: The bulk partition fun
tions (22) are neither diagonalnor 
harge-
onjugate, due to the �-shifts in the right-moving 
harges, and therefore alreadythe restri
tions on representation indi
es that sele
t whi
h �-Ishibashi states are available,are di�erent from those stated in (3) above. Thus we have to adapt our methods to theGepner 
ase.It will turn out that the set of admissible Ishibashi states depends strongly on the relativedivisibility properties of minimal model levels and 
y
le lengths of the permutation �. Itappears, therefore, that permutation branes for Gepner models 
an only be 
onstru
ted
ase by 
ase, and we will more or less from the start fo
us on the quinti
 (3)5, whi
h isthe model studied in greatest detail in the literature. It has the added bonus that we neednot worry about �xed point resolutions as dis
ussed in [27,28℄.In the next subse
tion, we will write down permutation boundary states for the quinti
that satisfy A-type gluing 
onditions on the diagonal N = 2 algebra, as well as 
omputethe asso
iated partition fun
tions and interse
tion forms; then we will turn towards B-typepermutation branes in Subse
tion 3.2. Formulae expressing some of the interse
tion formsin terms of 
harge symmetry generators are 
olle
ted in Appendix B.3.1 A-type boundary statesLet us �rst determine whi
h (A-type) Ishibashi states exist for a given permutation � 2 S5.An A-type �-Ishibashi state for the quinti
 
an be formed i� the left- and right-movingrepresentation labels (lj ;mj; sj) resp. (lj ;mj + b0; sj + b0 + 2bj) satisfylj = l�(j) ; mj � m�(j) + b0 (mod 2k + 4) ; sj � s�(j) + b0 + 2b�(j) (mod 4) (23)for all j = 1; : : : ; 5 and for some 
hoi
e of b0 and bj. In addition, sin
e the external labels0 is not a�e
ted by the permutation, A-type gluing requires thats0 � s0 + b0 + 2Xj bj (mod 4) (24)so that in parti
ular b0 must be even. The relations on the SU(2) labels lj in (23) arepre
isely as in the general RCFT setting dis
ussed before { and we anti
ipate that, inthe SU(2) part, the same produ
ts of fusion matri
es as in (15) will show up in parti-tion fun
tions and interse
tion forms. All further 
ompli
ations arise from the additionalsummation indi
es b0; bj, whi
h are 
onstrained by the above equations, and by��b0 � 0 (mod 2k + 4 ) ;��b0 + 2 Xj2C�� bj � 0 (mod 4) (25)12



for all � = 1; : : : ; P � simultaneously; the latter relations are obtained by applying (23)repeatedly until the �-
y
le C�� of length �� is 
losed.As soon as � has a 
y
le of length one (i.e. a �xed point), the �rst 
ondition in (25) onlyleaves the possibilities b0 = 0 or b0 = 2k + 4 so that, be
ause of the label periodi
ities,there is just one independent m-value per �-
y
le. The same is true for 
ertain otherpermutations � and 
ertain other levels, e.g., if we spe
ialise to k = 3, for � with P � = 2and �1 = 2, �2 = 3. For permutations in the 
onjuga
y 
lass of � = (1 2 3 4 5), on theother hand, the �rst 
ondition in (25) admits all even b0 = 0; 2; : : : ; 18.As for the 
onstraints on the summation variables bj, it is not hard to see, by a 
ase-by-
aseanalysis for the quinti
, that there is just enough freedom left to render all �ve sj-labelsindependent (apart from the �-
onstraints).We summarise the free labels admitted by the Ishibashi 
onstraints for permutation A-typegluing 
onditions in the 
ase of the quinti
. Although only the 
onjuga
y 
lass of � willenter partition fun
tions and interse
tion forms for two boundary states asso
iated with thesame gluing automorphism, it is more 
onvenient to give a list for spe
i�
 representatives:� = id : I = (s0; l1; l2; l3; l4; l5; m1;m2;m3;m4;m5; sj)� = (1)(2)(3)(4 5) : I = (s0; l1; l2; l3; l4; l4; m1;m2;m3;m4;m4; sj)� = (1)(2 3)(4 5) : I = (s0; l1; l2; l2; l3; l3; m1;m2;m2;m3;m3; sj)� = (1)(2)(3 4 5) : I = (s0; l1; l2; l3; l3; l3; m1;m2;m3;m3;m3; sj)� = (1)(2 3 4 5) : I = (s0; l1; l2; l2; l2; l2; m1;m2;m2;m2;m2; sj)� = (1 2)(3 4 5) : I = (s0; l1; l1; l2; l2; l2; m1;m1;m2;m2;m2; sj)� = (1 2 3 4 5) : I = (s0; l1; l1; l1; l1; l1; m1;m1 + 2n;m1 + 4n;m1 + 6n;m1 + 8n; sj)with n = 0; 1; 2; 3; 4 (26)To obtain an ansatz for the full boundary states, we 
ombine the expressions for Gepnerbranes from [23℄ with formula (6) for permutation branes, and writejj� iiA;� � jjS0;L� ;M�; Sj iiA;� = 1�A;�� X�,�� B�;��A;� j�;�iiA;� : (27)We have introdu
ed one boundary state label per independent Ishibashi degree of freedomhere: For � with two or more 
y
les, we use one L�-label and one M�-label per �-
y
le,along with labels S0 and Sj for j = 1; : : : ; 5. For the 
ase � = (1 2 3 4 5), one 
ould startwith �ve labels Mj , but it turns out that these boundary states depend only on the twoquantities M :=PjMj (mod 10) and M 0 :=M2 + 2M3 + 3M4+ 4M5 (mod 5). Note thatthe same (M;M 0)-labelling also o

urred in [29℄ in 
onne
tion with a Z5-orbifold of thequinti
.The 
oeÆ
ients B in (27) are given byB�;��A;� = (�1) s202 e�i� s0S02 e� i�2 P5j=1 sjSj " P�Y�=1 sin� (l�+1)(L�+1)5�sin� l�+15 ���=2 ei�m�M�5 # (28)if � 2 S5 has two or more 
y
les; for � = (1 2 3 4 5), we use the formulaB�;��A;� = (�1) s202 e�i� s0S02 e� i�2 P5j=1 sjSj sin� (l1+1)(L1+1)5�sin� l1+15 �5=2 e i�5 (m1M+2nM 0)13



where n is the additional label showing up in the Ishibashi states for � = (1 2 3 4 5).Due to the 
onstraints on the (lj ;mj; sj) allowed in Gepner models, the boundary statelabels must satisfy L� + M� + Sj � 0 (mod 2) for all j 2 C�� . Furthermore, labels(L� ;M�; Sj) are identi�ed with (k � L� ;M� + k + 2; Sj + 2) for all j 2 C�� ; for S5-permutations with a single 
y
le, we identify (L;M;M 0; Sj) with (k�L;M+5;M 0; Sj+2).We restri
t ourselves to even Sj.Now let us 
ompute the partition fun
tions ZA�� ~�� (q) for two branes belonging to the samepermutation. This is straightforward using Lagrange multipliers �0; �j to disentangle thesummations as in [23℄. We �rst introdu
e the abbreviationfs;� := (�1)s00+S0�~S0 X�j=0;1 Æ(4)s00+S0�~S0+�0+2 �j�j+2 5Yj=1 Æ(4)s0j+Sj�~Sj+�0+2�jand, for simpli
ity, negle
t the overall normalisation in the following; it 
an be �xed fromCardy's 
onstraints as in [23,24℄. Then the results for the partition fun
tions areZA�� ~�� (q) � X�0;�0ev 19X�0=0 fs;�� " P�Y�=1 � Yn2C�� Nl0n�L� ~L� Æ(10)�n2C�� m0n +M�� ~M�+���0 # ��0�0(q) (29)for P � > 1. The supers
ript ev indi
ates that l0j+m0j+s0j must be even. For the permutation� = (1 2 3 4 5), the Krone
ker symbol in (29) is to be repla
ed byÆ(10)m01+:::+m05+M� ~M+5�0 Æ(5)m02+2m03+3m04+4m05+M 0� ~M 0 : (30)Comparing to the partition fun
tions for ordinary \un-permuted" A-type branes [23℄, weobserve that now produ
ts of fusion matri
es o

ur, as in the diagonal RCFT 
ase dis
ussedin Se
tion 2. Moreover, the Krone
ker restri
tions on the labelsm0j of the 
hara
ters ��0�0(q)are di�erent from those for � = id. By spelling out the partition fun
tions expli
itly, one
an 
he
k that the permutation branes in parti
ular support new spe
tra of massless openstring states. On the other hand, the expressions (29) display stability and spa
e-timesupersymmetry just as those for � = id.In the interse
tion form IA�� ~�� , similar building blo
ks as in (29) show up. We use thede�nition [30,24℄IA�� ~�� = trHR (�1)F qL0� 
24 = X�,�2RR� B�;��� B�;���� A;�hh�;�j (�1)FL ~qL0� 
24 j�;�iiA;�with (�1)FL := (�1)J int0 + d02 , where J int0 is the 
harge in the internal se
tor and d0 :=4 � d2 = 12 dint. Tra
e and summation run over Ramond se
tors only. Pro
eeding along14



the lines of [24℄ { exploiting �-
onstraints, �eld identi�
ations and the fa
t that only Rground states (i.e. primaries with labels (l0j ; l0j+1; 1) or (l0j ;�l0j �1;�1)) 
ontribute to thisindex { we arrive atIA�� ~�� � 9Xm01 ;:::;m05 ; �0=0 " P�Y�=1 � Yn2C�� Nm0n�1�L� ~L� Æ(10)�n2C�� m0n +M�� ~M�+��(2�0+1) # : (31)The interse
tion form for the one-
y
le 
ase is obtained by the same repla
ement of theKrone
ker symbol as in (29) and (30).In order to save signs in (31), we have used the extension N�l�2L~L = �N lL~L and N�1L~L =Nk+1L~L = 0 of the SU(2) fusion rules to \spins" l beyond 0; : : : ; k, see [24℄; analogously iftwo or three spins are in the extended range.As we have seen already for diagonal RCFTs in Subse
tion 2.3, partition fun
tions ZA�� ~��(q)for two di�erent permutations depend very mu
h on the relative \lo
ation" of the 
y
les of� and �. We 
ould 
ompute su
h partition fun
tions and interse
tion forms in a relativelystraightforward fashion using the formulae from above, but we restri
t ourselves to thespe
ial 
ase � = id here.When evaluating overlaps between �- and id-Ishibashi states, one observes (similarly tothe previous general 
onsiderations) that further 
onstraints on the labels arise. Obviously,the (independent) lj and mj labels from the id-states have to mat
h their (
onstrained)partners from the �-states. Moreover, the overlaps are non-zero only for spe
i�
 
hoi
es ofsj labels (this follows as in (11)), although existen
e of Ishibashi states alone imposes norelations on these labels. All in all, one is left with pre
isely one independent (ex
ept for�-
onstraints) array (l� ;m�; s�) per �-
y
le to sum over.Writing down partition fun
tions and interse
tion forms is therefore rather easy. For thespe
tra of boundary 
ondition 
hanging operators between quinti
 A-type branes we obtainZA�� ~�id(q) � X�0;�0ev 19X�0=0 X��=0;1 (�1)s00+S0�~S0 Æ(4)s00+S0� ~S0+�0+2�� �� +2� " P�Y�=1 � Yj2C�� N~Lj�L�l0� Æ(10)m0�+M���j2C�� ~Mj +���0� Æ(4)s0�+�j2C�� (Sj�~Sj) +���0+2�� # [�℄��0�0(q) (32)with the expe
ted 
ombinations of 
y
li
 orbifold 
hara
ters[�℄��0�0(q) = �s0 (q) �(l01;m01;s01)�q 1�1 � � � ��(l0P ;m0P ;s0P )�q 1�P � :Let us have a 
loser look at the Æ(4)-
onstraint in the last line of (32): It prevents 
hara
terswith s0� odd from 
ontributing to the partition fun
tion whenever � has a 
y
le C�� of even15



length ��. This does not mean, however, that strings stret
hing between an ordinary anda �-brane for su
h a � do not have a Ramond se
tor. One has to re
all1 that the modes ofZ��-twisted R-generators are shifted by integer multiples of 1=��, so that for even �� theminimal model 
hara
ters with even s0� may a
tually belong to twisted R-representations.The same e�e
t has to be taken into a

ount when 
omputing the interse
tion form betweena �-brane and an ordinary A-type brane. The massless states (in the spa
e-time sense)that 
ontribute to IA�� ~�id are tensor produ
ts of ordinary minimal model Ramond groundstates for the 
y
les of odd length, and states with1�� h(l0� ;m0� ;s0�) = �� 
24for 
y
les C�� with �� even, where 
 = 3kk+2 . For the quinti
, these states are labelled by�� = 2 : (l0� ;m0�; s0�) = (3;�3; 0)�� = 4 : (l0� ;m0�; s0�) = (3;�1; 0) (33)up to �eld identi�
ation. To verify this, one has to go beyond the usual h (mod 1) ex-pressions given in the literature and work with the true 
onformal dimensions of N = 2minimal model primaries, whi
h 
an be obtained from the 
oset 
onstru
tion.2 The inter-se
tion form IA�� ~�id is a produ
t of one term� Yj2C�� N~Lj�L�;m0��1 Æ(10)m0�+M���j2C�� ~Mj +�� (2�0+1)per odd length 
y
le (with �0 = 0; : : : ; 9) and, for ea
h even length 
y
le, a term wherem0� � 1 resp. m0� are repla
ed by the l0� resp. m0� values from (33).3.2 B-type boundary statesAlong the same lines as above, one 
an determine �-permuted B-type boundary states forGepner models. The A-type Ishibashi 
onditions (23) and (24) are repla
ed bylj = l�(j) ; �mj � m�(j) + b0 (mod 2k+ 4) ; �sj � s�(j) + b0+ 2b�(j) (mod 4) (34)and �s0 � s0 + b0 + 2Xj bj (mod 4) : (35)The 
ondition on the mj implies m�l(j) = m�l+2(j) for all l, thus there are at most twoindependent mj-values per �-
y
le; more pre
isely2mj � �b0 (mod 2k + 4) for all j 2 C�� if �� is odd ;m�(j) � �mj � b0 (mod 2k + 4) for all j 2 C�� if �� is even :1 I am indebted to Matthias Gaberdiel for a 
ru
ial dis
ussion of this point.2 I thank Stefan Fredenhagen for making his private notes available to me.16



Similarly, the 
onstraints on the s-labels require that b0 is even and that2 Xn2C�� bn � 0 (mod 4) if �� even ;2sj + 2 Xn2C�� bn � �b0 (mod 4) for all j 2 C�� if �� odd :It is straightforward to work out a list of admissible permuted B-type Ishibashi states forthe (3)5 model. As before, s0 and the �ve sj-values are only restri
ted by the �-
onstraints,and we have the following label stru
ture:� = id : I = (s0; l1;l2;l3 ;l4;l5 ; �b00+5�1;�b00+5�2;�b00+5�3;�b00+5�4;�b00+5�5; sj )� = (1)(2)(3)(4 5) : I = (s0; l1;l2;l3 ;l4;l4 ; �b00+5�1;�b00+5�2;�b00+5�3; m4 ;�m4�2b00; sj)� = (1)(2 3)(4 5) : I = (s0; l1;l2;l2 ;l3;l3 ; �b00+5�1; m2;�m2�2b00;m3;�m3�2b00; sj)� = (1)(2)(3 4 5) : I = (s0; l1;l2;l3 ;l3;l3 ; �b00+5�;1;�b00+5�2;�b00+5�3;�b00+5�3;�b00+5�3; sj)� = (1)(2 3 4 5) : I = (s0; l1;l2;l2 ;l2;l2 ; �b00+5�1; m2;�m2�2b00;m2;�m2�2b00; sj)� = (1 2)(3 4 5) : I = (s0; l1;l1;l2 ;l2;l2 ; m1;�m1�2b00;�b00+5�1;�b00+5�1;�b00+5�1; sj)� = (1 2 3 4 5) : I = (s0; l1;l1;l1 ;l1;l1 ; �b00+5�1;�b00+5�1;�b00+5�1;�b00+5�1;�b00+5�1; sj ) (36)Here, the mi and b00 range over 0; 1; : : :; 9, while �i = 0; 1.Permutation B-type boundary states 
an be 
onstru
ted with 
oeÆ
ients very similar tothose in (28):B�;��A;� = (�1) s202 e�i� s0S02 e� i�2 P5j=1 sjSj " P�Y�=1 sin� (l�+1)(L�+1)5�sin� l�+15 ���=2 # 5Yj=1 ei�mjMj5 (37)where the mj are to be expressed by b0, �i and mi as in the list above. The labels S0; Sjand L� , � = 1; : : : ; P �, are as for A-type gluing 
onditions. Closer inspe
tion shows thatB-type boundary states depend only on L� and Sj and the following 
ombinations of the�ve Mj: M := 5Xj=1Mj (mod 10) ;M[�℄ := Mn�� �M�(n��) + � : : :�M����1(n��) (mod 10) if �� even ; (38)here, n�� denotes a 
hosen representative of the 
y
le C�� as in (4). Thus, �-permuted B-type boundary states with � from the 
onjuga
y 
lasses in the �rst, fourth and last row of(36) are distinguished by the single label M (together with L� and Sj of 
ourse), while forthe other 
onjuga
y 
lasses one also has to spe
ify the values of the alternating Mj-sumsover even length 
y
les. We have the 
onstraints L� +Mj +Sj = 0 (mod 2) for all j 2 C�� ,as well as the identi�
ation (L� ;M;M[�℄; Sj) � (k � L� ;M + 5;M[�℄ + 5; Sj + 2).17



The label stru
ture of permuted B-type branes, whi
h di�ers from what o

urred in the A-type 
ases, is also re
e
ted in the formulae for B-type partition fun
tions and interse
tionforms. One �nds the following result:ZB�� ~�� (q) � X�0 ;�0ev 19X�0=0 fs;� Æ(10)5�0+M� ~M+�jm0j " P�Y�=1 � Yn2C�� Nl0n�L� ~L� #� " P�Y�=1�� odd Æ(2)�0+M�� ~M�+�n2C�� m0n # " P�Y�=1�� even Æ(10)M[�℄� ~M[�℄+m0[�℄ # ��0�0(q) (39)where we have used the abbreviation m0[�℄ for the alternating sum of m0n over even 
y
lesin analogy to M[�℄ in (38). The summation in the �rst Krone
ker symbol runs over allj = 1; : : : ; 5.The interse
tion form for B-type boundary 
onditions �� and ~�� asso
iated with the samepermutation � readsIB�� ~�� � Xm01 ;:::;m05 Æ(10)5+M� ~M+�jm0j P�Y�=1 � Yn2C�� Nm0n�1�L� ~L� P�Y�=1�� even Æ(10)M[�℄� ~M[�℄+m0[�℄ : (40)The summation index �0 would appear only via the 
ombination 5(2�0 + 1) in the Æ(10),thus drops out.As before, one 
an 
ompute partition fun
tions and interse
tion forms between un-permutedand �-permuted B-type branes, and the observations on even 
y
le length �� from Sub-se
tion 3.1 again apply.4. Open problemsWe have 
onsidered tensor produ
ts of rational CFTs and studied boundary 
onditions gov-erned by gluing automorphisms from the permutation group. We have presented an ansatzfor the asso
iated permutation boundary states and 
he
ked that 
luster and Cardy's 
on-ditions are satis�ed. We 
ould write down expli
it expressions for the open string spe
traZ���� (q) for the 
ases � = � and � 6= � = id. As a new feature 
ompared to tensor prod-u
ts of ordinary Cardy branes, 
y
le-wise produ
ts of fusion matri
es show up in thesepartition fun
tions. By making use of de
ompositions of permutations more 
leverly, itshould be possible to go beyond the non-
onstru
tive integrality proof of Appendix A and�nd 
losed formulae for the multipli
ities n(�) J���� in the partition fun
tions for arbitrary �and �.Whenever � 6= �, the partition fun
tion involves 
hara
ters of twisted representations.Su
h 
hara
ters also play a major role in the re
ent work [15℄, where twisted boundary
onditions for WZW models were studied; as in the present paper, the gluing 
onditionsare not \aligned" with the automorphism that determines the bulk partition fun
tion. In18



[15℄, the multipli
ities in the open string partition fun
tion were expressed in terms of S-matrix elements of ordinary and twined 
hara
ters, and it would be interesting to 
omparethese expressions to the formulae given here, in the 
ases 
overed by both points of view;the results of [16℄ should prove useful in the pro
ess. (A spe
ial example is 
overed in [31℄,where branes in an asymmetri
 torus orbifold 
onne
ted with the 5-fold tensor produ
t ofbsu(2)1 are studied. The authors 
ould in parti
ular show that the pres
riptions given hereand in [15℄, suitably adapted to the non-diagonal partition fun
tion of this model, indeedlead to the same boundary states.)We have not been able to say too mu
h about boundary OPEs and the asso
iativity 
on-straints they must satisfy. Investigating the relation of 
onformal blo
ks in 
y
li
 orbifoldsto those from the 
omponent theory should be relevant here. The one, very simple branefor whi
h we 
ould study the boundary OPE without high-powered te
hniques revealed anintriguing 
onne
tion between (
omponent theory) 
losed string intera
tions and intera
-tions of (tensor produ
t) brane ex
itations. It would be interesting to relate this to the�ndings of [32℄, where new 
onne
tions between boundary 
onditions and stru
tures in thebulk were un
overed.In the se
ond part of the paper, we have presented permutation branes for the quinti
 atthe Gepner point. We have given formulae for open string spe
tra and interse
tion formsand prepared the ground for a geometri
 interpretation of the new branes by providingexpressions of for some I�� ~�� in terms of \quantum symmetry" generators. Obviously,formulae for the missing 
ases (large 
y
le lengths and � 6= �) should be found, and oneshould systemati
ally 
ompute topologi
al invariants of the asso
iated bundles (for B-typebranes), following the lines of [24,25℄.But even without a detailed analysis, the interse
tion forms for B-type permutation braneslisted in Appendix B suggest that among the boundary states for � = (1) (2) (3) (4 5) thereis one with the 
harges of a 
on�guration made up from D-branes only. (Note that thisdoes not 
ontradi
t to the arguments given in [33℄, whi
h assume � = id.) The 
harges ofsome of the new branes will be sums of 
harges of the \old" boundary states from [23℄,suggesting that they 
an be seen as bound states. This might provide tests for some of the
onje
tures arising from the derived 
ategory pi
ture of B-type Calabi-Yau branes devel-oped by Douglas [26℄.The A-type permutation branes, on the other hand, 
an perhaps be exploited for a 
on-stru
tion of new spe
ial Lagrangian 
y
les for the quinti
, using the linear sigma modelmethods un
overed in [34,35℄ and developed further in [36℄.A
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Appendix AHere we �ll the gap left in Subse
tion 2.3 and prove that, in a tensor produ
t of diagonalrational CFTs, the partition fun
tions Z���� (q) obey Cardy's 
onditions for arbitrarypermutations �; � 2 SN . This means we have to show that the 
oeÆ
ientsn(�) J���� = Xin��2I Yn��2C���� B�� in�� Yn��2C���� B��in�� Yn� 1�� 2C���� Sjn� in�� (41)are positive integers. Here, n�� is a �xed representative of the �th orbit C���� of � � �, andfor the representatives n��, n�� and n� � n� 1�� of �-, �- resp. (��1�)-
y
les whi
h interse
tC���� , we have put in�� = in�� et
., implementing the Krone
ker symbols in (12). (Notethat, sin
e we �xed the representatives n�� et
. on
e and for all, the �rst produ
t simplyruns over all �-
y
les that are 
ontained in the �th orbit C���� of the group � � �.)The 
oeÆ
ients B in (41) 
ontain half-integer powers of S0 in�� in the denominator. Fromthe de�nition of C���� , it is however 
lear thatX�: n��2C���� ��� = X�: n��2C���� ��� = ��� ;the 
ardinality of C���� . Thus, the denominator in (41) is simply �S0 in�� ���� .In order to show integrality of n(�) J���� , let us �rst assume that C���� 
oin
ides with asingle 
y
le (the �th, say) of �, � and ��1�, and that ��� = 2M + 1 is odd. (E.g.,� = (1 2 3); � = ��1.) We introdu
e the obje
tsN (M) 
ab :=Xi Sa i Sb i S
 i�S0 i�2M+1 (42)su
h that, for our simpli�ed situation, n(�) J���� = N (M) j����� . For M = 0, Verlinde's formulatells us that the numbers in (42) are the fusion rules. For arbitrary M 2Z+, they 
an berewritten3 as the numbers of 
hiral 3-point blo
ks on a Riemann surfa
e of genus M ,N (M) 
ab = Xi1;:::;i2M+1j1;:::;jM�1 Nai1 i2 N bi2 i3 N 
i3 i4 M�1Yl=1 N jlil+3 il+4 N jM�liM+2+l iM+3+l= Xj1;:::;jM�1 tr �NaNbN
N2j1 � � �N2jM�1�where in the �rst line one identi�es i2M+2 = i1.Alternatively, N (M) 
ab 2Zfollows from the (aÆne graded fusion ring) relationsN (M)a N (L)b =X
 N (K) 
ab N (M+L�K)
 ; (43)3 I am grateful to Jean-Bernard Zuber for pointing this out to me.20



whi
h hold for all 0 � K � M + L; we have used the matrix notation familiar from thefusion rules. Eq. (43) is easily derived from unitarity of the S-matrix and the representationproperty (9). This shows that the N (M)a span a 
ommutative asso
iative ring, whi
hmoreover is generated by the fusion rules N (0)a and a single additional matrix N (1)0 withinteger entries N (1) b0 a =Xi Sa i Sb i�S0 i�2 =Xk Nkab trNk :Now let � and � be \in general position". Then C���� 
overs K�� 
y
les of �, K��
y
les of � and K�� 1� 
y
les of ��1�, and the numerator of n(�) J���� 
ontains a produ
t ofK� := K�� +K��+K�� 1� matrix elements of S. But as long asD�(�; �) := ��� �K� + 3 2 2Z++ 1 ; (44)we 
an apply the relation (9) repeatedly (K� � 3 times) to redu
e to the situation above,and the 
oeÆ
ients n(�) J���� are produ
ts of fusion matri
es with some N (M)a , showing thatCardy's 
onstraints are satis�ed for arbitrary � and �.That relation (44) is always satis�ed 
an be proved by indu
tion in ���, starting from��� = 2, where it is easy to 
he
k all possible 
ases. Now assume that (44) holds for allpermutations �; � su
h that the C���� have length (at most) �� � 1. Obviously, it issuÆ
ient to fo
us on situations where � � � has just a single orbit C���1 of that maximallength, so we 
an assume that �; � 2 S���1. In order to in
rease the orbit length byone, we have to pass to ~�; ~� 2 S�� . But with the help of transpositions �i;j , every su
hpermutation 
an be written as~� = �̂ Æ �i�;�� for some � 2 S���1 and some i� 2 f1; : : : ;��gwhere �̂ denotes the trivial extension of � to f1; : : : ;��g, i.e. �̂(j) = �(j) for 1 � j � ���1and �̂(��) = ��. Analogously, we 
an write ~� = �̂ Æ �i�;�� . Ex
ept for the trivial 
asei� = i� = ��, we have C~��~�1 = ��. If i� 6= �� and i� 2 C�� , then the �th 
y
le of ~� isobtained from the �th 
y
le of � by pla
ing �� right behind i� , and K~�1 = K�1 . If i� = ��,then K~�1 = K�1 + 1, but K~�1 = K�1 sin
e i� 6= ��. The permutation ��1� 
hanges to~��1~� = �i�;�� Æ ��1� Æ �i�;�� : If i� 6= ��, then �� is inserted in an existing (��1�)-
y
ledire
tly behind i� . The e�e
t of �i�;�� , assuming i� 6= ��, depends on whether i� is anelement of that (��1�)-
y
le or not: In the �rst 
ase, the 
y
le is split into two (betweeni� and its prede
essor in the 
y
le); in the se
ond 
ase, the (��1�)-
y
le 
ontaining i�is joined with the one 
ontaining i�. Counting the number of ~�-, ~�- and (~��1~�)-
y
les
overed by C~��~�1 , it is easy to see thatD1(~�; ~�) = D1(�; �) or D1(�; �) + 2for all possible i�; i� and 
y
le stru
tures { so D1(~�; ~�) is odd as required. All in all, wehave shown that (44) indeed holds and therefore that all pairs of boundary states de�nedby (2) and (6) satisfy Cardy's 
onditions. 21



Appendix BWe express some of the interse
tion forms for permutation branes on the quinti
 in termsof 
harge symmetry generators. The �elds and states of bulk Gepner models transformunder a dis
rete 
harge symmetry group whi
h, up to Z2-fa
tors we will ignore, is givenby (Z5)4 in the 
ase of the quinti
. The generators a
t on Ishibashi states (for both A-and B-type gluing 
onditions) as follows:Gj j�;�ii = e 2�i5 mj j�;�iifor j = 1; : : : ; 5. Sin
e the �-
onstraints imply that the total 
harge of ea
h state is integer,one has the relation G1G2G3G4G5 = 1. On boundary states, the Z5-generators a
t byshifting the M -labels; we denote the generator a
ting on the label M� by g�, where theindex � may stand for the number � of a �-
y
le, for [�℄ in the B-type 
ases, et
. For�-permuted A-type branes, we haveg� : M� 7�!M� + 2 for P � > 1 ;g : M 7�!M + 2 ; g0 : M 0 7�!M 0 + 1 for P � = 1 :The two labelsM andM 0, and likewise the generators g and g0, are 
ompletely independentfor � = (1 2 3 4 5), while for P � > 1 the �-
onstraints enfor
e the relationg��11 g��22 � � � g��P�P� = 1 : (45)For B-type boundary states, the labels M and M[�℄ are again independent, and so are gand g[�℄, a
ting as g : M 7�!M + 2 ; g[�℄ : M[�℄ 7�!M[�℄ + 2 :Sin
e the interse
tion forms I�� ~�� depend only on di�eren
es of theM�- and ~M�-variables,they 
an be written in terms of (Z5)R-generators withA-type: R = P � � 1 for P� > 1R = 2 for P� = 1B-type: R = 1 + P �evwith P �ev being the number of even length 
y
les of the permutation �. The 
harge sym-metry is therefore di�erent from the � = id 
ase analysed in [24℄.For � = id branes, 
losed formulae for interse
tion forms in terms of symmetry generatorsare easy to write down on
e the SU(2) fusion rules have been expressed through the g� .In our more general 
ase, analogous expressions have to be found for various produ
ts offusion matri
es { a task that be
omes more and more tedious as the 
y
le lengths in
rease.We therefore give formulae for A-type interse
tion forms IA�� ~�� in terms ofZ5-generators22



only for permutations with 
y
les of length up to �� = 4. For L� = ~L� = 0, the interse
tionforms are� = id :I � (1� g1) (1� g2) (1� g3) (1� g4) (1� g5)� = (1)(2)(3)(4 5) :I � (1� g1) (1� g2) (1� g3) (1� g4)(1� 3g4 � 2g24 � g34 )� = (1)(2 3)(4 5) :I � (1� g1) (1� g2)(1� 3g2 � 2g22 � g32 ) (1� g3)(1� 3g3 � 2g23 � g33 )� = (1)(2)(3 4 5) :I � (1� g1) (1� g2) (1� g3)(1 + 3g3 + g23 )� = (1)(2 3 4 5) :I � (1� g1) (1� g22 )2� = (1 2)(3 4 5) :I � (1� g1)(1� 3g1 � 2g21 � g31 ) (1� g2)(1 + 3g2 + g22 )In ea
h line, one 
an eliminate one of the group generators by means of (45). ComputingI�� ~�� for higher L-values, one �nds the same behaviour as in [24℄: for ea
h L� or ~L� thatis raised from 0 to 1, the g�-dependent fa
tor has to be multiplied by (g 12� + g� 12� ).For B-type permutation branes, the interse
tion forms IB�� ~�� have the following form {up to 
y
le length �� = 3, and again with L� = ~L� = 0:� = id : I � (1 � g)5� = (1)(2)(3)(4 5) : I � g(1 � g)3 �N (g[4℄)� = (1)(2 3)(4 5) : I � g2(1� g) �N (g[2℄) �N (g[3℄)� = (1)(2)(3 4 5) : I � g2(1� g)� = (1 2)(3 4 5) : I � g(1 � g)(1 + 3g + g2 ) �N (g[1℄)We have used the abbreviation N (g[�℄) := 1 + g[�℄ + g2[�℄ + g3[�℄ + g4[�℄ for the (universal)g[�℄-dependent 
ontribution to the interse
tion forms. The form of N (g[�℄) simply meansthat the interse
tion of two boundary states depends only on their M -labels and not onthe labelsM[�℄ asso
iated with 
y
les of even length; 
f. to the analogous observation madein [29℄ in the 
ontext of torsion branes.In order to obtain interse
tion forms for boundary states where an L� or ~L� is raised from0 to 1, one multiplies the g-dependent part by (g 12 + g� 12 ) and, if �� is even, N (g[�℄) by(g 12[�℄ + g� 12[�℄ ).One observes that g-dependent fa
tors in these B-type interse
tion forms IB� (with allL-labels zero) 
an be obtained from the A-type interse
tion forms IA� for the same per-23



mutation � by repla
ing all the gi by the single Z5-generator g, up to an overall multi-pli
ity whi
h we left undetermined anyway. Thus, the natural 
onje
ture for IB�� ~�� with� = (1)(2 3 4 5) is I � g(1 + 2g � 2g2 � g3 )up to a (probably again irrelevant) fa
tor depending on g[2℄. This 
ould of 
ourse be 
he
keddire
tly, by starting from (40) and going through some rather tedious 
ombinatori
s.One 
an now in prin
iple follow the methods of [24℄ and 
ompare the g-parts of I�B to thegeometri
 B-type interse
tion form IgeoB of even-dimensional 
y
les, whi
h at the Gepnerpoint is given by IgeoB = �g (1� g)3 ;see [24℄. Up to overall normalisation, we �nd that I�B � m�(g) IgeoB m�(g�1) withm�(g) =1� g for � = id as in [24℄ and m�(g) = 1 for � = (1) (2) (3) (4 5).Referen
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