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Fra
tals, multifun
tions and Markov operatorsAndrzej Lasota and J�ozef MyjakAbstra
t. We show that attra
tors of multifun
tions have many propertiessimilar to fra
tals and we introdu
e the notion of a semiattra
tor and a semi-fra
tal. Further we study the relationship between the multifun
tions andtransition fun
tions appearing in the theory of Markov operators. We alsodis
uss some properties of a new dimension of measures de�ned by a use ofthe L�evy 
on
entration fun
tion.1. Introdu
tionThe main purpose of this le
ture is to show a relationship between the dynami
sof sets and dynami
s of measures. In parti
ular given a metri
 spa
e X we 
an
onstru
t fra
tals in two di�erent ways. Using the �rst one, we de�ne a fra
talA� as the 
ommon limit of sequen
es of sets (Fn(A)) where A � X and F is amultifun
tion des
ribed by a �nite family of transformations wi : X ! X, i 2 I.In the se
ond method we 
onstru
t a Markov operator P a
ting on the spa
e ofBorel measures using the same family of transformations (wi) and a probabilityve
tor (pi), i 2 I. The operator P and the multifun
tion F are related by theformula(1:1) F (x) = suppPÆxwhere Æx is a probability measure 
on
entrated at x. If for every probability mea-sure � the sequen
e (Pn�) 
onverges to the same measure �� we de�ne the 
orre-sponding fra
tal as the support of ��. In the 
ase when all transformations wi are
ontra
tive we have A� = supp �� and both de�nitions of a fra
tal are equivalent.These 
lassi
al results will be re
alled in Se
tion 3 (see also [1℄ and [8℄).However, 
onditions whi
h imply the 
onvergen
e of (Pn�) to the uniquemeasure �� are, in general, less restri
tive than analogous 
onditions for the 
on-vergen
e of (Fn(A)) and the se
ond method produ
es a new 
lass of sets of theform supp ��. It is interesting that these sets 
an be also 
onstru
ted by a useof topologi
al limits of sequen
es of sets without any probabilisti
 tools. We 
allthese sets semifra
tals.1991 Mathemati
s Subje
t Classi�
ation. Primary 28A80, 26E25; Se
ondary 28A78, 60J05.Key words and phrases. Iterated fun
tion systems, multifun
tions, fra
tals, attra
tors, Markovoperators, invariant measures, dimension of measures.



2 A. Lasota and J. MyjakIn Se
tions 4-6 we show that this interdependen
e between transformations ofsets and transformations of measures 
an be extended to a larger 
lass of operators.Namely, it is easy to verify that for every Markov operator P the multifun
tion Fgiven by formula (1.1) is measurable and 
losed valued. If in addition P is Fellerian,then the multifun
tionF is lower semi
ontinuous. Vi
e versa, it 
an be proved thatfor every measurable 
losed valued multifun
tionF there exists a Markov operatorP su
h that 
ondition (1.1) is satis�ed. Moreover, for a lower semi
ontinuous Fit is possible to 
onstru
t a Markov Fellerian operator P satisfying (1.1). These
onstru
tions based on the sele
tions theorems of Kuratowski{Ryll Nardzewskiand Mi
hael will be shown in Se
tion 6.In the 
ase when a Fellerian Markov operator P is asymptoti
ally stable, the
orresponding multifun
tion F has some spe
i�
 properties whi
h are 
alled theasymptoti
 semistability. In parti
ular if �� is the unique P{invariant probabilitymeasure then the set A� = supp�� is F{invariant and it has many features of asemifra
tal.The asymptoti
 stability of P is a quite strong 
ondition. In Se
tion 7 we onlyassume that the Markov operator P has a unique normalized invariant measure��. We prove that in this 
ase every F invariant set has �� measure either zero orone. Finally, in Se
tion 8 we introdu
e a new dimension of probability measuresrelated with the L�evy 
on
entration fun
tion. We show some bounds of this di-mension for measures invariant with respe
t to the Markov operators generatedby iterated fun
tion systems.2. PreliminariesLet (X; �) be a metri
 spa
e and let F be the spa
e of all nonempty 
losed subsetsof X. By B(x; r) we denote the 
losed ball with 
enter at x and radius r. For asubset A of X, 
lA stands for the 
losure of A and diam A for the diameter of A.By Rwe denote the set of all reals and by N the set of all positive integers.Let (An) be a sequen
e of subsets of X. The lower bound LiAn and the upperbound LsAn are de�ned by the following 
onditions. A point x belongs to LiAn, iffor every " > 0 there is an integer n0 su
h that An\B(x; ") 6= ; for n � n0. A pointx belongs to LsAn if for every " > 0 the 
ondition An \B(x; ") 6= ; is satis�ed forin�nitely many n. If LiAn = LsAn, we say that the sequen
e (An) is topologi
ally
onvergent and we denote this 
ommon limit by LtAn. It is 
alled the topologi
al(or Kuratowski) limit of the sequen
e (An) (see [7℄). Observe that LiAn and LsAnare always 
losed sets. The basi
 properties of topologi
al limit 
an be found in [7℄.Here we re
all that LiAn = Li(
lAn), LsAn = Ls(
lAn) and LiAn � B providedAn � B for suÆ
iently large n andB is 
losed. Moreover, every in
reasing sequen
eof sets (An) is topologi
ally 
onvergent and LtAn = 
lS1n=1An.Now let X and Y be metri
 spa
es. A multifun
tion F : X ! Y is a subsetof X � Y su
h that for every x 2 X the set F (x) = fy : (x; y) 2 Fg is nonempty.



Fra
tals, multifun
tions and Markov operators 3The set F (x) is 
alled the value of the multifun
tion F at point x. For A � X andB � Y we de�neF (A) = [x2AF (x) and F�(B) = fx 2 X : F (x)\B 6= ;g:A multifun
tionF : X ! Y is 
alled Borel measurable (or simplymeasurable)if F�(G) is a Borel subset of X for every open subset G of Y .A multifun
tion F is 
alled lower semi
ontinuous (shortly l.s.
) if F�(G) isopen in X for every open subset G of Y .For the 
onvenien
e of the reader we re
all some well known properties oflower semi
ontinuous multifun
tions.Proposition 2.1. Let F : X ! Y be a multifun
tion. Then the following 
onditionsare equivalent:(i) F is l.s.
.(ii) F (
lA) � 
lF (A) for every A � X.(iii) For every sequen
e (xn) � X we havelimxn = x implies F (x) � LiF (xn):(iv) For every sequen
e (xn) � X we havelimxn = x implies F (x) � LsF (xn):A set A � X is 
alled subinvariant (resp. invariant) with respe
t to a multi-fun
tion F : X ! X if F (A) � A (resp. F (A) = A).We say that a multifun
tion F : X ! X is asymptoti
ally stable if thereexists a 
losed subset A� of X su
h that the following two 
onditions are satis�ed:(i) 
lF (A�) = A�;(ii) LtFn(A) = A� for every bounded nonempty subset A of X.By B we denote the �-algebra of Borel subsets of X and by M the familyof all �nite Borel measures on X. By M1 we denote the spa
e of all � 2 M su
hthat �(X) = 1.As usually, by B(X) we denote the spa
e of all bounded Borel measurablefun
tions f : X ! R and by C(X) the subspa
e of all 
ontinuous fun
tions. Bothspa
es are 
onsidered with the supremum norm.Given � 2M we de�ne the support of � by the formulasupp� = fx 2 X : �(B(x; r)) > 0 for every r > 0g:For f 2 B(X) and � 2M we write< f; � >= ZX f(x)�(dx):We say that a sequen
e (�n) �M 
onverges weakly to a measure � 2M iflim< f; �n >=< f; � > for every f 2 C(X):Using the Alexandrov theorem it is easy to prove the following



4 A. Lasota and J. MyjakProposition 2.2. If a sequen
e (un) �M 
onverges weakly to � 2 M, thenLi supp �n � supp�:An operator P : M ! M is 
alled a Markov operator if it satis�es thefollowing 
onditions:(i) P (�1�1 + �2�2) = �1P�1 + �2P�2 for �1; �2 2 R+; �1; �2 2M.(ii) P�(X) = �(X) for � 2M.(iii) There exists an operator U : B(X) ! B(X) su
h that< Uf; � >=< f; P� > for f 2 B(X) and � 2M:The operator U is 
alled dual to P . If in addition Uf 2 C(X) for f 2 C(X),then the Markov operator P is 
alled fellerian.A mapping � : X � B ! [0; 1℄ is 
alled a transition fun
tion if �(x; �) is aprobability measure for every x 2 X and �(�; A) is a measurable fun
tion for everyA 2 B.Having a transition fun
tion � we may de�ne the 
orresponding Markovoperator P :M!M by the formula(2:1) P�(A) = ZX �(x;A)�(dx)and its dual operator U : B(X) ! B(X) byUf(x) = ZX f(u)�(x; du):Vi
e versa, having a Markov operator P we may de�ne a fun
tion � : X�B ! [0; 1℄setting(2:2) �(x;A) = PÆx(A):Clearly the fun
tion � is a transition fun
tion su
h that 
ondition (2.1) is satis�ed.Thus, 
ondition (2.1), (2.2) show the one to one 
orresponden
e between theMarkov operators and transition fun
tions.Finally note that Markov operator P is Fellerian if and only if its transitionfun
tion has the following property:xn ! x implies �(xn; �)! �(x; �) (weakly) :If this 
ondition is satis�ed the transition fun
tion � is also 
alled Fellerian.A measure � is 
alled invariant (or stationary) with respe
t to P if P� = �.A Markov operator P is 
alled asymptoti
ally stable if there exists a stationarymeasure �� 2 M1 su
h that(2:3) limPn� = �� for every � 2 M1:Obviously a measure �� satisfying 
ondition (2.3) is unique.



Fra
tals, multifun
tions and Markov operators 53. Classi
al resultsIn this se
tion we assume that (X; �) is a Polish spa
e (i.e. a 
omplete, separablemetri
 spa
e).An Iterated Fun
tion System (shortly IFS) is given by a family of 
ontinuoustransformations wi : X ! X; i 2 I:Assume also that there is given a family of 
ontinuous fun
tionspi : X ! R; i 2 I;satisfying pi(x) > 0 and Xi2I pi(x) = 1 for x 2 X:The family f(wi; pi) : i 2 Ig is 
alled an IFS with probabilities. We assume thatthe set I of indexes is �nite or 
ountable.Having an IFS fwi : i 2 Ig we de�ne the 
orresponding Barnsley{Hut
hinsonmultifun
tion F by(3:1) F (x) = fwi(x) : i 2 Ig for x 2 Xand having an IFS with probabilities f(wi; pi) : i 2 Ig we de�ne the 
orrespondingMarkov operator P :M!M by(3:2) P�(A) =Xi2I Zw�1i (A) pi(x)�(dx) =Xi2I ZX 1A(wi(x))�(dx):for A 2 B.It is easy to verify that P is a Feller operator and its dual operator U is givenby Uf(x) =Xi2I pi(x)f(wi(x)) for f 2 C(X); x 2 X:We say that an IFS fwi : i 2 Ig is asymptoti
ally stable if the 
orrespondingmultifun
tion F given by (3.1) is asymptoti
ally stable.Assume that for every i 2 I the fun
tion wi is Lips
hitzian with a Lips
hitz
onstant Li and that the fun
tion pi is 
onstant. The following fa
ts are well known(see [1, 8, 11℄).Theorem 3.1. If supi2I Li < 1then the multifun
tion F is asymptoti
ally stable, the operator P is asymptoti
allystable and A� = supp��;where A� is the attra
tor of F and �� is the invariant measure with respe
t to P .



6 A. Lasota and J. MyjakTheorem 3.2. If Xi2I piLi < 1then the operator P is asymptoti
ally stable.The natural question arises, what are the geometri
 properties of the setsupp�� when the assumptions of Theorem 3.2 are satis�es. More pre
isely, wewould like to de�ne this set by a use of the transformations wi without any prob-abilisti
 tools. The answer to this question will be given in the next se
tion.4. Semiattra
tors given by iterated fun
tion systemsLet X be a metri
 spa
e. We say that an IFS fwi : i 2 Ig is regular if there isa nonempty subset I0 su
h that the IFS fwi : i 2 I0g is asymptoti
ally stable.The attra
tor of the subsystem fwi : i 2 I0g is 
alled a nu
leous of the systemfwi : i 2 Ig.Regular IFS's have some important properties des
ribed by the followingtheorems (see [10℄).Theorem 4.1. Let fwi : i 2 Ig be a regular IFS and let A0 be a nu
leous. Denoteby F the 
orresponding to fwi : i 2 Ig Barnsley{Hut
hinson multifun
tion. Thenthe sequen
e (Fn(A0)) is 
onvergent and its topologi
al limit(4:1) A� = LtFn(A0)does not depend on the 
hoi
e of A0.The set A� given by formula (4.1) will be 
alled the semiattra
tor (or semifra
-tal) 
orresponding to the regular IFS fwi : i 2 Ig.Theorem 4.2. Let fwi : i 2 Ig be a regular IFS and A� be the 
orrespondingsemiattra
tor. Then(i) 
l(F (A�)) = A�;(ii) A� = 
lS1n=1Fn(A) = LtFn(A) for every A � A�; A 6= ;;(iii) A� is the smallest nonempty 
losed set subinvariant with respe
t to F (i.e.if A is a nonempty 
losed subset of X su
h that F (A) � A, then A � A�).Theorem 4.3. Let X be a Polish spa
e. Assume that an IFS with probabilitiesf(wi; pi) : i 2 Ig is asymptoti
ally stable and that the IFS fwi : i 2 Ig is regular.Then A� = supp��;where A� is the semiattra
tor of fwi : i 2 Ig and �� is the invariant measure off(wi; pi) : i 2 Ig.



Fra
tals, multifun
tions and Markov operators 7Theorem 4.1, 4.2 and 4.3 are spe
ial 
ases of more general results whi
hwill be given in the next se
tion. Here we only show how they are related withthe question posed at the end of Se
tion 3. Namely, assume that the fun
tionswi : X ! X are Lips
hitzian with 
onstants Li and that P piLi < 1. Clearlythere exist a nonempty set I0 � I su
h that supi2I0 Li < 1. The IFS fwi : i 2 I0gis asymptoti
ally stable and 
onsequently the IFS fwi : i 2 Ig is regular. A

ordingto Theorem 4.3 the support of the invariant measure of f(wi; pi) : i 2 Ig is equalto the semiattra
tor of fwi : i 2 Ig.5. Semiattra
tors of multifun
tionsLet X be a metri
 spa
e. Given a multifun
tion F : X ! X 
onsider the set(5:1) C = \x2X LiFn(x):If the set C is nonempty, then the multifun
tion F is 
alled asymptoti
ally semi-stable and the set C is 
alled the semiattra
tor of F .Theorem 5.1. Assume that F is a l.s.
. multifun
tion asymptoti
ally semistablewith the semiattra
tor C. Then the following 
onditions hold:(i) C � LiFn(A) for every A � X, A 6= ;;(ii) 
lF (C) = C;(iii) LtFn(A) = C for every A � C, A 6= ;;(iv) C � A for every nonempty 
losed subset A of X su
h that F (A) � A.Proof. Condition (i) is obvious. From (5.1) it follows thatF (C) � \x2X F (LiFn(x)):Using Proposition 2.1 and the semi
ontinuity of F it is easy to verify thatF (LiFn(x)) � LiFn(x):Thus we have(5:2) F (C) � C:Sin
e C is a 
losed set, we have also 
lF (C) � C. To prove the opposite in
lusionobserve that Fn(C) � F (C) for n � 1 whi
h, in turn implies LiFn(C) � 
lF (C).Sin
e C � LiFn(C), this 
ompletes the proof of (ii).To verify (iii) observe that (5.2) implies LsFn(C) � C. Thus for an arbitrarynonempty set A � C we haveC � LiFn(A) � LsFn(A) � LsFn(C) � C:Condition (iv) 
an be veri�ed as follows. In
lusion F (A) � A impliesFn(A) �A for n � N. Consequently C � LiFn(A) � A:



8 A. Lasota and J. MyjakTheorem 5.2. Let F : X ! X be a l.s.
. multifun
tion. Assume that there exists al.s.
. and asymptoti
ally semistable multifun
tion F0 : X ! Y su
h that F0(x) �F (x), x 2 X. Then F is asymptoti
ally semistable and its semiattra
tor C is givenby the formula(5:3) C = LtFn(C0) = 
l 1[n=1Fn(C0);where C0 is the semiattra
tor of F0.Proof. Sin
e C0 � C the multifun
tion F is asymptoti
ally semistable. The �rstequality in (5.3) follows from Theorem 5.1 (iii) with A = C0. Now, observe thatFn(C0) � C for n = 1; 2; : : : . Hen
e
l 1[n=1Fn(C0) � C:Using this in
lusion and the �rst equality in (5.3) we obtain the se
ond equalityof (5.3). The proof is 
ompleted.6. Markov multifun
tionsLet (X; �) be a Polish spa
e. Given a Markov operator P and the 
orrespondingtransition fun
tion � we de�ne a multifun
tion � : X ! X by the formula�(x) = supp �(x; �) = suppPÆx:This multifun
tion will be 
alled the Markov multifun
tion 
orresponding to P orthe support of �. It is easy to see that � is 
losed valued and measurable. Vi
eversa, we have the followingTheorem 6.1. Let F : X ! X be a measurable, 
losed valued multifun
tion. Thenthere exists a transition fun
tion � : X � B ! [0; 1℄ su
h that F is the support of�.Proof. A

ording to Kuratowski{Ryll Nardzewski Theorem (see [2℄) there existsa sequen
e (fn) of measurable fun
tions fn : X ! X su
h thatF (x) = 
lffn(x) : n 2 Ng for x 2 X:We de�ne the fun
tion � : X � B ! [0; 1℄ by�(x;A) = 1Xn=1 pnÆfn(x)(A);where (pn) is a sequen
e of positive numbers su
h thatP1n=1 pn = 1 and Æu standsfor the Æ{Dira
 measure supported at u. A simple 
al
ulation shows that � is atransition fun
tion and that F is the support of �.



Fra
tals, multifun
tions and Markov operators 9Theorem 6.2. Assume that � : X � B ! [0; 1℄ is a Fellerian transition fun
tion.Then the 
orresponding Markov multifun
tion � is l.s.
.Proof. Fix an x 2 X and 
onsider a sequen
e (xn) � X 
onverging to x. Sin
e �is Fellerian, the 
orresponding sequen
e of measures (�(xn; �)) 
onverges weakly tothe measure �(x; �). By virtue of Proposition 2.2 we have �(x) � Li �(xn). Thusthe statement of Theorem 6.2 follows from Proposition 2.1.Theorem 6.3. Assume that F : X ! X is a l.s.
. multifun
tion with 
losed values.Then there exists a Fellerian transition fun
tion � : X �B ! [0; 1℄ su
h that F isthe support of �.Proof. Consider a multifun
tion � : X !M1 given by the formula�(x) = f� 2 M1 : supp� � F (x)gClearly � is 
onvex and 
losed valued. It is easy to verify that � is l.s.
. . Observethat M1 is a 
onvex subset of the linear spa
e Msig of all signed Borel measureson X and thatM1 is 
omplete with respe
t to the Fortet{Mourier metri
 (see [3℄).Thus the 
onditions of the Mi
hael Sele
tion Theorem (see [15℄) are satis�ed and
onsequently there exists a sequen
e ('n) of 
ontinuous fun
tions 'n : X !M1su
h that �(x) = 
lf'n(x) : n 2 Ng:Let (pn) be a sequen
e of positive numbers su
h that �pn = 1. De�ne � : X�B ![0; 1℄ by �(x;A) = 1Xn=1 pn'n(x)(A):Obviously � is a transition fun
tion. To 
omplete the proof it suÆ
es to verifythat F is equal to the support of �.In order to prove the next result we need two simple lemmas 
on
erning thesupport of the measure P� (see [9℄, [11℄).Lemma 6.4. Let P : M ! M be a Fellerian operator. If �1; �2 2 M1 andsupp�1 � supp �2 then suppP�1 � suppP�2.Lemma 6.5. Let P :M !M be a Markov operator 
orresponding to a Felleriantransition fun
tion � : X � B ! [0; 1℄. Further let � be a support of �. Then forevery � 2 M and n 2 N we havesuppPn� = 
l �n(supp �):Theorem 6.6. If a Fellerian Markov operator P is asymptoti
ally stable, then the
orresponding Markov multifun
tions � is asymptoti
ally semistable andC = supp��where C is the semiattra
tor of � and �� is the measure invariant with respe
t toP .



10 A. Lasota and J. MyjakProof. Fix an arbitrary x 2 X and let � = Æx. Sin
e P is asymptoti
ally stablethe sequen
e (Pn�) 
onverges weakly to ��. By Proposition 2.2 and Lemma 6.5we have supp�� � Li suppPn� = Li�n(x):This implies that supp�� � C.To prove the opposite in
lusion �x a point z =2 supp �� and 
hoose " > 0 su
hthat B(z; ") \ supp�� = ;:Let x 2 supp�� and � = Æx. By Lemma 6.4 and 6.5 we have�n(x) � suppPn� � suppPn�� = supp �� for n 2 N:Thus �n(x) \B(z; ") = ;:It follows that z =2 Li�n(x) and 
onsequently z =2 C. The proof is 
omplete.7. A zero{one theoremLet P be a Fellerian operator and � the 
orresponding Markov multifun
tion.Theorem 7.1. Assume that P has a unique invariant probability measure ��. Then(7:1) ��(D) = 0 or ��(D) = 1for every Borel set D � X su
h that �(D) � D.Proof. Let U be the operator dual to P . Fix a Borel set D � X su
h that �(D) �D. Let x 2 D be an arbitrary point. Sin
e supp�(x; �) � D, we have �(x;X nD) =0. From this and the equality U1A = �(�; A) it follows that U1XnD(x) = 0. De�ne�0(A) = ��(A \D) for A 2 B:A simple 
al
ulation shows that �0 is invariant with respe
t to P . If ��(D) = 0 thealternative (7.1) is obviously satis�ed. If ��(D) > 0 it 
an be proved that �0 = ��and 
onsequently ��(D) = �0(X) = 1.Theorem 7.2. Assume that P has a unique invariant probability measure ��. Then(7:2) ��(D) = 0 or ��( 1\n=0�n(D)) = 1for every Borel set D � X satisfying �(D) � D.Proof. Assume that ��(D) > 0 (otherwise it is nothing to prove). LetDn = �n(D).To prove (7.2) it suÆ
es to show that ��(Dn) = 1 for n 2 N. This 
an be doneby an indu
tion argument. Indeed, ��(D0) = ��(D) = 1 by Theorem 7.1. Nowassume that ��(Dn) = 1 for some �xed n 2 N. For arbitrary x 2 Dn we have�(x;�(Dn)) � �(x;�(x)) = 1:



Fra
tals, multifun
tions and Markov operators 11and 
onsequently U1�(Dn)(x) = 1 for x 2 Dn:Using the fa
t that �� is invariant with respe
t to P and the last equality we have��(Dn+1) = ��(�(Dn)) =< 1�(Dn); �� >=< 1�(Dn); P�� >=< U1�(Dn); �� >� ZDn U1�(Dn)(x)��(dx) = ��(Dn) = 1:The proof is 
ompleted.In the 
ase when P is de�ned by an iterated fun
tion system, Theorem 7.2was proved by J.Goodman in [5℄. The general situation was dis
ussed in [13℄.8. A 
on
entration dimension of measuresGiven a measure � 2 M1 we de�ne the lower and upper 
on
entration dimensionof � by(8:1) dimL� = lim infr!0 logQ�(r)log rand(8:2) dimL� = lim supr!0 logQ�(r)log r ;where Q� is the L�evy 
on
entration fun
tion (see [6℄) given by the formulaQ�(r) = supf�(B(x; r)) : x 2 Xg:If dimL� = dimL�, then this 
ommon value is 
alled the 
on
entration dimensionof � and it is denoted by dimL �. The Hausdor� dimension of a set A � X will bedenoted by dimH A.The 
on
entration dimension has some important properties. First, it is rel-atively easy to be 
al
ulated. Moreover, it is strongly related to the Hausdor�dimension and the mass distribution prin
iple (see [4℄. Prop. 2.1). Using this prin-
iple it is easy to verify that dimH K � dimL�for every K � X and � 2 M1 su
h that supp� � K. Further using the FrostmanLemma (see [14℄, Thm. 8.17) one 
an prove the followingTheorem 8.1. If K � X is a nonempty, 
ompa
t set, thendimH K = sup dimL�;where the supremum is taken over all � 2M1 su
h that supp� � K.



12 A. Lasota and J. MyjakThe following estimates of the upper and lower 
on
entration dimension forfra
tal measures are proved in [12℄.Theorem 8.2. Let f(wi; pi) : i 2 Ig be an IFS with probabilities having an invariantmeasure �� 2 M1. Assume that the fun
tions wi; i 2 I, are Lips
hitzian withLips
hitz 
onstants Li and the set J = fi 2 I : Li < 1g is nonempty. ThendimL�� � infi2J log�ilogLi ;where �i = infx2X pi(x):To obtain the lower estimate of dimL�� we need more restri
tive assump-tions 
on
erning the transformations wi. Let I = Smj=1 Ij , where I1; : : : ; Im arenonempty and pairwise disjoint. Further, let K � X be a nonempty set. De�neKj = [i2Ij wi(K) for j = 1; : : : ;m:We say that the family fwi : i 2 Ig satis�es the mixed Moran 
ondition withrespe
t to the set K and the partition I1; : : : ; Im if Kj � K for j = 1; : : : ;m andinff�(x; y) : x 2 Kj1 ; y 2 Kj2g > 0 for j1; j2 2 f1; : : : ;mg; j1 6= j2:Theorem 8.3. Let f(wi; pi) : i 2 Ig be an IFS with probabilities having an invariantmeasure �� 2 M1. Assume that the family fwi : i 2 Ig satis�es the mixed Moran
ondition with respe
t to the set K = supp �� and a partition I1 : : : ; Im. Moreoverassume that the fun
tions wi satisfy the 
ondition(8:3) �(wi(x); wi(y)) � li�(x; y) for x; y 2 X; i 2 I;where li are 
onstants su
h that(8:4) 0 < infi2Ij li < 1 for j = 1; : : : ;m:Then dimL� � min1�j�m log �jlogMj ;where �j =Xi2Ij supx2X pi(x) and Mj = infi2Ij li:Using the last theorem we 
an obtain an evaluation of the Hausdor� dimen-sion of fra
tals and semifra
tals. Let I be an at most 
ountable set of indexes.Consider a family of Lips
hitzian transformation wi : X ! X, i 2 I. Assume thatinfi2I Li < 1, where Li is the Lips
hitz 
onstant of wi. Obviously IFS fwi : I 2 Igis regular. Let A� be the 
orresponding semiattra
tor. In addition assume that thefamily fwi : i 2 Ig satis�es 
onditions (8.3),(8.4) and the mixed Moran 
onditionwith respe
t to the set A� and a partition I1; : : : ; Im of I. ThendimH A� � d;
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tions and Markov operators 13where d is the unique positive number given by the 
onditionmXj=1(Mj)d = 1 with Mj = infi2Ij li:Indeed, for j = f1; : : : ;mg de�ne �j = (Mj)d. Evidently 0 < �j < 1. Letpi > 0, i 2 I be 
onstants su
h that �i2Ijpi = �j and �piLi < 1. Obviouslythe IFS with probabilities f(wi; pi) : i 2 Ig has an invariant measure �� andsupp�� = A�. From Theorems 8.1 and 8.3 it follows thatdimH A� � dimL�� � min1�j�m log�jlogMj = d:A
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