
ESI The Erwin S
hr�odinger International Boltzmanngasse 9Institute for Mathemati
al Physi
s A-1090 Wien, Austria
Invariant Tensor Fields and Orbit Varieties forFinite Algebrai
 Transformation GroupsMark LosikPeter W. Mi
horVladimir L. Popov

Vienna, Preprint ESI 1166 (2002) September 5, 2002Supported by the Austrian Federal Ministry of Edu
ation, S
ien
e and CultureAvailable via http://www.esi.a
.at



INVARIANT TENSOR FIELDS AND ORBIT VARIETIESFOR FINITE ALGEBRAIC TRANSFORMATION GROUPSMark Losik, Peter W. Mi
hor, Vladimir L. PopovTo C. S. Seshadri on the o

asion of his 70th birthdayAbstra
t. Let X be a smooth algebrai
 variety endowed with an a
tion ofa �nite group G su
h that there exists a geometri
 quotient �X : X ! X=G.We 
hara
terize rational tensor �elds � on X=G su
h that the pull ba
k of � isregular on X: these are pre
isely all � su
h that divRX=G (�) > 0 where RX=Gis the re
e
tion divisor of X=G and divRX=G (�) is the RX=G-divisor of � . Wegive some appli
ations, in parti
ular to a generalization of Solomon's theorem.In the last se
tion we show that if V is a �nite dimensional ve
tor spa
e andG a �nite subgroup of GL(V ), then ea
h automorphism  of V=G admits abiregular lift ' : V ! V provided that  maps the regular stratum to itself and �(RX=G) = RX=G. 1. Introdu
tionLet X be a smooth algebrai
 variety endowed with an a
tion of a �nitegroup G. Assume that there exists a geometri
 quotient �X : X ! X=G (thisis always the 
ase if X is quasi-proje
tive, 
f. Subse
tion 2.4).In this paper we study the interrelations between rational tensor �elds onX and X=G. If � is a rational tensor �eld on X=G, we de�ne a G-invariantrational tensor �eld ��X(� ) on X 
alled the pull ba
k of � . If � is a G-invariantrational tensor �eld on X, we de�ne a rational tensor �eld �X�(�) on X=G
alled the push forward of �. We have �X�(��X (� )) = � and ��X(�X�(�)) = �.Given this, we 
onsider the following problem: Let � be a rational tensor�eld on X=G. When is the pull ba
k ��X(� ) regular on X?To that end we 
onsider the Luna strati�
ation of X=G. Let (X=G)1 bethe union of all 
odimension 1 strata. We show that (X=G)1 is 
ontainedin the smooth lo
us of X=G. Let (X=G)1 = (X=G)11 [ : : : [ (X=G)d1 be the1991 Mathemati
s Subje
t Classi�
ation. 14L24, 14L30.Key words and phrases. Finite group, orbit, tensor �eld, orbit spa
e, lifting.M.L. and P.W.M. were supported by \Fonds zur F�orderung der wissens
haftli
hen For-s
hung, Projekt P 14195 MAT". Typeset by AMS-TEX1



2 M. LOSIK, P. W. MICHOR, V. L. POPOVde
omposition into irredu
ible 
omponents. We show that for any l = 1; : : : ; dand z 2 (X=G)l1, x 2 ��1X (z) the stabilizer of x is a 
y
li
 group whose imageunder the sli
e representation is generated by a pseudo-re
e
tion of order rldepending only on l. We en
ode this information into the re
e
tion divisorRX=G := r1R1 + : : :+ rdRd 2 Div(X=G) where Rl is the prime divisor whosesupport is the 
losure of (X=G)l1. Further, for any nonzero rational tensor �eld� on X=G and positive divisor B 2 Div(X=G) we de�ne div(� ) 2 Div(X=G),the divisor of � , and divB(� ) 2 Div(X=G), the B-divisor of � . Lo
ally div(� )is the minimum of divisors of the 
omponent fun
tions of � in the framings oftangent and 
otangent bundles. The divisor divB(� ) is obtained from div(� )by means of some \modi�
ation along" B (see Subse
tion 3.6).Our main result is that ��X (� ) is regular on X if and only if divRX=G (� ) > 0.As a 
orollary we obtain a generalization of Solomon's theorem [So℄, andprove that the push forward of a G-invariant regular tensor �eld on X that isskew symmetri
 with respe
t to the 
ovariant entries is regular on the smoothlo
us of X=G.Another appli
ation pertains to the 
ase where X is a ve
tor spa
e V witha linear a
tion of G: we obtain a 
hara
terization of G-invariant polynomialson V �s in terms of rational multi-symmetri
 
ovariant tensor �elds on V=G.In the last se
tion we prove that any automorphism of the algebrai
 varietyV=G su
h that  ((V=G)0) � (V=G)0 and  �(RV=G) = RV=G 
an be lifted to anautomorphism of the algebrai
 variety V . The proof is based on the relevantresult in the analyti
 setting, [KLM℄, so what we really prove is that analyti
lift is a
tually algebrai
.Throughout in this paper we assume that the base �eld k is algebrai
ally
losed of 
hara
teristi
 0. In the last se
tion we use the result from [KLM℄ thatis proved for k = C , so passing to the general 
ase is 
arried out by Lefs
hetz'sprin
iple. However note that our proofs of the results from Se
tions 2{4 
ouldbe extended mutatis mutandis to the 
ase when 
har k is positive and subje
tto some non-divisibility and magnitude 
onditions; for this purpose one shoulduse the relevant repla
ement of the sli
e theorem [Lu℄ proved in [BR℄.This paper is the algebrai
 geometri
al 
ompanion of paper [KLM℄ wheresimilar results were obtained for analyti
 a
tions of �nite groups.We thank Yu.Neretin for helpful dis
ussions. Thanks are also due to thereferee for suggestions and 
omments whi
h has led to eliminating some ina
-
ura
ies and improvement in the exposition.Notation, terminology and 
onventions:� Ox;X and Tx;X are respe
tively the lo
al ring and tangent spa
e at apoint x of an algebrai
 variety X.� Xsm is the smooth lo
us of X.� Div(X) is the Weil divisor group of X.� div(f) is the divisor of a rational fun
tion f .� supp(D) is the support of D 2 Div(X).



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 3� A positive divisor is 
alled prime if it not sum of two positive divisors.� mC;D is the multipli
ity of a prime divisor C in a divisor D.� dx' is the di�erential of a morphism ' at a point x.� G � z and Gz are respe
tively the orbit and stabilizer of a point z of aset Z endowed with an a
tion of a group G.� ZS := fz 2 Z j g � z = z for all g 2 Sg.� jSj is the number of elements of a �nite set S.All group a
tions 
onsidered in this paper are algebrai
 a
tions on algebrai
varieties. 2. Preliminaries2.1. Ex
ellent morphisms. Re
all that a morphism of algebrai
 varieties' : X ! Y is 
alled �etale at a point x 2 X if the homomorphism of lo
alrings '� : O'(x);Y ! Ox;X indu
es the isomorphism of their 
ompletions. Ifx 2 Xsm and '(x) 2 Ysm, then ' is �etale at x i� dx' : Tx;X ! T'(x);Y is anisomorphism. If ' is �etale at ea
h point of X, it is 
alled �etale.Let G be a redu
tive algebrai
 group. We refer to [PV℄ regarding the fol-lowing basi
 fa
ts.Let X be an aÆne algebrai
 G-variety. We denote by X==G the 
ategori
alquotient of X by G, i.e., the aÆne algebrai
 variety whose algebra of regularfun
tions is k[X℄G (it is �nitely generated by Hilbert's theorem). We denoteby �X = �X;G : X ! X==G the 
anoni
al proje
tion (indu
ed by the in
lusionk[X℄G ,! k[X℄).Every �ber of �X 
ontains a unique 
losed orbit. For a point x 2 X, if theorbit G � x is 
losed in X, then the stabilizer Gx is redu
tive. If G is �nite,then �X : X ! X==G is a geometri
 quotient and we denote X==G by X=G.Let ' : X ! Y be a G-morphism of aÆne G-varieties. Then we have thefollowing 
ommutative diagram(2.1.1) X '����! Y�X;G??y ??y�Y;GX==G '==G����! Y==G;where '==G is indu
ed by the restri
tion of '� : k[Y ℄! k[X℄ to k[Y ℄G (if G is�nite, we denote '==G by '=G). If '==G is �etale and (2.1.1) is the base 
hangediagram (so that X = X==G�Y==GY ), then ' is 
alled ex
ellent. In this 
ase, 'itself is �etale. If ' is ex
ellent, then for any b 2 X==G the restri
tion of ' yieldsa G-isomorphism ��1X (b)! ��1Y (('==G)(b)). Hen
e if Y is irredu
ible and ' isex
ellent, then G a
ts faithfully on X i� G a
ts faithfully on Y .2.2. �Etale sli
es. The following theorem is proved in [Lu℄.



4 M. LOSIK, P. W. MICHOR, V. L. POPOVTheorem 2.2.1. Let X be an aÆne algebrai
 G-variety for a redu
tive al-gebrai
 group G, and let x 2X be a point su
h that the orbit G �x is 
losedin X.(i) There is a Gx-stable lo
ally 
losed aÆne subvariety S�X, 
alled �etalesli
e at x, su
h that x 2 S and the G-morphism(2.2.1) �S : G �Gx S ! Xindu
ed by G� S ! X, (g; s) 7! g � s, is ex
ellent.(ii) If x 2 Xsm, there exist a �S;Gx-saturated aÆne open neighborhood U ofx in S and a Gx-equivariant ex
ellent morphism(2.2.2) �x : U ! Tx;S : �Here by G �Gx S we denote the homogeneous �ber spa
e over G=Gx withthe �ber S, i.e., the 
ategori
al quotient of G� S by the Gx-a
tion h � (g; s) =(gh�1; h � s) (a
tually in this 
ase it is the geometri
al quotient).Theorem 2.2.1 is 
ru
ial for this paper. We will apply it only in the settingof �nite group a
tions, in whi
h 
ase its proof is simpler than in general one.Therefore for making the paper more self-
ontained, in short Appendix at theend of the paper we give, following the referee's suggestion, some details of theproof of Theorem 2.2.1 for �nite G.2.3. The Luna strati�
ation. Let G be a redu
tive algebrai
 group. Denoteby V(G) the set of isomorphism 
lasses of all algebrai
 ve
tor G-bundles overhomogeneous spa
es G=H where H ranges over all redu
tive subgroups of G.Let X be an aÆne algebrai
 G-variety. For a point b 2 X==G, let G � x bethe unique 
losed orbit in ��1X (b). Sin
e Gx is redu
tive, there is a Gx-stabledire
t linear 
omplement Nx to Tx;G�x in Tx;X . The G-bundle G �Gx Nx !G=Gx, 
alled the normal bundle of G �x, is the representative of some element�(b) 2 V(G). In this way we get a mapping � : X==G! V(G), b 7! �(b).Let s 2 V(G). Then the sets (X==G)s := ��1(s) and Xs :=��1X ((X==G)s) are
alled the strata of type s of X==G and X respe
tively.The following theorem is proved in [Lu℄.Theorem 2.3.1. Retain the above notation and assume that X is smooth.Then(i) The image of � in V(G) is �nite.(ii) Ea
h stratum (X==G)s is a smooth lo
ally 
losed subvariety of X==G.(iii) Ea
h stratum Xs is a lo
ally 
losed smooth �X-saturated subvariety ofX. There is a G-variety Fs su
h that ea
h �ber ��1X (b), b 2 (X==G)s,is G-isomorphi
 to Fs and the restri
tion �X jXs : Xs ! (X==G)s is a�ber bundle with the �ber Fs lo
ally trivial in �etale topology (i.e., ea
hpoint of (X==G)s has an open neighborhood U su
h that the pull ba
k ofthis bundle over a suitable �etale 
overing of U be
omes trivial).



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 5If ' : X ! Y is an ex
ellent morphism of smooth irredu
ible aÆne algebrai
G-varieties, then Xs = '�1(Ys) and (X==G)s = ('==G)�1((Y==G)s) for everys 2 V(G).2.4. Quotients by �nite group a
tions. Now assume that G is a �nitegroup and X an algebrai
 G-variety (not ne
essarily aÆne). Consider theproperty(Q) Every G-orbit is 
ontained in an aÆne open subset of X:For instan
e, (Q) holds if X is quasi-proje
tive.Then one has the following 
riterion.Theorem 2.4.1. The following properties are equivalent:(i) (Q) holds.(ii) There exists a geometri
 quotient(2.4.1) �X = �X;G : X ! X=G:The morphism �X is automati
ally aÆne (i.e., for any open aÆne subset Uof X=G the set ��1X (U ) is aÆne).Proof. See [PV, Theorem 4.14℄. �Assume that there exists a geometri
 quotient (2.4.1). Take a point x 2 X.As the group G is �nite, the orbit G � x is 
losed. As the morphism �X isaÆne, the orbit G �x is 
ontained in a G-stable aÆne open subset of X. Hen
eTheorem 2.2.1 is appli
able to the a
tion of G on this subset. This yieldsTheorem 2.4.2. Assume that for an a
tion of a �nite group G on an algebrai
variety X there exists a geometri
 quotient (2:4:1). Then statements (i) and(ii) of Theorem 2:2 hold.We retain the notation of Subse
tion 2.3. For any point b 2 X=G, the �ber��1X (b) is an orbit G � x. As it is �nite, Nx = Tx;X , so �(b) is the 
lass ofG�Gx Tx;X . Like in Subse
tion 2.3, we 
onsider the mapping � : X=G! V(G),b 7! �(b), and for any s 2 V(G) de�ne the sets (X=G)s := ��1(s) and Xs :=��1X ((X=G)s). We 
all them the strata of type s of X=G and X respe
tively.As every orbit is 
ontained in a G-stable aÆne open subset of X, applyingTheorem 2.3.1 we obtain the followingTheorem 2.4.3. Assume that for an a
tion of a �nite group G on a smoothalgebrai
 variety X there exists a geometri
 quotient (2:4:1). Then statements(i), (ii) and (iii) of Theorem 2:3 hold.The de�nition of strata yields the following des
ription. Let H be the sta-bilizer of a point in X, and let M be a �nite dimensional algebrai
 H-moduleover k. ThenG � fx 2 XH j Gx = H; and the H-modules Tx;X and M are isomorphi
g



6 M. LOSIK, P. W. MICHOR, V. L. POPOVis a (possibly empty) stratum Xs, where s is the 
lass of G �H M , and ea
hstratum of X is obtained in this way. If Xs is nonempty, Z is an irredu
ible
omponent of Xs, and z is a point of Z, then existen
e of morphism (2.2.2)implies that dimZ = dimMH and Z � XGz .We denote by (X=G)i, resp.Xi, the union of all strata of X=G, resp.X, of
odimension i. This is a lo
ally 
losed smooth subvariety of X=G, resp.X. Wehave Xi = ��1X ((X=G)i). The subvariety (X=G)0, resp.X0, is a single stratumof X=G, resp.X. It is 
alled the prin
ipal stratum and is 
hara
terized amongall (X=G)i, resp.Xi, by the property that it is dense and open in X=G, resp.X.We have the in
lusion (X=G)0 � (X=G)sm. If X is irredu
ible, X0 
oin
ideswith the open set of all points whose stabilizer is the kernel of a
tion; inparti
ular if the a
tion is faithful, X0 is the open set of all points with trivialstabilizers. By Theorem 2.4.2, the map �X jX0 : X0 ! (X=G)0 is �etale.2.5. Lo
al des
ription of the 
odimension 1 strata. The followinglemma is a basi
 tool of our analysis of pull ba
ks of tensor �elds on quotientvarieties. It shows that, in �etale topology, a neighborhood of a point of a 
odi-mension 1 stratum of any quotient variety 
oin
ides with su
h a neighborhoodfor a linear a
tion of a �nite 
y
li
 group generated by pseudo-re
e
tion.Lemma 2.5.1. Assume that for a faithful a
tion of a �nite group G on anirredu
ible smooth algebrai
 variety X there exists a geometri
 quotient (2:4:1).Let x be a point of X1. Then:(i) Gx is a �nite 
y
li
 group.(ii) There are a 
hara
ter � : Gx!k� of order jGxj and the lo
al parametersu1; : : : ; un of X at x su
h that un is a lo
al equation of X1 at x, ea
hu1; : : : ; un�1 is Gx-invariant, and g � un = �(g)un for all g 2 Gx.(iii) �X;G(x) 2 (X=G)sm.(iv) y := �X;Gx (x) 2 (X=Gx)sm.(v) There are the lo
al parameters v1; : : : ; vn of X=Gx at y su
h that(2.5.1) ��X;Gx (v1) = u1; : : : ; ��X;Gx (vn�1) = un�1; ��X;Gx (vn) = ujGxjn :Proof. By Theorem 2.4.2, there is an �etale sli
e S of X at x. As G is �nite,S is a Gx-stable neighborhood of x. Hen
e the set U in (2.2.2) is a Gx-stableneighborhood of x as well. Sin
e X is irredu
ible, U is dense in X. As thea
tion of G on X is faithful, this implies that the a
tion of Gx on U is faithfulas well.It follows from smoothness of X1 and X that Tx;X1 is a hyperplane in Tx;X .Sin
e the irredu
ible 
omponent of X1 
ontaining x lays in XGx , we haveTx;X1 � TGxx;X . As the a
tion of Gx on U is faithful and morphism (2.2.2) isex
ellent, the a
tion of Gx on Tx;S = Tx;X is faithful as well. As there is aone-dimensional Gx-stable dire
t 
omplement to Tx;X1 in Tx;X , this impliesthat Tx;X1 = TGxx;X , and Gx is a 
y
li
 group of order jGxj whose generator a
tson Tx;X as a pseudo-re
e
tion with mirror Tx;X1 .



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 7From this we dedu
e that there are a 
hara
ter � : Gx ! k� of order jGxj,and a basis t1; : : : ; tn of T �x;X su
h that t1; : : : ; tn�1 are Gx-invariant and tn isa Gx-semi-invariant with weight �. The sequen
e t1; : : : ; tn is a system of lo
alparameters of Tx;X at 0, and tn is a lo
al equation of Tx;X1 at 0. Sin
e themorphism (2.2.2) is �etale,u1 := ��x(t1); : : : ; un := ��x(tn) 2 k[U ℄is a system of lo
al parameters at x that has the properties stated in (ii).We have k[Tx;X ℄ = k[t1; : : : ; tn℄. Hen
e k[Tx;X ℄Gx is the polynomial algebrain t1; : : : ; tn�1; tjGxjn , and Tx;X=Gx is an aÆne spa
e.The set (G �GxU )=G is open in (G �GxS)=G. By Theorem 2.4.2, we havethe following �etale morphismsX=G �S=G ��� (G�GxS)=G - (G�GxU )=G = U=Gx �x=Gx����! Tx;X=Gx:Thus the following 
ommutative diagram arises:(2.5.2) X embedding ������ U �x������! Tx;X�X;G??y �U;Gx??y ??y�Tx;X;GxX=G �S=G ������ U=Gx �x=Gx������! Tx;X=GxAs �Tx;X;Gx (0) 2 (Tx;X=Gx)sm and U=Gx = �X;Gx (U ) is a neighborhood ofy in X=Gx, this yields y 2 (X=Gx)sm and �X;G(x) = (�S=G)(y) 2 (X=G)sm.By our 
onstru
tion, k[Tx;X=Gx℄ = k[w1; : : : ; wn℄ where w1 : : : ; wn are de-�ned by the equalities��Tx;X (w1) = t1; : : : ; ��Tx;X (wn�1) = tn�1; ��Tx;X (wn) = tjGx jn :Sin
e �x=Gx is �etale, v1 := (�x=Gx)�(w1); : : : ; vn := (�x=Gx)�(wn) is a systemof parameters of X=Gx at y. It follows from (2.5.2) that��U;Gx(v1) = u1; : : : ; ��U;Gx(vn�1) = un�1; ��U;Gx(vn) = ujGxjn : �2.6. Re
e
tion divisor of quotient variety. Let X be an irredu
iblesmooth algebrai
 variety endowed with a faithful a
tion of a �nite group Gsu
h that there exists a geometri
 quotient (2.4.1). As X is normal, X=G isnormal as well, [PV, x4 and Theorem 3.16℄.It follows from the dis
ussion in Subse
tion 2.4 that if (X=G)1 6= ? and(2.6.1) (X=G)1 = (X=G)11 [ : : :[ (X=G)d1



8 M. LOSIK, P. W. MICHOR, V. L. POPOVis the de
omposition into irredu
ible 
omponents, then for ea
h l = 1; : : : ; dand x 2 ��1X (b), b 2 (X=G)l1 the integer jGxj does not depend on b and x.Denote it by rl.We en
ode the information about r1; : : : ; rd into the divisor(2.6.2) RX=G := r1R1 + : : :+ rdRd 2 Div(X=G);where Rl 2 Div(X=G) is the prime divisor su
h that supp(Rl) is the 
losure of(X=G)l1.If (X=G)1 = ?, we put RX=G = 0. Thus(2.6.3) RX=G = 0 () (X=G)1 = ?:We 
all RX=G the re
e
tion divisor of X=G. We remark that(2.6.4) (X=G)i1 \ (X=G)j1 = ? if i 6= j:be
ause of smoothness of (X=G)1.3. Lifting Tensor Fields3.1. Rational tensor �elds on algebrai
 varieties. Let Y be an irre-du
ible algebrai
 variety. Denote by T (Ysm), resp. T �(Ysm), the tangent, resp.
otangent, bundle of Ysm. We de�ne a rational tensor �eld of type �pq� on Y asa rational se
tion of the tensor produ
t of p 
opies of T (Ysm) and q 
opies ofT �(Ysm) whose fa
tors are taken in a �xed order. We 
all p+ q the valen
y ofsu
h a se
tion. As 
hanging of the order yields an isomorphi
 ve
tor bundle,we 
onsider only the following representative of this 
lass of ve
tor bundles:T pq (Ysm) := T (Ysm)
p 
 T �(Ysm)
q:The set of points where a rational tensor �eld � 2 �rat(T pq (Ysm)) is de�nedis an open subset of Ysm. We denote it by dom(� ). We say that � is regular ona subset U of X if U � dom(� ). For a point y 2 dom(� ), we denote by � (y)the value of � at y.The set �rat(T pq (Ysm)) of rational tensor �elds of type �pq� on Y has a naturalstru
ture of k(Y )-module. A rational tensor �eld � of type �10� on Y is arational ve
tor �eld on Ysm or, equivalently, a derivation of the k-algebra k(Y ).A rational tensor �eld ! on Y of type �01� is a rational di�erential 1-form onYsm. We denote by !(�) the rational fun
tion on Y whose value at a pointy 2 dom(!)\dom(�) is equal to the value of !(y) at �(y). Rational se
tions of^q(Ysm) are rational di�erential q-forms on Ysm. Rational di�erential q-formson Y de�ned in [Sh℄ are naturally identi�ed with them by means of restri
tionto Ysm.Let v1; : : : ; vn be a system of lo
al parameters of Ysm at a point y 2 Ysm.Then there is a neighborhood V of y in Ysm su
h that v1; : : : ; vn 2 k[V ℄ and



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 9dv1(a); : : : ; dvn(a) is a basis of T �a;V for ea
h point a 2 V , [Sh, Ch. III, x5℄. Let��v1 ; : : : ; ��vn be the regular ve
tor �elds on V de�ned by 
onditions(3.1.1) dvi( ��vj ) = Æij:Then the (numbered) set of tensors ( ��vi1 
 � � � 
 ��vip 
 dvj1 
 � � � 
 dvjq)(a)for ea
h point a 2 V is a basis of T
pa;V 
 T �
qa;V .This implies that for ea
h rational tensor �eld � 2 �rat(T pq (Ysm)) there is aunique de
omposition(3.1.2) � =Pi1;:::;ip;j1;:::;jq � i1:::ipj1:::jq ��vi1 
 � � � 
 ��vip 
 dvj1 
 � � � 
 dvjq ;where � i1:::ipj1:::jq 2k(Y ), and we have(3.1.3) V \ dom(� ) := fa 2 V j ea
h � i1:::ipj1:::jq is regular at ag:>From (3.1.2) we also obtain that for any point a 2 V ,(3.1.4) � (a) = 0 () � i1:::ipj1:::jq (a) = 0 for all i1; : : : ; ip; j1; : : : ; jq:By (3.1.3), (3.1.4), the set of all zeros of � is a 
losed subset of dom(� ).Now assume that the variety Y is normal. If dom(� ) 6= Ysm and(3.1.5) Ysm n dom(� ) = Smi=1(� )i1is the de
omposition of Ysm n dom(� ) into irredu
ible 
omponents, then by(3.1.3),(3.1.6) 
odimY (� )i1 = 1 for all i:Thus if the \variety of poles" of a tensor �eld (i.e., the subvariety of Ysmwhere this �eld is not de�ned) is nonempty, it is unmixed and of 
odimension1. On the 
ontrary, if p or q 6= 0, then by (3.1.4), the variety of zeros of atensor �eld of type �pq� 
an be mixed and/or of 
odimension greater than 1.3.2. Divisor of a rational tensor �eld. Let � 2 �rat(T pq (Ysm)) be a nonzerorational tensor �eld. We de�ne div(� ) 2 Div(Y ), the divisor of � , as follows.Let C 2 Div(Y ) be a prime divisor. Sin
e Y is normal, supp(C)\Ysm 6= ?.Consider in Y an open neighborhood U of a point y 2 supp(C)\Ysm where Cis given by a lo
al equation t. Then there is a unique integer �(C; � ) su
h that(i) supp(C) \ dom(t��(C;�)� ) 6= ?;(ii) t��(C;�)� does not identi
ally vanish on supp(C) \ dom(t��(C;�)� ).



10 M. LOSIK, P. W. MICHOR, V. L. POPOVTo see this, take V and v1; : : : ; vn as above assuming moreover that V � U(this 
an be attained by repla
ing V by V \U ). Thus (3.1.2) holds. Then (i) and(ii) hold i� there is a point z 2 supp(C) su
h that all fun
tions t��(C;�)� i1:::ipj1:::jqare de�ned at z but not all of them vanish at z. This unequivo
ally identi�es�(C; � ) as(3.2.1) �(C; � ) = mini1;:::ip;j1;::: ;jqmC;div(�i1:::ipj1 :::jq ):It is immediately seen that �(C; � ) is well de�ned (i.e., depends only on Cand � but not on the 
hoi
e of V and t), and that the set fC j �(C; � ) 6= 0g is�nite (maybe empty). Now the divisor div(� ) is de�ned by(3.2.2) mC;div(�) := �(C; � ) for all C:For p = q = 0 this gives the usual de�nition of divisor of a rational fun
tion.It follows from the de�nition and (3.1.5), (3.1.6) that if mC;div(�) < 0, thensupp(C) is the 
losure in Y of one of the (� )i1's from (3.1.5). When
e if � isa rational tensor �eld on Y , then(3.2.3) div(� ) > 0 () � is regular on Ysm:On the other hand, we remark that, unlike in the 
ase of rational fun
tions,in general div(� ) 6 0 does not imply that rational tensor �eld � vanishesnowhere.3.3. Pull ba
ks and push forwards of rational tensor �elds. Considera dominant rational map � : Z ! Y of irredu
ible algebrai
 varieties of thesame dimension. As 
har k = 0, the set Z� of points of Zsm where � is de�nedand �etale is dense and open in Z, 
f. [Sh, Ch. II, x6, no. 2, Lemma 2℄.Consider a rational tensor �eld � 2 �rat(T pq (Ysm)). As dz� : Tz;Z ! T�(z);Yfor z 2 Z� is an isomorphism, it yields an isomorphism(3.3.1) ��z := ((dz�)�1)
p 
 ((dz�)�)
q : T
p�(z);Y 
 T �
q�(z);Y ! T
pz;Z
 T �
qz;Z :Hen
e for W := ��1(dom(� )) \ Z� we obtain the following se
tion of T pq (W ):(3.3.2) ��(� ) :W ! T pq (W ); ��(� )(z) := ��z(� (�(z))):We 
laim that (3.3.2) is a rational tensor �eld on Z, regular onW . To showthis, take a point z 2 W , a system of lo
al parameters v1; : : : ; vn of Ysm aty = �(z), and a neighborhood V of y in �(W ) as in Subse
tion 3.1. Then
onditions (3.1.1) de�ne the rational ve
tor �elds ��vj su
h that de
omposition(3.1.2) holds. Put(3.3.3) ui := ��(vi):
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e u1; : : : ; un is a system of parameters ofZsm at z. Let U be a neighborhood of z in Z� su
h that �(U ) � V . Thenu1; : : : ; un 2 k[U ℄ and du1(a); : : : ; dun(a) is a basis of T �z;U for ea
h pointa 2 U . Let ��u1 ; : : : ; ��un be the regular ve
tor �elds on U de�ned by the
onditions dui( ��uj ) = Æij . Then from (3.3.1), (3.3.2) and (3.1.1) we dedu
ethat(3.3.4) ��(dvi) = dui and ��( ��vi ) = ��ui for all i:Hen
e by (3.1.2), there is a unique de
omposition(3.3.5) ��(� ) =Pi1;::: ;ip;j1;::: ;jq ��(� i1:::ipj1:::jq ) ��ui1 
� � �
 ��uip 
duj1
� � �
dujq :As � i1:::ipj1:::jq 2 k(Y ), this shows that ��(� ) is a rational tensor �eld on Z, regularon W . We 
all ��(� ) the pull ba
k of � . Thus we have a map�� : �rat(T pq (Ysm))! �rat(T pq (Zsm)); � 7! ��(� ):Now we 
onsider the 
ase where Z is an irredu
ible smooth algebrai
 G-va-riety X for a �nite group G su
h that there exists a geometri
 quotient (2.4.1),and Y = X=G, � = �X . The �xed point set of the natural a
tion of G on�rat(T pq (Xsm)) is pre
isely the set of all G-invariant rational tensor �elds oftype �pq� on X.If � 2 �rat(T pq ((X=G)sm)), then the de�nition implies that the �eld ��X(� )is G-invariant. Thus we obtain a map��X : �rat(T pq ((X=G)sm))! �rat(T pq (Xsm))G; � 7! � �X (� ):We 
laim that ��X is bije
tive. To prove this, take a �eld '2�rat(T pq (Xsm))G.As dom(') is a G-stable and open subset of X, and X is an irredu
ible variety,W := �X(dom('))\(X=G)0 is a dense open subset ofX=G. Take points b 2Wand x 2 ��1X (b). As �X is �etale at ea
h point of X0, we have an isomorphism(�X)�x (see (3.3.1)). Sin
e ' is G-invariant, ((�X)�x)�1('(x)) depends only onb but not on the 
hoi
e of x in ��1X (b). Hen
e the following formula de�nes ase
tion of T pq (W ):(3.3.6) �X�(') :W ! T pq (W ); �X�(')(b) = ((�X )�x)�1('(x)):We 
laim that �X�(') is a rational tensor �eld on X=G, regular on W . We
all it the push forward of '. The de�nitions imply that the maps ��X and�X� : �rat(T pq (Xsm))G ! �rat(T pq ((X=G)sm)); ' 7! �X�(');are inverses of one another.
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laim, �x a system v1; : : : ; vn of lo
al parametersofX=G at b, and let V be a neighborhood of b inW su
h that v1; : : : ; vn 2 k[V ℄and dv1(b); : : : ; dvn(b) is a basis of T �b;V for ea
h point b 2 V . The set U :=��1X (V ) is an open G-stable neighborhood of x in dom(') \X0. As �X jX0 is�etale, u1 = ��X(v1); : : : ; un = ��X(vn) 2 k[U ℄G is a system of lo
al parametersof X at x su
h that du1(a); : : : ; dun(a) is a basis of T �a;U for ea
h point a 2 U .Hen
e there is a unique de
omposition(3.3.7) ' =Pi1;::: ;ip;j1;::: ;jq 'i1:::ipj1:::jq ��ui1 
 � � � 
 ��uip 
 duj1 
 � � � 
 dujq ;where 'i1:::ipj1:::jq 2 k(X) and dui( ��uj ) = Æij .As the �elds ', dui and ��ui are G-invariant, uniqueness of (3.3.7) and thein
lusion dom(') � U imply that all 
oeÆ
ients 'i1 :::ipj1:::jq in (3.3.7) are 
ontainedin k[U ℄G. Hen
e, as �X : X ! X=G is a geometri
 quotient, there are fun
tions i1:::ipj1:::jq 2 k[V ℄ su
h that(3.3.8) 'i1:::ipj1:::jq = ��X( i1 :::ipj1 :::jq);
f. [PV, x4℄. On the other hand, the de�nitions imply that for any point a 2 U ,(3.3.9) ((��X )a)�1�( ��ui1 
 � � � 
 ��uip 
 duj1 
 � � � 
 dujq)(a)�= � ��vi1 
 � � � 
 ��vip 
 dvj1 
 � � � 
 dvjq�(�X(a)):>From (3.3.6){(3.3.9), we dedu
e that the following de
omposition holds(3.3.10) �X�(') =Pi1;:::;ip;j1;:::;jq  i1:::ipj1:::jq ��vi1 
 � � �
 ��vip 
 dvj1 
 � � � 
 dvjq :In turn, (3.3.10) yields that �X�(') is a rational tensor �eld of type �pq� onX=G, regular on W .3.4. Regularity of the pull ba
k of a tensor �eld on the quotientvariety: Example. We retain the notation and 
onventions of the previoussubse
tion. Our aim in Se
tion 3 is to give a ne
essary and suÆ
ient 
onditionof regularity of the pull ba
k of a rational tensor �eld onX=G. A

ording to thedis
ussion in Subse
tion 3.3, if � �X (� ) is regular on X, then � is automati
allyregular on (X=G)0. However in general this 
ondition is not suÆ
ient: tensor�elds on X=G with \bad singularities" along the irredu
ible 
omponents of(X=G)1 mayhave pull ba
ks that are not regular on the wholeX. The followingsimplest example illustrates this phenomenon.Example. Let X be a one dimensional linear spa
e over k. Let G be a�nite group a
ting on X by g � a := �(g)a where � : G ! k� is a 
hara
terof order r. If u is a nonzero linear fun
tion on X, then k[X℄ = k[u℄ and
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e X=G is an aÆne line with the 
oordinate fun
tion v,and �X := �X;G : X ! X=G is given by � �X (v) = ur.Ea
h nonzero rational tensor �eld � of type �pq� on X=G has the form� = �vmQli=1(v � 
i)di ( ��v )
p 
 (dv)
q ;where m; di 2 Z, �; 
i 2 k n f0g for all i, and 
i 6= 
j for all i 6= j. Sin
e� �X (dv) = rur�1du and � �X ( ��v ) = 1rur�1 ��u , we have� �X (� ) = � �X (v)mQli=1(� �X (v) � 
i)di (� �X ( ��v ))
p 
 (� �X (dv))
q= rq�pu(r�1)(q�p)+rmQli=1(ur � 
i)di ( ��u)
p 
 (du)
q:Therefore the rational tensor �eld � �X (� ) is regular on X if and only if(i) di > 0 for all i;(ii) (r � 1)(q � p) + rm > 0:For instan
e, if r = 3, m = �3, q � p = 7, and di = 0 for all i, then �is regular on (X=G)0 but not regular on X=G, and � �X (� ) is regular on X. Ifr = 3, m = �5, q� p = 7 and di = 0 for all i, then � is regular on (X=G)0, notregular on X=G, and � �X (� ) is not regular on X. �>From the general 
riterion of regularity of the pull ba
k that will be ob-tained below we will see that this example essentially elu
idates the generalme
hanism governing the phenomenon under investigation.3.5. Regularity of the pull ba
k of a tensor �eld on a quotient variety:Case with no strata of 
odimension 1. The 
orollary of the followingproposition shows that if there are no strata of 
odimension 1, then the situ-ation is simple and regularity of � on (X=G)0 is not only ne
essary but alsosuÆ
ient for regularity of � �X (� ) on X.Proposition 3.5.1. Let X be an irredu
ible smooth algebrai
 variety endowedwith an a
tion of a �nite group G. Assume that there exists a geometri
 quo-tient (2:4:1). Let U be an open subset of X=G su
h that U \(X=G)1 = ?. Con-sider a tensor �eld � 2 �rat(T pq ((X=G)sm)) su
h that U \ (X=G)0 � dom(� ).Then ��1X (U ) � dom(� �X (� )).Proof. As dom(� ) � U \ (X=G)0, we have dom(� �X (� )) � ��1X (U ) \X0. Sin
eU \ (X=G)1 = ?, the 
omplement of ��1X (U )\X0 in ��1X (U ) has 
odimension> 2. Now the 
laim follows from (3.1.5) and (3.1.6). �Corollary 3.5.1. Assume moreover that X 
ontains no strata of 
odimen-sion 1. Then the pull ba
k � �X (� ) of a rational tensor �eld � on X=G is regularon X if and only if � is regular on the prin
ipal stratum (X=G)0.Proof. As (X=G)1 = ?, one 
an take U = X=G. �



14 M. LOSIK, P. W. MICHOR, V. L. POPOV3.6. Modifying the divisor of a tensor �eld by means of a nonne-gative divisor. Let Y be an irredu
ible normal algebrai
 variety and B 2Div(Y ) a nonnegative divisor. Consider a nonzero rational tensor �eld � 2�rat(T pq (Ysm)). In this subse
tion we de�ne a divisor divB(� ) 2 Div(Y ) thatwe 
all the B-divisor of � . It is obtained from div(� ) by means of some \modi-�
ation along"B. In the next subse
tion we will use this notion in our 
riterionof regularity of the pull ba
k of a tensor �eld � on the quotient variety X=G:it is formulated in terms of divRX=G (� ), where RX=G is the re
e
tion divisor ofX=G, see (2.6.2).If B = 0, we de�ne(3.6.1) div0(� ) := div(� ):Now assume that B > 0,(3.6.2) B = b1B1 + : : :+ bdBd;where Bi is a prime divisor and bi a positive integer for all i. Then divB(� ) isobtained from div(� ) by modifying the multipli
ities mB1;div(�);: : :;mBd;div(�)as de�ned below.To des
ribe this modi�
ation, �x some Bl. As 
odim(supp(Bl)) = 1 andY is normal, supp(Bl) \ Ysm 6= ?. Hen
e taking lo
al parameters at a pointy 2 supp(Bl) \ Ysm, we 
an �nd an open neighborhood V of y in Ysm and asystem v of fun
tions v1; : : : ; vn 2 k[V ℄ su
h that supp(Bl)\ V 6= ?, the idealof supp(Bl)\V in k[V ℄ is generated by vn, and dv1(a); : : : ; dvn(a) is a basis ofT �a;V for ea
h a 2 V . Hen
e there is a unique de
omposition(3.6.3) � =Pi1;:::;ip;j1;:::;jq Æi1:::ipj1 :::jq ;where (see (3.1.2))(3.6.4) Æi1:::ipj1:::jq = � i1:::ipj1:::jq ��vi1 
� � �
 ��vip 
 dvj1
� � �
dvjq ; � i1:::ipj1:::jq 2k(Y ):With ea
h nonzero tensor �eld Æi1:::ipj1:::jq we asso
iate the following three inte-gers m, p0 and q0 (depending on this �eld):� m := mBl ;div(�i1 :::ipj1:::jq );� p0 (resp. q0) is the number of fa
tors ��vn (resp. dvn) in the right-handside of equality (3.6.4).Now de�ne �(blBl; Æi1:::ipj1:::jq)V;v := (bl � 1)(q0 � p0) + blm;(3.6.5) %(blBl; � )V;v := mini1;:::;ip;j1:::jq �(blBl ; Æi1:::ipj1:::jq)V;v:(3.6.6)



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 15It easily follows from (3.6.3){(3.6.6) that for any nonzero f 2 k(Y ) and�; &2�rat(T pq (Y )sm) su
h that � + & 6= 0 we have(3.6.7) %(blBl; f� )V;v = blmBl ;div(f) + %(blBl; � )V;v;%(blBl; � + &)V;v > minf%(blBl; � )V;v; %(blBl; &)V;vg:Lemma 3.6.1. For any nonzero � 2�rat(T pq (Y )sm), &2�rat(T st (Y )sm) we have(3.6.8) %(blBl; � 
 &)V;v = %(blBl; � )V;v + %(blBl; &)V;v:Proof. If � and & are \ monomials in v", i.e., �=f ��vi1
� � �
 ��vip 
dvj1
� � �
dvjq ,& = g ��va1 
� � �
 ��vas 
 dvb1
� � �
dvbt where f; g 2 k(Y ), then � 
 & is su
ha monomial as well, and the number p0 (resp. q0, m) for � 
 & is the sum ofnumbers p0 (resp. q0, m) for � and �. Therefore in this 
ase the 
laim readilyfollows from the de�nitions (3.6.5), (3.6.6).Consider the general 
ase. Then by (3.1.2) we have � = Pi �i, & = Pj &jwhere ea
h �i and &j is a monomial in v. From (3.6.6) we obtain %(blBl; � )V;v =mini %(blBl; �i)V;v, %(blBl; &)V;v = minj %(blBl; &j)V;v. Sin
e � 
 & =Pi;j �i
 &jand ea
h �i 
 &j is a monomial in v, we have%(blBl; � 
 %)V;v = mini;j %(blBl ; �i
%j )V;v=mini;j �%(blBl; �i)V;v+%(blBl; &j)V;v�= mini %(blBl; �i)V;v +minj %(blBl; %j)V;v = %(blBl; � )V;v + %(blBl ; %)V;v: �Lemma 3.6.2. %(blBl; � )V;v depends only on � and blBl but not on the 
hoi
eof V and v1; : : : ; vn.Proof. First we remark that if V 0 is an open subset of V and supp(Bl)\V 0 6= ?,then 
learly %(blBl; � )V 0;v = %(blBl; � )V;v.Now 
onsider another open subset ~V of Ysm, and a system ~v of fun
tions~v1; : : : ; ~vn 2 k[ ~V ℄ su
h that supp(Bl) \ ~V 6= ?, the ideal of supp(Bl) \ ~V ink[ ~V ℄ is generated by ~vn, and d~v1(a); : : : ; d~vn(a) is a basis of T �a;~V for ea
h pointa 2 ~V . We have to show that %(blBl; � )V;v = %(blBl; � )~V ;~v. Sin
e supp(Bl) isirredu
ible, supp(Bl)\V \ ~V 6= ?. Hen
e using the remark above and repla
ingV and ~V by V \ ~V we 
an (and shall) assume that V = ~V . This redu
es theproblem to proving that(3.6.9) %(blBl; � )V;v 6 %(blBl; � )V;~v:To show that (3.6.9) holds, we need the divisibility properties of some fun
-tions. Namely, the de�ning property of ~v1; : : : ; ~vn implies that there are uniquede
ompositions(3.6.10) dvi =Pnj=1 gijd~vj; ��vi =Pnj=1 hij ��~vj ; where gij ; hij 2 k[V ℄:
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e either of vn and ~vn is a generator of the ideal of supp(Bl)\V in k[V ℄,we have(3.6.11) vn = f~vn; where f and 1=f 2 k[V ℄:We 
laim that(3.6.12) ~vn divides gni and hin in k[V ℄ for all i = 1; : : : ; n� 1:To prove this, take a point a 2 supp(Bl) \ V and an index i, 1 6 i 6 n� 1.As ~vn(a) = 0, from (3.6.11) we dedu
e that(3.6.13) dvn(a) = f(a)d~vn(a):On the other hand, by (3.6.10), we have dvn(a) =Pnj=1 gnj(a)d~vj(a). Sin
ed~v1(a); : : : ; d~vn(a) is a basis of T �a;V , the latter equality and (3.6.13) imply thatgni vanishes on supp(Bl) \ V , when
e it is divisible by ~vn in k[V ℄. Further,by (3.1.1), the value of dvn(a) on ��vi (a) is equal to 0. On the other hand, by(3.6.13) and (3.6.10), it is equal to the value of f(a)d~vn(a) onPnj=1hij(a) ��~vj (a)that in turn is equal to f(a)hin(a). By (3.6.11), this implies that hin(a) = 0.Thus hin vanishes on supp(Bl) \ V , when
e it is divisible by ~vn in k[V ℄. This
ompletes the proof of (3.6.12).Now we 
an pro
eed to proving (3.6.9). By (3.6.6), for ea
h nonzero Æi1:::ipj1:::jqwe have %(blBl; Æi1:::ipj1:::jq)V;v = �(blBl; Æi1:::ipj1:::jq )V;v. This and (3.6.7) imply that itsuÆ
es to prove (3.6.9) for the 
ase when � is a monomial in v,(3.6.14) � = ��vi1 
� � �
 ��vip 
 dvj1
� � �
dvjq :So assume that (3.6.14) holds. Then we prove (3.6.9) by indu
tion withrespe
t to the valen
y p + q. First we prove (3.6.9) for p + q = 1, i.e., when� = ��vi or � = dvi for some i. Use the notation of (3.6.5) for Æi1:::ipj1 :::jq = ��vi .We have m = 0, q0 = 0. If i < n, then p0 = 0. If i = n, then p0 = 1. So, by(3.6.5), (3.6.6),(3.6.15) %(blBl; ��vi )V;v = �(blBl; ��vi )V;v = � 0 if i < n;1� bl if i = n:Similarly, using the notation of (3.6.5) for Æi1:::ipj1:::jq = dvi, we have: m = 0,p0 = 0; if i < n, then q0 = 0, if i = n, then q0 = 1. By (3.6.5), (3.6.6), thisyields(3.6.16) %(blBl; dvi)V;v = �(blBl; dvi)V;v = � 0 if i < n;bl � 1 if i = n:
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ording to (3.6.10), (3.6.6) we have(3.6.17) %(blBl ; ��vi )V;~v = minj �(blBl; hij ��~vj )V;~v;%(blBl ; dvi)V;~v = minj �(blBl; gijd~vj)V;~v:>From (3.6.7) and (3.6.15), (3.6.16) (where vi, v, i are repla
ed by ~vj , ~v, jresp.) we obtain(3.6.18) �(blBl; hij ��~vj )V;~v = � blmBl;div(hij ) if j < n;blmBl;div(hij ) + 1� bl if j = n;�(blBl; gijd~vj)V;~v = � blmBl;div(gij ) if j < n;blmBl;div(gij ) + bl � 1 if j = n:By (3.6.10), (3.6.11) we have mBl;div(hij ) > 0, mBl;div(gij ) > 0 for all i; j, andmBl;div(hin) > 1, mBl;div(gni) > 1 for all i < n. Hen
e (3.6.18) implies(3.6.19) �(blBl; hij ��~vj )V;~v > 8><>: 0 if j < n;1 if j = n; i < n;1� bl if j = n; i = n;�(blBl; gijd~vj)V;~v > 8><>: 0 if j < n; i < n;bl if j < n; i = n;bl � 1 if j = n:Sin
e bl > 1, it follows from (3.6.17), (3.6.19), (3.6.15), (3.6.16) that%(blBl; ��vi )V;~v > � 0 if i < n;1� bl if i = n; � = %(blBl; ��vi )V;v;%(blBl; dvi)V;~v > � 0 if i < n;bl � 1 if i = n: � = %(blBl; dvi)V;v;when
e (3.6.9) for p+ q = 1.Now assume that p + q > 1. Then we 
an write � = � 0 
 � 00 where � 0 and� 00 are the monomials in v that have valen
ies < p+ q. By Lemma 3.6.1,(3.6.20) %(blBl; � )V;v = %(blBl ; � 0)V;v + %(blBl ; � 00)V;v;%(blBl; � )V;~v = %(blBl ; � 0)V;~v + %(blBl ; � 00)V;~v;and by the indu
tive hypothesis,(3.6.21) %(blBl; � 0)V;v 6 %(blBl; � 0)V;~v;%(blBl; � 00)V;v 6 %(blBl; � 00)V;~v:



18 M. LOSIK, P. W. MICHOR, V. L. POPOVClearly (3.6.9) follows from (3.6.20), (3.6.21). �Given Lemma 3.6.2, we denote %(blBl; � )V;v by %(blBl; � ).Now we de�ne the divisor divB(� ) for a positive divisor B given by (3.6.2)as follows. Let C 2 Div(Y ) be a prime divisor, then(3.6.22) mC;divB(�) := � %(blBl; � ) if C = Bl for some l;mC;div(�) if C 6= Bl for all l:Note that (3.6.22), (3.2.1), (3.2.2) and Lemma 3.6.1 implyCorollary 3.6.1. For any positive divisor B and nonzero tensor �elds � 2�rat(T pq (Y )sm), &2�rat(T st (Y )sm) the following equality holds:divB(� 
 &) = divB(� ) + divB(&):3.7. Behavior at �etale morphisms. Let � : Z ! Y be a surje
tive �etalemorphism of irredu
ible smooth algebrai
 varieties. Let S be a subvariety of
odimension 1 in Y , and let f be a lo
al equation of S at a point y 2 Ssm. Thendf(y) 6= 0, and as � is �etale, d(��(f))(z) 6= 0 for any point z 2 ��1(y). Thisimplies that ��(f) is a lo
al equation at z of the subvariety ��1(S) of Z. Hen
eif C 2 Div(Y ) and C 0 2 Div(Z) are prime divisors, then mC0;��(C) = 0 or 1,depending on whether supp(C 0) is an irredu
ible 
omponent of ��1(supp(C))or not.Lemma 3.7.1. Let � be a nonzero rational tensor �eld on Y and let B 2Div(Y ) be a positive divisor. If C 2 Div(Y ) and C 0 2 Div(Z) are primedivisors su
h that mC0;��(C) = 1, then(3.7.1) mC;divB(�) = mC0;div��(B)(��(�)):Proof. We use the notation of Subse
tions 3.1, 3.2 and 3.3, so that (3.1.2) and(3.3.5) hold, and t is a lo
al equation of C. Then ��(t) is a lo
al equation ofC0 in an appropriate neighborhood of a point of supp(C 0). Hen
e(3.7.2) mC;div(�i1 :::ipj1 :::jq ) = mC0;div(��(�i1 :::ipj1:::jq ))for all i1; : : : ; ip; j1; : : : ; jq. Then from (3.1.2), (3.3.4), (3.3.5), (3.2.1), (3.2.2)and (3.7.2) we dedu
e that(3.7.3) mC;div(�) = mC0;div(��(�)):From (3.7.3) and (3.6.22) it follows that (3.7.1) holds if C 6= Bi for ea
h Bi inde
omposition (3.6.2).Now assume that C = Bl for some l. Then bl = mC;B = mC0 ;��(B). Use thenotation of Subse
tion 3.6. By (3.3.3), the lo
al equations of C and C 0 in theappropriate neighborhoods are respe
tively vn and un. Therefore from (3.1.2),(3.3.5), (3.6.5) and (3.6.6) we dedu
e the equality %(blC; � ) = %(blC 0; ��(� )).By (3.6.22), this yields (3.7.1). �



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 19Corollary 3.7.1. The following properties are equivalent:(i) divB(� ) > 0,(ii) div��(B)(��(� )) > 0:3.8. Regularity of the pull ba
k of a tensor �eld on a quotient variety:General 
riterion. LetX be an irredu
ible smooth algebrai
 variety endowedwith a faithful a
tion of a �nite group G. Assume that there exists a geometri
quotient (2.4.1). Re
all that we de�ned by (2.6.2) the re
e
tion divisor RX=Gof X=G, RX=G := r1R1 + : : :+ rdRd 2 Div(X=G):The following theorem is the main result of Se
tion 3.Theorem 3.8.1. Let X be an irredu
ible smooth algebrai
 variety endowedwith an a
tion of a �nite group G. Assume that there exists a geometri
 quo-tient (2:4:1). Let � be a nonzero rational tensor �eld on X=G. Then thefollowing properties are equivalent:(i) div(��X (� )) > 0, i.e., the pull ba
k ��X (� ) of � is regular on X;(ii) divRX=G (� ) > 0.Proof. We 
an (and shall) assume that the a
tion is faithful. By the de�nitionsof div(��X(� )) and divRX=G (� ), either of 
onditions (i) and (ii) implies that � isregular on (X=G)0 and ��X(� ) is regular on X0. So we 
an (and shall) assumethat � and ��X(� ) share these properties.If RX=G = 0, the 
laim follows from (2.6.3) and Corollary 3.5.1. So we shallassume that RX=G > 0, i.e., (X=G)1 6= ?. As dom(��X(� )) � X0, regularity of��X(� ) on X is equivalent to regularity of ��X (� ) on X1 (see (3.1.5){(3.1.6)).Let x be a point of X1 and z := �X(x) 2 (X=G)1. By (2.6.4), there isa unique irredu
ible 
omponent (X=G)l1 of (X=G)1 (see (2.6.1)) 
ontaining z.As �X jW : ��1X (W ) ! W for any open subset W of X=G is the geometri
alquotient for the a
tion of G on ��1X (W ), 
f. [PV, 4.2℄, the problem is lo
al, i.e.,we have to prove that ��X (� ) is regular at x if and only if %(rlRl; � ) > 0, see(3.6.22), (2.6.2). To that end we apply Lemma 2.5.1.Let U be the Gx-stable neighborhood of x from the proof of this lemmasu
h that the 
ommutative diagram (2.5.2) holds. Then we have(3.8.1) ��X (� )jU = ((�S=G) Æ �U;Gx)�(� ) = ��U;Gx(�);where � = (�S=G)�(� ) = (�U;Gx)�(��X(� )):Let D 2 Div(U=Gx) be the prime divisor su
h that supp(D) is the ir-redu
ible 
omponent of (�S=G)�1((X=G)l1) 
ontaining y = �X;Gx (x). Sin
e�S=G is �etale, we have mD;(�S=G)�(RX=G) = rl, and by Lemma 3.7.1, our prob-lem is redu
ed to proving that the following properties are equivalent:(a) ��X(� )jU is regular at x,(b) %(rlD; �) > 0.



20 M. LOSIK, P. W. MICHOR, V. L. POPOVLet u1; : : : ; un and v1; : : : vn be the lo
al parameters from Lemma 2.5.1.Repla
ing, if ne
essary, U by a smaller neighborhood U 0 of x, and then U 0 by\g2Gx g �U 0, we 
an (and shall) assume thatÆ U = ��1X;Gx (V ) where V is a neighborhood of y in X=Gx,Æ X1 \ U is irredu
ible,Æ u1; : : : ; un 2 k[U ℄,Æ v1; : : : ; vn 2 k[V ℄,Æ the ideal of X1 \ U in k[U ℄ is generated by un,Æ the ideal of �U;Gx(X1) in k[V ℄ is generated by vn,Æ du1(a); : : : ; dun(a), is a basis of T �a;U for ea
h a 2 U ,Æ dv1(b); : : : ; dvn(b) is a basis of T �b;V for ea
h b 2 V .>From (2.5.1) and (3.1.1) we dedu
e that��X;Gx (dvi)=dui for 16 i6n� 1; and ��X;Gx (dvn)=rlurl�1n dun;(3.8.2) ��X;Gx( ��vi )= ��ui for 16 i6n� 1; and ��X;Gx ( ��vn )= 1rlurl�1n ��un :(3.8.3)By Lemma 2.5.1 and dui( ��uj ) = Æij , for ea
h g 2 Gx we have(3.8.4) g �du1 = du1; : : : ; g �dun�1 = dun�1; g �dun = �(g)dun;g � ��u1 = ��u1 ; : : : ; g � ��un�1 = ��un�1 ; g � ��un = �(g)�1 ��un :In view of the properties of u1; : : : ; un, there is a unique de
omposition(3.8.5) ��X(� ) =Pi1;:::;ip;j1;:::;jq  i1:::ipj1:::jq ��ui1 
 � � � 
 ��uip 
 duj1 
 � � � 
 dujq;where  i1:::ipj1:::jq 2 k(U ).Sin
e ��X(� ) is Gx-invariant, (3.8.4) and the uniqueness of de
omposition(3.8.5) imply that ea
h summand in the right-hand side of (3.8.2) is Gx-inva-riant.Consider su
h a summand(3.8.6) (��X(� ))i1 :::ipj1 :::jq :=  i1 :::ipj1:::jq ��ui1 
 � � � 
 ��uip 
 duj1 
 � � � 
 dujq ;and assume that in (3.8.6) there are exa
tly p0 fa
tors ��un and exa
tly q0 fa
torsdun. Divide p0 � q0 by rl := jGxj (see (2.6.2)) with reminder:(3.8.7) p0 � q0 = srl + t; s; t 2Z; 0 6 t < rl:Sin
e the order of � is jGxj, and the �eld (3.8.6) is Gx-invariant, (3.8.4) and(3.8.7) yield(3.8.8) g � i1:::ipj1:::jq = �(g)t i1 :::ipj1:::jq for all g 2 Gx:



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 21(a))(b). Assume that ��X(� )jU is regular at x. Shrinking U if ne
essary we
an (and shall) assume that ea
h  i1:::ipj1:::jq is 
ontained in k[U ℄. We 
laim that(3.8.9)  i1:::ipj1:::jq = utn ~ i1:::ipj1:::jq for some ~ i1 :::ipj1:::jq 2 k[U ℄Gx:Indeed, if t = 0, then  i1 :::ipj1:::jq 2 k[U ℄Gx by (3.8.8), so (3.8.9) holds. Lett > 0. As t < jGxj, there is g0 2 Gx su
h that �(g0)t 6= 1. Take a pointa 2 X1 \ U . Sin
e a 2 XGx , from (3.8.9) we obtain that g � i1:::ipj1:::jq (a) = i1:::ipj1:::jq (g�1 �a) =  i1:::ipj1:::jq (a) = �(g0)t i1 :::ipj1:::jq(a), when
e  i1 :::ipj1:::jq(a) = 0. Thus i1:::ipj1:::jq vanishes on X1 \U . Hen
e  i1 :::ipj1:::jq = un ~ i1:::ipj1:::jq for some ~ i1 :::ipj1:::jq 2 k[U ℄.As k[U ℄ is an integral domain, from this, (3.8.9) and Lemma 2.5.1 we dedu
ethat g � ~ i1:::ipj1:::jq = �(g)t�1 ~ i1 :::ipj1:::jq for all g 2 Gx. Now the same arguments 
anbe applied to ~ i1 :::ipj1:::jq , and so on. When
e the 
laim.Now, as ~ i1:::ipj1:::jq 2 k[U ℄Gx, we have ~ i1:::ipj1:::jq = ��X;Gx ("i1:::ipj1:::jq) for some(3.8.10) "i1:::ipj1:::jq 2 k[V ℄:Hen
e using (3.8.2), (3.8.3) and (3.8.9), we 
an rewrite the �eld (3.8.6) asfollows(��X(� ))i1:::ipj1:::jq = ��X;Gx(rp0�q0l vp0�q0�sn "i1:::ipj1:::jq ��vi1 
� � �
 ��vip 
dvj1
� � �
dvjq ):This equality and (3.8.5), (3.8.6), (3.8.1) imply that(3.8.11) � =Pi1;::: ;ip;j1;:::jq(�U;Gx)�(��X(� ))i1:::ipj1:::jq=Pi1;::: ;ip;j1;:::jq �i1:::ipj1:::jq ��vi1 
� � �
 ��vip 
dvj1
� � �
dvjq ;where(3.8.12) �i1:::ipj1:::jq = rp0�q0l vp0�q0�sn "i1:::ipj1:::jq :Sin
e vn is the lo
al equation of D at y, it follows from (3.8.12) and (3.8.10)that(3.8.13) mD;div(�i1:::ipj1:::jq ) � p0 + q0 + s > 0:Taking into a

ount the identity(3.8.14) (rl � 1)(q0 � p0) + rlmD;div(�i1:::ipj1:::jq )= rl�mD;div(�i1:::ipj1:::jq ) � p0 + q0 + s� + t;



22 M. LOSIK, P. W. MICHOR, V. L. POPOVwe dedu
e from (3.8.13), (3.8.7) and rl > 0 that(3.8.15) (rl � 1)(q0 � p0) + rlmD;div(�i1:::ipj1:::jq ) > 0:Now (3.8.11), (3.8.14) and de�nitions (3.6.5), (3.6.6) immediately imply that%(rlD; �) > 0.(b))(a). Assume that %(rlD; �) > 0. In view of the properties of v1; : : : ; vn,there is a unique de
omposition� =Pi1;::: ;ip;j1;::: ;jq #i1:::ipj1:::jq ; where(3.8.16) #i1:::ipj1:::jq = �i1 :::ipj1:::jq ��vi1 
 � � � 
 ��vip 
 dvj1 
 � � � 
 dvjq(3.8.17)for some �i1:::ipj1 :::jq 2 k(V ).Assume that in (3.8.17) there are exa
tly p0 fa
tors ��vn and exa
tly q0 fa
torsdvn. Let s and t be de�ned by (3.8.7). As vn is a lo
al equation of D at y,the de�nition of %(rlD; �) (see (3.6.5), (3.6.6)) and the inequality %(rlD; �) > 0imply that (3.8.15) holds. >From here, (3.8.14), (3.8.7) and rl > 0 we dedu
ethat (3.8.13) holds. In turn this implies that shrinking V if ne
essary, we 
an(and shall) assume that(3.8.18) �i1:::ipj1:::jq = vp0�q0�sn ~�i1 :::ipj1 :::jq ; where ~�i1:::ipj1:::jq 2 k[V ℄:Then (3.8.17), (3.8.18), (3.8.2), (3.8.3), (2.5.1) yield��U;Gx(#i1:::ipj1:::jq) = rq0�p0l utn��U;Gx(~�i1:::ipj1:::jq) ��ui1 
 � � � 
 ��uip 
 duj1 
 � � � 
 dujq :As t > 0 and ~�i1:::ipj1:::jq 2 k[V ℄, this shows that ��U;Gx(#i1:::ipj1:::jq) is regular on U .Hen
e by (3.8.16) and (3.8.1), the �eld ��X(� )jU is regular on U . �4. Some Appli
ations4.1. Generalization of Solomon's theorem. Let V be a �nite dimensionalve
tor spa
e over k and G a �nite subgroup of GL(V ). It is well known thatthe following properties are equivalent, e.g., see [PV℄:(i) V=G is smooth.(ii) V=G is isomorphi
 to aÆne spa
e.(iii) G is generated by pseudo-re
e
tions.Assume that 
onditions (i){(iii) hold. Then Solomon's theorem 
an be refor-mulated as the statement that the algebra of all invariant regular di�erentialforms on V is the pull ba
k of the algebra of all regular di�erential formson V=G.In [M℄ this statement was generalized to proper smooth polar a
tions of Liegroups on Riemannian manifolds, and in [B℄ to algebrai
 a
tions of redu
tivegroups on smooth aÆne algebrai
 varieties with smooth 
ategori
al quotients.From Theorem 3.8.1 we dedu
e the following
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ible smooth algebrai
 variety endowedwith an a
tion of a �nite group G. Assume that there exists a geometri
 quo-tient (2:4:1). Let � be a rational di�erential form on X=G. Then ��X(� ) isregular on X if and only if � is regular on (X=G)sm.Proof. By Theorem 3.8.1, we have to show that dom(� ) = (X=G)sm is equiva-lent to divRX=G (� ) > 0. As either of these 
onditions implies dom(� ) � (X=G)0,we 
an (and shall) assume that this in
lusion holds. As (X=G)1 � (X=G)smby Lemma 2.5.1, it follows from (3.1.5), (3.1.6) that dom(� ) = (X=G)sm isequivalent to dom(� ) � (X=G)1.We 
an (and shall) assume that the a
tion is faithful. We use the notationof Subse
tion 3.6 for Y = X and B = RX=G. The problem is lo
al, i.e., wehave to show that dom(� ) � (X=G)l1 (see (2.6.1)) i� %(rlRl; � ) > 0. For ea
h�eld (3.6.4) we have p0 = p = 0 and q0 6 1 by the skew symmetry 
ondition.When
e p0 � q0 = 0 or �1. In both 
ases p0 � q0 � s = 0. Hen
e in our 
asem� p0 + q0 + s > 0 is equivalent to m > 0, and we are done. �4.2. Rational tensor �elds of type �
p^q�. Consider a more general type ofrational tensor �elds than di�erential forms. Namely, let Y be an irredu
iblealgebrai
 variety. Consider the ve
tor bundle T (Ysm)
p
^qT �(Ysm) over Ysm.Its rational se
tions are pre
isely rational tensor �elds of type �pq� on Y that areskew symmetri
 with respe
t to the 
ovariant entries. We 
all them rationaltensor �elds of type �
p^q�. It is 
lear that pull ba
ks and push forwards ofrational tensor �elds of type �
p^q� are rational tensor �eld of type �
p^q� as well.Corollary 4.2.1. Let X be an irredu
ible smooth algebrai
 variety endowedwith an a
tion of a �nite group G. Assume that there exists a geometri
 quo-tient (2:4:1). Let ' be a G-invariant regular tensor �eld of type �
p^q� on X.Then �X�(') is regular on (X=G)sm.Proof. We have ' = ��X(� ) for � := �X�('). Arguing like in the proof ofCorollary 4.1.1 we redu
e the problem to showing that %(rlRl; � ) > 0 impliesdom(� ) � (X=G)l1. For ea
h �eld (3.6.4) we have q0 6 1 by the skew symmetry
ondition. Hen
e p0 � q0 > �1. If p0 � q0 = �1, resp. > 0, then s = �1, resp.> 0. Therefore p0 � q0 � s > 0. Hen
e m � p0 + q0 + s > %(rlRl; � ) > 0 impliesm > 0, and we are done. �4.3. Partially symmetri
 tensor �elds. Let Y be an irredu
ible algebrai
variety. Rational se
tions of Sq1 (T �(Ysm)) 
 � � � 
 Sqd (T �(Ysm)) are 
alled ra-tional multi-symmetri
 
ovariant tensor �elds of type (q1; : : : ; qd) on Y . If Yis smooth and � is su
h a �eld, thenT (dom(�))�d ! k; v 7! (�(a))(v) for ea
h a 2 dom(�); v 2 T�da;Y ;is a rational fun
tion on the algebrai
 variety T (Y )�d, homogeneous of multi-degree (q1; : : : ; qd) with respe
t to the natural diagonal a
tion of k� on T (Y )�d.
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tion is regular on T (Y )�d i� � is regular on Y . Every su
h rationalfun
tion is obtained in this way. Therefore if Y is smooth and endowed withan a
tion of a �nite group G, Theorem 3.8.1 provides a 
hara
terization ofG-invariant regular fun
tions on T (Y )�d in terms of rational multi-symmetri

ovariant tensor �elds on Y=G.If Y = V is a ve
tor spa
e and G a subgroup of GL(V ), we have T (V )�d =V �(d+1) and the a
tion of G on T (V )�d 
oin
ides with the diagonal a
tion onV �(d+1). Thus Theorem 3.8.1 yields a 
hara
terization of G-invariant polyno-mials on V �(d+1) in terms of rational multi-symmetri
 
ovariant tensor �eldson V=G. Note that algebras k[V � : : : � V ℄G were studied in [Hu℄ for somegroups G generated by pseudo-re
e
tions (i.e., when V=G is smooth).5. Lifting Automorphisms of Quotients5.1. Let X be an irredu
ible algebrai
 variety endowed with an a
tion of a�nite group G su
h that there exists the geometri
 quotients (2.4.1). If � is anautomorphism of X=G indu
ed by a G-automorphismof X, then �((X=G)0) =(X=G)0 and ��(RX=G) = RX=G.The following theorem is a 
onversion of this statement for linear a
tions.It 
an be seen as 
omplementing the results in [B℄, [S
h℄, [Lo℄, and [KLM℄.Theorem 5.1.1. Let V be a �nite dimensional 
omplex ve
tor spa
e and letG � GL(V ) be a �nite group. Let  be an automorphism of the algebrai
 varietyV=G su
h that  (V=G)0 � (V=G)0 and  �(RV=G) = RV=G. Then there is anautomorphism ' of the algebrai
 variety V su
h that the following diagram is
ommutative(5.1.1) V�V;G
��

'
// V�V;G :
��V=G  

// V=GProof. It is proved in [KLM℄ that there is an analyti
 automorphism ' of theanalyti
 spa
e V su
h that the diagram (5.1.1) is 
ommutative. Hen
e the
laim immediately follows fromLemma 5.1.1. Let X, Y and Z be 
omplex algebrai
 varieties. Assume thatY is irredu
ible and smooth and X is endowed with an a
tion of a �nite groupH. Let the maps �; �; 
 in the 
ommutative diagramX �
  @

@@
@@

@@Y 
 >>~~~~~~~ �
// Z



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 25have the properties:(i) � and � are morphisms,(ii) every nonempty �ber of � is an H-orbit,(iii) 
 is analyti
.Then 
 is a morphism of algebrai
 varieties.Proof. Consider in X � Y the subsets� = f(x; y) 2 X � Y j �(x) = �(y)g;� = f(
(y); y) 2 X � Y j y 2 Y g:Clearly � is Zariski 
losed. As � is the graph of 
 and Y is smooth, (iii)implies that � is an analyti
 subset of X � Y , 
f. [He, Ch. IV, no. 5℄; 
learly itis analyti
ally isomorphi
 to Y .Consider the a
tion of H on X�Y through the �rst fa
tor. By (ii), we have(5.2.1) � = Sh2H h(�):Taking into a

ount that the de
ompositions of any 
omplex algebrai
 va-riety into irredu
ible 
omponents in the 
ategories of algebrai
 varieties andanalyti
 sets 
oin
ide, 
f. [GR, Ch.V, B, Proposition 1℄, we dedu
e from irre-du
ibility of Y that � is an irredu
ible analyti
 set. Hen
e (5.2.1) yields thatea
h h(�) is an irredu
ible 
omponent of the analyti
 set �. Thereby h(�) isan irredu
ible 
omponent of the algebrai
 variety �. Thus � is a Zariski 
losedsubset of X � Y .Let X �1 �� X � Y �2�! Y be the proje
tions. As �2j� : � ! Y isa bije
tive morphism of algebrai
 varieties and Y is normal, Zariski's MainTheorem implies that �2j� is an isomorphism of algebrai
 varieties. There-fore (�2j�)�1 is a morphism (a
tually, an isomorphism) of algebrai
 varieties.When
e 
 = �1 Æ (�2j�)�1 is a morphism as well. �5.2. Remarks. By Lefs
hetz's prin
iple, see, e.g., [Si, p. 164℄, Theorem 5.1.1remains true over any algebrai
ally 
losed �eld of 
hara
teristi
 0. Noti
ethat the proof of the result from [KLM℄ used in the proof of Theorem 5.1.1involves lifting of a 
at torsion free 
onne
tion (that 
ould be 
arried overto the algebrai
 setting) and the geodesi
 exponential mapping that in turninvolves solving ordinary di�erential equations.For general a
tions and k = C there are further obstru
tions for lifting ofautomorphisms of X=G that are related to the fundamental group of X=G.6. AppendixHere we give some details of the proof of Theorem 2.2.1 for �nite G.This proof is based on the following preliminary results all proved in [Lu℄.



26 M. LOSIK, P. W. MICHOR, V. L. POPOV(a) Let X be a normal aÆne variety with a faithful a
tion of G. Let H bea subgroup of G and let x be a point of X. Then the natural map � : X=H !X=G is �etale at �X;H (x) if and only if H � Gx.(b) Let in addition ' : X ! Y be a �nite equivariant morphism to anothernormal aÆne G{variety. If ' is �etale at x, and if G'(x) = Gx, then the map'=G : X=G! Y=G is �etale at �X;G(x).(
) If x 2 Xsm, then there exists a Gx-equivariant morphism ' : X ! Tx;Xsu
h that ' is �etale at x and '(x) = 0.Statement (a) is [Lu, Lemme 2℄, proved by referen
es to results of 
ommu-tative algebra; (b) is [Lu, Lemme 1℄, proved on p. 92, Case (B); and (
) is [Lu,Lemme, p. 96℄ (one 
an assume that X is a G-stable subvariety of a G-modulekn and x = 0, 
f. [PV, Theorem 1.5℄; if � : kn ! Tx;X is the proje
tion parallelto a Gx-stable 
omplement to Tx;X , then 
learly one 
an take ' = � jX.)Note that (a) implies that X ! X=G is �etale whenever G a
ts freely.To prove Theorem 2.2.1 (i), note that X=Gx ! X=G is �etale at �X;Gx(x), by(a). So there exists a Gx-invariant open subset S � X su
h that S=Gx ! X=Gis �etale. Then its base 
hange X �X=GS=Gx ! X is �etale as well. But the
omposition of  : G �GxS ! X �X=GS=Gx; Gx �(g; s) 7! (g �s;Gx �s), withthis base 
hange is just the natural map G�GxS ! X, whi
h is obviously �etale(sin
e it fa
tors as the open immersion G �Gx S ! G �GxX, followed by theproje
tion G �GxX = G=Gx�X ! X). Thus,  is �etale as well. On the otherhand, the (set-theoreti
) �ber of  at ~x = Gx �(e; x) 2 G �GxS is the uniquepoint ~x. Thus, shrinking S, we may a
hieve that  is an isomorphism.To prove Theorem 2.2.1 (ii), 
onsider ' from (
). Then '=Gx : X=Gx !Tx;X=Gx is �etale at �X;Gx (x), by (b). By the pre
eding argument, the naturalmap X ! X=Gx �Tx;X=GxTx;X is �etale at x, and its �ber there is the uniquepoint x. This yields a Gx-invariant open subset U � X su
h that U=Gx !Tx;X=Gx is �etale, and U ! U=Gx �Tx;X=GxTx;X is an isomorphism.Referen
es[BR℄ P. Bardsley, R. W. Ri
hardson, �Etale sli
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hara
teristi
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. AMS126 (1998), 2535{2539.[GR℄ R. C. Gunning, H. Rossi, Analyti
 Funstions of Several Complex Variables, Pren-ti
e-Hall, In
., Englewood Cli�s, N. J., 1965.[He℄ M. Herv�e, Several Complex Variables, Oxford University Press, Bombay, 1963.[Hu℄ M. Hunziker, Classi
al invariant theory for �nite re
e
tion groups, TransformationGroups 2 (1997), no. 2, 147{163.[KLM℄ A. Kriegl, M. Losik, P. W. Mi
hor, Tensor �elds and 
onne
tions on holomorphi
orbit spa
es of �nite groups, in preparation (2001).[Lo℄ M. Losik, Lifts of di�eomorphisms of orbit spa
es for representations of 
ompa
tLie groups, Geom. Dedi
ata 88 (2001), 21{36.[Lu℄ D. Luna, Sli
es �etales, Bull. So
. Math. Fran
e, Memoire 33 (1973), 81{105.[M℄ P. W. Mi
hor, Basi
 di�erential forms for a
tions of Lie groups, Pro
. AMS 124(1996), 1633{1642; II, Pro
. AMS 125 (1997), 2175{2177.



INVARIANT TENSOR FIELDS FOR ALGEBRAIC FINITE GROUP ACTIONS 27[PV℄ V. L. Popov, E. B. Vinberg, Invariant Theory, Algebrai
 Geometry, IV, En
y
l. ofMath. S
i., vol. 55, Springer-Verlag, Heidelberg, 1994, pp. 123{284.[S
h℄ G. W. S
hwarz, Lifting smooth homotopies of orbit spa
es, Publ. Math. IHES 51(37{136), 1980.[Sh℄ I. R. Shafarevi
h, Basi
 Algebrai
 Geometry, Springer-Verlag, Berlin, Heidelberg,1994.[Si℄ J. H. Silverman, The Arthmeti
 of Ellipti
 Curves, Springer-Verlag, New York,Berlin, 1986.[So℄ L. Solomon, Invariants of �nite re
e
tion groups, Nagoya Math. J. 22 (1963),57{64.M. Losik: Saratov State University, ul. Astrakhanskaya, 83, 410026 Saratov,RussiaE-mail address: LosikMV�info.sgu.ruP. W. Mi
hor: Institut f�ur Mathematik, Universit�at Wien, Strudlhofgasse4, A-1090 Wien, Austria; and: Erwin S
hr�odinger Institut f�ur Mathematis
hePhysik, Boltzmanngasse 9, A-1090 Wien, AustriaE-mail address: Peter.Mi
hor�esi.a
.atV.L. Popov: Steklov Mathemati
al Institute, Russian A
ademy of S
ien
es,Gubkina 8, Mos
ow, 117966, RussiaE-mail address: popov�pp
.msk.ru


