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Markov operators and the Nevo — Stein theorem

Alexander Bufetov

1 Introduction

In this note the Nevo — Stein Ergodic Theorem for actions of free groups is
derived from Rota’s “Alternierende Verfahren” for Markov operators.

Pointwise ergodic theorems for actions of arbitary countable groups were
first obtained by V.I.Oseledets [1] in 1965, who took a probability distribution
on the group, averaged the group elements with respect to convolutions of this
distribution and under certain conditions proved almost everywhere convergence
of these averages to a group-invariant function.

In 1969 Y. Guivarc’h [2] (motivated by Arnold and Krylov [3]) studied spher-
ical averages in the free group. Let (X,v) be a probability space and suppose
a free group F,, with m generators acts on (X, v) by measure-preserving trans-
formations. Fix a set ay, ..., an, of free generators in our group. For an element
g € Iy, let |g| be the length of g, that is, the length of the irreducible word rep-
resenting g over the alphabet aq, ..., an, al_l, ...,a;t. Let C(n) be the sphere
of radius n in our group, that is, C(n) = {g € Fn, : |g| = n}. C(n) has
(2m)(2m — 1)"~! elements. For g € F,,, let T, be the transformation corre-
sponding to g. For ¢ € Li(X,v) and g € F,, write Ty =@ o Ty !

Set

Snw—m Y. Ty (1)
geC(n)

Denote by F2 the subgroup of elements of even length in F,,, with respect to
generators {ai,...,an} (in other word, F% is generated by the elements a;a;,
i,j € {1,...,m}). The theorem of Y. Guivarc’h [2] says that for ¢ € La(X,v)
the sequence so, ¢ converges in Lo to a function invariant under the action of
72

In 1986 R.I. Grigorchuk [4] announced that for ¢ € L the sequence ¢y =
x Z 0 s converges almost everywhere to an Fp,-invariant function; in 1994
Nevo and Stein [5] published a proof of this theorem.

Let Z5 be the sigma-algebra of subsets of X invariant under the action of
the subgroup FZ2. In 1994 A.Nevo and E.M. Stein [5] proved

Theorem 1 Let p > 1 and let ¢ € L,(X,v). Then sy, — E(p|Z2) almost
everywhere as n — co.

In this note, we give another proof of Theorem 1 and prove a slightly stronger



Theorem 2 Theorem [ holds for ¢ € Llog L(X,v).

(recall that ¢ € Llog L(X, v) means |p|log|p| € L1).

To prove this theorem, we assign to the group action a special Markov op-
erator P and then Theorem 2 follows from Rota’s “Alternierende Verfahren”
applied to P. This proof is given in Sec.2. In Sec.3, we prove convergence of
even powers of P and give a criterion of the triviality of tail sigma-algebra of P.

2 Proof of Theorem 2

Recall that we have fixed a set ay, ..., a,, of free generators in our group; let A
be the set of the generators and their inverses: A = {ay, ..., al_l, coant

For g € Fin, |g| = n, let g1,92,...,9n be, respectively, the first, the second,
..., the n-th symbol of the shortest word representing g over the generators. We
have then g = g1 ...9n, 9igiv1 Z1lfori=1,...,n,and Ty =1, ... 1,, .

Now we connect the spherical averages s, with powers of a specially chosen
Markov operator. Note that Oseledets’s ergodic theorem [1] is proved in a
similar way; the operator used here was used by Grigorchuk [7], Thouvenot
(oral communication), and myself [8].

Let Y = X x A, and let the measure 5 on Y be the product of v and the
uniform distribution on 4.

Define an operator P on L1 (Y, 7n) by the formula

1
Pole,a) = = ,2 () (2)

P is a measure-preserving Markov operator on (Y, 7).
To obtain Theorem 1, we shall use the following

Theorem 3 (Alternierende Verfahren) Let (X,v) be a probability space and
let P be a measure-preserving Markov operator on Li1(X,v). Then for any
¢ € Llog L(X,v) the sequence P"(P*)"y converges v-almost everywhere and
m L1 as n — oo.

This theorem was proved by Gian-Carlo Rota [6] for ¢ € L,, p > 1, but
the proof, based on convergence of conditional expectations; works without any
changes for ¢ € Llog L .

(Let us briefly recall Rota’s proof [6]: set XZ to be the set of bi-infinite
trajectories of P: X? = {r = ...2_,...%0... %y ..., 2, € X}, and let P?
be the stationary Markov measure on X% correspondiong to the operator P
and the stationary distribution v. For any k,m € {—o0} UZ U {0}, k < m,
denote by FI* the sigma-algebra on X% generated by the random variables z;,
k<l <m. Forany ¢ € L1(X,v) and any n > 0 we have E(p(x)|F°) =
(P (), and E(E((@)lF5)|Fo) = PP(P*) (o). T ¢ € L1(X, ) then
the sequence @, (z) = F(p(z)|FL°) converges almost everywhere in X2 as n —
oo. If ¢ € Llog L(X,v) then sup, |¢n| € L1, therefore the sequence E(p,|Fo)



also converges almost everywhere in X2 as n — oo. Since F(pn(x)|Fo) =
P?(P*)"p(xp), the sequence P"(P*)"p(xg) converges for v-almost all zy as
n — oo, and Theorem 3 is proved.)
Now we derive Theorems 1, 2 from Theorem 3 applied to the operator P.
The operator adjoint to P is given by

* 1 —
Pro(e,a) = S ellhe b7 (3)
A straightforward calculation gives

n 1
Po(z,a) = EEsnn Z o(T,x,b) (4)
geC (n),bEA gn=a,g1b#1

(P ple,a) = — 3 o(Ty,b) (5)

(2m —1)»
geC (n),bEA,gn#a,g1b=1
*\1 n 1
(P PP ple0) = oy ) o(T,Toa ) (6)
9.h€C(n),gn=hT" hna#l gib#l

Set D(n) ={(g,h),9,h € C(n),gph1 = 1} and

S = ! S 1 (7)

2m(2m — 1)2n-2
(g,h)€D(n)

Lemma 1 Let ¢ € L1(X,v), set ®(x,a) = p(x) for all a € A, and let ¥ =
P"(P*)"®. Then

1
p— ZE;\I!(J:, a) = Sanip.

Indeed, (6) yields

1 1

— N\ = T,1; = Son .

g 2 ¥(@a) 2m(2m — 1)2n-2 2 Ty Thr) = Sane
acA g,heC(n),gnh1=1

(the last equality holds because if (g, k) € D(n), then (h=1,g71) € D(n).)
Theorem 3 and Lemma 1 yield

Lemma 2 For ¢ € LlogL the sequence Sa,p converges v-almost everywhere
as n — 0o.

Now we connect S, and s,.

Proposition 1



Set E(n) = {g,h € D(n)gn-1hy # 1}; F(n) = {g,h € D(n),gn-1hy = 1}.
Clearly, D(n) = E(n) U F(n). The map (g, h) = gh sends FE(n) onto C'(2n — 2)
, and every point of C'(2n — 2) has precisely 2m — 2 preimages, which gives

1 2m — 2
E Typ = ———59n—
2m(2m — 1)2n=2 gh = 5o S (8)
(9,h)EE(n)

The map (g,h) = (91 .- -9n—1, h2...hy) sends F(n) onto D(n—1) and every
point of D(n — 1) has exactly 2m — 1 preimages, whence we have

1 1
2m(2m — 1)2n-2 2. Ty =gy S )
(g,h)€F(n)

Adding (8) and (9), we obtain the claim.

Lemma 2 and Proposition 1 imply convergence of sa,¢ for ¢ € Llog L(X, v),
that is, convergence in Theorems 1, 2. The invariance of the limit under F% fol-
lows from Guivarc’h’s theorem [2] and the approximation of integrable functions
by square-integrable ones. The proof of Theorems 1, 2 is complete.

3 Convergence of powers of P

The group F,, naturally acts on the space Y = X x A by T,(x,a) = (Tyz,a)
and on Ly (Y,n) by Ty = T,;-1p. This action is measure-preserving.

Definition. A function in ¢ € L1(Y,n) does not depend on A if there exists
¢ € L1(X,v) such that ¢(z,a) = ¢(x) for all @ € A.

Theorem 4 For any v € Llog L(Y,n), the sequences P>, P2”+1_1/), (P*)*a,
(P*)?"*14 converge v-almost everywhere and in Ly as n — oo. If ¢ 1s the limit
function for any of these sequences, then v is F2 -invariant and does not depend

on A.

Lemma 3 For ¢ € Llog L(X,v) the sequence sani19p converges almost every-
where and in L1 as n — oo.

Indeed, the identity

_ 2m 1
Sp41 = Qm—lslsn Qm—lsn_l

readily yields

2m 1 1

Sont1 = 7 s1(82n — mszn—z + WSZn—4 - ..,

m—1

and convergence of sy, 1mplies convergence of sop41¢.
Now for a € A denote

1
a — T
Sn (2m — 1)n-1 Z g

geC(n),g1=a



The obvious relation

a_  2m T 2m n 1
T 1T T G — 12T @m— )2
yields
(n=1)/2] (n/2] 1
= 1)1+2k Sn—1-2k) = (Qmi_ 1)2k Sp—2k (10)
k=1 k=1

(here [k] stands for the integer part of k); (10) implies

Lemma 4 For any ¢ € Llog L(X,v) and any a € A, the sequences s%,¢,
89,419 converges both v-almost everywhere and in L1(X,v) as n — oo.

Now for a,b € A let C'(n,a,b) ={g € C(n),91 = a, g9, = b} and set

Sa,b
Spb = T,, swb=_—"—

Lemma 5 For any ¢ € Llog L(X,v) and any a,b € A, the sequences sg;lbgo,
sghb_l_lgo converge v-almost everywhere and in L1 (X, v) as n — co.

The obvious relation S&* = S¢_, T}, — Sn_z—i—SZ’fz yields (after normalization
and iteration) the equation

3
~
s

n—l)/z [ )

;; W n—1-21)Tb — 1 WSZ-%, (11)

B
I

and Lemma 5 follows from Lemma 4.

Lemma 6 Fiz r € A, ¢ € LlogL(X,v), and set Y(x,a) = 0 if a # r and
P(x,a) = ¢(x) fora=r. Then

P”/l/)(x’ ) (2m-1 Z Sa 17la

lEA A#r

(P7)*(x,a) =

(2m—1 Z S

b;éa_l

Proof: By (4) and the definition of ¢, we have

P(x,a) = W Z Y(Tyz, b) = W Z p(Tyx) =

geC(n),gn=a,91b#1 geC(n),gn=a,g17#1



1 1 -1
Sy 2 Tl =gy 2 S
g1=a~",gnFEr leA lz#r

The case of (P*)" is treated similarly.

Lemma 6 and Lemma 5 imply convergence of P, (P*)*"¢, P?"+ly,
(P*)?"+14y for 4 such as in the formulation of Lemma 6 and, consequently,
for all ¢ € Llog L(Y, n).

Convergence in Theorem 4 is proved; it remains to identify the limit.

Let ¢ = limy, 00 P??%. Then, clearly, P = 1. We have the following easy

Proposition 2 Suppose 1 € Li(Y,n) satisfies P = 4. Then ¥ does not
depend on A and Tyb = for all g € Fp,.

Suppose 1 € L1(Y,n) satisfies P2 =1p. Then 1) does not depend on A and
TQE: o forall g € F2.

For proof, see Lemma 10 in [8] or [2].
This completes the proof of Theorem 4.

Corollary 1 If F2 acts ergodically on (X,v), then for any ¥ € Llog L(Y,n)
we have P™ — fY wdn, (P*)"¢ — fY wdn almost everywhere and in L1 (Y, n)
asn — oo,

Since Llog L is dense in Ly, we have P" — [y wbdn, (P*)" — [, ¥dy
in Ly for any ¢ € L. By the 0 — 2 laws for Markov operators (see [9], [10]),
Corollary 1 implies

Proposition 3 Suppose F?2 acts ergodically on (X,v). Then the tail sigma-
algebra of P is trivial and the tail sigma-algebra of P* is trivial.

Say that the action of Fy;, on (X,v) has eigenvalue —1 if there exists ¢ €
Lo (X, v) such that Ty = —¢ for all a € A. Clearly, F2 acts ergodically iff F,
acts ergodically and does not have eigenvalue —1; then, the action of F,, has
eigenvalue —1 iff the operator P (considerd as an operator in L) has eigenvalue
—1; so, the tail sigma-algebra of P is trivial iff P is ergodic and does not have
eigenvalue —1.

Finally, if the action of F2 on (X,v) is not ergodic then nonconstant F?-
invariant functions in L;(Y,n) that do not depend on A are nontrivial tail
functions; Proposition 3 implies that these functions span the tail sigma-algebra

of P.

4 Generalizations

The method of Markov operators allows to generalize the Nevo—Stein theorem
in the following way.

Let, again, (X, v) be a probability space and suppose a free group F,,, with
m generators acts on (X, v) by measure-preserving transformations; as above,



{ay, ..., am} is a fixed set of free generators for F,, and T1,..., T : X — X
are transformations corresponding to the generators, and 7_; = Ti_l.
Consider the set W4 of all finite words over the alphabet A = {—m,...:

Wi = {w = wjws .. .w,| w; € A}

Denote by |w| the length of the word w and for any positive integer n, let
Waln) ={we Wy, |w|=n}.

For each w € W4, w = wy ... w,, define a transfromation
Tw =Tw,Tw, - Tw,- (12)

Let II be a stochastic 2m x 2m matrix, whose rows and columns are indexed
by elements of A, that is, II = (p;;),4,j € A. Assume that II has a stationary
distribution (p_pm,...,p—1,P1, .., Pm) such that all p; > 0.

For w € W4, w=w; ... w,, denote

p(w) = pwlwgprwg . 'pwn—lwn’ ﬂ-(w) = pwlp(w)'

Consider the operators

sn= > w(w)Ty (13)

|w|=n
The matrix II is said to generate the free group if p;; = 0 is equivalent
toi4+j5=0.
Assume the self-adjointness condition

pipii
Pi =P—iy, P—i—j= 120
Pi

(14)

Relation (14) is equivalent to saying that all operators Sa, are self-adjoint.
Let F2 be the subgroup of words of even length in F,, that is, the subgroup
generated by a;a;, ¢,7 € {1,...,m}.

Theorem 5 Assume the matriz I1 generates the free group and satisfies (14).
Then for any ¢ € Llog L(X,v), the sequence sil ¢ converges as n — oo both
v-almost everywhere and in L1(X,v) to an F2 -invariant function.

The condition that IT generates the free group in Theorem 5 can be weakened
in the following way.

Defintion 1 A matriz II with nonnegative entries will be called irreducible if
for some n > 0 all entries of the matriz 11 + 112 + .. .1I" are positive (if 11
1s stochastic then this is equivalent to saying that in the corresponding Markov
chain any state is attainable from any other state).

Defintion 2 A matriz I1 with nonnegative entries will be called strictly irre-
ducible if 11 is irreducible and TIIY is irreducible (here TIT stands for the trans-

pose of T1..)



Defintion 3 A Markov chain will be called strictly irreducible if its matriz of
transition probabilities is strictly irreducible. A Markov measure will be called
strictly irreducible if the corresponding chain is strictly irreducible.

It is clear that a matrix generating the free group is strictly irreducible.
Theorem 5 is a particular case of

Theorem 6 Assume the matriz 11 is strictly irreducible and satisfies (14).
Then for any ¢ € Llog L(X,v), the sequence sii ¢ converges as n — oo both
v-almost everywhere and in L1(X,v) to an F2 -invariant function.

The proofs of Theorems 5, 6 are similar to that of Theorem 2; they will
appear in a forthcoming paper.
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