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Markov operators and the Nevo { Stein theoremAlexander Bufetov1 Introdu
tionIn this note the Nevo { Stein Ergodi
 Theorem for a
tions of free groups isderived from Rota's \Alternierende Verfahren" for Markov operators.Pointwise ergodi
 theorems for a
tions of arbitary 
ountable groups were�rst obtained by V.I.Oseledets [1℄ in 1965, who took a probability distributionon the group, averaged the group elements with respe
t to 
onvolutions of thisdistribution and under 
ertain 
onditions proved almost everywhere 
onvergen
eof these averages to a group-invariant fun
tion.In 1969 Y. Guivar
'h [2℄ (motivated by Arnold and Krylov [3℄) studied spher-i
al averages in the free group. Let (X; �) be a probability spa
e and supposea free group Fm with m generators a
ts on (X; �) by measure-preserving trans-formations. Fix a set a1; : : : ; am of free generators in our group. For an elementg 2 Fm let jgj be the length of g, that is, the length of the irredu
ible word rep-resenting g over the alphabet a1; : : : ; am; a�11 ; : : : ; a�1m . Let C(n) be the sphereof radius n in our group, that is, C(n) = fg 2 Fm : jgj = ng. C(n) has(2m)(2m � 1)n�1 elements. For g 2 Fm, let Tg be the transformation 
orre-sponding to g. For ' 2 L1(X; �) and g 2 Fm write Tg' = ' Æ T�1g .Set sn' = 12m(2m � 1)n�1 Xg2C(n)Tg' (1)Denote by F 2m the subgroup of elements of even length in Fm with respe
t togenerators fa1; : : : ; amg (in other word, F 2m is generated by the elements aiaj,i; j 2 f1; : : : ;mg). The theorem of Y. Guivar
'h [2℄ says that for ' 2 L2(X; �)the sequen
e s2n' 
onverges in L2 to a fun
tion invariant under the a
tion ofF 2m.In 1986 R.I. Grigor
huk [4℄ announ
ed that for ' 2 L1 the sequen
e 
N' =1N PN�1n=0 sn' 
onverges almost everywhere to an Fm-invariant fun
tion; in 1994Nevo and Stein [5℄ published a proof of this theorem.Let I2 be the sigma-algebra of subsets of X invariant under the a
tion ofthe subgroup F 2m. In 1994 A.Nevo and E.M. Stein [5℄ provedTheorem 1 Let p > 1 and let ' 2 Lp(X; �). Then s2n' ! E('jI2) almosteverywhere as n!1.In this note, we give another proof of Theorem 1 and prove a slightly stronger1



Theorem 2 Theorem 1 holds for ' 2 L logL(X; �).(re
all that ' 2 L logL(X; �) means j'j log j'j 2 L1).To prove this theorem, we assign to the group a
tion a spe
ial Markov op-erator P and then Theorem 2 follows from Rota's \Alternierende Verfahren"applied to P . This proof is given in Se
.2. In Se
.3, we prove 
onvergen
e ofeven powers of P and give a 
riterion of the triviality of tail sigma-algebra of P .2 Proof of Theorem 2Re
all that we have �xed a set a1; : : : ; am of free generators in our group; let Abe the set of the generators and their inverses: A = fa1; : : : ; a�11 ; : : : ; a�1m g.For g 2 Fm, jgj = n, let g1; g2; : : : ; gn be, respe
tively, the �rst, the se
ond,..., the n-th symbol of the shortest word representing g over the generators. Wehave then g = g1 : : : gn, gigi+1 6= 1 for i = 1; : : : ; n, and Tg = Tg1 : : :Tgn .Now we 
onne
t the spheri
al averages sn with powers of a spe
ially 
hosenMarkov operator. Note that Oseledets's ergodi
 theorem [1℄ is proved in asimilar way; the operator used here was used by Grigor
huk [7℄, Thouvenot(oral 
ommuni
ation), and myself [8℄.Let Y = X � A, and let the measure � on Y be the produ
t of � and theuniform distribution on A.De�ne an operator P on L1(Y; �) by the formulaP'(x; a) = 12m� 1 Xb2A;b6=a�1 '(Tax; b) (2)P is a measure-preserving Markov operator on (Y; �).To obtain Theorem 1, we shall use the followingTheorem 3 (Alternierende Verfahren) Let (X; �) be a probability spa
e andlet P be a measure-preserving Markov operator on L1(X; �). Then for any' 2 L logL(X; �) the sequen
e Pn(P �)n' 
onverges �-almost everywhere andin L1 as n!1.This theorem was proved by Gian-Carlo Rota [6℄ for ' 2 Lp, p > 1, butthe proof, based on 
onvergen
e of 
onditional expe
tations, works without any
hanges for ' 2 L logL .(Let us brie
y re
all Rota's proof [6℄: set XZto be the set of bi-in�nitetraje
tories of P : XZ= fx = : : :x�n : : :x0 : : : xn : : : ; xn 2 Xg, and let PZbe the stationary Markov measure on XZ
orrespondiong to the operator Pand the stationary distribution �. For any k;m 2 f�1g [Z[ f1g, k � m,denote by Fmk the sigma-algebra on XZgenerated by the random variables xl,k � l � m. For any ' 2 L1(X; �) and any n > 0 we have E('(x)jF1n ) =(P �)n'(x�n), and E(E('(x)jF1n )jF0) = Pn(P �)n'(x0). If ' 2 L1(X; �) thenthe sequen
e 'n(x) = E('(x)jF1n ) 
onverges almost everywhere in XZas n!1. If ' 2 L logL(X; �) then supn j'nj 2 L1, therefore the sequen
e E('njF0)2



also 
onverges almost everywhere in XZas n ! 1. Sin
e E('n(x)jF0) =Pn(P �)n'(x0), the sequen
e Pn(P �)n'(x0) 
onverges for �-almost all x0 asn!1, and Theorem 3 is proved.)Now we derive Theorems 1, 2 from Theorem 3 applied to the operator P .The operator adjoint to P is given byP �'(x; a) = 12m � 1 Xb2A;b6=a'(Tbx; b�1) (3)A straightforward 
al
ulation givesPn'(x; a) = 1(2m � 1)n Xg2C(n);b2A;gn=a;g1b6=1'(Tgx; b) (4)(P �)n'(x; a) = 1(2m� 1)n Xg2C(n);b2A;gn 6=a;g1b=1'(Tgx; b) (5)(P �)nPn'(x; a) = 1(2m� 1)2n Xg;h2C(n);gn=h�11 ;hna6=1;g1b6=1'(TgThx; b) (6)Set D(n) = f(g; h); g; h 2 C(n); gnh1 = 1g andS2n = 12m(2m � 1)2n�2 X(g;h)2D(n)Tgh (7)Lemma 1 Let ' 2 L1(X; �), set �(x; a) = '(x) for all a 2 A, and let 	 =Pn(P �)n�. Then 12mXa2A	(x; a) = S2n':Indeed, (6) yields12mXa2A	(x; a) = 12m(2m � 1)2n�2 Xg;h2C(n);gnh1=1'(TgThx) = S2n':(the last equality holds be
ause if (g; h) 2 D(n), then (h�1; g�1) 2 D(n).)Theorem 3 and Lemma 1 yieldLemma 2 For ' 2 L logL the sequen
e S2n' 
onverges �-almost everywhereas n!1.Now we 
onne
t Sn and sn.Proposition 1 S2n = 2m� 22m� 1s2n�2 + 12m� 1S2n�2:3



Set E(n) = fg; h 2 D(n)gn�1h2 6= 1g; F (n) = fg; h 2 D(n); gn�1h2 = 1g.Clearly, D(n) = E(n)[F (n). The map (g; h)! gh sends E(n) onto C(2n� 2), and every point of C(2n� 2) has pre
isely 2m� 2 preimages, whi
h gives12m(2m � 1)2n�2 X(g;h)2E(n)Tgh = 2m � 22m � 1s2n�2 (8)The map (g; h)! (g1 : : : gn�1; h2 : : :hn) sends F (n) onto D(n�1) and everypoint of D(n � 1) has exa
tly 2m � 1 preimages, when
e we have12m(2m � 1)2n�2 X(g;h)2F (n) Tgh = 12m� 1S2n�2 (9)Adding (8) and (9), we obtain the 
laim.Lemma 2 and Proposition 1 imply 
onvergen
e of s2n' for ' 2 L logL(X; �),that is, 
onvergen
e in Theorems 1, 2. The invarian
e of the limit under F 2m fol-lows fromGuivar
'h's theorem [2℄ and the approximation of integrable fun
tionsby square-integrable ones. The proof of Theorems 1, 2 is 
omplete.3 Convergen
e of powers of PThe group Fm naturally a
ts on the spa
e Y = X � A by Tg(x; a) = (Tgx; a)and on L1(Y; �) by Tg' = Tg�1'. This a
tion is measure-preserving.De�nition. A fun
tion in  2 L1(Y; �) does not depend on A if there exists' 2 L1(X; �) su
h that  (x; a) = '(x) for all a 2 A.Theorem 4 For any  2 L logL(Y; �), the sequen
es P 2n , P 2n+1 , (P �)2n ,(P �)2n+1 
onverge �-almost everywhere and in L1 as n!1. If  is the limitfun
tion for any of these sequen
es, then  is F 2m-invariant and does not dependon A.Lemma 3 For ' 2 L logL(X; �) the sequen
e s2n+1' 
onverges almost every-where and in L1 as n!1.Indeed, the identitysn+1 = 2m2m� 1s1sn � 12m � 1sn�1readily yieldss2n+1 = 2m2m � 1s1(s2n � 12m � 1s2n�2 + 1(2m� 1)2 s2n�4 � :::);and 
onvergen
e of s2n' implies 
onvergen
e of s2n+1'.Now for a 2 A denotesan = 1(2m� 1)n�1 Xg2C(n);g1=aTg4



The obvious relationsan = 2m2m � 1Tasn�1 � 2m(2m� 1)2 sn�2 + 1(2m� 1)2 sn�2yieldssan = Ta([(n�1)=2℄Xk=1 2m(2m � 1)1+2k sn�1�2k)� [n=2℄Xk=1 1(2m � 1)2k san�2k (10)(here [k℄ stands for the integer part of k); (10) impliesLemma 4 For any ' 2 L logL(X; �) and any a 2 A, the sequen
es sa2n',sa2n+1' 
onverges both �-almost everywhere and in L1(X; �) as n!1.Now for a; b 2 A let C(n; a; b) = fg 2 C(n); g1 = a; gn = bg and setSa;bn = Xg2C(n;a;b)Tg ; sa;bn = Sa;bn(2m � 1)n�1Lemma 5 For any ' 2 L logL(X; �) and any a; b 2 A, the sequen
es sa;b2n',sa;b2n+1' 
onverge �-almost everywhere and in L1(X; �) as n!1.The obvious relation Sa;bn = San�1Tb�San�2+Sa;bn�2 yields (after normalizationand iteration) the equationsa;bn = ([(n�1)=2℄Xk=1 1(2m� 1)1+2k san�1�2k)Tb � [n=2℄Xk=1 1(2m� 1)2k san�2k; (11)and Lemma 5 follows from Lemma 4.Lemma 6 Fix r 2 A, ' 2 L logL(X; �), and set  (x; a) = 0 if a 6= r and (x; a) = '(x) for a = r. ThenPn (x; a) = 1(2m� 1)n�1 Xl2A;l6=r Sa�1 ;ln ;(P �)n (x; a) = 1(2m � 1)n�1 Xb6=a�1 Sr;bn :Proof: By (4) and the de�nition of  , we havePn (x; a) = 1(2m� 1)n�1 Xg2C(n);gn=a;g1b6=1 (Tgx; b) = 1(2m� 1)n�1 Xg2C(n);gn=a;g1r 6=1'(Tgx) =5



= 1(2m� 1)n�1 Xg1=a�1 ;gn 6=r Tg'(x) = 1(2m � 1)n�1 Xl2A;l6=r Sa�1 ;ln :The 
ase of (P �)n is treated similarly.Lemma 6 and Lemma 5 imply 
onvergen
e of P 2n , (P �)2n , P 2n+1 ,(P �)2n+1 for  su
h as in the formulation of Lemma 6 and, 
onsequently,for all  2 L logL(Y; �).Convergen
e in Theorem 4 is proved; it remains to identify the limit.Let  = limn!1 P 2n . Then, 
learly, P 2 =  . We have the following easyProposition 2 Suppose  2 L1(Y; �) satis�es P =  . Then  does notdepend on A and Tg =  for all g 2 Fm.Suppose  2 L1(Y; �) satis�es P 2 =  . Then  does not depend on A andTg =  for all g 2 F 2m.For proof, see Lemma 10 in [8℄ or [2℄.This 
ompletes the proof of Theorem 4.Corollary 1 If F 2m a
ts ergodi
ally on (X; �), then for any  2 L logL(Y; �)we have Pn ! RY  d�, (P �)n ! RY  d� almost everywhere and in L1(Y; �)as n!1.Sin
e L logL is dense in L1, we have Pn ! RY  d�, (P �)n ! RY  d�in L1 for any  2 L1. By the 0 � 2 laws for Markov operators (see [9℄, [10℄),Corollary 1 impliesProposition 3 Suppose F 2m a
ts ergodi
ally on (X; �). Then the tail sigma-algebra of P is trivial and the tail sigma-algebra of P � is trivial.Say that the a
tion of Fm on (X; �) has eigenvalue �1 if there exists ' 2L2(X; �) su
h that Ta' = �' for all a 2 A. Clearly, F 2m a
ts ergodi
ally i� Fma
ts ergodi
ally and does not have eigenvalue �1; then, the a
tion of Fm haseigenvalue �1 i� the operator P (
onsiderd as an operator in L2) has eigenvalue�1; so, the tail sigma-algebra of P is trivial i� P is ergodi
 and does not haveeigenvalue �1.Finally, if the a
tion of F 2m on (X; �) is not ergodi
 then non
onstant F 2m-invariant fun
tions in L1(Y; �) that do not depend on A are nontrivial tailfun
tions; Proposition 3 implies that these fun
tions span the tail sigma-algebraof P .4 GeneralizationsThe method of Markov operators allows to generalize the Nevo{Stein theoremin the following way.Let, again, (X; �) be a probability spa
e and suppose a free group Fm withm generators a
ts on (X; �) by measure-preserving transformations; as above,6



fa1; : : : ; amg is a �xed set of free generators for Fm and T1; : : : ; Tm : X ! Xare transformations 
orresponding to the generators, and T�i = T�1i .Consider the set WA of all �nite words over the alphabet A = f�m; : : : :Wm = fw = w1w2 : : :wnj wi 2 AgDenote by jwj the length of the word w and for any positive integer n, letWA(n) = fw 2WA; jwj = ng.For ea
h w 2WA, w = w1 : : :wn, de�ne a transfromationTw = TwnTwn�1 : : : Tw1 : (12)Let � be a sto
hasti
 2m�2m matrix, whose rows and 
olumns are indexedby elements of A, that is, � = (pij); i; j 2 A. Assume that � has a stationarydistribution (p�m; : : : ; p�1; p1; : : : ; pm) su
h that all pi > 0.For w 2 WA, w = w1 : : :wn, denotep(w) = pw1w2pw2w3 : : : pwn�1wn ; �(w) = pw1p(w):Consider the operators s�n = Xjwj=n�(w)Tw (13)The matrix � is said to generate the free group if pij = 0 is equivalentto i + j = 0.Assume the self-adjointness 
onditionpi = p�i; p�i;�j = pjpjipi (14)Relation (14) is equivalent to saying that all operators s2n are self-adjoint.Let F 2m be the subgroup of words of even length in Fm, that is, the subgroupgenerated by aiaj, i; j 2 f1; : : : ;mg.Theorem 5 Assume the matrix � generates the free group and satis�es (14).Then for any ' 2 L logL(X; �), the sequen
e s�2n' 
onverges as n ! 1 both�-almost everywhere and in L1(X; �) to an F 2m-invariant fun
tion.The 
ondition that � generates the free group in Theorem 5 
an be weakenedin the following way.De�ntion 1 A matrix � with nonnegative entries will be 
alled irredu
ible iffor some n > 0 all entries of the matrix � + �2 + : : :�n are positive (if �is sto
hasti
 then this is equivalent to saying that in the 
orresponding Markov
hain any state is attainable from any other state).De�ntion 2 A matrix � with nonnegative entries will be 
alled stri
tly irre-du
ible if � is irredu
ible and ��T is irredu
ible (here �T stands for the trans-pose of �.) 7



De�ntion 3 A Markov 
hain will be 
alled stri
tly irredu
ible if its matrix oftransition probabilities is stri
tly irredu
ible. A Markov measure will be 
alledstri
tly irredu
ible if the 
orresponding 
hain is stri
tly irredu
ible.It is 
lear that a matrix generating the free group is stri
tly irredu
ible.Theorem 5 is a parti
ular 
ase ofTheorem 6 Assume the matrix � is stri
tly irredu
ible and satis�es (14).Then for any ' 2 L logL(X; �), the sequen
e s�2n' 
onverges as n ! 1 both�-almost everywhere and in L1(X; �) to an F 2m-invariant fun
tion.The proofs of Theorems 5, 6 are similar to that of Theorem 2; they willappear in a forth
oming paper.A
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