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SMOOTHNESS AND HIGH ENERGY ASYMPTOTICS OF THESPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERINGANDR�AS VASY AND XUE-PING WANGAbstra
t. Let H = � +P#a=2 Va be a 3-body Hamiltonian, Ha the sub-system Hamiltonians, � � 0 the Lapla
ian of the Eu
lidean metri
 g onX0 = Rn, Va real-valued. Buslaev and Merkurev [3, 2℄ have shown that,if the pair potentials de
ay suÆ
iently fast, for � 2 C1
 (R), the operator�(H)� �(H0)�P#a=2(�(Ha)��(H0)) is tra
e 
lass. Hen
e, one 
an de�nea modi�ed spe
tral shift fun
tion �, as a distribution on R, by taking its tra
e.In this paper we show that if Va are S
hwartz, then � is in fa
t C1 awayfrom the thresholds, and obtain its high energy asymptoti
s. In addition, wegeneralize this result to N -body s
attering,N arbitrary.1. Introdu
tionLet H = � +P#a=2 Va be a 3-body Hamiltonian, Ha the subsystem Hamil-tonians, � � 0 the Lapla
ian of the Eu
lidean metri
 g on X0 = Rn, Va real-valued. Buslaev and Merkurev [3, 2℄ have shown that, if the pair potentials de
aysuÆ
iently fast, and under a spe
tral assumption, for � 2 C1
 (R), the operator�(H)��(H0)�P#a=2(�(Ha)��(H0)) is tra
e 
lass. Indeed, this follows from theadoptation of the Hel�er-Sj�ostrand fun
tional 
al
ulus [15℄, see [30℄, even withoutthe spe
tral assumption. Hen
e, one 
an de�ne a modi�ed spe
tral shift fun
tion,whi
h is really a distribution on R�, by(1.1) �(�) = tr(�(H)� �(H0)� X#a=2(�(Ha) � �(H0))):In the two-body setting, � is often denoted by �0. The purpose of this paper is toshow that � is in fa
t C1 away from the thresholds, and to obtain its high energyasymptoti
s. Namely, we prove the following theorem.Theorem. (See Theorem 5.2.) Suppose that the pair potentials Va are S
hwartz(on Xa). Then the spe
tral shift fun
tion � is C1 on Rn �, where � is the setof thresholds and L2 eigenvalues of H. Moreover, � is a symbol outside a 
ompa
tset, and it has a full asymptoti
 expansion as �! +1:�(�) � 1Xj=0�n2 �3�j
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t started. Both authors are grateful for the hospitalityof the Erwin S
hr�odinger Institute. 1



2 ANDR�AS VASY AND XUE-PING WANGIn addition, 
0 = C0Xa Xb6=a ZX0 VaVb dg;where C0 = 116(n� 2)(n� 4)(2�)�n vol(Sn�1) depends only on n = dimX0, and dgis the Riemannian density of the metri
 g.Buslaev and Merkurev had shown previously [3℄ that � is given by a 
ontinuousfun
tion, under the assumption that 0 is not an eigenvalue or resonan
e of any two-body subsystem, and that the bottom of the essential spe
trum is not an eigenvalueof the whole Hamiltonian. We remark that the leading term has an additional��1 de
ay as 
ompared to the 
orresponding formulae in two-body s
attering, see[1, 28, 5, 26, 18, 4℄. This is due to the fa
t that �(H) � �(H0) �P#a=2(�(Ha) ��(H0)) is lower order in a high-energy sense than �(H)� �(H0) is in the two-bodysetting. Correspondingly, if we in
lude a three-parti
le intera
tion V1 in H, i.e.allow #a = 1, the leading term will have its usual order �n2 �2.In fa
t, this is not the only modi�ed spe
tral shift fun
tion one 
an 
onsider. Forexample, let �a, #a � 2, be a partition of unity by C1 fun
tions on the radial (orgeodesi
) 
ompa
ti�
ation �X0 of the 
on�guration spa
e X0 that 
orrespond to the
ollision plane stru
ture. Then �(H)�P#a�2 �(Ha)�a is also tra
e 
lass, and one
an de�ne a modi�ed spe
tral shift fun
tion by taking its tra
e. This spe
tral shiftfun
tion will depend on the 
hoi
e of the partition of unity, and it may be arguedthat it is less natural than the one adopted above. This tra
e is also smooth awayfrom the thresholds and its high energy asymptoti
s 
an also be 
al
ulated. In fa
t,this expression generalizes without 
hanges to many-body s
attering with arbitrar-ily many parti
les, and our proof shows its smoothness. Even the Buslaev-Merkurevexpression 
an be adopted to N -body s
attering, N arbitrary, with 
ombinatorial
omplexity being the only additonal issue. The 
orresponding result is stated inTheorem 6.3 in the last se
tion.The main reason why these statements hold is that the 
orresponding expres-sions for the spe
tral measure, or for the high-energy 
uto� outgoing (or in
oming)resolvents  (H)(H � (� + i0))�1,  2 C1
 (R), already make sense pointwise in �.While these operators are not ne
essarily tra
e 
lass, the tra
e makes sense as anos
illatory integral sin
e it 
an be regarded as a pairing with the delta distribu-tion asso
iated to the diagonal. Indeed, the latter only requires that the s
atteringwave front set of the kernel of the the operator whose tra
e we intend to take,is disjoint from the 
onormal bundle of the diagonal lifted to the b-double spa
e[ �X0 � �X0; � �X0 � � �X0℄. In view of the propagation of singularities in many-bodys
attering, applied to the resolvent kernel, this is automati
ally satis�ed providedthat the kernel of the operator 
ombination that we 
onsider is essentially a general-ized eigenfun
tion of some many-body Hamiltonian mi
rolo
ally near the 
onormalbundle of the diagonal.Our methods are thus an adaptation of traditional mi
rolo
al analysis to many-body s
attering. In fa
t, we do not need the whole program initiated by Melrose[21℄, see [31℄, sin
e the tra
e is a rather simple obje
t. Thus, a moderate strength-ening of propagation results in the dual of the radial variable essentially suÆ
es.These have their origins in the Mourre estimate [24℄, and be
ame partially mi
rolo-
al estimates in the work of G�erard, Isozaki, Skibsted [9, 10℄ and the work of these
ond author [32℄; see also [13℄ for a dis
ussion of these in the geometri
 setting.



SPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERING 3The weak high energy asymptoti
s, i.e. that oftr(�(H=�)� �(H0=�)� X#a=2(�(Ha=�) � �(H0=�)));� 2 C1
 (R) �xed, 
an be derived from the semi
lassi
al fun
tional 
al
ulus of Hel�er-Robert [27, 14℄. Symbol estimates for � follow from 
ombining mi
rolo
al versionsof high energy estimates for R(�+i0), [17℄, with our method of proving smoothnessof � (see also [33℄). The perturbation series expansion for R(�+ i0) then gives thefull asymptoti
s.The assumption that the Va are S
hwartz is not optimal. The distributionaltra
e, �, is de�ned if the Va are symbols of order < �n (on Xa). Below we alsoobtain partial results for these potentials and explain the �ner tools one needs toextend the Theorem to this setting. Spe
i�
ally, this would entail obtaining, atleast mi
rolo
ally near the 
onormal bundle of the diagonal at in�nity, os
illatoryintegral estimates in pla
e of the wave front set estimates.We also mention that under stronger assumptions as in [8℄, su
h as analyti
ity ofthe pair potentials in a 
one near in�nity, one 
an use 
omplex s
aling, or distortionanalyti
ity, to 
ontinue (H ��)�1 a
ross the spe
trum. Sin
e the tra
e is invariantunder the s
aling, and the s
aled operators are ellipti
 near the real axis, we dedu
ethat the tra
e is real analyti
.While there is quite a bit of ma
hinery in the mi
rolo
al analysis of this paper,due to the 
omplexities of many-body s
attering, given the mi
rolo
al estimates, thearguments proving the Theorem are essentially the same as in two-body s
attering.Hen
e we invite the reader who is familiar with the s
attering mi
rolo
al analysisintrodu
ed by Melrose [21℄ to read Se
tion 4 pretending that one works in thetwo-body setting. Moreover, in the appendix we sket
h the proof of a propagationtheorem that is weaker than the results of [31℄, but suÆ
es for the purposes of thispaper. The sket
h is intended to stand on its own, and to explain the basi
 ideasin mi
rolo
alizing propagation estimates.The stru
ture of the paper is as follows. In Se
tion 2 we re
all the standardmany-body notation and make some preliminary remarks. In the following se
tionwe remind the reader of the mi
rolo
al stru
ture of many-body s
attering. InSe
tion 4 we prove the smoothness of � in the three-body setting, and in Se
tion 5we obtain the high energy expansion of �. In the �nal se
tion we state and provethe 
orresponding results in many-body s
attering, and in the appendix we outlinethe proof of the simpli�ed positive 
ommutator estimate des
ribed above.A. V. is grateful to Ma
iej Zworski for numerous stimulating dis
ussions on tra
esin the geometri
 two-body setting (as arising in the work of Christiansen [4℄). Theauthors also thank Leonid Friedlander, Ri
hard Melrose, Didier Robert and SteveZeldit
h for helpful 
omments.2. Notation and preliminariesBefore we 
an state the pre
ise de�nitions, we need to introdu
e some basi
 (andmostly standard) notation. We refer to [6℄ for a very detailed dis
ussion of the setupand the basi
 results. We 
onsider the Eu
lidean spa
e Rn, and let g be the standardEu
lidean metri
 on it. We assume also that we are given a (�nite) family X oflinear subspa
es Xa, a 2 I, of Rn whi
h is 
losed under interse
tions and in
ludesthe subspa
e X1 = f0g 
onsisting of the origin, and the whole spa
e X0 = Rn. Let



4 ANDR�AS VASY AND XUE-PING WANGXa be the ortho
omplement of Xa. We write ga and ga for the indu
ed metri
s onXa and Xa respe
tively. We let �a be the orthogonal proje
tion to Xa, �a to Xa.A many-body Hamiltonian is an operator of the form(2.1) H = �+Xa2I(�a)�Va;here � is the positive Lapla
ian, V0 = 0, and the Va are real-valued fun
tions in anappropriate 
lass.There is a natural partial ordering on I indu
ed by the ordering of Xa by in
lu-sion, i.e. b � a means that Xb � Xa, hen
e Xb � Xa. A three-body Hamiltonian isa many-body Hamiltonian with I 6= f0; 1g su
h that for all a; b =2 f0; 1g with a 6= b,Xa \Xb = f0g holds.Corresponding to ea
h 
luster a we introdu
e the 
luster HamiltonianHa as anoperator on L2(Xa) given by(2.2) Ha = �Xa +Xb�aVb;�Xa being the Lapla
ian of the indu
ed metri
 on Xa. With(2.3) X a = fXb \Xa : b � ag;Ha is a many-body Hamiltonian with 
ollision planes X a. We write(2.4) Ha = Ha 
 IdXa +IdXa 
�Xa = �X0 +Xb�aVa:The L2 eigenfun
tions of Ha, also 
alled bound states, 
an be used to de�ne theset of thresholds of Hb. Namely, we let(2.5) �a = [b<a spe
pp(Hb)be the set of thresholds of Ha, and we also let(2.6) �0a = �a [ spe
pp(Ha) = [b�a spe
pp(Hb):Thus, 0 2 �a for a 6= 0 and �a � (�1; 0℄. It follows from the Mourre theory (seee.g. [7, 25℄) that �a is 
ompa
t, 
ountable, and spe
pp(Ha) 
an only a

umulate at�a. We also let(2.7) � = �1 [ spe
pp(H):For future referen
e we also de�ne the inter
luster intera
tions as(2.8) Ia = H �Ha =Xb6�aVb:One of the properties of many-body operators that we exploit below is that ifHL and HR are many-body Hamiltonians on (X0)L; (X0)R respe
tively, then(2.9) P = P� = �HL 
 Id+(1 � �) Id
HR; 0 < � < 1;is a many-body Hamiltonian on M0 = (X0)L � (X0)R. (We name the new spa
eM0 and the operator P to avoid 
onfusing notation.) The 
ollision planes are givenby (Xa)L � (Xb)R, a; b 2 I, though they have a rather spe
ial stru
ture generatedby (Xa)L� (X0)R and (X0)L� (Xa)R, a 2 I, by taking interse
tions of these. Thethresholds � = �� of P are of the form ��L + (1 � �)�R, where �L and �R arethresholds of HL and HR respe
tively.



SPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERING 5Sin
e we want to study the S
hwartz kernel of the resolvent on a spa
e, for usthe relevant 
ase is X0 = (X0)L = (X0)R (this is the spa
e), and HL = HR, so thekernel of (HL � �)�1 is a distribution on M0 = (X0)L � (X0)R. The thresholds ofP� vary with �, ex
ept that � 2 �R = �L implies that � 2 �� for all �. On theother hand, given � =2 �L, there is a 
ountable subset C of (0; 1) su
h that � =2 Cimplies � =2 ��. Indeed, for any pair (�L; �R) 2 �L � �R with �L 6= �R, there is aunique � 2 R su
h that � = ��L + (1 � �)�R, and then we 
an take C to be theinterse
tion of the set of su
h �'s with (0; 1).In the next se
tion we explain the full mi
rolo
al propagation pi
ture proved in[31℄. However, we would like to emphasize here that apart frommild te
hni
al issueswe only need an estimate of G�erard, Isozaki, Skibsted [9, 10℄ and the se
ond author[32℄, and its slightly strengthened version. Namely, let B = w2hwi �Dw +Dw � w2hwi ,and suppose that F1; F2 2 C1
 (R), suppF1 � (
; 
0), suppF2 � (
0; 
00), 
 < 
0 < 
00,j
j; j
00j suÆ
iently small, and  2 C1
 (R). The aforementioned papers show thatF1(B) (H)(H � (� + i0))�1F2(B) maps H0;s to H0;s0 for all s; s0 when � =2 �.In the terminology of the next se
tion, this holds be
ause the prin
ipal symbolof B at in�nity, whi
h is denoted by �� there, is in
reasing along generalizedbroken bi
hara
teristi
s, and singularities propagate in the forward dire
tion under(H � (�+ i0))�1.We only need the following strengthening of this statement (as well as its highenergy version). Suppose that �1; �2 2 S0(X0) are 
oni
 
uto� fun
tions (outsidea 
ompa
t subset of X0) with supp�1 \ supp�2 = ;. Then there exists � > 0(depending on the supports and on � =2 �) su
h that for F1; F2 2 C1
 (R), suppF1 �(
; 
0+ �), suppF2 � (
0; 
00), 
 < 
0 < 
00, j
j; j
00j suÆ
iently small, and  2 C1
 (R),�1F1(B) (H)(H � (�+ i0))�1F2(B)�2 maps H0;s to H0;s0 for all s; s0 when � =2 �.In the mi
rolo
al terminology, this means that the prin
ipal symbol of B at in�nityhas to in
rease by at least � > 0 along generalized broken bi
hara
teristi
s leavingsupp�2 (near in�nity) and ending in supp�1. We remark that the smoothnessorder r of the Sobolev spa
e Hr;s is left as 0 only due to the non-ellipti
ity (inthe usual sense) of B. Slightly di�erent pseudo-di�erential 
uto�s, su
h as thosedes
ribed in the next se
tion, yield maps from Hr;s to Hr0;s0 for all r; r0; s; s0.We also need the high energy version of both of these estimates, whi
h 
an beproved similarly. Namely, �rst, that for all r; s; r0; s0,(2.10) kF1(B) (H)(H � (� + i0))�1F2(B)kB(H0;s;H0;s0 ) � C��1=2; � � 1;if F1; F2 2 C1
 (R), suppF1 � (
; 
0), suppF2 � (
0; 
00), 
 < 
0 < 
00, j
j; j
00jsuÆ
iently small, and  2 C1
 (R). Next, there exists � > 0 (depending on thesupports of �1 and �2 as above), but not on � � 1) su
h that for F1; F2 2 C1
 (R),suppF1 � (
; 
0 + �), suppF2 � (
0; 
00), 
 < 
0 < 
00, j
j; j
00j suÆ
iently small, and 2 C1
 (R), and(2.11) k�1F1(B) (H)(H � (� + i0))�1F2(B)�2kB(H0;s;H0;s0 ) � C��1=2; � � 1:3. Mi
rolo
al analysis in many-body s
atteringWe re
all the mi
rolo
al tools introdu
ed in the many-body setting in [30℄. Thus,we 
ompa
tify X0 as in [21℄ by letting(3.1) �X = �X0 =Sn+



6 ANDR�AS VASY AND XUE-PING WANGto be the radial 
ompa
ti�
ation of X0 (also 
alled the geodesi
 
ompa
ti�
ation)to a 
losed hemisphere, i.e. a ball. Identifying X0 with Rn (and using g) we writethe 
ompa
ti�
ation map RC : Rn!Sn+ given by(3.2) RC(w) = (1=(1 + jwj2)1=2; w=(1 + jwj2)1=2) 2Sn+ � Rn+1; w 2 Rn:One 
an view the use of the 
ompa
ti�
ation as using inverted polar 
oordinates(r�1; !) 2 [0; 1)�Sn�1 near in�nity, i.e. working near `r�1 = 0', where w = r! inusual polar 
oordinates. We write the 
oordinates on Rn = Xa �Xa as (wa; wa).We let(3.3) �Xa = 
l(RC(Xa)); Ca = �Xa \ �Sn+:Hen
e, Ca is a sphere of dimension na � 1 where na = dimXa. We also let(3.4) C = fCa : a 2 Ig:Thus, C0 = �Sn+ = Sn�1, and a � b if and only if Cb � Ca. We also de�ne theregular part of Ca as(3.5) Ca;reg = Ca n [b6�aCb = Ca n[fCb : Cb ( CagSin
e throughout this paper we work in the Eu
lidean setting, where the notationX, Xa, et
., has been used for the (non-
ompa
t) ve
tor spa
es, we always use abar, as in �X, �Xa, et
., to denote the 
orresponding 
ompa
t spa
es. We write Hrfor the standard Sobolev spa
e, and Hr;s for the weighted Sobolev spa
e hwi�sHr .In [30℄ a pseudo-di�erential operator 
al
ulus was 
onstru
ted on many-bodyspa
es as above (Rn;X ); indeed, it was de�ned for appropriate geometri
 general-izations of these spa
es. Operators of multi-order (k; l) are denoted by 	k;lS
 ( �X0; C);the notation only refers to C rather than X sin
e this is the only pertinent infor-mation in the geometri
 setting. We brie
y re
all the de�nition of the many-bodypseudo-di�erential 
al
ulus via the quantization of symbols. Below [ �X0; C℄ is theblow-up of �X0 at C; in parti
ular, its interior is di�eomorphi
 to that of �X0, i.e.to X0 = Rn, and there is a smooth blow-down map [ �X0; C℄ ! �X0, so every C1fun
tion on �X0 is C1 on [ �X0; C℄. Thus, the polyhomogeneous spa
e 	m;lS
 ( �X0; C) isthe following. We identify int( �X0) and int([ �X0; C℄) with Rn as usual (via RC�1),suppose that a 2 C1(Rnw�Rn�) is in fa
t of the form(3.6) a 2 ��m1 �l�C1([ �X0; C℄� �X�0 );where �� and �1 are de�ning fun
tions of the �rst and se
ond fa
tors, �X0 and �X�0 ,respe
tively, so they 
an be taken as hwi�1 and h�i�1 respe
tively. Let A = qL(a)denote the left quantization of a:(3.7) Au(w) = (2�)�n Z ei(w�w0)��a(w; �)u(w0) dw0 d�;understood as an os
illatory integral. Then A 2 	m;lS
 ( �X0; C). We 
ould haveequally well used other (right, Weyl, et
.) quantizations as well, and we 
ould havealso allowed a to depend on w0 as well (with w0 regarded as a smooth variable on[ �X0; C℄).An advantage of using symbols(3.8) a 2 C1([ �X0; C℄w � [ �X0; C℄w0 � ( �X�0 )�)is that 
ertain operators with amplitudes a = q(w; �)p(w0; �), whi
h 
an be 
onsid-ered the operator produ
t A = QP of the left quantization Q of q and the right



SPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERING 7quantization P of p, lie in the 
lass 	m;lS
 ( �X0; C) even though the left quantizationof q does not. As an example, for  0 2 C1
 (R), we 
an write  0(H) as the rightquantization of a symbol p as above that is in fa
t S
hwartz in �. Then q does nothave to lie C1([ �X0; C℄� �X�0 ) to make (3.8) hold, sin
e due to the rapid de
ay of pin �, the � ! 1 behavior of q is (mostly) irrelevant. For example, we 
an allowq = f(w � �=jwj), f 2 C1
 (R); then a = qp satis�es (3.8). Thus, A = A(f) de�nedby(3.9)Au(w) = (2�)�n Z ei(w�w0)��a(w;w0; �)u(w0) dw0 d�; a(w;w0; �) = q(w; �)p(w0; �);yields an element of 	�1;lS
 ( �X0; C). The operator A(f) has very similar propertiesto f(B) 0(H), B as in the previous se
tion, and 
an be 
onsidered as a pseudo-di�erential repla
ement for f(B) 0(H), for f(B) 0(H) is not a ps.d.o. (due to thela
k of ellipti
ity of B). (Note though that it follows from the arguments of [13℄that  1(H)f(B) 2(H) 2 	�1;0S
 ( �X0; C) for  1;  2 2 C1
 (R).)Elements of 	k;lS
 ( �X0; C) are in parti
ular bounded operators fromHr;s toHr�k;s+l.(The di�erent signs are due to the index 
onvention introdu
ed in the geomet-ri
 s
attering setting in [21℄.) It was also shown in [30℄ that for � =2 spe
(H),R(�) = (H��)�1 2 	�2;0S
 ( �X0; C), and the Hel�er-Sj�ostrand argument was adoptedto show that for � 2 C1
 (R), �(H) 2 	�1;0S
 ( �X0; C), so it is smoothing in the stan-dard sense, but does not give any de
ay at in�nity (see Se
tion 5 for a sket
h ofthis argument in the semi
lassi
al setting). The 
onstru
tion of R(�) is lo
al at� �X0 (in fa
t, it is mi
rolo
al in a sense dis
ussed below). Thus, if H = � + V ,H0 = � + V 0 are many-body operators su
h that in a neighborhood of p 2 � �X0,H � H0 = V � V 0 is in xkC1( �X0), k � 1, i.e. �(V � V 0) 2 xkC1( �X0) forsome � 2 C1( �X0), �(p) 6= 0, then RH(�) � RH0(�) is in 	�2;kS
 ( �X0; C) near p, so(RH(�)�RH0 (�))� 2 	�2;kS
 ( �X0; C). This in turn implies, via the Hel�er-Sj�ostrand
onstru
tion, that for � 2 C1
 (R), �(H)� �(H 0) is in 	�1;kS
 ( �X0; C) near p.Applying this in our setting, i.e. for 3-body Hamiltonians H with potentialP#a=2 Va, note that if the potentials Vb are 
lassi
al symbols of order �k onXb, then H � Ha is in xkC1( �X0) away from [#b=2; b6=aCb, and Ha � H0 is inxkC1( �X0) away from Ca. Hen
e �(H) � �(Ha) is in 	�1;kS
 ( �X0; C) away from[#b=2; b6=aCb, and �(Ha)��(H0) is in the same 
lass away from Ca. Now 
onsiderthe expression �(H) � �(H0) �P#a=2(�(Ha) � �(H0)) near Cb. Rewriting it as�(H)��(Hb)�P#a=2; a6=b(�(Ha)��(H0)) shows that it is in 	�1;kS
 ( �X0; C) awayfrom[#a=2; a6=bCa, hen
e in parti
ular near Cb. Sin
e b is arbitrary, we dedu
e that�(H)��(H0)�P#a=2(�(Ha)��(H0)) 2 	�1;kS
 ( �X0; C). Sin
e pseudo-di�erentialoperators of order (m; l), m < �n, l > n, are easily seen to be of tra
e 
lass (thekernel is in parti
ular 
ontinuous and integrable along the diagonal), we dedu
ethat �(H)� �(H0)�P#a=2(�(Ha)� �(H0)) is tra
e 
lass indeed, as dis
ussed byBuslaev and Merkurev [2℄. This allows us to de�ne � by taking its tra
e, i.e. by(1.1).We need more re�ned tools to analyze the smoothness of �. Namely, we needto analyze the S
hwartz kernels of operators that do not lie in 	m;lS
 ( �X0; C), e.g.of (H � (� + i0))�1. This requires the use of some mi
rolo
al analysis, whi
h webrie
y re
all below.



8 ANDR�AS VASY AND XUE-PING WANGThe phase spa
e in s
attering theory is the 
otangent bundle T �X0 whi
h 
an beidenti�ed withX0�(X0)�. Again, followingMelrose [21℄, it is 
onvenient to 
onsiderits appropriate partial 
ompa
ti�
ation, i.e. to 
onsider it as a trivial ve
tor bundleover �X0 by 
ompa
tifying the base. Hen
e, one de�nes the s
attering 
otangentbundle of �X0 by s
T � �X0 = �X0�X�0 . We remark that the 
onstru
tion of s
T � �X0 is
ompletely natural and geometri
, just like the following ones, see [21℄. Note that(X0)� 
an be identi�ed with X0 via the metri
 g as we often do below.Re
all from [30℄ that in many-body s
attering s
T � �X0 is not the natural pla
efor mi
rolo
al analysis for the very same reason that introdu
es the 
ompressed
otangent bundle in the study of the wave equation on bounded domains; see theworks of Melrose, Sj�ostrand [22℄ and Lebeau [19℄ on the wave equation in domainswith smooth boundaries or 
orners, respe
tively. We 
an see what 
auses troublefrom both the dynami
al and the quantum point of view. Regarding dynami
s, theissue is that only the external part of the momentum is preserved in a 
ollision, theinternal part is not; while from the quantum point of view the problem is that thereis only partial 
ommutativity in the algebra of the asso
iated pseudo-di�erentialoperators, even to top order. Hen
e, one 
annot expe
t to lo
alize in arbitraryopen subsets of s
T �� �X0 �X0, i.e. to mi
rolo
alize fully. To re
tify this, we repla
ethe full bundle s
T �Ca;reg �X0 = Ca;reg � (X0)� ' Ca;reg � X0 over Ca;reg � � �X0 bys
T �Ca;reg �Xa = Ca;reg �Xa, i.e. we 
onsider(3.10) s
 _T � �X0 = [as
T �Ca;reg �Xa:Over Ca;reg, there is a natural proje
tion �a : s
T �Ca;reg �X0 ! s
T �Ca;reg �Xa, i.e. �a :Ca;reg � X�0 ! Ca;reg � X�a , 
orresponding to the pull-ba
k of one-forms; in thetrivialization given by the metri
 it is indu
ed by the orthogonal proje
tion to Xain the �bers. By putting the �a together, we obtain a proje
tion � : s
T �� �X0 �X0 !s
 _T � �X0. We put the topology indu
ed by � on s
 _T � �X0. As mentioned above, thisde�nition is analogous to that of the 
ompressed 
otangent bundle in the study ofthe wave equation in domains with smooth boundaries or 
orners.We also re
all from [21℄ that the 
hara
teristi
 variety �0(�) of ��� is simply thesubset of s
T �� �X0 �X0 where g�� vanishes; g being the metri
 fun
tion. If �1 = f0g,the 
ompressed 
hara
teristi
 set of H � � is �(�0(�)) � s
 _T � �X0. In general, allthe bound states 
ontribute to the 
hara
teristi
 variety. Thus, we let(3.11) �b(�) = f� = (yb; �b) 2 s
T �Cb �Xb : � � j�bj2 2 spe
ppHbg � s
T �Cb �Xb;note that j�bj2 is the kineti
 energy of a parti
le in a bound state ofHb. If Ca � Cb,there is also a natural proje
tion �ba : s
T �Ca;reg �Xb ! s
T �Ca;reg �Xa (in the metri
trivialization we 
an use the orthogonal proje
tion Xb ! Xa as above), and thenwe de�ne the 
hara
teristi
 set of H � � to be(3.12) _�(�) = [a _�a(�); _�a(�) = [Cb�Ca�ba(�b(�)) \ s
T �Ca;reg �Xa;so _�(�) � s
 _T � �X0.The radial subset R+(�) [ R�(�) of _�(�) plays a spe
ial role in many-bodys
attering, for points in this form stationary generalized broken bi
hara
teristi
s.Namely, that at points (w=jwj; �) 2 R�(�), the Hamilton ve
tor �eld of �Xb isradial (so there is no propagation tangentially to T �Xb as dis
ussed below), andsimultaneously the parti
les may be in a bound state of Hb, hen
e there is no



SPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERING 9propagation in normal dire
tions either. More expli
itly, let �� be the dual of theradial Eu
lidean variable, so(3.13) � = �w � �jwj :Then R�(�) = f� = (!; �a) 2 s
T �Ca;reg �Xa :9b; Ca � Cb; �� � (�)2 2 spe
pp(Hb); �� (�) = j�ajg(3.14)are the in
oming (+) and outgoing (�) radial sets respe
tively. Note that if � isnot a threshold of H, then � 6= 0 on R+(�) [ R�(�). The set R+(�) [ R�(�) isthe propagation set of Sigal and So�er [29℄; this is the set where there is no realprin
ipal type propagation.Generalized broken bi
hara
teristi
s of a many-body Hamiltonian H � � werede�ned in [31, De�nition 2.1℄. Here we do not re
all the full de�nition here, butremind the reader that these are 
ontinuous maps 
 : I ! _�(�), where I � Ris an interval, that enjoy 
ertain estimates with regard to Hamilton ve
tor �eldsin the various subsystems. The main property for us is that the fun
tion � =�w��jwj on s
 _T � �X0, is stri
tly de
reasing along generalized broken bi
hara
teristi
sex
ept at the radial points. Note that �� is the dual of the radial variable, and asmentioned in the introdu
tion, it played a major role in previous works on many-body s
attering.As mentioned in the introdu
tion, `singularities' (i.e. la
k of de
ay at in�nity) ofu 2 S0 are des
ribed by the many-body s
attering wave front set, WFS
(u), whi
hwas introdu
ed in [30℄, and whi
h des
ribes u modulo S
hwartz fun
tions, similarlyto how the usual wave front set des
ribes distributions modulo smooth fun
tions.Just as for the image of the bi
hara
teristi
s, s
 _T � �X0 provides the natural settingin whi
h WFS
 is de�ned: WFS
(u) is a 
losed subset of s
 _T � �X0. The de�nition ofWFS
(u) relies on the algebra of many-body s
attering pseudo-di�erential opera-tors, 	k;lS
 ( �X0; C). There are several possible de�nitions of WFS
, all of whi
h agreefor generalized eigenfun
tions of H, but the one given in [30℄ that is modelled onthe �bred-
usp wave front set of Mazzeo and Melrose [20℄ enjoys many propertiesof the usual wave front set.We remark that in the two-body setting, when s
 _T � �X0 = s
T �� �X0 �X0, WFS
 isjust the s
attering wave front set WFs
 introdu
ed by Melrose, [21℄, whi
h in turnis 
losely related to the usual wave front set via the Fourier transform. Thus, for(!; �) 2 s
T �� �X0 �X0, 
onsidered as � �X0 �Rn = � �X0 �Rn, (!; �) =2 WFs
(u) meansthat there exists � 2 C1( �X0) su
h that �(!) 6= 0 and F(�u) is C1 near �. If weemployed the usual 
oni
 terminology instead of the 
ompa
ti�ed one, we wouldthink of � as a 
oni
 
ut-o� fun
tion in the dire
tion !. Thus, WFs
 at in�nity isanalogous to WF with the role of position and momentum reversed. The de�nitionof WFS
(u) is more 
ompli
ated, but if u =  (H)v for some  2 C1
 (R) (any otheroperator in 	�1;0S
 ( �X; C) would do instead of  (H)), then the following is a suÆ
ient
ondition for (!; �a) 2 s
T �Ca;reg �Xa, 
onsidered as Ca;reg�Xa, not to be in WFS
(u).Suppose that there exists � 2 C1( �X0), �(!) 6= 0, and � 2 C1
 (Xa), �(�a) 6= 0, and((�a)��)F(�u) 2 S(Rn) = S(X0). Then (!; �a) =2 WFS
(u). This wave front setalso has 
omplete analogues for the relative wave front set WFk;lS
 (u), i.e. whenone is working modulo weighted Sobolev spa
es Hk;l. In addition, although the



10 ANDR�AS VASY AND XUE-PING WANGde�nition of s
 _T � �X0 depends on the metri
 g, there is a natural identi�
ation ofthe 
ompressed spa
es 
orresponding to di�erent metri
s g, and the wave front setis de�ned independently of the 
hoi
e of g then.As an example, 
onsider M0 = X0 � X0 as the spa
e, and let u 2 S0(M0) bethe S
hwartz kernel of  (H), H a many-body Hamiltonian on X0,  2 C1
 (R). Asdis
ussed above M0 is naturally a many-body spa
e with 
ollision planes Xa �Xb,a; b 2 I. However, to a

ommodate the diagonal singularity, we introdu
e additional
ollision planes by adding the diagonal diag = f(w;w) : w 2 X0g to this set, aswell as the diagonals of Xa: diaga = diag\(Xa � Xa), a 2 I; the resulting setis denoted by M. Re
all that diag is the 
losure of diag in �M0, hen
e it is theb-diagonal as dis
ussed in [21, 30℄. Now the kernel K of  (H) is 
onormal to�diaga in the strong sense that it be
omes C1 upon the blow-up of these (in theappropriate order); indeed, this is essentially the de�nition of 	�1;0S
 ( �X0; C). Notethat if  0 2 C1
 (R) is identi
ally 1 on [inf supp ; sup supp ℄, then  0(P�)K = K,as follows dire
tly from the fun
tional 
al
ulus sin
e H 
 Id, Id
H 
ommute, sothe Fourier transform des
ription of the wave front set given above is appli
able.Sin
e K is the kernel of a pseudo-di�erential operator, it is immediate thatWFS
(K) � [as
T ��diaga;regdiaga, i.e. it lies over the boundary of the diagonal;indeed, the kernel is rapidly de
reasing elsewhere by the de�nition of 	�1;0S
 ( �X0; C).We 
laim that for all a, WFS
(K) \ s
T ��diaga;regdiaga lies in the zero se
tion ofs
T ��diaga;regdiaga. To see this, let � 2 C1( �M0) be su
h that supp � is disjoint fromall 
ollision planes other than those 
ontaining diaga. This means that � lo
alizesnear the regular, and away from the singular, part of �diaga. The ortho
omplementof diaga, with respe
t to gL + gR, is diagXa�Xa �f(w;�w) : w 2 X0g, and the
orresponding orthogonal proje
tions give 
oordinates (wa+w0a; wa+(w0)a; w�w0)(up to a fa
tor of p2). The 
orresponding dual variables are (up to another fa
tor)(�a+�0a; �a+(�0)a; ���0). Sin
e �K is S
hwartz in w�w0, and is symboli
 in w+w0after some blow ups, in parti
ular symboli
 in wa + w0a, the Fourier transform of�K is S
hwartz outside �a + �0a = 0. Hen
e WFS
(K) lies in �a + �0a = 0, i.e. in thezero se
tion of s
T ��diaga;regdiaga as 
laimed.A similar argument proves thatWFS
(Ædiag) lies in the zero se
tion of s
T ��diaga;regdiaga.Indeed, one 
an see this dire
tly from the de�nition, for any ve
tor �eld tangent todiag annihilates Ædiag.Note that the orthogonal proje
tion of the 
onormal bundle of diag to T � diagais the zero se
tion, and for this reason we 
all the zero se
tion of s
T ��diaga;regdiagathe 
ompressed 
onormal bundle of diag at diaga. We summarize these statementsas a lemma.Lemma 3.1. The kernel K of  (H),  2 C1
 (R), satis�es WFS
(K) is a subsetof the zero se
tion of s
T ��diaga;regdiaga, i.e. of the 
ompressed 
onormal bundle ofthe diagonal at diaga. The same holds for Ædiag. In parti
ular, � = 0 on WFS
(K)and on WFS
(Ædiag).Remark 3.2. For example, 
onsider A(F ) 2 	�1;0S
 ( �M0; �M) de�ned by (3.9),F 2 C1
 (R), and note that on its operator wave front set (a notion that we brie
yre
all in the Appendix; see [30, Se
tion 5℄ for a detailed dis
ussion) �� 2 suppF .The lemma immediately implies that for F 2 C1
 (R) with 0 =2 suppF , A(F )K 2 S.



SPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERING 11The main property of wave front sets that we use is the following. If u; v 2 S 0,WFS
(u) is a 
ompa
t subset of s
 _T � �X0, and WFS
(u)\WFS
(v) = ;, then the L2pairing extends by 
ontinuity to de�ne hu; vi. For the relative wave front set onehas stronger results. In parti
ular, it suÆ
es that WF�;lS
 (u) \WF�;�lS
 (v) = ;; thesmoothness order k is irrelevant sin
e WFS
(u) is assumed to be 
ompa
t. Thisproperty follows immediately from [30, Proposition 5.4℄ and the de�nition of WFS
.The theorem on the propagation of singularities is the following.Theorem. ([31, Theorem 2.2℄) Let u 2 S 0(Rn), � 2 R. Then(3.15) WFS
(u) nWFS
((H � �)u)is a union of maximally extended generalized broken bi
hara
teristi
s of H � � in_�(�) nWFS
((H � �)u).A stronger version of this is valid for u = (H � (�+ i0))�1f , de�ned if WFS
(f)satis�es appropriate non-in
oming 
onditions (see [31, Se
tion 2℄ for a full dis
us-sion). Namely WFS
(f) only propagates forward along generalized broken bi
har-a
teristi
s. The non-in
oming 
onditions are satis�ed, for example, if � � 0 onWFS
(f), and then we 
on
lude that � � 0 on WFS
(u). These statements arealso proved by positive 
ommutator estimates, and 
onsequen
es 
an be easily re-stated as operator estimates. For example, 
onsider A(F ) 2 	�1;0S
 ( �X0; C) de�nedby (3.9). The fa
t that �� is in
reasing along generalized broken bi
hara
teristi
sthen 
onverts into the estimate of [9, 32℄. Indeed, mapping properties of the wavefront set, [30, Proposition 5.4℄, imply that for � in a 
ompa
t subset of Rn �,r; s; r0; s0 arbitrary,(3.16) kA(F )R(�+ i0)A( ~F )kB(Hr;s;Hr0 ;s0) � C;where ~F 2 C1
 (R), and in addition suppF � (
; 
0), supp ~F � (
0; 
00), 
 < 
0 <
00. j
j; j
0j suÆ
iently small. The fa
t that in addition �� is stri
tly in
reasingon any non-stationary generalized broken bi
hara
teristi
 implies the strengthenedestimate that for all �; ~� 2 C1( �X0) with supp� \ supp ~� \ � �X0 = ;, and for � ina 
ompa
t subset of Rn �, r; s; r0; s0 arbitrary, there exists � > 0 su
h that(3.17) k�A(F )R(�+ i0)A( ~F )~�kB(Hr;s;Hr0 ;s0) � C;where ~F 2 C1
 (R), and in addition suppF � (
; 
0 + �), supp ~F � (
0; 
00), 
 < 
0 <
00. j
j; j
0j suÆ
iently small. These are very similar to the estimates mentionedat the end of Se
tion 2. Of 
ourse, these estimates 
an be simpli�ed, but here weexpli
itly wanted to emphasize the 
onne
tion between WFS
 and the estimates.We outline the proof of (3.17) in the appendix, so that the reader 
an avoid themore 
ompli
ated arguments leading to the stronger results of [31℄.4. Smoothness of the tra
eLet K = K�;Ka = (Ka)� denote the kernels of R(� + i0) = (H � (� + i0))�1,and Ra(�+ i0) = (Ha � (�+ i0))�1 respe
tively, in Im� � 0 (of 
ourse +i0 
an bedropped if Im� > 0). Hen
e they are tempered distributions on �X0 � �X0. ThenK solves (HL � �)K = Ædiag, (HR � �)K = Ædiag, where HL, HR a
t on the leftand right fa
tors of X0 � X0 respe
tively, and Ædiag is the kernel of the identityoperator, hen
e is the natural Dira
 delta distribution asso
iated to the diagonal.



12 ANDR�AS VASY AND XUE-PING WANG(The se
ond equation really 
ontains the transpose of HR � �, but sin
e HR isself-adjoint and real, this is just HR.) Thus, for example,(4.1) (�HL + (1� �)HR � �)K� = Ædiag; 0 < � < 1;for Im� � 0. Hen
e, for Im� > 0,(4.2) K� = (�HL + (1� �)HR � �)�1Ædiag:As remarked in Se
tion 2, P� = �HL+(1��)HR is a many-body Hamiltonian, so allthe usual results on many-body Hamiltonians, su
h as propagation of singularities,are appli
able. In parti
ular, if � =2 �, we 
an arrange that � =2 �� by an appropriate
hoi
e of �. We let � = �(w � � + w0 � �0)=h(w;w0)i as usual, with (w;w0) denoting
oordinates on X0 �X0, and (�; �0) the dual 
oordinates. Thus, �� is the dual ofthe radial variable r = j(w;w0)j with respe
t to the metri
 gL+gR. We thus dedu
ethat (�HL + (1��)HR � (�+ i0))�1Ædiag makes sense sin
e � = 0 on WFS
(Ædiag)by Lemma 3.1. Thus,(4.3) K� = (�HL + (1� �)HR � (� + i0))�1Ædiag � (P� � (� + i0))�1Ædiag:For te
hni
al reasons it is 
onvenient to eliminate the diagonal singularity (whi
h
an
els from the spe
tral measure anyway). This 
an be done by 
onsidering(4.4)  (H)(H � (� + i0))�1 = ~ (H)instead of R(� + i0), where  2 C1
 (R) is identi
ally 1 near �. This has similarproperties to R(� + i0), ex
ept that it does not have a diagonal singularity in theinterior. In parti
ular, its kernel, whi
h we denote by ~K = ~K�, satis�es (HL ��) ~K = (HR � �) ~K = K (H), K (H) denoting the kernel of  (H). Hen
e, againusing Lemma 3.1,(4.5) ~K� = (�HL + (1� �)HR � (� + i0))�1K (H) � (P� � (� + i0))�1K (H):As re
alled in the previous se
tion, � is de
reasing under the forward generalizedbroken bi
hara
teristi
 relation. Then, by the propagation of singularities, namelythat they only propagate in the forward dire
tion under (P� � (� + i0))�1, wededu
e that � � 0 on WFS
( ~K). Similar statements hold for ~Ka. Hen
e � � 0 onWFS
( ~K0),(4.6) ~K0 = ~K � ~K0 �Xa ( ~Ka � ~K0):We 
an write this expli
itly by saying that if F 2 C1
 (R), supported in (�1; 0),then A(F ) ~K 2 S, where now A(F ) is an operator on M0 = X0 � X0, with prin-
ipal symbol at in�nity the `same' as that of F (B) ~ (H) (though the latter is notquite a ps.d.o.), B the radial ve
tor �eld on X0 �X0, with prin
ipal symbol �� .Moreover, � is stri
tly negative everywhere on this wave front set ex
ept possi-bly at the 
ompressed 
onormal bundle of the diagonal, i.e. at the zero se
tion ofs
T ��diaga;regdiaga.We remark that while mi
rolo
ally on WFS
( ~K), ~K is not S
hwartz, it is of
ourse still in a weighted Sobolev spa
e, namely in Hr;s�1 for any s < �n=2 andfor any r. This holds be
ause K (H) is in Hr;s for any s < �n=2 and for any r,and (P� � (� + i0))�1 loses one order of de
ay. (This is the standard propagationphenomenon as for the wave equation, and the fa
tor h�1 appears in (5.27) for thesame reason.)



SPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERING 13We 
laim that in fa
t � � �0 < 0 everywhere, hen
e in parti
ular the 
ompressed
onormal bundle of the diagonal is disjoint from it. The key step is the followinglemma.Lemma 4.1. Let b be a 2-
luster. Then WFS
( ~K� ~Kb) and WFS
( ~Ka� ~K0), a 6= b,are disjoint from the zero se
tion of s
T ��diagb;regdiagb and of s
T ��diag0;regdiag0.Proof. To see this, we �rst 
ompute (P� � �)u, u = ~K � ~Kb. Thus,(4.7) (P� � �)u = K (H) �K (Hb) + [�(Ib)L + (1� �)(Ib)R℄ ~Kb:Thus, near �diagb, the result is rapidly de
reasing sin
e the inter
luster intera
tions(Ib)L, (Ib)R are su
h, and the same holds for the di�eren
e K (H) �K (Hb). It isonly here that we use Va 2 S(Xa); see the 
omments of the following paragraphsfor potentials that do not de
ay rapidly. Hen
e, in this region, WFS
(u) is a unionof maximally extended generalized broken bi
hara
teristi
s of P�� �. That is, if �is in s
T ��diagb;regdiagb [ s
T ��diag0;regdiag0, and � 2WFs
(u), then there exists T > 0and a generalized broken bi
hara
teristi
 
 : [�T; T ℄ ! _�(�) su
h that 
(0) = �and 
(t) 2WFS
(u) for all t 2 [�T; T ℄. (The 
onstant T depends on �, namely onhow long it takes for bi
hara
teristi
s to leave s
T ��diagb;regdiagb[ s
T ��diag0;regdiag0.)But if � is in addition in the zero se
tion of s
T ��diagb;regdiagb or of s
T ��diag0;regdiag0,then � (
(0)) = 0, and � (
(t)) > 0 for t < 0, so 
(t) =2 WFS
(u) (as � � 0on WFS
(u)) 
ontradi
ting that 
(t) 2 WFS
(u) for all t 2 [�T; T ℄. Here weuse again that � is not a threshold, for this assumption ensures that there are nostationary bi
hara
teristi
s at � = 0. Thus, the zero se
tion of s
T ��diagb;regdiagb andof s
T ��diag0;regdiag0, i.e. the 
ompressed 
onormal bundle of the diagonal, is disjointfromWFS
(u). A similar argument shows that for b 6= a, WFS
( ~Ka� ~K0) is disjointfrom the 
ompressed 
onormal bundle of the diagonal in the same region. �Combining the statements of the lemma shows that WFS
( ~K0) has the sameproperty for every b. Sin
e b is arbitrary, this means that WFS
( ~K0) is (globally)disjoint from the 
ompressed 
onormal bundle of the diagonal, and � is negative onthe former. (The existen
e of a stri
tly negative 
onstant �0 su
h that � � �0 onWFS
( ~K0) follows by 
ompa
tness.) In expli
it terms, this means that there exists� > 0 su
h that if F 2 C1
 (R), supported in (�1; �), then A(F ) ~K0 2 S.The tra
e of ~K0, de�ned as the push-forward of the restri
tion of ~K 0 to the diag-onal, thus makes sense by wave-front set 
onsiderations. Note that the tra
e is thusjust the L2-pairing of ~K0 with Ædiag. Hen
e the only property of WFS
 we need isthat distributions with disjoint WFS
 
an be L2-paired, whi
h we already dis
ussedin the previous se
tion. Again, expli
itly this argument amounts to writing(4.8)h ~K0; Ædiagi = h(Id� 0(P�)) ~K0; Ædiagi+hA(F ) ~K0; Ædiagi+h ~K0; ( 0(P�)�A(F )�)Ædiagi;F as in the previous paragraph, with in addition F � 1 near 0, and noting thatboth terms on the right hand side are de�ned. (Rather than using 
ontinuity fromS in the style of H�ormander [16℄, one 
ould use 
ontinuity from Im� > 0 here.)Note that this argument also shows that the tra
e of �b( (H)R(� + i0) � (Hb)Rb(� + i0)) is already de�ned as an os
illatory integral, or rather by wavefront 
onsiderations.



14 ANDR�AS VASY AND XUE-PING WANGApplying the same arguments for R(� � i0), we dedu
e the same pointwise forthe 
orresponding expressions involving the spe
tral measure, i.e. for(4.9) sp(�) � sp0(�) �Xa (spa(�) � sp0(�));where(4.10) sp(�) = (2�i)�1((H � (� + i0))�1 � (H � (�� i0))�1);and similarly with the other spe
tral measures. Sin
e �(H) = RR�(�) sp(�) d�, we
on
lude that the distribution � is given by the 
ontinuous fun
tion(4.11) �(�) = tr(sp(�)� sp0(�) �Xa (spa(�) � sp0(�))):The smoothness of this fun
tion follows dire
tly by taking derivatives of the re-solvents with respe
t to �. Indeed the derivative of ~K with respe
t to � is givenby(4.12) dd� ~K� = (P� � (� + i0))�2K (H) = (P� � (�+ i0))�1 ~K�:Then � � 0 still holds on WFS
( dd� ~K�), WFS
( ~K�). In addition,(4.13) (P� � �) dd� ~K� = ~K�shows that(4.14) (P� � �) dd� ( ~K� � ( ~Kb)�) = ~K� � ( ~Kb)� + [�(Ib)L + (1� �)(Ib)R℄( ~Kb)�:Sin
e near �diagb, WFS
( ~K� � ( ~Kb)�) is in � � �0 < 0, we dedu
e as above thatWFS
( dd� ( ~K� � ( ~Kb)�)) is also in � � �0 < 0 near �diagb, and then further thatWFS
( dd� ~K 0) is in � � �0 < 0 everywhere. This shows that d�d� is 
ontinuous, andan iterative argument yields that � is C1. We have thus proved the followingproposition, whi
h forms the �rst part of the Theorem stated in the introdu
tion.Proposition 4.2. Suppose that H is a three-body Hamiltonian, and the pair po-tentials Va are S
hwartz (on Xa). Then the spe
tral shift fun
tion �, de�ned by(1.1), is C1 on Rn �.If the potentials Va are not S
hwartz onXa, rather they are symbols in S��(Xa),the �rst part of (5.27), namely K (H) � K (Hb), is in Hr;s+� for any s < �n=2(and any r) near �diagb, while [�(Ib)L+(1��)(Ib)R℄ ~Kb is in Hr;s�1+� in the sameregion. This yields that u = ~K � ~Kb is in Hr;s�2+� near the 
ompressed 
onormalbundle of diagb (rather than S
hwartz). The pairing with Ædiag thus makes sense if(s�2+�)+s � 0, i.e. � � �2s+2. Sin
e s > �n=2 is arbitrary, this means � > n+2suÆ
es. This result is non-optimal, � > n should be suÆ
ient, but the improvementshould 
orrespond to more deli
ate (os
illatory integral type) behavior that we donot 
onsider here sin
e proving the better estimates is more 
ompli
ated, espe
iallyif the set of thresholds is large! In addition, ea
h derivative 
auses an additionalorder of de
ay to be lost, so to 
on
lude that � is Ck by this argument we need� > n+ 2 + k.We explain brie
y in terms of the two-body setting why more pre
ise, os
illatoryintegral type, 
ontrol is needed on the resolvent kernel near the 
onormal bundle of



SPECTRAL SHIFT FUNCTION IN MANY-BODY SCATTERING 15the diagonal to obtain optimal results. In two-body s
attering, the high-energy 
ut-o� resolvent kernel ~K is of the form eip�hw�w0ihw�w0i�(n�1)=2a, a smooth on theblown up spa
e [ �M0; �diag℄ mi
rolo
ally near the 
onormal bundle of the diagonal,and is also a smooth fun
tion of � > 0. Di�erentiating the kernel, in parti
ular theexponential, with respe
t to �, gives an extra fa
tor of growth hw � w0i. However,this fa
tor is bounded near the diagonal, so the pairing with Ædiag makes sensewithout imposing extra vanishing 
onditions on V . This argument shows that � > nsuÆ
es in the two-body setting to 
on
lude that � is C1; indeed, it immediatelygeneralizes to the geometri
 setting of [21℄, where it was proved by the use of tra
eformulae in [4℄, sin
e one also knows the similar os
illatory behavior there [12℄.(This FIO-type analysis originated with [23℄ in the geometri
 setting.) Su
h adetailed analysis is mu
h harder in the many-body setting.Returning to the setting of S
hwartz pair intera
tions, we remark that a perhapsbetter approa
h, whi
h we do not pursue here, for proving smoothness, is to in
lude� as a variable, i.e. to work with, say, the S
hr�odinger equation dire
tly. Then theresult of the pull-ba
k to the diagonal in the spatial variables followed by the push-forward 
an be seen to be smooth by the wave front set 
al
ulus.We also emphasize that apart from te
hni
al issues, the whole argument 
an berewritten in terms estimates involving operators su
h as F (B), B as in the previousse
tions. 5. High energy asymptoti
sBelow we 
hange high energy problems into semi
lassi
al problems, so we startby re
alling some notation. First, Hr;sh = Hr;sh (Rn) is the semi
lassi
al weightedSobolev spa
e, hwi�sHrh(Rn), where the norm on Hrh is de�ned by(5.1) kukHrh = (2�h)�n=2kh�irFhukL2(Rn);Fh being the h-Fourier transform,(5.2) (Fhu)(�) = Z e�iw��=hu(w) dw:For r = 0, the norm in Hrh(Rn) is the standard L2(Rn) norm; the norm on H1h(Rn)is k(1 + h2�)ukL2(Rn), et
. Semi
lassi
al many-body pseudo-di�erential operatorsA = A(h) 2 	m;lS
;h( �X0; C) are de�ned by the following analogue of (3.7):(5.3) (2�h)�n Z ei(w�w0)��=ha(w; �;h) d�where a 2 ��m1 �l�C1([ �X0; C℄�X�0 � [0; 1)), rapidly de
reasing in the se
ond fa
tor.One 
an similarly modify (3.9), to de�ne A = A(F ;h) by(5.4) A(F ;h)u(w) = (2�h)�n Z ei(w�w0)��=ha(w;w0; �;h)u(w0) dw0 d�;a(w;w0; �;h) = q(w; �;h)p(w0; �;h), this yields an element of 	�1;lS
;h ( �X0; C). One
an also interpret these spa
es as high energy spa
es by letting h = ��1=2; then�!1 
orresponds to h! 0.As an example, we 
ompute the norm of kernelKA(h) ofA = A(h) 2 	�1;0S
;h ( �X0; C)in H0;sh ((X0)w � (X0)w0 ) for s < �n=2. Namely, (5.3) takes the form(5.5) h�nA(w; (w �w0)=h;h); A 2 C1([ �X0; C℄�X0 � [0; 1));
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reasing in the se
ond fa
tor. Thus, for s < �n=2kKA(h))k2H0;sh = h�2n ZX0�X0 h(w;w0)i2sjA(w; (w� w0)=h;h)j2 dwdw0= h�n ZX0�X0hwi2sjA(w;W ;h)j2 dwdW � C0h�n;(5.6)hen
e kKA(h)kH0;sh � Ch�n=2. In fa
t, a similar 
al
ulation, after inserting (Id+h2�(w;w0))rin front of A, gives that kKA(h)kHr;sh � Ch�n=2 for all r (and for all s < �n=2). Asimilar 
al
ulation also applies to Ædiag, and gives for s < �n=2 that(5.7) kÆdiagkHs;sh � Ch�n=2:We start our study of high energy asymptoti
s of � by stating an averagedversion.Proposition 5.1. Suppose that H is a three-body Hamiltonian, Va are symbols oforder �k on Xa, k > n. Then for � 2 C1
 (R),(5.8)tr(�(H=�)� �(H0=�)�Xa (�(Ha=�)� �(H0=�))) � 1Xj=0�n2�2�jdj; �! +1:Proof. We 
hange the notation slightly and 
ompute(5.9) tr(�(H=�0)� �(H0=�0)�Xa (�(Ha=�0)� �(H0=�0)))as �0 ! +1. As usual, we 
onvert the high energy problem into a semi
lassi
alone by letting h2 = (�0)�1, and let(5.10) H(h) = h2H;so �(H=�0) = �(H(h)), i.e. we are interested in the interse
tion of the spe
trum ofH(h) with a 
ompa
t interval (namely supp �). Note that the high energy asymp-toti
s �0 ! +1 
orresponds to the semi
lassi
al problem h ! 0. Note also thath2H = h2�+h2V , so semi
lassi
ally the potential vanishes two orders higher thanthe semi
lassi
al Lapla
ian h2�. Let ~� 2 C1
 (C ) be an almost analyti
 extensionof � (so j��� ~�(�)j � CN j Im�jN for all N ), and let R(�;h) = (H(h)��)�1. Via theCau
hy formula,(5.11) �(H(h)) = � 12�i Z ��� ~�(�)R(�;h) d� ^ d��;the study of the fun
tional 
al
ulus in a semi
lassi
al setting redu
es to that of thebehavior of the resolvents away from the real axis, and the uniformity in h, up tothe real axis in �. The main fa
t that makes the 
al
ulations uniform in h is thatby self-adjointness, the L2 operator norm of R(�;h) is bounded by j Im�j�1, forthis implies (via the parametrix 
onstru
tion) that all seminorms of R(�;h) in thesemi
lassi
al version of 	�2;0S
 ( �X0; C) (
f. (5.3)) are bounded by Cj Im�j�k for Re�in a 
ompa
t set, j Im�j bounded from above, and for some C and k depending on
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e it follows immediately that for � 2 C1
 (R),tr(�(H(h)) � �(H0(h)) �Xa (�(Ha(h)) � �(H0(h))))= tr � 12�i Z ��� ~�(�)(R(�;h) �R0(�;h)�Xa (Ra(�;h) �R0(�;h))) d� ^ d��!� 1Xj=0h�n+jaj:(5.12)While the integral is tra
e 
lass, this may not be apparent sin
e the integrand,whi
h is in 	�2;kS
 ( �X0; C), is not su
h due to the diagonal singularity of the resolvents.However, it is easy to rewrite the integral so that the integrand be
omes tra
e 
lassas well. Namely, let  (�) = (� � �0)m�(�), m > (dimX0 � 2)=2, �0 =2 R, so�(H(h)) = R(�0;h)m (H(h)), and write out the Cau
hy integral representation of (H(h)) using an almost analyti
 
ontinuation ~ of  . Thus,�(H(h)) � �(H0(h)) �Xa (�(Ha(h))� �(H0(h)))= � 12�i Z ��� ~ (�)(R(�0;h)mR(�;h)� R0(�0;h)mR0(�;h)�Xa (Ra(�0;h)mRa(�;h) �R0(�0;h)mR0(�;h))) d� ^ d��:(5.13)The integrand is now 
learly tra
e 
lass, in fa
t it is a semi
lassi
al many-bodys
attering pseudo-di�erential operator of order (�2m � 2; �), and the asymptoti
sas h! 0 follows from the 
onstru
tion of R(�;h), et
.Our �rst remark is that sin
e H is a di�erential operator (rather than a moregeneral pseudo-di�erential operator), for all odd j, aj = 0, as in [26℄. This followsfrom the fa
t that these terms are given by integrals of odd fun
tions of the mo-mentum �, hen
e these integrals vanish. Indeed, due to the additional h2 vanishingin V , whi
h implies similar vanishing for the di�eren
e of the various resolvents, theleading term is at least two orders higher, i.e. a0 = 0 (and we have already men-tioned that a1 = 0). This is exa
tly the same order of vanishing as for two-bodys
attering. In fa
t, more is true.To see this, we perform lo
al 
al
ulations near Cb, i.e. we repla
e the full tra
eby the tra
e of �b times (5.13) where �b 2 C1( �X0) is supported away fromthe Ca for a 6= b. Making sure that the �b form a partition of unity, (5.12)be
omes the sum of the lo
al tra
es, so it suÆ
es to show that the a2 termof ea
h lo
al tra
e vanishes. Thus, �b(R(�0;h)mR(�;h) � Rb(�0;h)mRb(�;h)),�b(Ra(�0;h)mRa(�;h)�R0(�0;h)mR0(�;h)), a 6= b, are already tra
e 
lass. UsingR(�;h)�Rb(�;h) = R(�;h)h2IbRb(�;h), a similar formula for Ra(�;h)�R0(�;h),that R(�;h), Rb(�;h) 
an be repla
ed by R0(�;h) up to an error of h2, and thevarious operators 
an be 
ommuted up to an error with an additional power of h,it is easy to see that the a2 term vanishes, where we also take into a

ount thatIb = Pa6=b Va. (In addition, a3 = 0 sin
e the odd 
oeÆ
ients vanish.) Changingba
k to the h-independent notation �nishes the proof.An alternative, but somewhat formal 
al
ulation (in the sense that it does notuse the regularization pro
edure) pro
eeds as follows. Note �rst that the resolvents
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an be rewritten asR(�;h) = R0(�;h) �Xa Ra(�;h)h2VaR0(�;h)+Xa Xb6=aR(�;h)h2VbRa(�;h)h2VaR0(�;h);Ra(�;h) = R0(�;h)� Ra(�;h)h2VaR0(�;h):(5.14)Hen
e, R(�;h)� R0(�;h)�Xa (Ra(�;h)� R0(�;h))=Xa Xb6=aR(�;h)h2VbRa(�;h)h2VaR0(�;h):(5.15)Thus, the 
ombination of (5.15) and a regularization argument as in (5.13), thoughit is rather 
umbersome to keep tra
k of the regularizing fa
tors, shows that thereis an additional h2 vanishing here, i.e. a2 = 0. Note that (5.15) is tra
e 
lass whenn = dimX0 < 6, hen
e for two-dimensional parti
les, so in this 
ase we do not needthe regularization pro
edure. �We pro
eed to �nd the leading 
oeÆ
ient, d0 = a4, without using the regulariza-tion pro
edure, whi
h would 
ompli
ate the 
al
ulation. This is justi�ed dire
tlyfor two-dimensional parti
les as mentioned above (the integrand of (5.12) is tra
e
lass); in general, we need to be more 
areful. To avoid 
umbersome notation, weemphasize the 
ase of dimX0 = 6, i.e. the parti
les are three-dimensional. First,one 
an write R(�;h) in a (�nite) perturbation series:(5.16)R(�;h) = R0(�;h)� R0(�;h)h2V R0(�0;h) +R(�;h)h2V R0(�;h)h2V R0(�0;h);of 
ourse the last term 
an be expanded even further. Similarly, Ra(�;h) 
an beexpanded in a �nite series. The suÆ
iently high order terms of the series (e.g.from the se
ond term on if n = 6, i.e. if the parti
les are three-dimensional), whenR(�;h), et
., are substituted into the right hand side (5.15), give tra
e 
lass termswhi
h also have at least additional vanishing in h 
ompared to the leading term, sothey do not 
ontribute to d0 = a4. So for n = 6,(5.17) (5.12) = tr(� h42�i Z ��� ~�(�)Xa Xb6=aR0(�;h)VbR0(�;h)VaR0(�;h) d� ^ d��);we a priori know that the integral is tra
e 
lass sin
e it is the di�eren
e of tra
e
lass operators. In addition, the fa
tors of Va, Vb, 
an be 
ommuted to the front,and ea
h 
ommutator gives an extra h vanishing, and lowers the di�erential or-der of the pseudo-di�erential operator. In fa
t, the 
ommutators take the form[R0(�;h); h2Va℄ = �R0(�;h)[h2�; h2Va℄R0(�;h), so for n = 6 the 
orrespondingterms are tra
e 
lass with extra vanishing in h, so they do not 
ontribute to d0either. Thus,(5.18) (5.12) = tr(� h42�i Z ��� ~�(�)Xa Xb6=a VbVaR0(�;h)3 d� ^ d��);
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e 
lass, though the integral is. Nowusing the Cau
hy-Stokes formula, the integral 
an be written as(5.19) (5.12) = tr( h42�i Z �(�)(Xa Xb6=a VbVa)(R0(� + i0;h)3 �R0(� � i0;h)3) d�);Now the integrand is not tra
e 
lass, but its tra
e is well-de�ned as a pairing ofits kernel with the delta distribution asso
iated to the diagonal. We write out thispairing expli
itly as the integral of the restri
tion of the kernel to the diagonal bywriting R0(� + i0;h)3 � R0(� � i0;h)3 as multipli
ation by a di�erentiated deltadistribution asso
iated to j�j2 = �, 
onjugated by the h-Fourier transform. Morespe
i�
ally, we need to 
al
ulate(5.20) (2�h)�nh4(Z �X0(VaVb) dg) ((j�j2 � (� + i0))�3 � (j�j2 � (�� i0))�3; 1);where (:; 1) is the distributional pairing of a 
ompa
tly supported distribution onRn� with 1. The latter is, in modi�ed polar 
oordinates � = �1=2!, j!j = 1,(5.21) 12 vol(Sn�1)((� � (�+ i0))�3 � (� � (�� i0))�3; �(n�2)=2)R:Sin
e (� � (� + i0))�3 � (� � (� � i0))�3 = 2�i 2�1Æ(2)� as a distribution in �, wededu
e that(5.22) (5.21) = 12 vol(Sn�1)2�i 2�1 (n� 2)(n � 4)4 �n2�3:Hen
e,(5.23)(5.12) = h4�n
(Z �X0 (VaVb) dg) Z �(�)�n2�3 d�; 
 = (2�)�n (n� 2)(n � 4)16 vol(Sn�1):In the general, higher dimensional (n � 8), 
ase one simply has to keep moreterms, one obtains more 
ommutators, and arranges the fa
tors similarly to how itwas done above. Then one still needs to 
ompute the asymptoti
s of all the a priorinon-trivial terms, but at this point the only resolvent involved is the free one, andit is easy to see expli
itly that none of the terms ex
ept the �rst one, namely theone kept in (5.19), 
ontribute to d0, so the formal 
al
ulation that would lead to(5.20) is indeed valid.So far we have only dealt with the `averaged asymptoti
s', i.e. those involving�(H=�), et
., rather than with the asymptoti
 behavior of the C1 fun
tion � as�! +1. To analyze the latter, re
all that kR(�+ i0;h)kB(Hr;sh ;Hr+2;�sh ) � C=h forall r and for all s > 1=2 on any appropriate weighted spa
es, � in a 
ompa
t subsetof (0;+1). Now,(5.24) R(�) = (H � �)�1 = h2(h2H � �=h2)�1 = h2R(�=h2;h);so taking h = ��1=2, we dedu
e that(5.25) kR(�+ i0)kB(Hr;s��1=2 ;Hr+2;�s��1=2 ) � C��1=2; � � 1:Su
h estimates follow from positive 
ommutator estimates (su
h as the Mourre es-timate) [17℄, and require a non-trapping assumption for the semi
lassi
al prin
ipalsymbol [11℄ { but this is just h2� sin
e the potential is higher order, so the assump-tion is automati
ally satis�ed. Mi
rolo
al versions of these estimates remain true.



20 ANDR�AS VASY AND XUE-PING WANGFor example, (3.16) is repla
ed, for suppF � (
; 
0) supp ~F � (
0; 
00), 
 < 
0 < 
00,j
j, j
00j small, by(5.26) kA(F ;h)R(�+ i0;h)A( ~F ;h)kB(Hr;sh ;Hr0;s0h ) � C=h;and (3.17) is repla
ed, for supp �\supp ~� = ;, suppF � (
; 
0+�) supp ~F � (
0; 
00),by(5.27) k�A(F ;h)R(�+ i0;h)A( ~F ;h)~�kB(Hr;sh ;Hr0;s0h ) � C=h:In the high-energy version the right hand sides are repla
ed by C��1=2. The lossh�1 
orresponds to the fa
t that semi
lassi
ally the 
ommutator of two pseudo-di�erential operators vanishes to one order higher than the produ
t, see the remarksfollowing the proof of Proposition A.1 in the appendix. Similarly we 
an applyR(� + i0) iteratively and gain further de
ay in �, e.g. kR(� + i0)2k � C��1 onappropriate spa
es. As in the pre
eeding se
tion, below we apply these results tothe resolvent (P��(�+i0))�1 of the many-body HamiltonianP� = �HL+(1��HR)on X0 �X0.The remark after (5.6) shows that for s > n=2, and for all r 2 R,(5.28) kK (H=�)kHr;�s��1=2 � C�n=4; � � 1;and the same estimate holds for Ædiag with Hr;�s��1=2 repla
ed by H�s;�s��1=2 . Similar
al
ulations also yield estimates 
orresponding to the wave front set, for examplethat for ~F with 0 =2 supp(1� ~F ), A(1 � ~F ) = A(1� ~F ;��1=2) as in (5.4), and forany r0; s0 2 R(5.29) kA(1� ~F )K (H=�)kHr0 ;s0��1=2 � C�n=4; � � 1;and the same estimate holds for Ædiag. Let(5.30) supp ~F � (
0;1); 
0 < 0; j
0jsmall;(we 
an take, for example, 
0 = �1=2), ~F identi
ally 1 on a slightly smaller set, inparti
ular on a neighborhood of [0;+1). Write(5.31) Id = A( ~F ) + A(1� ~F ) + (Id� ~ 0(P�=�));where ~ 0(P�=�) is the operator with amplitude p in the quantization map (5.4).Sin
ek(P� � (� + i0))�1A( ~F )K (H=�)k � k(P� � (�+ i0))�1A( ~F )kkK (H=�)kk(P� � (� + i0))�1A(1� ~F )K (H=�)k � k(P� � (� + i0))�1kkA(1� ~F )K (H=�)k;k(P� � (� + i0))�1(Id� ~ 0(P�=�))K (H=�)k� k(P� � (� + i0))�1(Id� ~ 0(P�=�))kkK (H=�)k;(5.32)we dedu
e that for s > n=2 + 1, and for all r,(5.33) k ~K�kHr;�s��1=2 = k(P� � (�+ i0))�1K (H=�)kHr;�s��1=2 � C�n=4�1=2; � > 1:Now let F be su
h that suppF � (�1; 
0). The estimates (5.32), with a fa
torof A(F ) in front of (P� � (� + i0))�1, yield similar results, but in Hr0 ;s0��1=2 for all
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e that(5.34) kA(F ) ~K�kHr0;s0��1=2 � C�n=4�1=2; � > 1:Let b be a 2-
luster, and let � = �b be a 
oni
 
ut-o� supported away from[a6=bdiaga, but near diag. Let ~� be a similar 
oni
 
uto�, ~� identi
ally 1 on supp �.Then for all s0,(5.35) k~�(K (H=�) �K (Hb=�))kHr0;s0��1=2 � C�n=4; � � 1:Moreover, from (5.33) and sin
e ~�(�(Ib)L + (1 � �)(Ib)R) is S
hwartz, we dedu
ethat for all s0,(5.36) k~�(�(Ib)L + (1� �)(Ib)R) ~KbkHr0;s0��1=2 � C�n=4�1=2; � � 1:Let v denote the right hand side of (4.7). Thus,(5.37) k~�vkHr0;s0��1=2 � C�n=4; kA(F )(1� ~�)vkHr0;s0��1=2 � C�n=4; � � 1:But ~K� � ( ~Kb)� = (P� � (� + i0))�1v= (P� � (� + i0))�1 ~�v + (P� � (�+ i0))�1 ~ 0(P�=�)(1� ~�)v+ (P� � (�+ i0))�1A(F )(1� ~�)v+ (P� � (�+ i0))�1A(1� F )(1� ~�)v:(5.38)Let F0 satisfy suppF0 � (�1; �), � > 0 suÆ
iently small, and apply �A(F0) to theprevious equation. We 
an then estimate ea
h resulting term on the right hand sidein Hr0;s0��1=2 for all s0 by C�n=4�1=2. Namely the �rst three terms 
an be estimated byusing the operator estimates ofA(F0)(P��(�+i0))�1, sin
e it is applied to fun
tionsbounded in Hr0;s0��1=2 by C�n=4 for all s0. On the other hand, the last term 
an beestimated by using the operator estimate of �A(F0)(P��(�+i0))�1A(1�F )(1�~�).We therefore dedu
e that for all r0; s0,(5.39) k�A(F0)( ~K� � ( ~Kb)�))kHr0;s0��1=2 � C�n=4�1=2; � � 1:Combined with a similar result for ( ~Ka)�� ( ~K0)�, and summing over a partitionof unity �b of a neighborhood of diag, we dedu
e a bound for �0A(F0) ~K0� if �0 issupported near the diagonal. Sin
e the 
orresponding bound is automati
 awayfrom the diagonal even for A(F0) ~K� by (5.27), we 
on
lude that(5.40) kA(F0) ~K0�kHr0;s0��1=2 � C�n=4�1=2; � � 1:Our proof of the smoothness of � = h ~K 0�; Ædiagi then �rst yields that j�(�)j �C�(n�1)=2, sin
e the appropriate mi
rolo
al norms of ~K0� are bounded byC 0�n=4�1=2,



22 ANDR�AS VASY AND XUE-PING WANGwhile those of Ædiag are bounded by C00�n=4. Indeed, in (4.8), for F 2 C1
 (R) sup-ported in (�1; �), identi
ally 1 near 0, and for s > n=2 and � > 1,jh(Id� 0(P�=�)) ~K0�; Ædiagij � k(Id� 0(P�=�)) ~K0�kHs;skÆdiagkH�s;�s � C�n=2�1=2;jhA(F0) ~K0�; Ædiagij � kA(F0) ~K0�kHs;skÆdiagkH�s;�s � C�n=2�1=2;jh ~K 0�; ( 0(P�=�) �A(F0)�)Ædiagij� k ~K0�kH�s;�sk( 0(P�=�)�A(F0)�)ÆdiagkHs;s � C�n=2�1=2:(5.41)The identity �dR(�)=d� = HR2(�) �R(�) also allows us to dedu
e that(5.42) j(���)k�(�)j � Ck�(n�1)=2;hen
e � is a symbol (outside a 
ompa
t set). Applying a perturbation series argu-ment, as for the `averaged asymptoti
s' above with � repla
ed by �+i0, then showsthat for all k � 0, � has an asymptoti
 expansion, up to �(n�k)=2, modulo symbolsof order (n � k)=2. (Note that a priori there is only a gain of ��1=2, rather than��1, between 
onse
utive terms of the perturbation series, due to (5.25); this doesnot appear in the tra
e due to the spe
ial behavior of the kernel near the diagonal:sharper (sub
oni
) lo
alization near the diagonal would give, even a priori, a betterresult.) Hen
e � is indeed a 
lassi
al symbol, i.e. has an asymptoti
 expansion,with the top 
oeÆ
ient 
al
ulated above. In view of (5.23), we have thus provedthe theorem from the introdu
tion, whi
h we now restate.Theorem 5.2. Suppose that the pair potentials Va are S
hwartz (on Xa). Thenthe spe
tral shift fun
tion � is C1 on Rn �. Moreover, � is a symbol outside a
ompa
t set, and it has a full asymptoti
 expansion as �! +1:�(�) � 1Xj=0�n2 �3�j
j; 
0 = C0Xa Xb6=a ZX0 VaVb dg;where C0 = 116(n� 2)(n� 4)(2�)�n vol(Sn�1) depends only on n = dimX0.6. Many-body spe
tral shift fun
tionsWe now de�ne a modi�ed spe
tral shift fun
tion in the general N -body setting.Essentially the same proofs as above show its smoothness away from the thresholdsand yield its high energy asymptoti
s, though now the 
ombinatorial part be
omesa little more 
ompli
ated. We de�ne these re
ursively for subsystems, starting withthe free (i.e. N -) 
luster. So, for � 2 C1
 (R), letT (X0; X0;X 0)(�) = �(H0);T (X0; Xa;X a)(�) = �(Ha)� X
�a; 
6=aT (X0; X
;X 
)(�):(6.1)The se
ond equation 
an be rewritten as(6.2) �(Ha) =X
�aT (X0; X
;X 
)(�);and it de�nes T (X0; Xa;X a)(�) re
ursively. Note that T (X0; Xa;X a)(�) is anoperator on X0; more pre
isely, it is in 	�1;0S
 ( �X0; C), though some of the elements
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an be dropped. We write(6.3) T (�) = T (X0; X1;X 1)(�):For example, if H is a two-body Hamiltonian, we get T (�) = �(H)� �(H0), and ifH is a three-body Hamiltonian we obtain the Buslaev-Merkurev expression, T (�) =�(H)� �(H0) �P#a=2(�(Ha)� �(H0)). We 
ontinue with a lemma.Lemma 6.1. Suppose that Va 2 xkC1( �Xa). Then for all a, T (X0; Xa;X a)(�)is in 	�1;kS
 ( �X0; C) away from Ca, i.e. on C0 n Ca. In parti
ular, if all Va areS
hwartz, then for all a, T (X0; Xa;X a)(�) is in 	�1;1S
 ( �X0; C) away from Ca.Proof. This statement is empty for T (X0; X0;X 0)(�), sin
e C0 n C0 = ;. Wepro
eed by indu
tion, assuming that we have shown that for all 
 � a, 
 6= a,T (X0; X
;X 
)(�) is in 	�1;1S
 ( �X0; C) away from C
. Suppose that p 2 Cb;reg,p =2 Ca; in parti
ular, b 6� a (for then Ca � Cb would hold). Then T (X0; X
;X 
)(�)is in 	�1;1S
 ( �X0; C) near p unless p 2 C
, i.e. unless Cb � C
, i.e. b � 
. Now,T (X0; Xa;X a)(�) = �(Ha)� X
�a; 
6=a 
�bT (X0; X
;X 
)(�)� X
�a; 
6=a 
6�bT (X0; X
;X 
)(�);(6.4)and we have just seen that ea
h term in the last sum is in 	�1;1S
 ( �X0; C) near p. Onthe other hand, let d be the maximal element with the property d � a and d � b.Note that this maximal element is unique, namely it is given by Xd = spanfX
 :
 � a; 
 � bg � Xa \Xb, i.e. Xd = TfX
 : 
 � a; 
 � bg � Xa +Xb, whi
h isa 
ollision plane sin
e X is 
losed under interse
tions. In parti
ular, d 6= a sin
ea 6� b, hen
e the �rst sum in (6.4) is P
�d T (X0; X
;X 
)(�) = �(Hd), so(6.5) T (X0; Xa;X a)(�) = �(Ha)� �(Hd) � X
�a; 
6=a; 
 6�bT (X0; X
;X 
)(�):Sin
e Ha � Hd = P
�a; 
6�b V
, it is in xkC1( �X0) (resp. S
hwartz) near p if thepotentials V
 are in xkC1( �X
) (resp. S
hwartz onX
), hen
e the lo
al nature of the
onstru
tion of �(Ha) and �(Hd) (fun
tional 
al
ulus and resolvent 
onstru
tion)yields that �(Ha)��(Hd) is in 	�1;1S
 ( �X0; C) near p, hen
e providing the indu
tivestep. �This shows, in parti
ular, that T (�) 2 	�1;kS
 ( �X0; C), and is hen
e tra
e 
lass ifk > n. Moreover, the map C1
 (R) 3 � 7! tr(T (�)) 2 C is linear and 
ontinuous.We thus make the following de�nition.De�nition 6.2. Let H be a many-body Hamiltonian, and de�ne T by (6.1)-(6.3).Suppose that the potentials Va are symbols of order k > n on Xa: Va 2 S�k(Xa).The modi�ed spe
tral shift fun
tion � is de�ned, as a distribution on R, by(6.6) �(�) = tr(T (�)); � 2 C1
 (R):For S
hwartz potentials V
 (on X
), the arguments presented in the previousse
tions apply, with the result that � is C1 on Rn �. Indeed, note �rst that thewave front set of kernel of T (X0; Xa;X a)(�) is in the 
ompressed 
onormal bundleof the diagonal (sin
e the operator is a linear 
ombination of the �(H
)), hen
e� = 0 on it. Let  2 C1
 (R), and let ~ (t) =  (t)(t � (� + i0))�1. We will write



24 ANDR�AS VASY AND XUE-PING WANGT (X0; Xa;X a)( ~ ) even though ~ is not smooth. We 
laim that near any p =2 Ca,T (X0; Xa;X a)( ~ ) is a sum of terms Tj, ea
h of whi
h satis�es that for some aj � a,(Haj � �)Tj ; Tj(Haj � �) are in 	�1;1S
 ( �X0; C) near p. The proof again pro
eedsby indu
tion, the statement being empty for a = 0. So suppose that for all 
 � a,
 6= a, we have shown the 
laim, and suppose that p 2 Cb;reg. Now (6.5) be
omes(6.7) T (X0; Xa;X a)( ~ ) = ~ (Ha)� ~ (Hd) � X
�a; 
6=a; 
 6�bT (X0; X
;X 
)( ~ ):Ea
h term in the sum on the right hand side 
an be written as a sum of operatorsT
;j with the desired properties by the indu
tion hypothesis. On the other hand,(6.8) (Ha � �)( ~ (Ha) � ~ (Hd)) =  (Ha)�  (Hd) + ( X
�a; 
 6�dV
) (Hd):Sin
e 
 � b, together with 
 � a, would imply 
 � d, we dedu
e that ea
h V
 isS
hwartz near p, hen
e the last term is in 	�1;1S
 ( �X0; C) near p, while the samestatement for  (Ha)� (Hd) has already been demonstrated above. Pro
eeding inthe three-body setting, i.e. using the propagation of singularities, shows that thewave front set of the kernel of T ( ~ ) is in � � �0 < 0, and then we dedu
e that � is
ontinuous. Iterating the argument gives that � is C1.The pseudodi�erential fun
tional 
al
ulus shows, as in the previous se
tion, thatfor � 2 C1
 (�),(6.9) �(�(:=�)) � 1Xj=0�(n�j)=2aj;with aj = 0 for all odd j. The symbol estimates for the C1 fun
tion � itself also pro-
eed as before, so j(���)k�(�)j � Ck�(n�1)=2. A perturbation series argument againyields a full asymptoti
 expansion. Sin
e Ra(�) � R0(�) = Ra(�)(P
�a V
)R0(�),� =2 R, we dedu
e that the leading terms a0 and a1 vanish. If all potentials arepair potentials, i.e. if V
 = 0 for all 
lusters 
 that are not N � 1-
lusters, one
an show that aj = 0 for j � 2N � 1 and a2N = 
n;NC(V ) where C(V ) =P� R V�1 � � �V�N�1dx, the sum is taken over all sequen
es � = (�1; �2; � � � ; �N�1) of(N �1) -
luster de
ompositions �j su
h that [N�1j=1 �j = amax and 
n;N is a 
ontantdepending only on n and N whi
h 
an be 
al
ulated by the method of Se
tion 5.We have thus proved the following result.Theorem 6.3. Suppose that for all a, Va is a S
hwartz fun
tion on Xa. Themodi�ed spe
tral shift fun
tion, �, de�ned as a distribution by (6.6), is C1 onRn�. In addition, � is a symbol outside a 
ompa
t set, and it has a full asymptoti
expansion: �(�) � 1Xj=0 �n2�2�j
j; �! +1:Here we do not assume that all potentials are pair potentials.Appendix A. Sket
h of relevant positive 
ommutator estimatesTo illustrate the proof of the propagation of singularities by positive 
ommutatorestimates in [31℄, we sket
h the proof of a simpler version here whi
h still suÆ
esfor the purposes of the present paper. We state it as a wave front set estimate,
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ommutator estimates, it a
tuallyamounts to a mi
rolo
al energy estimate.First we introdu
e some notation. For an 
luster a (possibly a = 0!) let(A.1) xa = jwaj�1; ya = wa=jwaj; za = wa=jwaj;these are lo
al 
oordinates on the radial 
ompa
ti�
ation �X0 near �Xa. Let(A.2) � = �w � �jwj ; �a = �wa � �ajwaj ;so � = �a at �Xa. We also write x = jwj�1. In addition, it is sometimes 
onvenient,for Xb � Xa, i.e. Xb � Xa, to de
ompose wa 2 Xa as (wab; wba) 2 Xb� (Xa	Xb),and write (zab; zba) a

ordingly. We also let s
H
g be the res
aled Hamilton ve
tor�eld of �X
 , so(A.3) s
H
g = 2 �
jw
j � �w
 ;this should be regarded as a ve
tor �eld on T �X
 whi
h extends to a smooth ve
tor�eld on s
T � �X
 tangent to the boundary s
T �C
 �X
, and hen
e 
an be 
onsidered asa ve
tor �eld on s
T �C
 �X
. Re
all also that the part of the 
hara
teristi
 variety
orresponding to the bound states of Hb is(A.4) �b(�) = f� = (yb; �b) 2 s
T �Cb �Xb : � � j�bj2 2 spe
ppHbg � s
T �Cb �Xb:For Ca � Cb, we write the proje
tion(A.5) �̂ba : �b(�) \ s
T �Ca;reg �Xb ! s
T �Ca;reg �Xa � _�(�);this is the restri
tion of �ba : s
T �Ca;reg �Xb ! s
T �Ca;reg �Xa to �b(�). For A 2	�1;lS
 ( �X; C), the operator wave front set WF0S
(A) was de�ned in [30℄ as a subsetof the 
ompressed 
otangent bundle s
 _T � �X . Namely, let p denote the proje
tion[ �X; C℄ � �X� ! s
 _T � �X given by the 
omposition of the blow-down map and theproje
tion � : s
T � �X ! s
 _T � �X . Then � 2 s
 _T � �X nWF0S
(A) means that in a neigh-borhood of p�1(f�g), the amplitude a de�ning A as in (3.6) vanishes to in�niteorder. This notion is independent of the 
hoi
e of quantization.The main te
hni
al result is thus the following.Proposition A.1. [31, Weaker version of Proposition 7.1℄ Suppose that H is amany-body Hamiltonian. Let u 2 C�1( �X), � =2 �1. Let �ya 2 Ca;reg, �� su
h that� � ��2 =2 �1. Suppose that for all �� = (�ya; ��a) 2 s
T �Ca �Xa with � (��) = �� , we have�� =2 WFS
((H � �)u). Then there exist �Æ0 > 0 and C > 0, depending only on ��,with the following property. For all Æ0 2 (0; �Æ0) su
h that if(A.6) 8� s.t. jy0(�) � �yaj < CÆ0 and �� + Æ0=3 < � (�) < �� + Æ0 ) � =2WFS
(u);then �� =2WFS
(u).In fa
t, there exists C 0 > 0 so that the following holds. For any r; s 2 R, r0 > �r,s0 > �s, depending only on ��, there exists C1 > 0 su
h that for all u as above,kA(�U 0(y0)�(�Æ0=3;Æ0=3)(� � ��))ukHr;s � C1(kA(�U (y0)�(Æ0=3;Æ0)(� � �� ))ukHr;s+ kA(�U (y0)�(�Æ0=3;Æ0)(� � �� ))(H � �)ukHr;s+1 + kukHr0;s0 );(A.7)



26 ANDR�AS VASY AND XUE-PING WANGwhere U is the ball jy0(�)� �yaj < CÆ0, U 0 the ball jy0(�)� �yaj < C0Æ0, �U (y), resp.�I(� � �� ) denote a smoothed 
hara
teristi
 fun
tion of Uy, resp. the interval I���� ,and A denotes quantization as in (3.9).Remark A.2. Sin
e �� =2 WFS
((H � �)u), by ellipti
 regularity we dedu
e that�� =2WFS
(u) for �� =2 _�(�), i.e. for �� not in the � 
hara
teristi
 set (energy shell).The estimate of (A.7) implies (3.17) dire
tly. Indeed, if ~� is su
h that supp�U 0 \supp ~� = ;, 
onsider u = R(�+ i0)v, v = A(~�(y0)�(�Æ0=4;Æ0=4)(� � ��))f , f 2 Hr0 ;s0 .Then the se
ond and third terms are dire
tly bounded in terms of v, while the �rstterm is bounded in terms of f due to the boundedness of A(�(Æ0=3;Æ0)(� � �� ))R(�+i0)A(�(�delta0=4;Æ0=4)(� � ��)) between any two weighted Sobolev spa
es.Proof. (Sket
h, see [31, Proof of Proposition 7.1℄ for 
omplete details.) We givethe full 
ommutator 
onstru
tion at the symbol level, and indi
ate why it gives riseto a mi
rolo
ally positive 
ommutator. In fa
t, the 
ommutator will be positive inpart of phase spa
e, negative (or not ne
essarily positive) in another part of phasespa
e. The propagation of singularities estimates, whi
h should be thought of asmi
rolo
al energy estimates, work by estimating u in the former region in terms ofu in the latter region and (H � �)u in the union of both regions.Employing an iterative argument, we may assume that for all �� = (�ya; ��a) with� (��) = �� , �� =2WF�;lS
 (u), and we need to show that �� =2WF�;l+1=2S
 (u). (We 
an startthe indu
tion with an l su
h that u 2 H�;l(X).)For points � = (yb; �b) in s
T �Cb �Xb,(A.8) �s
Hbg� (�) = 2(j�bj2 � � (�)2) � 0:For � 2 �b(�) � s
T �Cb �Xb, �� j�bj2 = �� 2 spe
pp(Hb), so(A.9) �s
Hbg� (�) = 2(�� � (�)2 � ��):We de�ne(A.10)
0 = 12 inff�s
Hbg� (��b) : 9��a su
h that � ((�ya; ��a)) = �� ; ��b 2 �̂�1ba ((�ya; ��a)); Cb � Cag:Due to (A.9), and due to � � ��2 =2 �1, we dedu
e that 
0 > 0. Thus, there existsÆ1 > 0 su
h that for all 
lusters b with Cb � Ca, and for all � 2 �b(�) that satis�esjya(�) � �yaj < Æ1, jza(�)j < Æ1, j� (�)� �� j < Æ1, we dedu
e that(A.11) �s
Hbg� (�) � 3
0=2:Our positive 
ommutator estimates will arise by 
onsidering fun
tions(A.12) � = �� � � + �� (jzaj2 + jya � �yaj2);where � > 0 will be �xed later and � > 0 is arbitrary as long as it is suÆ
iently small.Note that for all b with Cb � Ca, s
Hbg jzaj2 = 4zab � �ab under the de
omposition�b = (�a; �ab ), so s
Hbg jzaj2 � C1jzaj on �b(�), and similarly, possibly by in
reasingC1, js
Hbg(ya � �ya)2j � C1jya � �yaj.Now suppose that(A.13) � � 2�; �� � � � �2�:Then we 
on
lude that(A.14) j�� � � j � 2�; jzaj � 2�=p�; jya � �yaj � 2�=p�:
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0=4C1)2. For � > 0 small, (A.13) thus implies that jya(�) � �yaj < Æ1,jza(�)j < Æ1, j� (�)� �� j < Æ1, so we dedu
e from (A.11) that(A.15) s
Hbg� � �s
Hbg� � 2p�C1 > 
0; where � = (
0=4C1)2:The positive 
ommutator estimate then arises by 
onsidering the following sym-bol q and quantizing it as in (3.9). Let �0 2 C1(R) be equal to 0 on (�1; 0℄ and�0(t) = exp(�1=t) for t > 0. Thus, �00(t) = t�2�0(t), t > 0, and �00(t) = 0, t � 0.Let �1 2 C1(R) be 0 on (�1; 0℄, 1 on [1;1), with �01 � 0 and �1(t) = exp(�1=t) onsome small interval (0; t0), t0 > 0. Furthermore, for A0 > 0 large, to be determined,let(A.16) q = �0(A�10 (2� �=�))�1((�� � � )=�+ 2):Thus, q(~�) = �0(2=A0) > 0, and on supp q we have(A.17) � � 2� and �� � � � �2�;whi
h is (A.13), so supp q is a subset of (A.14). We also see that as � de
reases, sodoes supp q = supp q�, in fa
t, if 0 < �0 < � then q� > 0 on supp q�0 . Note that byredu
ing �, we 
an make q supported in an arbitrary small neighborhood of �ya and��a.Let ~ 2 C1
 (R) be identi
ally 1 near 0 and supported 
lose to 0. We also de�ne(A.18) ~q = ~ (x)q:Let A be the operator given by (3.9) with ~q in pla
e of q. Note that this in
ludesa spe
tral 
uto� in the de�nition of A.The 
ommutator i[�X
 ; A℄ is given to top order by s
H
gq. This is the 
om-mutator that gives mi
rolo
al positivity on the L2 eigenspa
e of H
, see e.g. theFroese-Herbst proof of the Mourre estimate [7℄. We pro
eed to esimate s
H
gq di-re
tly.Thus, s
H
gq = �A�10 ��1�00(A�10 (2� �=�))�1((�� � � )=�+ 2)s
H
g�� ��1�0(A�10 (2� �=�))�01((�� � � )=�+ 2)s
H
g�:(A.19)Then(A.20) s
H
gq = �~b2
 + e
with(A.21) ~b2
 = A�10 ��1�00(A�10 (2� �=�))�1((�� � � )=�+ 2)s
H
g�:Hen
e, with(A.22) b2 = 
0A�10 ��1�00(A�10 (2� �=�))�1((�� � � )=�+ 2);we dedu
e that(A.23) s
H
gq � �b2 + e
:Moreover,(A.24) b2 � (
0A0=16)qsin
e � � �� � � � �2� on supp q, so�00(A�10 (2� �=�)) = A20(2� �=�)�2�0(A�10 (2� �=�))� (A20=16)�0(A�10 (2� �=�)):(A.25)



28 ANDR�AS VASY AND XUE-PING WANGOn the other hand, e
 is supported where(A.26) �2� � �� � � � ��; jya � �yaj; jzaj � 2�=p�:By our assumption, this region is disjoint from WFS
(u), if we 
hoose � > 0 suÆ-
iently small. Moreover, by (A.17), for � > 0 suÆ
iently small, we dedu
e from theindu
tive hypothesis that supp q (hen
e supp b) is disjoint from WF�;lS
 (u) \ _�(�).Let B 2 	�1;0S
 ( �X; C) be a quantization of bq1=2 as in (3.9). Suppose thatM > 0and �0 > 0. By 
hoosing A0 large, depending on M , �0, (using (A.25)), one 
anderive a positive 
ommutator estimate from (A.23) using the many-body pseudo-di�erential 
al
ulus, see [31, End of proof of Proposition 7.1℄ for details. Apartfrom te
hni
al details it essentially 
orresponds to using the Mourre estimate andthe fun
tional 
al
ulus mi
rolo
ally, namely that when lo
alized in phase spa
e inthe region of interest, the 
ommutator of a quantization of � is positive. We dedu
ethat there exists Æ0 > 0, su
h that for  2 C1
 (R) is supported in (� � Æ0; �+ Æ0), � 1 near �, E 2 	�1;0S
 ( �X; C), F 2 	�1;1S
 ( �X; C) with WF0S
(E);WF0S
(F ) in asmall neighborhood of _�(�),(A.27) WF0S
(E) � supp e; WF0S
(F ) � supp q;su
h that(A.28)i (H)x�1=2[A�A;H℄x�1=2 (H)�M (H)A�A (H) � (2�2�0) (H)B�B (H)+E+F:By supp e we mean the support of the fun
tion �0(A�10 (2� �=�))�01((�� � � )=�+ 2),whi
h is independent of 
 in (A.19). Here F is the error term, it has �rst orderde
ay, hen
e it is `negligible'. On the other hand, E has the same order as B�B,and it is negative (i.e. has the opposite sign of B�B) in part of the phase spa
e.As mentioned above, positive 
ommutator estimates for approximate solutions u,i.e. (H � �)u mi
rolo
ally S
hwartz, work by estimating kB (H)uk2 in terms ofhu;Eui (plus error terms), i.e. u is estimated on supp b by its estimate on supp e.One 
an now use M , 
hosen suÆ
iently large, to deal with arbitrary weightsx�l�1=2. A standard 
ommutator and regularization argument then proves thatx�l�1=2Bu 2 L2(X0), whi
h in turn �nishes the proof. We refer to [31, Proposi-tion 7.1℄ for details.Instead of following this route, we prove the 
orresponding resolvent estimate.So suppose that(A.29) u+t = (H � (� + it))�1f; t > 0;and WFS
(f) is disjoint from the region of interest, and it is, say, in � < �0, �0 > 0suÆ
iently small, so that u+t 
onverges to (H� (�+ i0))�1f as t! 0 in suÆ
ientlylarge weighted Sobolev spa
es. As above, assume that u+t is uniformly boundedin the region of interest in H�;l(X0); we want to prove that it is also uniformlybounded in H�;l+1=2(X0). For  2 C1
 (R; [0;1℄) supported suÆ
iently 
lose to �,with Al = A (H)x�l�1, Bl = x�l�1=2B (H), we dedu
e from (A.28) that(A.30) ixl+1=2[A�lAl;H℄xl+1=2 � xl+1=2((2� 2�0)B�l Bl +El + Fl)xl+1=2; �0 > 0;El 2 	�1;�2l�1S
 ( �X; C), Fl 2 	�1;�2lS
 ( �X; C), with similar properties as in (A.27).Sin
e(A.31) hu+t ; i[A�lAl;H℄u+t i = �2 Imhu+t ; A�lAl(H � (�+ it))u+t i � 2tkAlu+t k2;
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on
lude that(A.32)kBlu+t k2+2tkAlu+t k2 � jhu+t ; Elu+t ij+ jhu+t ; Flu+t ij+2jhu+t ; A�lAl(H�(�+it))u+t ij:Sin
e t > 0, the se
ond term on the left hand side 
an be dropped. Sin
e u+t ! u+in H0;l0(X0) for l0 < �1=2, we 
on
lude that for l 2 (�1;�1=2) the right handside stays bounded as t ! 0, for u+t is uniformly bounded in H0;l+1=2(X0) onWF0S
(El) and it is uniformly bounded in H0;l(X0) on WF0S
(Fl). Thus, Blu+t isuniformly bounded in L2(X0), and as u+t ! u+ in H0;l0(X0), we 
on
lude thatBlu+ 2 L2(X0). �The semi
lassi
al version of the estimate (A.7) iskA(�U 0(y0)�(�Æ0=3;Æ0=3)(� � ��))ukHr;sh � C1(kA(�U (y0)�(Æ0=3;Æ0)(� � �� ))ukHr;sh+ h�1kA(�U(y0)�(�Æ0=3;Æ0)(� � �� ))(H � �)ukHr;s+1h + kukHr0;s0h ):(A.33)The proof of this pro
eeds just as above. Equation (A.28) is repla
ed byi (H)x�1=2[A�A;H(h)℄x�1=2 (H) � hM (H(h))A�A (H(h))� (2� 2�0)h (H(h))B�B (H(h)) + hE + h2F;(A.34)i.e. the prin
ipal terms B�B and E have an extra fa
tor of h (sin
e the semi
lassi
al
al
ulus is 
ommutative to top order in h), and the error term F has a gain of h.Note that H(h) = � + h2V shows that semi
lassi
ally V is two orders lower in hthat �, whi
h in fa
t signi�
antly simpli�es the argument that turns (A.23) into(A.28) (for suÆ
iently small h). Then (A.32) be
omes, after dropping the se
ondterm on the left hand side and multiplying through by h�1,(A.35) kBlu+t k2 � jhu+t ; Elu+t ij+hjhu+t ; Flu+t ij+2h�1jhu+t ; A�lAl(H�(�+it))u+t ij;and then one 
an �nish the proof as before, using that u+t is bounded by Ch�1.Referen
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