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1 Introduction

The basic notions of non-commutative geometry were developed and applied to var-
ious physical problems [1,2]. The essence of this approach consists in reformulating
first the geometry in terms of commutative algebras and modules of smooth func-
tions, and then generalizing them to their non-commutative analogs. Using for this
construction the set of n x n complex matrices, the formalism of non-commutative
matrix geometry was developed in [3,5] and applied in [6] to the description of the
non-commutative Fuzzy sphere. This approach was extended to non-commutative
homogenous spaces in [7] using a coherent state approach, and in particular it was
used for the description of the Fuzzy sphere and Fuzzy hyperboloid.

The fields on a standard sphere S? provide a basis for field theoretical models
such as, e.g. the Thirring model, or the Schwinger model. The Schwinger model on
a commutative sphere was described in detail in [8]. First steps to its Fuzzy version
were formulated in [9] within the matrix formulation.

In this paper we generalize some of the commutative results presented in [§] to
the non-commutative case. We extend the coherent state approach to the Fuzzy
sphere [7] by developing the non-commutative version of spinor calculus. Section
2 contains the reformulation of the standard spinor formalism on S? to the more
algebraic language. The generalization to the non-commutative case is described
in Section 3, and a complete set of eigenstates of the Dirac operator on the Fuzzy

sphere is found. The results are briefly discussed in Section 4.

2 Commutative case

In this section we describe various forms of spinors on manifolds closely related to

the usual sphere S?. Their relations are presented in the following diagram:



S(C? 52)

\m -
|
| _ : g

OF 52

where M = 5%, 5% (CF are manifolds in question, and S(M) denotes the correspond-
ing spinor bundles; 3(52) is specified below.
The projection CF — S denotes a restriction of
X
Co={x= ( 1 ) € C* x"x > 0}
X2

to the sphere S® with a fixed radius r,
S ={x e 3, x*x =r = const},

and S? — S? we choose as follows:

(i) on Uy = {x € 5%, x1 # 0} we put

()@ ) e

(ii) and on U_ = {x € S?, x2 # 0} we put

X1 Xt G\ xa
1
X = —X=| | = (—2) : (2)
X2 X2 X2 X2
We interpret y’ and x” as local coordinates on the northern hemisphere V, of 52

(i.e. S? except south pole), or on the southern hemisphere V_ of 5? (i.e. S? without
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north pole), respectively. The corresponding cartesian coordinates of S? are given

as
l’; = X/+UiX/ S V—I—7 1= 172737
! =\"Tox" eV, i=1,23, (3)
where o}, = (0‘25), k = 1,2,3, are Pauli matrices. On V. N V_ they coincide:
oh=a! =x;,0=1,2,3, and in fact

5% = {(x1, 02, 23) € R%; 20 = xFoix, v € 5%}
We note, that the transition function between x" andy” is
Y =€y on Vi V- . (4)

This can be most easily seen if we parametrize x in terms of Euler angles

1/2 o L o=t (o40)

Y1 =T1"/"cos 3 ,
Y2 = —rM%gin ge%w—d’) . (5)
2
Then
. 1/2 ]
X/ = e%(@‘l‘d’)x = " o8 2' on V+ 5
/2 sin gew
; r1/2 cos Lemiv
X” = 6_5(w_¢)x = 2 on V7~ . (6)
r1/2gin ¢

2

The spinor bundle S(CZ) is a trivial one. Its sections have the form

where

*721 ,  XTD

— o4 ™mi ., mo
\I/a - z :ananmlmQXI X2 Xl X2 .



The sections of the spinor bundle S(S?) are obtained simply by the restriction
YTy = r = const. (9)

Let us consider differential operators

* *QY

1 o
Je = §(onakﬁa><a — X505 0ys)
K = xa0y, — x50y , K =1,2,3, (10)

acting on sections of S(C7). As they represent flows on S® (they are r indepen-
dent differential operators in 6, and v) their action on sections of S(,5%) remains

unchanged.

The sections of S(CF) and S(5?) have a natural grading: subbundles S,(C3), or
Si(S?), k € Z, are formed by sections of the form (8) with fixed

k:n1+n2—m1—m2. (11)
We stress that the sections of Si(C3), or Si(S?), are eigenstates of the operator A
KV =kV, U e S, (CF), or Si(S?) . (12)

Obviously, Si(CZ), or Sg(.5?), are modules with respect to multiplication by elements
of the algebra Ay formed by functions of the form

FOOXT) =2 tnpnamims XXX NG (13)
with n; + ny = m; + my. Due to relations
r= X+X7 Ty :X+UiX ) @ = 17273 )

the algebra Ay is for fixed r isomorphic to the algebra of functions on S2.

The sections of the spinor bundle over S% have the form
\I}/(lexl*) on V—I— ’
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\I}//(><//7 X//*) on V_

and on V4 N V_ the relation
(', X") = A )P X)) (14)
holds, where |h(x”, x"*)| = 1. The phase factor i has the following general form
h=e*te el (15)

where the angle ¢ is given by x//x” = ¢'¢, and § = §(x) is a function defined globally
on S%. The winding number k € Z classifies spinor bundles over S?, and by Si.(5?)
we denote the spinor bundle specified by the transition rule (14) and (15).

Two sections Wy and ¥y we call equivalent if
76
Uy =0, U=,

where § = §(x) is a globally defined phase factor. The equivalence class of a given
section U € Sg(5?) we denote as W: it can be characterized by the representative

section given as

/ 2: /*nl /XNy pmiyp o pma
\I} X X ananmlmQ X X 1 X 2 on V‘l‘ Y

" //* //*nl HEN2 M  me
\I} ZananmlmQ X 2 X 1 X 2 on V— 2 (16)

where k = ny +ny —my —my. We stress that the coefficients a; . ... are the same

in both expressions, so that the transition rule
q}/(le X/*) _ e—ikapq}//(xll7 X//*) (17)

is satisfied (we shall denote this representative section again by W). As Si(5?) we
denote the bundle formed by sections of the form (16). The bundle S(Sz) is defined
as the direct Whitney sum: 3(52) = eaS‘k(SQ).



We note that there is a one-to-one mapping between the sections from S’k(SZ)
given by (16) and the sections from Si(C3) (or Si(S?)) defined in (8) with k& =

n1—+mng —my —my: the coefficients a2 are the same in both eqs. (8) and (16).

nin2mimsa

The mapping Sp(S5%) — Si(5?) means the following mapping of the section
T € 8i(S?) to the section ¥ € S(5?) given by

U\, X)) = e2HeU (v ) on Ve

T(", ™) = e )P (v, ") on V_ . (18)

Note: The restriction from Sg(.5?%) to Sk(SZ) is inessential for problems invariant
with respect to local gauge transformations. We stress however, that this restriction
do not represent the gauge fixing: local gauge transformations defined on S? are
still allowed.

The determination of the spectrum of Dirac operator is a local gauge invariant
problem. The (free) Dirac operator Dy : S(5?) — S(5?) is a differential operator
defined as (see [7]):

Dy =rlic"™(d', + A',) + %] on V, ,
DYl = rlic" (0", + A".) + %] on V_ , (19)
where the k-monopole field is given as
A, = ikxl—l_aluxl on V, ,
A", = ikx"—l_a"ux" on V_ | (20)

The term 1/r in (19) is the curvature term [9] and guarantees the chiral invariance.
The factor r in front makes the Dirac operator dimensionless.

On Vi NV the fields A’, and A", are related by the gauge transformation
A, =A", —ihd,h™t b=t (21)
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where 0, denotes the derivatives dy = 0y and 9, = 0, in the local coordinates
2 =0 and ' = p on V. NV_. The corresponding coordinate dependent o-matrices
are given as o = a'e!, where ¢! = J;#. We stress, that (21) together with (17)
guarantees that the operators D), and DY coincide on V, N V..

Note: Explicitely on V, N V_ we have

1, —cotfe ¥

—cot fe’?, —1

and

k
Ay =0, A, = §(COS(9 -1,
k
Ay =0, A’; = §(COS(9 +1). (22)
The eigenvalue problem
qu’/(XlaX/*) = )‘q}/(lexl*) on V—I— ’

ng;//(xuvxu*) — )\q}”(X”7X”*) on V. 7 (23)

in S(5?), can be transformed to a problem in S;(S?)

DU =20 U e 5 (5%, (24)
by putting
U = e sFErDG on Vi,
U = esH e on VL | (25)
and

D, = e—%k(tp+¢)bzeék(@+¢) on V, |
Dy = e%k(w_d’)bge_%k(w—w on V_ . (26)
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A straightforward caclculation gives on V; and V_ the same expression
Dy=oi(J;— =) +1. (27)

The eigenvalue problem (24) is solved, e.g. in [8]. In the next section we shall

formulate and solve it in the non-commutative case.

3 Non-commutative version

In the non-commutative case we insert the spinor variables y,, x5, a = 1,2, by the

annihilation and creation operators satisfying the commutation relations

[Xo» X8] = X5 X5 =0,

A

[Xas X3] = 5005 - (28)

where X is a positive constant. The operators x,, x5, = 1,2 act in the Fock space
F spanned by the vectors

Py

*71 *TL9 0 29
n1! n2! Xl X2 | > b ( )

|n17 n2> =

where n, = 0,1,2,... ,a = 1,2, and |0) is the vacuum satisfying y,|0) =0 ,a =1, 2.

As Sk, k € Z, we denote the linear space spanned by the two-component normal

products
) Wi(x; x7)
(x, x") = NE
2 s X )
where
\I}a = Zagln2mlm2xinlxgn2xinlxgn2 ? (30)

and the indices n, and mg are restricted by the condition that

k=ny +ny—mq —my = const. . (31)



Obviously, S is a two sided module with respect to the multiplication by normal

products of the form

*701

XTGP (32)
where ny +ny = my—my. The symbol A will denote the associative algebra spanned
by the elements (32).

The operators J; and K act on xa., x5, = 1,2, in the same way as in the

commutative case

L,
JeXo = §O-kﬁXﬁ ;
* 1 kY *
Jixs = §Uk ﬁXﬁ )
[(on = —Xa 7[(X3 = XZ ) (33)

and their action is extended to Sy and to A by the Leibniz rule. Obviously,
Jk:Sk%Sk,[(:Sk%Sk, (34)

and the same is true for A too.

We restrict the Fock space F to its subspace
Fo=Alni,ng) € Finp+ny=n} ,n=0,1,2,....

The operator y*ty = x1, Y. takes in F, the value Al ,[ = n/2.
In S we define the scalar product as follows: if & > 0 and ¥, ¥, € S; we put

(Wy, Wy = Tr, (UFW,) , k>0, (35)

where Tr,, denotes the trace in the space F,. Similarly, for £ < 0 and ¥y, ¥, € S
we define

(Wy, Wy = Tr, (W03, k<0, (36)

where the trace we take again in the space F,. Moreover, we restrict the admissible

values of k to |k| < n.



The operators

€Ty = X+UiX ) @ = 17273 ) (37)

satisfy the commutation relations
[l’i,w]‘] = Z')\afijk Tk . (38)

The operator z? commutes with all operators z;, i = 1,2,3, and in F, it takes the
value A?[(1 + 1).
In the non-commutative case we take the Dirac operator in Sy in the same form

as before
k
Dy =0i(J; = 56) +1, (39)

where

¢ = XToix _x;
Tty o

We note that £; commutes with J;, and ¢;J; = K holds. We choose the action of ¢;

(40)

as the right multiplication in S for k£ > 0, and as the left one for k£ < 0.

The operator o;¢; satisfies the relation
A A1
214201 £ Z_
(o) + r( F o), =70
where the upper sign corresponds to k < 0, and the lower one to k£ > 0. For £ < 0
we have eigenvalues +1 and —1 — %, and for k& > 0 they are —1 and 4+1 + % The

eigenfunctions of the operator ¢;¢; have in the space Si, k < 0, the general form

X1 N
o = F(x,x") ,
X2
and
_ X1 .
v = Y FOGx)
—X5
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to the eigenvalues +1 and —1 — %, respectively. Similarly, in the space S,

the general eigenfunctions are

and

\I}(‘F) — F(XvX*) X1 7
X2

) = F(y,xY) A ,
—X3

k>0,

with the corresponding eigenvalues +1 + % and —1, respectively. In these formulas

the functions F(, x*) are arbitrary but such that ¥*) belong to the corresponding

space S.

Zero modes. Putting

we obtain

and

(+) X?1+1X;2
v = " ESp, k=—-ny—ny—1,
X1 X5
e
o) = €Sk, k=n1+na+1,
172 +n1+1 .+n2
X1 X 2

W), = 0

ninz °

1
o, J; U = —5 Ikl + 2)w)

n1n niny

where |k| = ny + ny + 1. From eqs. (42) and (43) it follows that

DUE)  — .

ninz

(41)

(42)

(43)

(44)

We note, that \117(5)12 are the only zero mode eigenfuctions of the Dirac operator.

Taking into account that in Sy the value of ny + ny = |k| + 1 is fixed, we see

that we recovered the well-known result on zero modes of the Dirac operator in the

commutative case (see e.g. [8]).
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Non-zero modes. An important role is played by the operators
1 .
[j:Jj+§Uj,]:1,2,3, (45)

satisfying the relations

[[Z', []] = Z'afijk[k . (46)
They allow to express the operator D} in the following way

o o L. k? 2
Dy =17 = (k" = 1) = - [1 = (&) ], (47)

where the last term is proportional to A and represents a non-commutative correc-
tion.

We put j = (n+m — 1)/2 and define for £ = n — m < 0 the operators

+ X1 *1 L M —
(I)gm‘) = X1 X2 ! )
X2
- X§ *n—1_m
(I)Em‘): . X1 1X2 ) (48)
—X1

satisfying equations

(o) @) = off)
_ A
(046)@4) = —(1+ 2)oi7) . (49)

kjg kjg

Similarly, for £ = n — m > 0 the operators

+ *n. m— X1
(I)Ecjj) = X1 X2 ! )
X2
- *n—1. m XS
O =\ BE (50)
—X1

satisfy

kjg kjg >

(@u60ll] = (1+ 20l
r
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(oxép)0) = —of7) . (51)
(£)

Moreover, the operators @ satisfy relations

2ol = j(j +1)0¢)

kjg kjg >

Ko — Lo

kjg kjg >

(52)

We see that the eigenvalues of the operator D} are determined by the equation

EE2_ L 1k2 k21 (£)2
ki —(J‘|‘§)_Z 4[_5k]]7 (53)

where |k| < 27, and 52 ) denotes the eigenvalue of the operator (o;¢;) corresponding

(£)

to the eigenfunction @7 in question. The eigenvalues E,(;) are 25 4+ 1 fold degen-
erate. As the operators [;, j = k = 1,2,3, and 04§, commute, the corresponding

eigenfuctions are given as

(I)() [Jm

kjm —

im| <j, (54)

kJJ ’

where [_ = [} — 11,. They satisfy the equation

L) =mol) | jm| <. (55)

kjm

All functions of the form

— D, ® | (56)

where ® is one of the functions (54) corresponding to the eigenvalue E? = E,(;)z,

are eigenfunctions of the Dirac operator,
DV gy = EV(g , (57)

to the eigenvalue F = :I:E,(;).
In the commutative limit A — 0 all formulas given above reduce to the well-
known results found on the standard sphere (see ref. [8]). We stress the additional
(+) _

degeneracy Fy;’ = El(w) of the non-zero eigenmodes in the commutative case.
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4 Concluding remarks

We introduced a non-commutative analog of a spinor calculus on a Fuzzy sphere.
As an application we constructed a complete set of eigenstates of the free Dirac
operator on the Fuzzy sphere. In the commutative limit we recovered the known
results.

It would be desirable to extend this model describing free fermions, to the model
with interaction, e.g. to the Thirring model with four-fermionic interaction. The al-
ternative possibility is to include gauge fields, and to formulate the Fuzzy Schwinger
model (the non-commutative Euclidean electrodynamics in two dimensions).

Then it would be interesting to investigate the quantum version of the model
in question, and to see the regularization induced by the Fuzzy structure of the
underlying space manifold.

As anatural next step one can speculate on generalizations to relativistic versions

and to extensions to higher dimensional Fuzzy space-time.
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