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1 IntroductionThe basic notions of non-commutative geometry were developed and applied to var-ious physical problems [1,2]. The essence of this approach consists in reformulating�rst the geometry in terms of commutative algebras and modules of smooth func-tions, and then generalizing them to their non-commutative analogs. Using for thisconstruction the set of n� n complex matrices, the formalism of non-commutativematrix geometry was developed in [3,5] and applied in [6] to the description of thenon-commutative Fuzzy sphere. This approach was extended to non-commutativehomogenous spaces in [7] using a coherent state approach, and in particular it wasused for the description of the Fuzzy sphere and Fuzzy hyperboloid.The �elds on a standard sphere S2 provide a basis for �eld theoretical modelssuch as, e.g. the Thirring model, or the Schwinger model. The Schwinger model ona commutative sphere was described in detail in [8]. First steps to its Fuzzy versionwere formulated in [9] within the matrix formulation.In this paper we generalize some of the commutative results presented in [8] tothe non-commutative case. We extend the coherent state approach to the Fuzzysphere [7] by developing the non-commutative version of spinor calculus. Section2 contains the reformulation of the standard spinor formalism on S2 to the morealgebraic language. The generalization to the non-commutative case is describedin Section 3, and a complete set of eigenstates of the Dirac operator on the Fuzzysphere is found. The results are brie
y discussed in Section 4.2 Commutative caseIn this section we describe various forms of spinors on manifolds closely related tothe usual sphere S2. Their relations are presented in the following diagram:1



S(C20) ~S(S2)
S2C20

-
?-S(S3)S3HHHHHHj HHHHHHj������* ?? ������*

whereM = S2; S3; C20 are manifolds in question, and S(M) denotes the correspond-ing spinor bundles; ~S(S2) is speci�ed below.The projection C20 ! S3 denotes a restriction ofC20 = f� = 0B@ �1�2 1CA 2 C2; �+� > 0gto the sphere S3 with a �xed radius r,S3 = f� 2 C20 ; �+� = r = constg;and S3 ! S2 we choose as follows:(i) on U+ = f� 2 S3; �1 6= 0g we put� = 0B@ �1�2 1CA 7! �0 = 0B@ �01�02 1CA =  ��1�1!1=20B@ �1�2 1CA ; (1)(ii) and on U� = f� 2 S3; �2 6= 0g we put� = 0B@ �1�2 1CA 7! �00 = 0B@ �001�002 1CA =  ��2�2!1=20B@ �1�2 1CA : (2)We interpret �0 and �00 as local coordinates on the northern hemisphere V+ of S2(i.e. S2 except south pole), or on the southern hemisphere V� of S2 (i.e. S2 without2



north pole), respectively. The corresponding cartesian coordinates of S2 are givenas x0i = �0+�i�0 2 V+; i = 1; 2; 3;x00i = �00+�i�00 2 V�; i = 1; 2; 3; (3)where �k = (�k��); k = 1; 2; 3, are Pauli matrices. On V+ TV� they coincide:x0i = x00i = xi; i = 1; 2; 3, and in factS2 = f(x1; x2; x3) 2 R3;xi = �+�i�;� 2 S3g :We note, that the transition function between �0 and�00 is�0 = ei'�00 on V+\ V� : (4)This can be most easily seen if we parametrize � in terms of Euler angles�1 = r1=2 cos �2e� i2 ('+ ) ;�2 = �r1=2 sin �2e i2 ('� ) : (5)Then �0 = e i2 ('+ )� = 0B@ r1=2 cos �2r1=2 sin �2ei' 1CA on V + ;�00 = e� i2 ('� )� = 0B@ r1=2 cos �2e�i'r1=2 sin �2 1CA on V � : (6)The spinor bundle S(C20) is a trivial one. Its sections have the form	(�;��) = 0B@ 	1(�;��)	2(�;��) 1CA ; (7)where 	� =X a�n1n2m1m2��n11 ��n22 �m11 �m22 : (8)3



The sections of the spinor bundle S(S3) are obtained simply by the restriction�+� = r = const: (9)Let us consider di�erential operatorsJk = 12(�����k @�� � �������k @���) ;K = ��@�� � ���@��� ; k = 1; 2; 3 ; (10)acting on sections of S(C20). As they represent 
ows on S3 (they are r indepen-dent di�erential operators in �; ' and  ) their action on sections of S(S3) remainsunchanged.The sections of S(C20) and S(S3) have a natural grading: subbundles Sk(C20), orSk(S3); k 2 Z, are formed by sections of the form (8) with �xedk = n1 + n2 �m1 �m2 : (11)We stress that the sections of Sk(C20), or Sk(S3), are eigenstates of the operator K:K	 = k	; 	 2 Sk(C20); or Sk(S3) : (12)Obviously, Sk(C20), or Sk(S3), are modules with respect to multiplication by elementsof the algebra A0 formed by functions of the formf(�;��) =X an1n2m1m2��n11 ��n22 �m11 �m22 : (13)with n1 + n2 = m1 +m2. Due to relationsr = �+�; xi = �+�i� ; i = 1; 2; 3 ;the algebra A0 is for �xed r isomorphic to the algebra of functions on S2.The sections of the spinor bundle over S2 have the form	0(�0; �0�) on V+ ;4



	00(�00; �00�) on V�and on V+ TV� the relation	0(�0; �0�) = h(�00; �00�)	00(�00; �00�) ; (14)holds, where jh(�00; �00�)j = 1. The phase factor h has the following general formh = eik'+i� ; k 2 Z ; (15)where the angle ' is given by �0=�00 = ei', and � = �(x) is a function de�ned globallyon S2. The winding number k 2 Z classi�es spinor bundles over S2, and by Sk(S2)we denote the spinor bundle speci�ed by the transition rule (14) and (15).Two sections 	0 and 	1 we call equivalent if	00 = 	01 ; 	000 = ei�	001 ;where � = �(x) is a globally de�ned phase factor. The equivalence class of a givensection 	 2 Sk(S2) we denote as ~	: it can be characterized by the representativesection given as~	0�(�0; �0�) =X a�n1n2m1m2�0�n11 �0�n22 �0m11 �0m22 on V+ ;~	00�(�00; �00�) =X a�n1n2m1m2�00�n11 �00�n22 �00m11 �00m22 on V� ; (16)where k = n1+n2�m1�m2. We stress that the coe�cients a�n1n2m1m2 are the samein both expressions, so that the transition rule~	0(�0; �0�) = e�ik' ~	00(�00; �00�) (17)is satis�ed (we shall denote this representative section again by ~	). As ~Sk(S2) wedenote the bundle formed by sections of the form (16). The bundle ~S(S2) is de�nedas the direct Whitney sum: ~S(S2) = L ~Sk(S2).5



We note that there is a one-to-one mapping between the sections from ~Sk(S2)given by (16) and the sections from Sk(C20) (or Sk(S3)) de�ned in (8) with k =n1+n2�m1�m2: the coe�cients a�n1n2m1m2 are the same in both eqs. (8) and (16).The mapping Sk(S3) ! ~Sk(S2) means the following mapping of the section	 2 Sk(S3) to the section ~	 2 ~S(S2) given by~	0(�0; �0�) = e i2k('+ )	(�;��) on V+ ;~	00(�00; �00�) = e�i2 k('� )	(�;��) on V� : (18)Note: The restriction from Sk(S2) to ~Sk(S2) is inessential for problems invariantwith respect to local gauge transformations. We stress however, that this restrictiondo not represent the gauge �xing: local gauge transformations de�ned on S2 arestill allowed.The determination of the spectrum of Dirac operator is a local gauge invariantproblem. The (free) Dirac operator ~Dk : ~S(S2) ! ~S(S2) is a di�erential operatorde�ned as (see [7]): ~D0k = r[i�0�(@ 0� +A0�) + 1r ] on V+ ;~D00k = r[i�00�(@ 00� +A00�) + 1r ] on V� ; (19)where the k-monopole �eld is given asA0� = ik�0+@0��0 on V+ ;A00� = ik�00+@00��00 on V� ; (20)The term 1=r in (19) is the curvature term [9] and guarantees the chiral invariance.The factor r in front makes the Dirac operator dimensionless.On V+ TV� the �elds A0� and A00� are related by the gauge transformationA0� = A00� � ih@�h�1 ; h = eik' ; (21)6



where @� denotes the derivatives @0 = @� and @1 = @' in the local coordinates�0 = � and �1 = ' on V+ TV�. The corresponding coordinate dependent �-matricesare given as �� = �ie�i , where e�i = Ji��. We stress, that (21) together with (17)guarantees that the operators ~D0k and ~D00k coincide on V+ TV�.Note: Explicitely on V+ TV� we have�' = 0B@ 1; �cot �e�i'�cot �ei'; �1 1CA ;�� = 0B@ 0; �ie�i'iei'; 0 1CA ;and A0� = 0; A0' = k2 (cos � � 1) ;A00� = 0; A00' = k2 (cos � + 1) : (22)The eigenvalue problem~D0k ~	0(�0; �0�) = �~	0(�0; �0�) on V+ ;~D00k ~	00(�00; �00�) = �~	00(�00; �00�) on V� ; (23)in ~S(S2), can be transformed to a problem in Sk(S3)Dk	 = �	 ;	 2 Sk(S3) ; (24)by putting 	 = e� i2 k('+ ) ~	0 on V+ ;	 = e i2k('� ) ~	00 on V� ; (25)and Dk = e� i2k('+ ) ~D0ke i2k('+ ) on V+ ;Dk = e i2k('� ) ~D00ke� i2 k('� ) on V� : (26)7



A straightforward caclculation gives on V+ and V� the same expressionDk = �j(Jj � k2 xjr ) + 1 : (27)The eigenvalue problem (24) is solved, e.g. in [8]. In the next section we shallformulate and solve it in the non-commutative case.3 Non-commutative versionIn the non-commutative case we insert the spinor variables ��; ���; � = 1; 2, by theannihilation and creation operators satisfying the commutation relations[��; ��] = [���; ���] = 0 ;[��; ���] = �2 ��� ; (28)where � is a positive constant. The operators ��; ���; � = 1; 2 act in the Fock spaceF spanned by the vectorsjn1; n2i = s(2=�)n1+n2n1! n2! �1�n1�2�n2 j0i ; (29)where n� = 0; 1; 2; ::: ; � = 1; 2, and j0i is the vacuum satisfying ��j0i = 0 ; � = 1; 2.As Sk; k 2 Z, we denote the linear space spanned by the two-component normalproducts 	(�;��) = 0B@ 	1(�;��)	2(�;��) 1CA ;where 	� =X a�n1n2m1m2��n11 ��n22 �m11 �m22 ; (30)and the indices n� and m� are restricted by the condition thatk = n1 + n2 �m1 �m2 = const: : (31)8



Obviously, Sk is a two sided module with respect to the multiplication by normalproducts of the form ��n11 ��n22 �m11 �m22 ; (32)where n1+n2 = m1�m2. The symbolA will denote the associative algebra spannedby the elements (32).The operators Jk and K act on ��; ���; � = 1; 2, in the same way as in thecommutative case Jk�� = 12���k �� ;Jk��� = 12����k ��� ;K�� = ��� ;K��� = ��� ; (33)and their action is extended to Sk and to A by the Leibniz rule. Obviously,Jk : Sk ! Sk ; K : Sk ! Sk ; (34)and the same is true for A too.We restrict the Fock space F to its subspaceFn = fjn1; n2i 2 F ;n1 + n2 = ng ; n = 0; 1; 2; : : : :The operator �+� = �+��� takes in Fn the value �l ; l = n=2.In Sk we de�ne the scalar product as follows: if k > 0 and 	1;	2 2 Sk we put(	1;	2)k = Trn(	+1 	2) ; k > 0 ; (35)where Trn denotes the trace in the space Fn. Similarly, for k < 0 and 	1;	2 2 Skwe de�ne (	1;	2)k = Trn(	2	+1 ) ; k < 0 ; (36)where the trace we take again in the space Fn. Moreover, we restrict the admissiblevalues of k to jkj � n. 9



The operators xi = �+�i� ; i = 1; 2; 3 ; (37)satisfy the commutation relations[xi; xj] = i�"ijk xk : (38)The operator x2i commutes with all operators xi; i = 1; 2; 3, and in Fn it takes thevalue �2l(l+ 1).In the non-commutative case we take the Dirac operator in Sk in the same formas before Dk = �j(Jj � k2 �j) + 1 ; (39)where �j = �+�j��+� = xjr : (40)We note that �j commutes with Jj, and �jJj = K holds. We choose the action of �jas the right multiplication in Sk for k > 0, and as the left one for k < 0.The operator �j�j satis�es the relation(�j�j)2 = 1 + �r (1� �j�j) ; �r = 1l ;where the upper sign corresponds to k < 0, and the lower one to k > 0. For k < 0we have eigenvalues +1 and �1 � �r , and for k > 0 they are �1 and +1 + �r . Theeigenfunctions of the operator �j�j have in the space Sk; k < 0, the general form	(+) = 0B@ �1�2 1CAF (�;��) ;and 	(�) = 0B@ ��1���2 1CAF (�;��) ;10



to the eigenvalues +1 and �1 � �r , respectively. Similarly, in the space Sk; k > 0,the general eigenfunctions are	(+) = F (�;��)0B@ �1�2 1CA ;and 	(�) = F (�;��)0B@ ��1���2 1CA ;with the corresponding eigenvalues +1 + �r and �1, respectively. In these formulasthe functions F (�;��) are arbitrary but such that 	(�) belong to the correspondingspace Sk.Zero modes. Putting	(+)n1n2 = 0B@ �n1+11 �n22�n11 �n2+12 1CA 2 Sk; k = �n1 � n2 � 1 ;	(�)n1n2 = 0B@ �+n11 �+n2+12��+n1+11 �+n22 1CA 2 Sk; k = n1 + n2 + 1 ; (41)we obtain �j�j	(�)n1n2 = � 	(�)n1n2 : (42)and �jJj	(�)n1n2 = �12(jkj+ 2)	(�)n1n2 ; (43)where jkj = n1 + n2 + 1. From eqs. (42) and (43) it follows thatDk	(�)n1n2 = 0 : (44)We note, that 	(�)n1n2 are the only zero mode eigenfuctions of the Dirac operator.Taking into account that in Sk the value of n1 + n2 = jkj + 1 is �xed, we seethat we recovered the well-known result on zero modes of the Dirac operator in thecommutative case (see e.g. [8]). 11



Non-zero modes. An important role is played by the operatorsIj = Jj + 12�j ; j = 1; 2; 3 ; (45)satisfying the relations [Ii; Ij] = i"ijkIk : (46)They allow to express the operator D2k in the following wayD2k = I2j � 14(k2 � 1)� k24 [1� (�k�k)2] ; (47)where the last term is proportional to � and represents a non-commutative correc-tion.We put j = (n+m� 1)=2 and de�ne for k = n�m < 0 the operators�(+)kjj = 0B@ �1�2 1CA��n1 �m�12 ;�(�)kjj = 0B@ ��2���1 1CA��n�11 �m2 ; (48)satisfying equations (�k�k)�(+)kjj = �(+)kjj ;(�k�k)�(�)kjj = �(1 + �r )�(�)kjj : (49)Similarly, for k = n�m > 0 the operators�(+)kjj = ��n1 �m�12 0B@ �1�2 1CA ;�(�)kjj = ��n�11 �m2 0B@ ��2���1 1CA ; (50)satisfy (�k�k)�(+)kjj = (1 + �r )�(+)kjj ;12



(�k�k)�(�)kjj = ��(�)kjj : (51)Moreover, the operators �(�)kjj satisfy relationsI2j�(�)kjj = j(j + 1)�(�)kjj ;K�(�)kjj = k�(�)kjj ; (52)We see that the eigenvalues of the operator D2k are determined by the equationE(�)2kj = (j + 12)2 � 14k2 � k24 [1� "(�)2kj ] ; (53)where jkj � 2j, and "(�)kj denotes the eigenvalue of the operator (�k�k) correspondingto the eigenfunction �(�)kjj in question. The eigenvalues E(�)2kj are 2j + 1 fold degen-erate. As the operators Ij; j = k = 1; 2; 3; and �k�k commute, the correspondingeigenfuctions are given as �(�)kjm = Ij�m� �(�)kjj ; jmj � j ; (54)where I� = I1 � iI2. They satisfy the equationI3�(�)kjm = m�(�)kjj ; jmj � j : (55)All functions of the form 	(�) = �� 1jEjDk� ; (56)where � is one of the functions (54) corresponding to the eigenvalue E2 = E(�)2kj ,are eigenfunctions of the Dirac operator,Dk	(�) = E	(�) ; (57)to the eigenvalue E = �E(�)kj .In the commutative limit � ! 0 all formulas given above reduce to the well-known results found on the standard sphere (see ref. [8]). We stress the additionaldegeneracy E(+)kj = E(�)kj of the non-zero eigenmodes in the commutative case.13



4 Concluding remarksWe introduced a non-commutative analog of a spinor calculus on a Fuzzy sphere.As an application we constructed a complete set of eigenstates of the free Diracoperator on the Fuzzy sphere. In the commutative limit we recovered the knownresults.It would be desirable to extend this model describing free fermions, to the modelwith interaction, e.g. to the Thirring model with four-fermionic interaction. The al-ternative possibility is to include gauge �elds, and to formulate the Fuzzy Schwingermodel (the non-commutative Euclidean electrodynamics in two dimensions).Then it would be interesting to investigate the quantum version of the modelin question, and to see the regularization induced by the Fuzzy structure of theunderlying space manifold.As a natural next step one can speculate on generalizations to relativistic versionsand to extensions to higher dimensional Fuzzy space-time.5 AcknowledgementThe authors would like to thank Prof. J. Madore for interesting discussions.
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