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1. Introduction

Let 2 be an open set in R” and let V : © — R be real valued with V € L] ().
We consider real valued solutions u # 0 which satisfy

(1.1) Au=Vuin Q

in the distributional sense.

In a recent paper two of us [HO2| investigated the local behaviour of such solu-
tions under rather mild assumptions on the potential V', namely we assumed that
V € K™9(Q) for some § > 0, see e.g. [AS,S], where the class K™ is defined by
requiring that

. V(y)|
1.2 lim sup / xo—————dy =0
(1.2) 10 peRn Jjg—y|<e T —y[r2HO

Here xq denotes the characteristic function of (2.
One of our main results was

Theorem 1.1. Suppose u # 0 is a real valued solution of (1.1). Let xog € § then
either there is a harmonic homogenous polynomial Py; # O of degree M such that

(1.3) u(z) = Pay(z — zo) + O(x)
with
(1.4) D (z) = O(|z — wo|MT™ 1)) V' <6 for z — x0

or u vanishes at xqy faster than polynomially, that is

lim |z — x| *u(z)| =0

r—To
Typeset by ApS-TEX

Typeset by ApS-TEX



2 M. HOFFMANN-OSTENHOF, T. HOFFMANN-OSTENHOF, N.NADIRASHVILI

for every a > 0.

It is known [AS,S] that V € K™%(Q), § < 1 implies u € C%°(Q) where C°
denotes Holder continuity. Suppose u has a zero of first order at x¢ so that u =
Py (x —z0) + @ in a neighbourhood of xy according to Theorem 1.1. (1.3) and (1.4)
implies that for &’ < § <1

i () = Pa(z — o)

T—x0 |.’17 — 1‘0|1+5, = 0

so that u is at xg ‘smoother’ than at points for which u # 0. So the question arises
whether the zero sets of solutions of Schrodinger equations are in fact smoother
than the corresponding solutions.

Let us illustrate this with an explicit example. According to the theorem of
Cauchy and Kowalewski there is a small disk

B, ={(x,y) € R* : 2” +-3* < p?}

such that

Av =wvin B,
with

15, 1, .
v=x—Yy+ 6% ~ 3%y + higher order terms

and with v(0,y) = —y, %(O,y) = 1. Now let in B,, u be defined by

T—y for x <0

u =
v forx >0

then Au = Vu with
1 >0

v=v<x,y>={0 e

and a simple calculation shows that the nodal line of u is given by

y=ux forz <0

1
yzx—§x3—|—0($5) for = > 0.

Hence y(z) has a second derivative and one sided third derivatives. But u itself
already has a jump in the second derivative for every (z,y) with y = 0 and |z| # 0.

Results on this additional regularity of nodal sets together with some proofs will
be presented in this announcement, the full paper will appear elsewhere.

2. Regularity of nodal sets

Without loss of generality we consider (1.1) in B, = {x € R" : |z| < Ry} and
we assume V € K™°(Bg,). Let

(2.1) N, ={z € Bg, :u=0}
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and let ngl) = {z € N, : u vanishes of first order at x} so that for each zy € N&l)
there is a Pl(IO)(x — 2p) # 0 with

(2.2) u(z) = P (z — z0) + ()

for x — x¢ according to Theorem 1.1.

Theorem 2.1. Pick xg € Nz(tl) and assume § < 1. Then for each ' < § and for
sufficiently small € > 0, NV n B.(x0) is a CH' _hypersurface.

Remarks.

(i) By a C" hypersurface we mean that NN B.(zo) can be represented as
the graph of a C1% (R"~1!) function.

(ii) Theorem 2.1 is sharp in the sense that ¢’ > ¢ is not possible. We do not
know whether ¢’ = ¢ might be allowed.

(iii) We shall later discuss the case of smoother potentials, say V € K™°(Q) for
§ € (1,2) or V € CH¥(Q). C* denotes the usual Holder spaces.

Sketch of the proof.
We first state a Lemma which is a sharpening of Theorem 1.1.

Lemma 2.1. Letzg € NyNBg, (0) with Ry = Ro/2 and suppose sup,ep,, |u| = Cy
then for every &' < §, there is a Cy such that for |x| < Ry

(2.3) lu(z) — Pl(wo)(ac —x9)| < Calx — zo|'"tY,  where
C2 - CQ(‘/v 0175 - (S/,TL, RO)

Remark. The V-dependence can be made explicit via a suitable norm of V. The
important fact is that Cy does not depend on zg. If xy happens to be a higher
order zero of u then Pl(wo)(a: — 29) = 0. The proof of Lemma 2.1 relies heavily
on the techniques which have been developed in [HO2| in order to prove Theorem
1.1. Some additional technical complications arise, causing however no entirely
new problems. Naturally a complete proof is, as already the proof of Theorem 1.1
somewhat involved.
Now define for zg,z1 € N,

(2.4) (Vu)(z;) = (VPE))(z;) = a5, i=0,1

then it can be shown via Lemma 2.1

Lemma 2.2. Let xg,z1 € N,NBg,, Ra = Ry/4 then for §' < § there is a constant
Cs such that

(25) |a1 - a2| S Cg‘.’b() - (El‘él.

with C5 = C5(Cy), Cy the constant given according to (2.3).

For later purposes we prove the following more general statement.
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)

Lemma 2.2°. Suppose Pz&? and PJ(\/}) are polynominals of degree M and that

|P\Y () — PP (& — a1)| < cfarg [M+

for |x| < 2|z1|. Then for every M-th partial derivative there exists a constant
C(M,n) such that

O (P (2) = PP (& — 21))] < cC(M,n)|a1|”

Proof. Let Qp(x) = PIE/IO)(QC) fP](V})(xf:vl). In the one-dimensional case |Q s (x)| <

Cla1|M+9" implies via a classical inequality of Chebyshev that

dM

| ar Que ()| < Calan|”

To obtain the corresponding estimate for the n-dimensional case we consider di-
rectional derivatives of M-th order. There the one-dimensional estimate obviously
holds. The partial derivatives can then be estimated by linear combinations of the
directional derivatives [Bo].

‘We shall now proceed in the following way: we assume that xy € ngl) and that
(2.6) (Vu)(zo) = (A, 0,...,0) = Xer, A#O.

We shall first show that in a neighbourhood of zg the nodal set u(z) = 0 can be
represented as the graph of a uniquely determined continuous function

¢ : By(rzo) CR" ! =R
such that

(2.7) u(p(y),y) =0 Yy € By (o).

thereby 7 denotes the orthogonal projection from R™ to S := {z € R™|z; = 0} and
B, (mxo) = {y € S||mxo — y| < v} with v > 0 small enough.

Proposition 2.1. For sufficiently small p > 0

m: NyNBy(zg) = S
s injective.
Proof. We start with some rather obvious observations and definitions. Since
u(zg) = 0, xzo € OG where G = {z € Bp, : u(zx) > 0}. Let z € 0G. We
say €z is an n — 1 dimensional affine hyperplane to G at Z if for every sequence of
points z; € 0G with x; — T

dist(z;,ez) = o(|Jz; — &|) for i — oo.
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Let y € 0G and dy(z) := (z —y, (Vu)(y)) then e,y = {x € R : dy,(z) = 0}. Now
define for = € 9G N NV

- (Vu)(z)
Vu)(z) = ——F+
V) = [ Cuya)
then by Lemma 2.2 it is straight forward to show that for small p’
~ ~ 1
(2.8) (Vu)(@o), (Vu)(2)) > 5

for € N, N By (z0) with By (x9) = {z € R" : |z — 29| < p'}. Set p = p' in
Proposition 2.1.

Now suppose that Proposition 2.1 is wrong. Then there exist Z,z € By (x0) N
Nu,Z # x such that (%) = n(z) := & = (0,T2,%3,...,%,). Let E = 7 1) N
B,(z0) N N,. E is a closed set with cardinality > 2. If E has an accumulation
point y then 7=1(%) C g, but e, = {z € R" : (x — y,(Vu)(y)) = 0} and this
implies ((Vu)(zo), (Vu)(y)) = 0 contradicting (2.8). So there are 21,z € E where
21, z2 only differ in the first coordinate such that

g(z1,22) ={z e R" :x =tz; + (1 — t)29,t € (0,1)}
satisfies g(21,22) N N, = () implying u(xz) #0 Vz € g(z1,22). But
ou ou
(Vu) (o), (Vu)(z;)) = a—xl(%)a—xl(zj)
and

Ou ou )
sgn 8—x1(zl) # sgn a_xl(Z?)’ J=12

hence sgn ((Vu)(zo), (Vu)(z1)) # sgn (Vu)(zo), (Vu)(z2)) again contradicting
(2.8). This proves the proposition.

Now we have to show the Yy € B, (mx(), v small enough, there is a ¢t € R such
that (¢,y) € B,(xo) N N,. But this is an immediate consequence of the continuity
of u : Denote xy = (2o1,...,%on), let y € By and x4 = (20,1 £ €,y) such that
x4+ € By(x). Since Vu(zo) = ey and u(zo) = 0, sgnu(zoy +€,202 ... To,n) #
sgnu(zo1 — &,%o,2 - - - Top) for e small enough. Since w is continuous we also have
Vy € B, for v sufficiently small, sgnu(zo1 + €,y) # sgnu(zro1 — €,y). Hence by
the intermediate value theorem there is a t with |t — ¢ 1| < € such that u(¢,y) = 0.
This implies (2.7).

Further via an implicit function theorem [H, Satz 170.1] (which is not standard
but ideal for our purposes) we conclude that ¢ € oL’ (B,) so that ngl) is indeed
locally the graph of a C'% function.

We give now a brief discussion of the higher regularity of nodal sets if V is
assumed to be more regular.

Theorem 2.2. (i) Suppose (1.1) holds with V € K™%(Q) with § € (1,2]. Then
Nz(tl) 1s locally a 02’5/-hypersurface ford <o —1.

(ii) Suppose (1.1) holds with V € C**(Q) with a € (0,1) then NV s locally a
CF+3:2 _hypersurface.

The idea of the proof is basically the same as for the proof of Theorem 2.1.
However we have to replace Theorem 1.1 by a more detailed result.
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Theorem 2.3.. (i) Suppose (1.1) holds and V € K™°(Q),5 € (1,2]. Let z9 € Q
then either there exist two harmonic homogenous polynomials Pyy # 0, Pyry1 of
degree M, M + 1 respectively such that

u(x) = Py (x — xo) + Prry1(x — ) + @(x)

with ,
®(z) = O(|z — zo|M+%) V&' < 6§ for x — x

or u vanishes at xy faster than polynomially.
(i) Suppose (1.1) holds and

V ek (), aec(0,1).

Let oy € Q, then there is a polynomial of degree M + k + 2 such that p(z) =
Pyrr(2) + Prryi(x) + p1 with Py, Pyry1 again harmonic and homogenous of degree
M, M + 1 respectively and Py # 0, and p1(x) vanishes at least of order M + 2 at
zero. We have then

u(z) = p(x — x0) + P(x — x0)

with
(P(l’) _ O(‘Z|)M+k+2+a

Remarks. (a) Under the conditions of part (ii) of this theorem strong unique
continuation is well known. Also (ii) is related to the classical Schauder estimates,
see e.g. [GT].

(b) The proof of Theorem 2.3 again uses the techniques of [HO2] but some
iterations are necessary.

(¢) For the coulombic case a more detailed version of Theorem 1.1 was recently
shown in [HO2 S1] and [HO2 S2]. An investigation of the regularity of the nodal
sets for this important case should be possible along the present lines.

Starting from Theorem 2.3 the proof of Theorem 2.2 follows the same ideas as
the proof of Theorem 2.1. So one first proves a suitable analog of Lemma 2.1, uses
Lemma 2.2 and proceeds essentially as we did above in order to prove Theorem
2.1.
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