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Singular SPDEs

Semilinear SPDEs with irregular noise

(0 — A)u= f(u)€ on [0,T] x T® (gPAM)
(0 — 82) u= g(u)C + h(u)(@u)®  on [0,T] x T (gKPZ)

with £/¢ noises of parabolic Holder regularity o — 2.

— Singular PDEs : multiplication of distributions. Given f € C*
and g € CP,

( g is well-defined ) if and only if ( a+pB>0 )
Schauder estimates : u is expected to be a-Hdlder

Singular if a+ (¢ —2) <0
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Quasilinear singular SPDEs

Quasilinear associated SPDEs

O — d(u)Au= f(u) on [0,7] x T (QgPAM)
Opu — d(u)0?u= g(u)¢ + h(u)(d,u)® on [0,T] x T (QgKPZ)

where d : R — (0, 00) smooth enough with values in a compact.

Au of Holder-regularity (« —2) = d(u)Auw ill-defined.

Otto/Weber and Otto/Sauer/Smith/Weber : rough paths
flavoured variant of regularity structures

Furlan/Gubinelli : paracomposition operators

Bailleul/Debussche /Hofmanova : first order paracontrolled
expansion

Gerencser/Hairer : regularity structures
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Solving singular SPDEs : analysis

Rough path philosophy : One can multiply & with a distribution
u that “looks like” Z if one can multiply two distributions Z and &.
How to interpret "looks like” 7

- regularity structures : local regularity with adding
distributions to polynomials as references functions for
Taylor-like expansion. (M. Hairer)

- paracontrolled calculus : global regularity using tools from
harmonic analysis and look for solutions paracontrolled by
references functions. (M. Gubinelli, P. Imkeller et N.
Perkowski)

Relation between the two approaches : Martin/Perkowski 2018 and
Bailleul/Hoshino 2018/2019.
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Solving singular SPDEs : probability

Renormalisation : define the product of two random
distributions, for example Z¢ with Z := (9; — A)~'¢. The product
is not almost surely well-defined so

(Z&)(w) # Z(w)E(w).

We consider a regularisation of the noise &, —U> ¢ and add
e—
counter-terms to the ill-defined quantity. For example, we have

(26)(w) = lim (Ze(w)ée(w) - ElZ:&]).

—0
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Why insist on solving singular SPDEs ?

The renormalisation procedure might seem unnatural since one
changes the equation under investigation to solve it. What is
renormalisation ? A way to deal with:

- divergence of random systems described by singular PDEs on
a macroscopic level.

- presence of infinity in Quantum Field Theory with stochastic
quantization.
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Paraproduct with Fourier analysis

For any distribution f € D’(T%), we have the Paley-Littlewood
decomposition

f=lim Snf= > Af

n>0

where §,, are projectors on the annulus of frequencies of order 2".
— Associated definition of Holder spaces C*(M).

Given two distributions f and g, we have

fg= lim (Snf-Sng)= > Anf-Amg=Prg+Pyf+I(f.g)

n,m>0

where Prg = Z Anf - Ang is always well-defined.

n<m-—1
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Heat semigroup on manifolds

Given a manifold M with a nice elliptic operator L, its heat
semigroup (P;)¢>0 gives a smooth approximation of any
distributions. It even does more with the Calderén formula

. L dt
[= hmPtf:/ Qif—+Pif
t—0 0 t
with Q; := —td;P,. In the case M = T% and L = —A, we have
BN =e ™ and  Qi(A) = t|A)Ze P’

= . . . 1 P~

hence P; is approximately localised in a ball |A\| <t72 and @ in
1

an annulus A ~ ¢~ 2.

— Associated definition of Holder spaces C*(M).
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Given two distributions f and g, we have
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t—0
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Paraproduct with heat analysis

Given two distributions f and g, we have
fg=1lim P, (P.f - Pg)
t—0

1
= /0 {Qi (Pif - Pig) + P (Qf - Prg) + P (Pof - Qug)} %

=Prg+Pyf +1N(f,9)
with
Prg: /01 Qt(Ptf'th)%a
N0 [ R(@uf Q)T



(Para)product and Holder spaces

The product of two distributions is well-defined as soon as the sum
of their regularity is large enough.

Theorem

Let o« < 0 < 3 such that oo+ 3 > 0. Then the multiplication
(f,9) — fg extends from smooth function into a continuous
bilinear operators from C® x C? to C*.



(Para)product and Holder spaces

The product of two distributions is well-defined as soon as the sum
of their regularity is large enough.

Theorem
Let o« < 0 < 3 such that oo+ 3 > 0. Then the multiplication

(f,9) — fg extends from smooth function into a continuous
bilinear operators from C® x C? to C*.

More precisely, we have

fg=Prg+N(f,g9) +Pyf = (a+B) + (a+ ) + (o)

and the condition o+ 3 > 0 is necessary only for the resonant
term T(f,9).



First order paracontrolled expansion

Proposition (Bony paralinearisation)
Let f: R — R be a C’,f function and u € C* with 0 < o« < 1. Then

Fluw) = Ppyu+ fu)}

for some remainder f (u)’j2 of Hélder regularity 2c.



Higher order paracontrolled expansion

Proposition
Let f:R — R be a Cf} function and u € C* with 0 < o« < 1. Then

1
f(u) = Pf/(u)u + 5 {Pf(z)(u)UQ — 2Pf(2)(u)uu}

1
+ 31 {Pf(S)(u)u3 - SPf<3)(u)uu2 + 3Pf(3>(u)u2u} + f(u)jj

for some remainder f(u)* € C**.
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Corrector operator

Consider u paracontrolled by Z : v = P,, Z + u? with u! smooth.
We introduce the corrector from [GIP]

Cluy, Z,€) :=MN(Py, Z,&) —uiMN(Z,€)

so one has M(u, &) = w1 N(Z,€) + Cluy, Z,€) + N(ut, €).

Proposition
Let « € (0,1) and B, € R and assume that 0 < a+ f+ vy < 1

and 8+~ < 0. Then the corrector C extends continuously from
C® x CP x CY to COtB+Y,

— More correctors/commutators to deal with more general

equations.
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(PAM) and intertwined paraproducts

Let u be a solution of (PAM) : Lu = P& + (2a — 2)
with & := 0, — A.
Using Schauder estimates, we have
u=L P+ L (2 -2)
— Pu(£79) + (20)

with a new paraproduct P intertwined with P by P=¢"10Poc¥
and the remainder is

(2a = 2) = N(u, ) + Peu
= ull(L71€,€) + Clu, £7€,€) + Peu

Well-defined for a + o + (a — 2) > 0 if (L7, €) is given.
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Second order paracontrolled expansion

Consider
w = Py, Z1 4 Py, Zo + uf

where Z; € C* and u? € C3®. We have

N(u,€) = N(Pu, Z1,€) + N(Puy 22, €) + N(w, €)
=y - M(Z1,€) + C(w1, Z1,6)
+ u2l(Z2,€) + Cluz, Z2,§)
+N(w,€)

— need paracontrolled expansion for the wu; at an order depending
on .
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Paracontrolled system

We work with paracontrolled system @ = (ug)qc.r

Ug = Z PuaiZz' -+ ’ltg.
la]+]i|<n

For (gPAM) in dimension 3 and (gKPZ) in dimension 1 4 1, we
work with

li|<3
_ D i
ui= Y, Pu,Zj+u,
li]+]71<3
_ D f
Uij = Z Pujiu Zk + uij,
[i]+]5]+k| <3

_ 0
uijk = uijk.



Paracontrolled approach

e We work with paracontrolled system u with reference functions Z;
depending only on the noise £ to be determined at an order such
that uf¢ is well-defined.



Paracontrolled approach

e We work with paracontrolled system u with reference functions Z;
depending only on the noise £ to be determined at an order such
that uf¢ is well-defined.

e Using paracontrolled expansion and continuity results, we write the
right hand side as

fu,§) = ZP Y; + o

with Y; depending on the noise 5 = (& Z1,...,2,) and v; on 4.



Paracontrolled approach

e We work with paracontrolled system u with reference functions Z;
depending only on the noise £ to be determined at an order such
that uf¢ is well-defined.

e Using paracontrolled expansion and continuity results, we write the
right hand side as

fu,§) = ZP Y; + o

with Y; depending on the noise 5 = (& Z1,...,2,) and v; on 4.
e Perform a fixed point

u= Pug+ L (Z PU,Y¢> + .21t
—@qurZP L7 + 27

such that we define a stable solution space.
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Algebra

Question : Can we use an algebraic structure to understand the
expansions ?

As in regularity structures, recursive definition of the object hence
trees are natural to consider.

Not as regularity structures, these would be planar trees with
different decorations. For example, we could set

Pg(iﬂ*lg) ::K(j and N(ZL€¢€) = i(j
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Quasilinear singular SPDEs

Quasilinear SPDEs
Ou — d(u)Au = f(u,§)
where d : R — (0, 00) smooth enough with values in a compact.
Awu of Holder-regularity (o« —2) = d(u)Au ill-defined
To be closer to the semilinear setting, we rewrite the equation as
O — d(uo) Au = f(u,€) + (d(u) - d(uo) ) Au
with ug a smooth enough initial condition.

— d(u) — d(ugp) is expected to be small for small horizon time.
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Quasilinear singular SPDEs

For technical reasons, we work with the elliptic operator

L:==> V7 =d(up)A+...
L

with V; := \/d(ug)9;.The equation
Oy — d(uo)Au = f(u,€) + (d(u) — d(uo) ) Au
rewrites as
Ou~+ Lu = f(u,&) +e(u, ) Lu + dy(u, -)Vyu

with e(u, ) expected small for small horizon time.



Quasilinear singular SPDEs

We consider the paraproducts associated to L to solve

owu + Lu = f(u, &) + e(u, ) Lu + dg(u, -) Vyu.



Quasilinear singular SPDEs

We consider the paraproducts associated to L to solve
Opu + Lu = f(uv 5) + E(’LL, )Lu + df(ua )‘/KU

Given a paracontrolled system @, we want to get a paracontrolled
expression

€(U, )LU + d@(u, )WU = Z Pv,Y; L Uﬁ

=1

to build a stable solution space and perform the fixed point.
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Quasilinear (PAM)

Let u be a solution of (QPAM). Then we have

ZLu=u€ +e(u)Lu + do(u) Vou
= P, + PE(u)Lu + (2a — 2).

If u =Py, Z + (20), we have

ZLu =Py + Py, LZ + (20 - 2)'.
which yields

uw=P,Z+ f’s(u)u] (Z70)Z + (20).

The space of functions paracontrolled by 7 is not stable.
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Quasilinear (PAM)

Larger expansion : u = Py, Z + Py, (£ L) Z 4 (20)

The equation rewrites

Lu=Pul + Peuyus LZ + Pe(uyu, L(L ') Z + (200 — 2)'.
which yields

= PuZ + Pe(uyuy (L7 L) Z + Peguyu,(£71L)*Z + (20).

The space is still not stable.



Quasilinear (PAM)

Larger expansion : u = Py, Z + Py, (£ L) Z 4 (20)

The equation rewrites

Lu=Pul + Peuyus LZ + Pe(uyu, L(L ') Z + (200 — 2)'.
which yields

= PuZ + Pe(uyuy (L7 L) Z + Peguyu,(£71L)*Z + (20).
The space is still not stable.

If v is paracontrolled by a reference function Z, then v is
also paracontrolled by (£~ 'L)Z.



(QPAM) in dimension 2

We look for a solution u of the form
OO ~
u=Y Py Z+ut
i=0

with Z; .= (£ ~'L)'Z and uf € C%* with some condition of
convergence on (u;, Z;);.



(QPAM) in dimension 2

We look for a solution u of the form
Oo ~
u=Y Py Z+ut
i=0

with Z; .= (£ ~'L)'Z and uf € C%* with some condition of
convergence on (u;, Z;);. We write the formal equation and
identify terms of regularity « :

ISuOZO =+ 5ulZl =+ ﬁUQZQ + ...
= ﬁuZO + ﬁs(u)uO (fﬁlL)Z() + ﬁa(u)ul (gflL)Zl + ...



(QPAM) in dimension 2
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so we have
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(QPAM) in dimension 2

The fixed point equation gives
up=u and wujt1 =¢c(u)u; fori>0

so we have
w; = e(u)'u
Finally, u is well-defined and a-Hdélder since

1> PuiZillea S lle(w)ullze= | (L L) Z]|c

i>0 i>0

Sllullz=1Zlle Y (le(@llz= )£ Liicasce)

>0

which is convergent for a small enough horizon time.
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Same as (gPAM) but with the set of reference functions stable by
Z~1L. For example, (gPAM) in dimension 3 needs a term

C(Z’ Z’ g)
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(QgPAM) in dimension 3

Same as (gPAM) but with the set of reference functions stable by
Z~1L. For example, (gPAM) in dimension 3 needs a term

C(Z,7,¢)
with Z = Z~1¢. For (QgPAM), this yields the terms
(Z7kC (2 k2, (27 DR Z,¢)

for any ki, ko, ks € YAl

— only a finite numbers of ‘model terms’ hence we get a
contraction for a small enough horizon time.
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Algebra

In other approaches, they add functions as decoration. In this
picture of trees, this comes down to add an integer on each edges.

For example, we would have

ko
(L7 Pe (g L)k 7 = }(j

and
(kN L)z, ¢) = S/j

This imposes a condition of growth with respect to this parameter

in the renormalisation.



Thank you for your attention!
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