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Operator-valued non-commutative probability theory

Definition : Operator-valued n-c. probability space,
Voiculescu ’85

An (algebraic) operator-valued probability space is a triple (A,B,E) with

A complex unital algebra B endowed with an involution ?,
A ?-algebra (A, ?), which is a B-B bimodule,

b1 · (a · b2) = (b1 · a) · b2, (a1 · b)a2 = a1(b · a2).

A positive B-B module map E : A → B :

E(b1ab2) = b1E(a)b2, E(aa?) ∈ BB?.



Examples

◦ Classical commutative case, A = L∞(Ω,F ,P), B = L∞(Ω,G,P),
G ⊂ F ,

E(·) = E( |G)

◦ A =Mn(L∞(Ω,A,C)), B = C,

E(A) =
1
n
Tr(A)

◦ A =Mn(L∞(Ω, ,F ,Md(C)), B =
⊕d

i=1 C · pi ,

pi = diag(0, . . . , Id , 0, . . .)

E(A) =
n∑

i=1

1
d
Tr(piApi )pi .



Operator-valued probability theory

Definition (Distribution of random variables)

B〈Xi ,X
?
i , i ∈ J1, nK〉 = 〈b0X

ε1b2 · · ·X εnbn, b1, . . . , bn ∈ B, εi ∈ {1, ?}〉

Let a1, . . . , an ∈ A. The distribution of a1, . . . , an is the map :

Φa1,...,an : B〈Xi ,X
?
i , i ∈ J1, nK〉 → B
P 7→ E [P(ai , a

?
i )]



Independences

Definition (Freeness)

We say that (a1, . . . , an) is a free family of random variables if

E(P1(ai1) · · ·Pk(aik )) = 0

whenever i1 6= i2 6= · · · 6= ik , E(Pij (aij )) = 0, Pk ∈ BJX ,X ?K.

Proposition

Independent matrices with unitary invariant distributions are
asymptotically free.

Definition (Boolean independence)

E(P1(ai1) · · ·Pk(aik )) = E(P1(ai1))E(P2(ai2)) · · ·E(Pk(aik ))

whenever i1 6= i2 6= i3 6= · · · 6= ik .



Poset of non-crossing partitions
Definition (Non-crossing partitions)

Let n ≥ 1 be an integer. A non-crossing partition π is a partition of J1, nK
such that for a < b < c < d ,

a ∼π c , b ∼π d =⇒ b ∼π c .

Proposition

The set NC of all non-crossing partitions is a lattice for the refinement
order,

π ≺ π̃ ⇔ ∀b ∈ π, ∃b̃ ∈ π̃, b ⊂ b̃.

Factorization of non-crossing moments

B = C and take a, b two free random variables.

E(x1 · · · xn) =
∏
b∈π

E
(∏
i∈V

xi
)
, xi ∈ {a, b}, (π = Ker(i 7→ xi ))

if π is a non-crossing partition.



Free cumulants – Möbius inversion

Free cumulants (Speicher ’93)

a1, . . . , an ∈ A. The free cumulants are multilinear maps on the algebraA
with values in B,

n ≥ 1, κn : A⊗n → B,

The free cumulants linearize free independence : (a1, . . . , an) is a free
family if and only if

κn(aj1 , . . . , ajn) = 0, if ∃k , q ∈ J1, nK with jk 6= jq.

Boolean cumulants can also be defined and linearize boolean
independence.



Möbius inversion

We fix random variables a1, . . . , an.

E a1,...,a9(π) = E(a1a2E(a3E(a4a5E(a6))a7)a8a9)

Moments-cumulants relations (Speicher ’93, Ebrahimi-Fard, Patras ’14)

E a1···an(π) =
∑

α≤π∈NC(n)

κa1,...,an(α)

κa1,...,an(π) =
∑

α≤π∈NC(n)

E a1···an(α)ν(α, π)

Then κn(a1 ⊗ · · · ⊗ an) = κa1,...,an
n ({{1, . . . , n}}) and κa1,...,an factorises

over blocks as E a does.



Gap-insertion operad (Ebrahimi-Fard, Foissy, Kock, Patras 2020)

Definition : Gap insertion operad

A partition π ∈ NC(n) is an operator with n + 1 inputs. Each input is a
gap between two consecutive elements.

γNC(π ⊗ α1 ⊗ · · · ⊗ α|π|) =

|π|⋃
i=1

{i − 1 + b, b ∈ πi} ∪ π̃

where π̃ is the partition of {|α1|, |α1|+ |α2|, . . . , |α1|+ · · ·+ |αn|}
induced by π. The partition of the empty set acts as the unit.

Proposition

NC = 〈1n, n ≥ 1 | 1n ◦n+1 1m = 1m ◦1 1n〉

1n = {{1, . . . , n}} ∈ NC (n).



Example of a composition



Distribution as an operadic morphism

Mult(B) =
⊕
n≥1

HomVectC (B⊗n,B).

Proposition (G. ’20)

Let a ∈ A a random variable. There exists an unique operadic morphism
Ea : NC → Mult(B) such that

Ea(1n)(b0, . . . , bn) = E(b0ab1 . . . bn−1abn).

Ea(π)(b1, . . . , b10) = E(b1ab2aE(b3aE(b4ab5aE(b6ab7))ab8)ab9ab10)



Double bar construction

Back to the scalar case, B = C

H = T̄ (T (A)) 3 ∅, a1 · · · an, a1
1 · · · a1

n1 | a2
1 · · · a2

m1
.

∆�(·) = ∅ ⊗ ·+ · ⊗ ∅+ ∆̄(·) = ∅ ⊗ ·+ · ⊗ ∅+ ∆≺(·) + ∆�(·).

Then G = (HomAlg (H,C),�) is a group. Owing to compatibilities
between ∆≺ and ∆�, one has in addition to exp

�
two maps

exp≺ : Lie(G ) : → G
k 7→ 1? +

∑
n≥1 k

≺n

exp� : Lie(G ) → G
k 7→ 1? +

∑
n≥1 k

�n



Shuffle and non-commutative probability theory

E ∈ G , E(a1 ⊗ · · · ⊗ an) = E(a1 ·A · · · ·A an)

k ∈ Lie(G ), k(a1 ⊗ · · · ⊗ an) = κn(a1, . . . , an)

Proposition (Ebrahimi-Fard, Patras 2014)

E = ε+ k≺E, E = exp≺(ka)

◦ The above equation defines the free cumulants as a half-shuffle
logarithm, k = log≺(E) =

∑
n≥0(−1)n(E− ε) ≺ (E− ε)�n

◦ The right half-shuffle can be interpreted in the the framework of
boolean n-c. probability.



Relation between Möbius inversion and Shuffle algebra

Shuffle Approach  Gap insertion operad of non-crossing partitions

Operad NC  incidence bialgebra (N,∆) on words on non-crossing
partitions :

N = 〈π1, . . . , πn, n ≥ 1, π0 ∈ NC 〉/I , I ideal generated by {∅} − 1

N is an algebra for the concatenation product and ∆ : N → N ⊗ N,

∆(π) =
∑

π=q◦(p1,...,pn)

q ⊗ (p1 . . . pn) = ∆+
≺(π) + ∆+

�(π).



(E(an))n≥1, (κn(a))n≥1 F : NC→ C, multiplicative

F : N → C,morphism, F = εN + f ≺F.

In the scalar case, factorization of F over block is embodied into a
morphism for the concenation product, the map F.

In the operator-valued case, we need a second product ∇ on N, obtained
from the gap-insertion operad on N, for which the extension of Ea as an
algebra morphism is also an algebra morphism with respect to ∇.

... But ... The relation {∅} − 1 kills grading.

We omit this relation. This allows us to consider a word π1, . . . , πn as a
many-to-many operator.



Duoidal category of bicollections

n,m ≥ 0, Cn,m ∈ VectC, CCC = (Cn,m)n,m≥0

Horizontal product ⊗⊗⊗ and Vertical product �

(C⊗⊗⊗D)n,m =
⊕

nc+nd=n
mc+md=m

Cnc ,mc ⊗ Dnd ,md
, (C�D)n,m =

⊕
k

Cn,k ⊗ Dk,m

⊗⊗⊗ ⊠

(CCC�)n,m = δn=mC, (CCC⊗⊗⊗)n,m = δn=m=0C

ι : C⊗⊗⊗ → C�



Lax property

R : (A � B) ⊗⊗⊗ (C � D)→ (A ⊗⊗⊗ C ) � (B ⊗⊗⊗ D)



Consequences :

The category Alg⊗⊗⊗ of horizontal algebras endowed with � is monoidal
with unit CCC�. The product mA1�A1 on A1�A2, given two algebras
(A1,mA1) and (A2,mA2) is

mA1�A2 = mA1�mA2 ◦ RA1,A2,A1,A2

The category CoAlg� of vertical co-algebras endowed with ⊗⊗⊗ is monoidal
with unit CCC⊗⊗⊗. The coproduct ∆A1�A1 on A1�A2, given two coalgebras
(A1,∆A1) and (A2,∆A2) is

∆A1�A2 = RA1,A2,A1,A2 ◦∆A1�∆A2

Definition (PROS)

A PROS is an algebra in the monoidal category (Alg⊗⊗⊗,�,C�)



�⊗⊗⊗ - Hopf algebras

Definition : �⊗⊗⊗ - Hopf algebras

An algebra (C ,m⊗⊗⊗ : C⊗⊗⊗C → C , ) and maps in Alg⊗⊗⊗ :

∆� : C → C�C , ε : C → CCC�

∇� : C�C → C , S : C → C , η : CCC� → C

∇� ◦ (S�idC ) ◦∆� = ε ◦ η, ∇� ◦ (idC�S) ◦∆� = ε ◦ η

Notice that we de not require for ∆� to be a ∇� morphism... because it
does not make sense !



Monoid of bicollection morphisms

Pick (C ,∆�,m⊗⊗⊗) a �⊗⊗⊗ -bialgebra.

α, β ∈ HomColl2(C ,T (Hom(B))).

α ? β = ∇�
Hom(B) ◦ (α�β) ◦∆� ∈ HomColl2(C ,T (Hom(B)))

If α, β ∈ Alg⊗⊗⊗, then α?β ∈ Alg⊗⊗⊗.

o

◦ If C is Hopf, α ∈ HomAlg�
⊂ HomAlg⊗⊗⊗ then α−1 = α ◦ S ,

◦ but α−1 6∈ HomAlg�
,

◦ but S2 6= idC , (α−1)−1 6= α−1 ◦ S .
◦ If β is another PROS morphism, α ? β is in general not a PROS

morphism !



�⊗⊗⊗-Hopf algebras of non-crossing partitions.

We denote by T (NC) the free algebra on NC for the monoidal product
⊗⊗⊗.

∇� = T (ρNC) : T(NC ◦ NC) ' (T(NC)�T(NC), ·)→ (T(NC), ·)
∇�((π1 · π2)�w1 · · ·w|π1|w|π1|+1 · w|π1|+|π2|)

=
(
γNC(π1 ⊗ w1 · · ·w|π1|)

)
·
(
γNC(π2 ⊗ w|π1| · · ·w|π1|+|π2|)

)
The above ismorphism is given by the natural transformation R and hold
for PROS in the image of the free functor T .

∆� : T (NC) → T (NC)�T (NC)

π 7→
∑

α,β1,...,β|α|
α◦(β1,...,β|α|)=π

α�(β1⊗⊗⊗ · · ·⊗⊗⊗β|α|)

S(π) = (−1)numberOfBlocks(π)δπ∈Intπ.

Notice that the square of the "Antipode" is a projector onto interval
partitions.



Unshuffle � ⊗⊗⊗ Hopf algebras of non-crossing partitions.

Half unshuffe coproducts

∆≺(π) =
∑

α,β1,...,β|α|
α◦(β1,...,β|α|)=π

1∈α

α�(β1⊗⊗⊗ · · ·⊗⊗⊗β|α|), π 6= {∅}, 1

∆�(π) =
∑

α,β1,...,β|α|
α◦(β1,...,β|α|)=π

16∈α

α�(β1⊗⊗⊗ · · ·⊗⊗⊗β|α|), π 6= {∅}, 1



An unshuffle (�-co)(⊗⊗⊗-al)gebra

Definition (G 2020)

A bigraded collection C with Cn,m = δn 6=mCn,m.

A (�-co)(⊗⊗⊗-al)gebra (C̄̄C̄C = CCC ⊕CCC�,∆
�,m⊗⊗⊗,∇�)

∆(c) = ∆̄(c) + c � 1m + 1n� c , ∆̄ = ∆�
≺ + ∆�

�,

CCC� y C , ∆�
≺,�(CCC� y) = CCC� y ∆�

≺,�

(∆�
≺,� ◦m⊗⊗⊗)(p⊗⊗⊗q) = mC�C

⊗⊗⊗ ◦ (∆�
≺,�⊗⊗⊗∆)(p⊗⊗⊗q), p 6∈ CCC�, q ∈ C .

Proposition

With H = 〈π1 · · ·πn, πi ∈ NC : ∃πi 6= {∅}〉, one has that
(H ⊕ C�,∆≺,∆�) is a �⊗⊗⊗ unshuffle algebras and then

HomColl2(H,T⊗(Mult(B))) + CηMultB ◦ ε�

endowed with the duals of ∆≺,� is an (augmented) shuffle algebra.



Let k : T⊗⊗⊗(NC )→ T⊗⊗⊗(Hom(B)) an infinitesimal morphism with

k(π) = 0, π 6= 1n, k(1n) ◦1 k(1m) = k(1m) ◦m k(1n)

Proposition (Left half-shuffle) (G. 2020)

The solution K of
K = T⊗⊗⊗(εNC) + k ≺ K

is an algebra morphism (for the concatenation product) AND an operadic
morphism.

Proposition (Right half-shuffle) (G. 2020)

The solution B of
B = T⊗⊗⊗(εNC) + B � k

is an algebra morphism (for the concatenation product) AND and

B(π) = 0 if π is not an interval partition



Splitting map

To obtain the operator-valued moment-cumulants relation, we pullback
Ka by the splitting map, with

Ka = T⊗⊗⊗(εNC) + ka≺Ka, ka(1n)(b0, . . . , bn) = κn(b0a, b1a, . . . , abn).

Definition : the splitting map (Ebrahimi-Fard, Patras, 2015, G. 2020)

The splitting is an algebra morphism Sp : T⊗⊗⊗(N)→ T⊗⊗⊗(Hom(B)) such
that

Sp(n) =
∑

π∈NC(n)

π



The bicollection T⊗⊗⊗(N) is a �⊗⊗⊗ bialgebra, with

|n| = n + 1,

∆N
≺(n) =

∑
(m1,...,mp)

m1+···+mp=n

p�(0,m1, . . . ,mp)

∆N
�(n) =

∑
(m0,m1,...,mp)
m0+···+mp=n

m0>0

p�(m0,m1, . . . ,mp)

εN : N→ C�, εN(n) = δn=011

Proposition (Ebrahimi-Fard, Patras, 2015, G. 2020)

The Splitting map is a morphism of unshuffle � ⊗⊗⊗ bi-algebras,

Sp�Sp ◦∆N
≺,� = ∆≺,� ◦ Sp, εN ◦ Sp = Sp ◦ εNC



Moments–cumulants relations

Proposition : operator-valued (Free) moments-cumulants relations

The operator-valued free moments-cumulants relation is equivalent to the
left half-shuffle fixed point equation

E a = T⊗⊗⊗(εN) + ka ≺ E a

with ka(n) = κn(a⊗n).

The proof is simple...

Ka = T (εNC) + ka ≺ Ka, Ka ◦ Sp = T (εN) + (ka ◦ Sp) ≺ (Ka ◦ Sp)

(Ka ◦ Sp)(n)(b0, . . . , bn) = E(b0ab1a · · · abn),

(ka ◦ Sp)(n)(b0, . . . , bn) = κn(b0a, . . . , abn).



On-going work : Wick polynomials

Classical Wick Pol.
If X is a random variable,

d

dxi
EW cl

X1,...,Xp
(x1, . . . , xp) = W cl

X1,...,X̂i ,...,Xp
(x1, . . . , x̂i , . . . , xp)

E
[
W cl

X1,...,Xp
(x1, . . . , xp)

]
= 0.

Scalar Free Wick Pol.
Free analogs for Wick polynomials (Anschelevich, 2003) : If {Xi , i ≥ 1}
is a random walk with free increments, then {W free

n (Xi ), i ≥ 1} is a
martingale.

d

dxi
W free

a1,...,ap (x1, . . . , xp) = W free
a1...ai−1

(x1, . . . , xi−1)W free
ai+1,...,ap (x1, . . . , xp)

φ(W free
a1,...,ap (x1, . . . , xp)) = 0.



Shuffle calculus for Wick Pol. (Ebrahimi-Fard, Tapias, Zambotti ’20)

Wfree : (T (T (A)), | )→ (T (T (A)), | ),

Wfree = (Id⊗ φ−1) ◦∆ = (Id ◦ exp�(−k)) ◦∆,

Wfree(a1a2a3) = . . .+ 2φ(a1a3)φ(a2) + . . .+ a1φ(a2)a3 + . . .

Operator-valued case ?

φ(a1a3)φ(a2) φ(a1φ(a2)a3), ...but... a1(φ(a2)a3) 6= (a1φ(a2))a3

A⊗A → A⊗A/〈(a1 · b)⊗ a2 − a1 ⊗ (b · a2)〉 = A⊗B A?

... Does not work... because the coproduct ∆ does not descend to the
quotient. Instead Wfree

a1a2a3
∈ Mult(B).



On going work : T-transform

X,Y two independent random variables,

log(F(X + Y )) = log(F(X )) + log(F(Y ))

 Free version, the R-transform,Ra =
∑
n≥1

κanz
n−1 ∈ C [[z ]] .

FM(X · Y ) = FM(X ) · FM(Y )

 Free version, the T-transform,T a =
∑
n≥1

tanz
n−1 ∈ C [[z ]] .

With a,b two free random variables,

T ab = T a · T b, κan =
∑

π∈NC(n−1)

taπ



On going work : T-transform

C[[z ]] G =
{
A =

∑
n

An, An ∈ HomVectC (B⊗n,B)
}

(A ◦ B)n =
∑
k

n1+···+nk=n

Ak(Bn1 , . . . ,Bnk ), (A · B)n =
∑

s+t=n

AsBt

(A · B) ◦ C = (A ◦ C ) · (B ◦ C ), A,B,C ∈ G .

The R and T transform exist in the operator-valued case,

Ra ∈ Mult(B), T a ∈ Mult(B).

Proposition (Ken Dykema 2005)

T ab = (T a ◦ (T b · I · [T b]−1)) · T b


	Duoidal categories

