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Operator-valued non-commutative probability theory

An (algebraic) operator-valued probability space is a triple (A, B, E) with

A complex unital algebra B endowed with an involution
A x-algebra (A, x), which is a B-5 bimodule,

(a-b2) = (b1-a)- ba, (a1 b)az = ar(b - a2).
A positive B-5 module map E: A —

E(b1abs) = biE(a)bs, E(aa*) €



Examples

Classical commutative case, A = L*(Q, F,P), B = L*(Q,G,P),
GCF,

E(A) = %Tr(A)

A= My(L=(Q,,F, My(C)), B=B{,C-p

p' = diag(0,...,14,0,...)

"1 S
E(A) =) S Tr(p'Ap')p'.
i=1



Operator-valued probability theory

B<X,',X,-*, i € ﬂl,nﬂ> = <boX€1b2 o '-Xs”bn, bi,...,b, € B,g; € {1,*}>

Let a1,...,a, € A. The distribution of a1, . . ., a, is the map :

¢al,...,a,, : B<XI;X,'*7 i € [[]-an]]> - B
P = E[P(a;, a7)]



Independences

We say that (a1,...,a,) is a free family of random variables if
E(Pi(ai) - Px(ai)) =0

whenever iy # i> # - # ik, E(P;(a;)) = 0, Px € B[X, X*].

Independent matrices with unitary invariant distributions are
asymptotically free.

E(P1(ai,) - Px(ai)) = E(P1(ai,))E(P2(a3)) - - - E(Pk(ai,))
whenever i1 75 i2 75 i3 75 7& ik.



Poset of non-crossing partitions

Let n > 1 be an integer. A non-crossing partition 7 is a partition of [1, n]
such that fora< b < c < d,

a~;C, b~rd = b~ c.

The set NC of all non-crossing partitions is a lattice for the refinement
order,
Tt Vbenw, dbem, bCb.

B = C and take a, b two free random variables.

E(xy - xp) = H E(l_[x,-)7 x; € {a, b}, (m =Ker(i — x;))

ber iev

if 7w is a non-crossing partition.



Free cumulants — Mobius inversion

(Speicher '93)

a,...,a, € A. The free cumulants are multilinear maps on the algebra A
with values in B,
n>1, k,: A" — B,

The free cumulants linearize free independence : (ay, ..., a,) is a free
family if and only if

Boolean cumulants can also be defined and linearize boolean
independence.



Mobius inversion

We fix random variables ag, ..., a,.

Eal“'an(ﬂ-) _ Z PRI a"(Oé)

a<meNC(n)
Iial"‘”a”(’ﬂ') _ Z Eal"'a”(a)l/(a,ﬂ)
a<weNC(n)

Then kp(a1 ® -+ ® a,) = k2 ({{1,...,n}}) and k2 factorises
over blocks as E? does.



Gap-insertion operad (Ebrahimi-Fard, Foissy, Kock, Patras 2020)

A partition 7 € NC(n) is an operator with . Each input is a
between two consecutive elements.

||

’V/\/C(W@al@"'@alﬂ'\):U{i_1+b’ bem}uUs
i=1

where 7 is the partition of {|a1|, |aa| + |azl, ..., Joa| + -+ + ||}
induced by 7. The partition of the empty set acts as the unit.

NC: <1n,n2 1 | ann_H_ lm: lmO]_ 1n>
1,={{1,...,n}} € NC(n).



Example of a composition



Distribution as an operadic morphism

Mult(B) = €D Homyeet (B, B).

n>1

(G. '20)

Let a € A a random variable. There exists an unique operadic morphism
E? : NC — Mult(B) such that

E?(m)( ) = E(byabyaE(bzaE(bsabsaE(bsabr))abg)abgabio)



Double bar construction

Back to the scalar case, B=C

H=T(T(A) 320, ap---ap, aj---a- af~--a2m1.

n

AR() =00 +-@0+A() =00 +-00+A%()+A7()

Then G = (Homaj(H,C),w) is a group. Owing to compatibilities
between A~ and A~ one has in addition to exp,, two maps
exp_ : Lie(G): — G
k e anl k=n

exp. : Lie(G) — G
k Loty s kT



Shuffle and non-commutative probability theory

E e G, E(a1®---®a,) =E(a1 -4 -4 an)
k € Lie(G), k(a1 ® - - ® ap) = kn(a1,- .-, an)

(Ebrahimi-Fard, Patras 2014)

E=ec+k=<E, E=exp_(k?)

The above equation defines the free cumulants as a half-shuffle
logarithm, k =log_(E) = >_,5o(—1)"(E —¢) < (E —&)""

The right half-shuffle can be interpreted in the the framework of
boolean n-c. probability.



Relation between Mdbius inversion and Shuffle algebra

Operad N'C ~ incidence bialgebra (N, A) on words on non-crossing
partitions :

N = (m,...,mn,n>1,m € NC)/I,1 ideal generated by {0} — 1

N is an algebra for the concatenation product and A: N — N® N,

Am)= > q®(p1...pa) = At(m) + Al ().

w=qo(p1,-.-,Pn)



(E(a"))n>1, (kn(@))n>1 —— F : NC — C, multiplicative

N

F: N — C,morphism, F=¢y + f <F.
In the scalar case, factorization of F over block is embodied into a
morphism for the concenation product, the map F.

In the operator-valued case, we need a second product V on N, obtained
from the gap-insertion operad on N, for which the extension of E? as an
algebra morphism is also an algebra morphism with respect to V.

. But ...

We omit this relation. This allows us to consider a word 71,...,7, as a



Duoidal category of bicollections

n,m > 07 Cn,m S Vethv C= (Cn,m)msz

Horizontal product ® and product
(C®D)n7m = @ Cnc,mc ® Dnd,md> (C D)n,m = @ Cn7k ® Dk7m
Nc+ng=n k

mec+mg=m

T o

(C )"’m = 6n:mC7 (C®)n,m = 6n:m:0C

t:Cgo —C



Lax property

R:(AXB)® (CXD)— (A® C) X (B® D)



The category Algg of horizontal algebras endowed with < is monoidal
with unit C.;. The product ma, 14, on A; A, given two algebras
(A1, ma,) and (A, ma,) is

May A, = May " IMa, © Ray g Ay 4,
The category CoAlg; of vertical co-algebras endowed with ® is monoidal
with unit Cg. The coproduct Ay, 14, on A;P0A;, given two coalgebras

(AI»AAl) and (Ag,AAZ) is

Apyin, = Rag p0,80,8, 0 Ba, A,

A PROS is an algebra in the monoidal category (Algg, ,C:)



® - Hopf algebras

®
An algebra (C,m® : C®C — C,) and maps in Algg, :

A :C—CHC, e:C—C
V :ClC—->C,§S:C—~C,n:C.,—>C

V' o (SHidc)o A =con, V o(idciS)o A" =conp

Notice that we de not require for A~ to be a V* morphism... because it
does not make sense !



Monoid of bicollection morphisms

Pick (C,A", mg) a X® -bialgebra.
a, 8 € Homcon, (C, T(Hom(B))).
axf = Vyemm) © (@ B)o A" € Homcon, (C, T(Hom(B)))
If a, 3 € Algg, then ax 3 € Algg.

If C is Hopf, & € Homaj, C Homaig,, then a1 = @0 S,
but a1 ¢ Homajg ..,
but $%2 #idc, (a7!) ' #a loS.

If 8 is another PROS morphism, a:x 3 is in general not a PROS
morphism !



®-Hopf algebras of non-crossing partitions.

We denote by T(NC) the free algebra on N'C for the monoidal product
®.
V" = T(pne) : TINCoNC) =~ (T(NC)HAT(NC),:) — (T(NC),-)
V(1 72) W Wiy Wiy 41 Wiy |+ ma)
= (we(m @ Wi+ Winy))) - (I (T2 ® Wiy |+ Wiy +ma)))
The above ismorphism is given by the natural transformation R and hold
for PROS in the image of the free functor T.
A" T(NC) — TWC)HT(NC)

T > Z aX(f1® - - ®Bjal)
B8l
ao(B1,..-,Ba|)=m

5(7‘(‘) _ (_1)numberOfBIocks(‘n‘)57r€1nt7r.

Notice that the square of the "Antipode" is a projector onto interval
partitions.



Unshuffle 0 @ Hopf algebras of non-crossing partitions.

A<(7T): Z (&% (ﬂl®®6|a|)v W#{@},l

A>(7T) = Z « (ﬁ1®...®5|a|)77f7§ {0}71



An unshuffle (4-co)(®-al)gebra

(G 2020)
A bigraded collection C with C, 1 = 6ntm Co,m-

A (-co)(®-al)gebra (C =C@®C., A", mg, V")
Alc)=A(c)+cR1,+1,Kc, A=A%4AY,
ConC AL (Chun)=Chn AL

(AL omg)(pRq) = mg o (AL ®A)(p2q), p&Cy, g€ C.

With H = (71 - - -, @ € NC: 37; # {0}), one has that
(H®Cy, AL, Ay ) is a ® unshuffle algebras and then

Homgou, (H, Te(Mult(B))) + Comuits © €

endowed with the duals of A . is an (augmented) shuffle algebra.



Let k : Tg(NC) — Tg(Hom(B)) an infinitesimal morphism with

k(m) =0, 7 # 1n, k(1,) 01 k(1) = k(L) om k(1)

(G. 2020)

The solution K of
K= Tg(enc) + k<K

is an algebra morphism (for the concatenation product) AND an operadic
morphism.

(G. 2020)

The solution B of
B=Tg(enc)+B >k

is an algebra morphism (for the concatenation product) AND and

B(m) = 0 if 7 is not an interval partition



Splitting map

To obtain the operator-valued moment-cumulants relation, we pullback
K? by the splitting map, with

K = To(enc) + kK=K, k*(1,)(bo, ..., bn) = kn(boa, bra,. .., ab,).

(Ebrahimi-Fard, Patras, 2015, G. 2020)
The splitting is an algebra morphism Sp : Tg(N) — T (Hom(B)) such

that
Sp(n) = Z T

mTeNC(n)



The bicollection Tg(N) is a X® bialgebra, with

n|=n+1,

AN(n) = Z pd(0, mq, ..., mp)

(ml)"'#mp)
my+---+mp=n

AY(n) = Z p-i(mo, my, ..., mpy)

(mo,my,...,mp)
mo+---+mp=n
mge>0

en:N—=Cx, en(n)=d—0ls

(Ebrahimi-Fard, Patras, 2015, G. 2020)
The Splitting map is a morphism of unshuffle /) ® bi-algebras,

SpiSpo AN =AL, 0Sp, enoSp=Spoenc



Moments—cumulants relations

The operator-valued free moments-cumulants relation is equivalent to the
left half-shuffle fixed point equation

E? = Tg(en) + k7 < E?
with k?(n) = K,(a®").
The proof is simple...

K= T(enc) + k7 < K, KP0Sp= T(en)+ (k? o Sp) < (K o Sp)

(K? o Sp)(n)(bo, - - -, by) = E(bgabya- - - ab,),
(k? o Sp)(n)(bo, - - -, bn) = Kkn(boa, ..., aby).



On-going work : Wick polynomials

If X is a random variable,

d
cl _ cl s,
dx,-EWXl"“’XP(Xl’ ceXp) = WX1,..,,)A<; ,,,,, Xp(Xl’ ce i Riy ey Xp)

E W)?L,,.,XP(Xl, ... ,xp):| = 0.

Free analogs for Wick polynomials (Anschelevich, 2003) : If {X;, i > 1}
is a random walk with free increments, then {Wf¢(X;), i > 1} is a
martingale.

d
free _ free . free
dx: Wal,.“,ap(xh s 7XP) - Wa1...a,v,1(X1> v aXI—l)WafH,...,aP(Xla R 7Xp)
i

¢( Waf:ee a,,(le cee >XP)) =0.

.....



(Ebrahimi-Fard, Tapias, Zambotti '20)

W (T(T(A)), |) = (T(T(A), |),
W — (Id ® 1) o A = (Id o exp,_(—k)) 0 A,

Wf’ee(alaga3) = 4 2¢)(3133)¢(32) 4 4 al¢(az)a3 4

P(ar1as)p(az) ~ ¢(ar¢(az)as), ...but... ar(p(az)as) # (ar1¢(az))as
AQA—- AR A/{(a1-b)®@ar— a1 @ (b)) = AR A?

... Does not work... because the coproduct A does not descend to the
quotient. Instead W€ _ c Mult(B).

ai1dz2as



On going work : T-transform

X.,Y two independent random variables,
log(F(X + Y)) = log(F (X)) + log(F(Y))
~~ Free version, the R-transform, R? = Z K2zt e C[Z]].
n>1
FM(X-Y)=FM(X)  FM(Y)

~ Free version, the T-transform, T2 = Z t2z"1 e C[[Z]].

n
n>1

With a,b two free random variables,
b b
TP=T"T k= > &

TeNC(n—1)



On going work : T-transform

Cllz]] ~ G = {A =" Ay, A, € Homyeo (B5", B)}

(AoB)a= > Au(Bn:---,Bn), (A-B)y= > AB:

k s+t=n
ny+--+ne=n

(A-B)oC=(Ao(C)-(Bo (), A B,CecG.

The R and T transform exist in the operator-valued case,

R? € Mult(B), T? € Mult(B).
(Ken Dykema 2005)

T =(T?o(T"-1-[T17Y)- T°



	Duoidal categories

