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Quantization of the superparticle

The superparticle is a dimensional reduction to d = 1 of the
Green-Schwarz superstring. It has bosonic fields xµ(t) and pµ(t), position
and momentum in 10-dimensional Minkowski space, and a fermionic field
θa(t), a Majorana-Weyl spinor.

The Lagrangian density is

L = pµdx
µ − 1

2η
µνpµpν dt − 1

2γ
µ
abpµθ

bdθa.

The Green-Schwarz superstring is a nonlinear σ-model with target
10-dimensional superspace, with a WZW term associated to the closed
three-form with coefficients γµab. The “kinetic” term for the fermion
needs to be gauge fixed, but this cannot be done in a Lorentz invariant
way: on-shell, the bilinear form γµabpµ has rank 8.
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The BV formalism allows us to gauge-fix the superparticle by choosing a
fixed light-like vector qµ, and restricting to the submanifold where c(q)θ
and c(q)θ+ vanish. This is called the light-cone gauge.

The BV formalism consists of two parts:

a solution of the “quantum master equation”, which is obtained from
the action of the original classical field theory by coupling to ghosts
and extending to higher orders in ~ by performing renormalization;

the choice of a Lagrangian in the space of fields and antifields, which
may be interpreted as a choice of gauge for the field theory.

We show how to replace the Lagrangian by a “flexible Lagrangian”, a
coherent family of Lagrangians defined in different patches and glued
together in a manner reminiscent of the proof of the de Rham theorem.
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The introduction of allows us to repair a flaw of the light-cone gauge: the
gauge-fixed action is degenerate along the ray pµ ∝ qµ. This is why we
have introduced the idea of a flexible Lagrangian.

All of the results of this talk are taken from

E. G. and Sean W. Pohorence, Global gauge conditions in the
Batalin-Vilkovisky formalism. To appear. arXiv:1911.11269

Ezra Getzler Gluing local gauge conditions 17 August, 2020 4 / 22

https://arxiv.org/abs/1911.11269


The Berezinian

Much of differential geometry extends from manifolds to supermanifolds:
differentiable maps, Taylor’s theorem, the chain rule, the inverse function
theorem, the theory of fiber bundles, and the definition of the tangent and
cotangent bundles.

We can define the de Rham complex, but there is a big difference: if ξa

and ξb are odd coordinates, the differentials dξa and dξb commute. In
particular, the de Rham complex is unbounded. This means that a theory
of integration must be based on a different line bundle, due to Berezin.

The definition of this line bundle is based on the geometry of the tangent
bundle, which is spanned at a point of Uα by the vector space with basis
(xα even coordinates and ξa odd coordinates){

∂

∂xα
,
∂

∂ξa

}
.
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A remark on grading

In applications, all supermanifolds in the BV formalism are Z-graded. In
other words, the commutative superalgebras of functions have an auxilliary
Z-grading, which does not in general have anything to do with the parity
of the functions. We will ignore this point here.
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Lie supergroups

A Lie supergroup is a supermanifold with the structure of a group. The
general linear supergroup GL(n|m) is a basic example; it is an open
supermanifold of the superspace of all linear maps from Rn|m to itself. We
may represent such a matrix in block form(

A B
C D

)
with the matrix entries of A and D even, and of B and C odd.
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The Berezinian

Just as the tangent bundle of an n-dimensional manifold has structure
group GL(n), the tangent bundle of an n|m-dimensional supermanifold has
structure group GL(n|m). Given a rational representation of GL(n|m), we
may form the associated vector bundle.

The supergroup GL(n|m) has a character

Ber : GL(n|m)→ GL(1)

given by the explicit formula

Ber

(
A B
C D

)
= Ber

(
In 0

CA−1 Im

)
Ber

(
A B
0 D − CA−1B

)
=

det(A)

det(D − CA−1B)
.

Note that this character really is rational, and not polynomial.
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Integration

The density bundle |Ω| on a supermanifold is the line bundle associated to
the character |Ber |−1. Berezin showed that there is a covariantly defined
integral ∫

: Γc(M, |Ω|)→ R.

In local coordinates, a section of |Ω| has the form

f (x , ξ)

∣∣∣∣ dx1 . . . dxn

dξ1 . . . dξm

∣∣∣∣ ,
and its integral is obtained by integrating the function

∂mf (x , 0)

∂ξ1 . . . ∂ξm

with respect to x .
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Odd symplectic supermanifolds
A two-form ω determines a bundle map from TM to T ∗M; it is
non-degenerate if this map is invertible, and symplectic if it is
non-degenerate and closed. The symplectic form is odd if its total parity is
odd.

Darboux’s theorem holds, with essentially the same proof as usual: there
are coordinates (x1, . . . , xn, ξ1, . . . , ξn) such that

ω =
n∑

a=1

dxa ∧ dξa.

In particular, the dimension of an odd symplectic supermanifold is n|n.

The odd cotangent bundle M = ΠT ∗X , where X is a supermanifold, is an
odd symplectic supermanifold. In physics, the coordinates on the base are
called fields, and the coordinates along the fibres are called antifields.

The structure group of the tangent bundle of an odd symplectic
supermanifold does not have a conventional notation: Manin calls it
ΠSp(n|n).
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The following observation was made by Khuadaverdian and Voronov
(though it is implicit in the work of Batalin and Vilkovisky).

Lemma

There is a character Ber1/2 : ΠSp(n|n)→ GL(1) whose square is the
restriction of the Berezinian along ΠSp(n|n) ⊂ GL(n|n).

In fact, we have the formula

Ber1/2

(
A B
C D

)
= det(A).

The line bundle associated to the character |Ber |−1/2 is the half-density
bundle |Ω|1/2. Its nontriviality is a measure of the failure of Liouville’s
theorem for odd symplectic supermanifolds. (By contrast, the symplectic
group Sp(2n) is a subgroup of the special linear group SL(2n).)

Ezra Getzler Gluing local gauge conditions 17 August, 2020 11 / 22



Khudaverdian’s differential operator

In terms of a Darboux coordinate system, we may write a half-density as

f (x , ξ) |dx1 . . . dxn|.
There is an operator defined on sections Γ(M, |Ω|1/2), given in a Darboux
coordinate system by the formula

∆f =
n∑

a=1

∂2f (x , ξ)

∂xa∂ξa
|dx1 . . . dxn|.

It is clear that ∆2 = 0 (since ∂2f /∂ξa∂ξb + ∂2f /∂ξb∂ξa = 0).

Theorem (Khudaverdian)

The operator ∆ is independent of the Darboux coordinate system.
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The quantum master equation

A nowhere-vanishing section s ∈ Γ(M, |Ω|1/2) of the half-density bundle
satisfying ∆s = 0 is called an orientation of M. (This terminology is due
to Behrend and Fantechi.) A supermanifold with a pair (ω, s) of an odd
symplectic form and an orientation may be called a Batalin–Vilkovisky
supermanifold. This encapsulates the basic structures of quantum field
theory.

Suppose that in a Darboux coordinate system, the orientation s is given by
the formula eS |dx1 . . . dxn| for some function S , called the action. Then
the equation ∆s = 0 becomes

n∑
a=1

(
∂2S

∂xa∂ξa
+
∂S

∂xa
∂S

∂ξa

)
= 0.

This is the quantum master equation of Batalin and Vilkovisky.
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In quantum field theory, we may expand S in powers of ~ (the loop
expansion):

S =
∞∑
g=0

~g−1 Sg .

The quantum master equation becomes
n∑

a=1

(
∂2Sg−1

∂xa∂ξa
+

g∑
h=0

∂Sh
∂xa

∂Sg−h
∂ξa

)
= 0.

The leading term of this equation is the classical master equation
n∑

a=1

∂S0

∂xa
∂S0

∂ξa
= 0.

This equation turns out to encapsulate all generalized gauge symmetries of
classical actions. . . .
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Integrals on Batalin-Vilkovisky manifolds

In modern language, the problem that Batalin and Vilkovisky answer is:
how do we construct linear forms Z : Γc(M, |Ω|1/2)→ R such that

Z(∆s) = 0

for all half-densities s? Such a linear form is called a trace; they are used
by Batalin and Vilkovisky to define the functional integrals of quantum
field theories.

Kontsevich and Schwarz interpret traces as generalized sections
Z ∈ Γ−∞(M, |Ω|1/2) satisfying ∆Z = 0.
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A Lagrangian submanifold of an odd symplectic manifold M is a
supermanifold ι : L ↪→ M properly embedded in M such that the
symplectic form vanishes on restriction to L, and induces an isomorphism
between the tangent and normal bundles of L.

It follows that the half-density bundle |ΩM |
1/2
M restricts along L to the

density bundle |ΩL|.

Batalin and Vilkovisky’s main result is that for any σ ∈ Γc(M, |Ω|1/2),∫
L ι
∗∆σ = 0.

That is, integration of half-forms on M along a Lagrangian L defines a
trace.
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Families of Lagrangians

In the remainder of this talk, we will give a more general construction of
traces on the complex Γc(M, |Ω|1/2) of half-densities. The key ingredient
is a formula of Mikhailov and Schwarz for the variation of

∫
Lt

when Lt
varies in a family of Lagrangians.

The tangent space at L to the space of Lagrangians in a symplectic
manifold equals the space of closed 1-forms on L. The same result holds
for Lagrangians in odd symplectic manifolds.

There is one small difference: the resulting 1-form has odd parity, and the
odd de Rham cohomology vanishes, hence the 1-form is actually exact,
and represented by an odd function on L. Furthermore, this function is
uniquely determined.

If Lt is a one-parameter family of Lagrangians, let ηt be the corresponding
family of functions. The 1-form ηt dt has even total parity, since the
1-form dt has odd parity in the de Rham complex of the interval.
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Let ∆k = {0 ≤ t1 ≤ · · · ≤ tk ≤ 1} ⊂ Rk be the k-dimensional simplex.

If ι : L×∆k → M is an k-dimensional family of Lagrangians, we may
apply the above construction to obtain a 1-form η on L×∆k , of even
total parity.

Let δ be the de Rham differential along ∆k .

Theorem

If σ ∈ Γc(M, |Ω|1/2)⊗ Ω∗(∆k), we have

δ
∫
L e
−ηι∗σ =

∫
L e
−ηι∗(δ + ∆)σ.

The proof uses the Darboux–Weinstein theorem for Lagrangians in odd
symplectic manifolds; this is proved in the same way as the usual
Darboux-Weinstein theorem, using Moser’s trick. The theorem of
Mikhailov and Schwarz is an infinitesimal version of this formula.
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Flexible Lagrangian submanifolds

Let M be an odd symplectic supermanifold, and let U = {Uα} be a locally
finite open cover, with partition of unity {φα}.

By a flexible Lagrangian, we mean a collection of parametrized families of
proper embeddings

Lα0...αk
×∆k Uα0...αk

×∆k

∆k

one for each multi-index α0 . . . αk .

These families are required to glue together appropriately as we approach
the faces. For example, as t → 0, ια0α1(t) approaches the intersection of
ια0 : Lα0 → Mα0 with Uα1 , while as as t → 1, it approaches the
intersection of ια1 : Lα1 → Mα1 with Uα0 .
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The Thom–Whitney complex

We borrow an idea from Sullivan’s rational homotopy theory. The
Thom-Whitney complex Tot |Ω|1/2(U) is the subspace of

∞∏
k=0

∏
α0...αk

Γ(Uα0...αk
, |Ω|1/2)⊗ Ω∗(∆k)

compatible with all of the simplicial maps. (This is formally similar to the
definition of the geometric realization of a simplicial space: this similarity
is no accident.)

The differential on this complex is δ + ∆, and the complex is
quasi-isomorphic to the Čech complex of the sheaf |Ω|1/2, and hence, since
these sheaves are fine, to the Z/2-graded complex Γ(M, |Ω|1/2) with
differential ∆.
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The main theorem

Let Φα0...αk
be the differential operator on |Ω|1/2(Uα0...αk

) given by the
formula

Φα0...αk
=

1

k + 1

k∑
i=0

[∆, φα0 ] . . . [∆, φαi−1 ]φαi [∆, φαi+1 ] . . . [∆, φαk
].

Theorem

Let σ• be a compactly supported element of the Thom–Whitney complex
Tot |Ω|1/2(U). Define the linear form

Z(σ•) =
∞∑
k=0

(−1)k
∑
α0...αk

∫
∆k

∫
Lα0...αk

e−ηα0...αk ι∗α0...αk

(
Φα0...αk

σα0...αk

)
.

Then Z is a trace: Z
(
(δ + ∆)σ•

)
= 0.
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The rank of a Batalin-Vilkovisky quantization is the degree of the
Lagrangian density L as a function of the antifields. Rank one theories, in
which the dependence on antifields is linear, reduce to the BRS formalism.

In the special case of rank one theories, our main result is already
presented in the article
C. Becchi, G. Giusto and C. Imbimbo, The functional measure of gauge
theories in the presence of Gribov horizons, arXiv:hep-th/9811018

The superparticle is a rank two theory, in which the action has a quadratic
dependence on the antifields. In this case, our results appear to be new.
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