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Classical cumulants

Let m, = m,(X) = E X" be the moments of a random variable X.

The cumulants are characterized by the following properties

[ (K1) Additivity: If X and Y are independent random variables,
then
En(X +Y) = k(X)) + ko (Y).

(K2) Homogeneity: For any scalar A the n-th cumulant is n-homogeneous:

Fn(AX) = Ahn(X).

/ (K3) Universality: There exist universal polynomials P, in n — 1
. . L4
variables without constant term such that

mn(X) = kp(X) + Po(k1(X), k2(X), ooy Kn1(X)).



Generating function

The exponential generating functions satisfy the identity

Definition.

[.t -tx, i_tn_expg%tn
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Thiele (1889): “halvinvarianter”,
Hausdorff (1901): “logarithmische Momente”



Symmetric functions

compare with symmetric functions
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Hi(X) = Y h(X)t" = exp (i Pu(X) t”)
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Coproducts 7(@ ) /® >[

/ /
Af(X,)Y)=f(XUY)= f(X+Y)
SF(X,Y) = f(X x V) = f(XY)
(Sym, -, A) is a Hopf algebra. XY; ? D(‘\d): \ l') SGM%
Yo (X{) = Y (1 00Y) 1K) = Y (X)+p, ()
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Formalization of independence
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X and Y are independent if
p(XY) = p(X)e(Y)
or formally
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Algebraic setup

For a given ncps (A, ¢) let

U= A"

p =%

and embed

X X0=II®  IQX®RI®---

Similarly, X and Y are free, Boolean independent etc., if (X,Y") £
(XM, Y @) where U = A* free product, etc.
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Lattice reformulation of independence

Definition. Subalgebras A; are independent if
SOW(Xla X27 cee 7Xn> = @ﬂAn(Xla X27 cee 7Xn>

whenever 7 is a partition of X; such that the X; from each block come
from one of the subalgebras and subalgebras for different blocks are
different.
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Cumulants

Rota’s dot operation

NX=XWU_1 x®@ .. .4 x®)

H((N.X1)(N.Xy)--- (N.X,) = N - K, (X1, Xs, ..., X)) + w(N?)
o w , (N
G(NX) = g(oa ) = N@&)

Zé ((NX> (N -Y\ = C?(é(m,t x”")(k[m (ro))
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Partitioned cumulants and Mobius inversion

or(N.X1,N.Xs,...,N.X,) = N"K_ (X1, Xs,..., Xn) + w(NI"*1)

T/:e;'em.
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Mixed cumulants

Theorem. Independence <= mixed cumulants vanish.
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Weisner’s Lemma (1935)
P a lattice, a,b,c e P, then

xeP
rzAa=b

Z (2, ¢) = wu(b,c) a=c
HAE 0 otherwise (/



NC symmetric functions

X = {X1, Xy, ...} noncommutative alphabet.
WSym is the algebra generated by the monomial symmetric func-
tions

= > XiXi,... X,
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NC power sums



Calculation rules

m;m, = 2 m,

J/\(imﬁn):ﬂp

¢7T¢U = ¢7r|0



Coproduct : Q."S W(’{M O’FX

As before the coproduct (//
AF(X,Y) = AF(X +Y)

1S cocommutative.



Dual basis

The dual WSym”™ is commutative. Define dual bases N™ and @™ by
<N7T7 mo> = 57r,o
<§-D7Ta ¢a> - 57T,0'

Then

N™ =9

O<T

PT = Z N (o, m)

= 7 SOO& m&,{{gﬁw



“Character”

Given a sequence (X;) € A, we define a linear map

¢ : WSym" :— C
@(NW) = SOTF(XD X27 tee 7Xn)

Then cumulants are encoded by

¢(¢7T) = KW(X17X27 <o 7Xn)



Internal product

The internal product on WSym® is inherited from WQSym* (later)
and takes the form
Nﬂ' * NO' — NT(/\O’

and thus is an incarnation of the Mobius algebra of the partition
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Mobius idempotents

A/am,-
—> = Y o<r Op(0, ) are orthogonal idempotents in the Mobius alge-
bra Z|[I1,,] and thus
PT = Z N7u(o,m)
O<T
are orthogonal idempotents in WSym® with respect to the internal
product.



Independence and mixed cumulants revisited

Whenever n € II, is a partition of X, into mutually independent,
then

P(NT) = ¢(NT) = (N7« N)
and thus

because for m € 1 we have

P" « NT =0



Spreadability and ordered set partitions

A spreadability system is an algebra (U, ) and a family of em-
beddings
A—-U

X — X0

such that
>y (1) (22 i ~ ¢ v (h(ix h(is i
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for every strictly increasing map h : N — N.
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Packed words

A packed word is a word w = wyws ... w,, with w; € N such that
no letter is left out, i.e., if k occurs, then all [ < k occur as well.
Packed words encode ordered set partitions.

Any word can be arranged into a packed word

pack(w) ~ ker w

ie., if by < by < --- < by are the letters occuring in w, then pack(w)
is obtained by replacing each b; by j.



Independence

X and Y are independent if
(X.¥) = (X1, v®)

(but not necessarily (X,Y) 4 (X®@ y My,

Partitioned moments &, or “packed moments” ¢, are analogously.
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Quasisymmetric functions

Let X = X1, Xs,... be an (infinite) alphabet.
A quasisymmetric function is a formal power series

— aq .02 f
f(x1,$2,...) _lel 1'22 "'I’ik
such that the coefficients are invariant under spreadings only:

ool )f = g aelf

aq
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for any sequence i1 < 19 < -+ < 1y,.



NC Quasisymmetric functions

Let X = Xj, X, ... be an (infinite) noncommuting alphabet.
The algebra WQSym of noncommutative (word) quasisym-
metric functions is spanned by the “monomials”

M = Z Yoo . 2
u pack(w ",
Again we define PW c,QM) W =W
A(f)=f(X@®Y)
o(f) = f(X xY)

where X @Y is the ordered sum of alphabets and X x Y carries
the lexicographic order.



Duality

WQSym is noncommutative and non-cocommutative.
Let IN,, be the dual basis of M,

<Nu7 Mv> = 5u,v

We define as before
O(INL) = ox( X1, Xo, ..., Xy)

where m = ker u (ordered kernel).



Solomon-Tits algebra

Let n be an ordered partition of X; into mutually independent sub-
sets, then

¢W(X17 XQ: <. 7Xn) = ¢7T/\7](X17 X27 S 7Xn)

where
TAN= (T OnN,mT NNy...)
i.e., intersection m; N n; in lexicographic order.

In terms of packed words this is the internal product on WQSym*
(induced by §), which is isomorphic to the Solomon-Tits algebra.
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Cumulants

Cumulants are defined as before

G((N.X1)(N.X5) - (N.X,)) = N - K,(X1,Xo,..., X,) + w(N?)

())<= G yP)
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Factorial Mobius inversion

Theorem.

SOW(XD X27 SR 7Xn) = Z SOW(Xl, XQ, A

OXT

Ko(X1, Xo, ., X0) = D on(X1, Xo,

where

{(o, 1) - Fﬂ,
R _1)lel-1
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Eulerian idempotents

If we set as before
P(Nu) = or(X1, X, ..., X))
where m = ker u, then
Ko(X1, Xo,..., X,) = (N,  EI')

where r = |r| and EY is the so-called Euler idempotent.



Mixed cumulants

Theorem. Whenever X; can be partitioned into mutually indepen-
dent subsets, say into n € I1,,, then

Ko(X1, Xo, ., Xp) = Y K (X1, X, .., X)) g(7n)

where g(7,n) are the Goldberg coefficients appearing in the Campbell-
Baker-Hausdorff series.
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