
Transport maps as direct connections on
groupoids

Alessandra Frabetti

Institut Camille Jordan – Université Lyon 1
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Plan

‚ Motivation: transport maps in regularity structures for sections of vector
bundles.

‚ Lie groupoids replacing structure groups.

‚ Direct connections replacing parallel displacement.

‚ Torsion and curvature.

‚ Jet prolongation of groupoids and of direct connections.



Motivation

Consider singular stochastic PDE

Btu “ ∆u ` F pu,∇u, ξq

where u “ upt, xq function (or distribution) on R`ˆRd

ξ white noise

F non-linear in u ñ product of singular distributions: ill-posed!

Need regularization uε by smooth ξpεq with εÑ 0

renormalization to ensure convergence of uε.

(These steps are not the topic here.)



Trick: solve by symbolic expansion [Hairer 2014]

‚ Local expansion of α-Hölder functions (distributions) at x0:
mimic Taylor expansion

f pxq “ f px0q`
ÿ

1ď|k|ďnďα

f pkqpx0q

k!
px´x0q

k`rpx0, xq, |rpx0, xq| ď C ||x́ x0||
α

by adding terms for ξ and for the heat kernel

uεpxq “ uεpx0q `
ÿ

τPT

aετ px0q
`

Πεx0
τ
˘

pxq ` rεpx0, xq

- τ are graded symbols for coordinate polyomials X k, white noise Ξ
and derivatives of convolution with the heat kernel Ikpτq,

- Πεx0
τ is a |τ |-Hölder function which generalises

`

Πεx0
X k

˘

pxq “ px ´ x0q
k.

‚ Relate local expansions at x0 and y0:
use transport maps Γx0 y0 induced by transaltion y0 ´ x0 P Rd (which
act on symbols τ).



Regularity structures on Rd
[Hairer 2014]

Def. An abstract regularity structure is pA,T ,G q with
A Ă R set of homogeneities α (contains 0, bounded from below, discrete)

T “
À

αPA Tα graded vector space of symbols τ (with norm, T0 “ R ¨ 1)

ρ : GÑ AutpTq Lie group action (s.t. ρpgq1 “ 1 and ρpgqτ´τ P
À

βă|τ|
Tβ)

Def. A model for pA,T ,G q on Rd is pΠ, Γq with

Π : Rd Ñ LpT ,S 1pRdqq and Γ “ ρ ˝ γ s.t. ΠxΓpx , yq “ Πy

γ : Rd ˆ Rd Ñ G s.t. γpx , xq “ 1G and γpx , yq γpy , zq “ γpx , zq

plus local uniform compatibility with A.

Ex. Model for polynomial regularity structure on Rd : A “ N,

T “ RnrX1, ...,Xd s contains pol. PpX q det. by coeff.
`

a
p|k|q
k

˘

0ď|k|ďn
`

Πx0P
˘

pxq “
řn
|k|“0 a

p|k|q
k

px´x0q
k

k! function on Rd “centered” at x0

G “ pRd ,`q acts by translation ρpgqPpX q “ PpX ` gq
γpx0, y0q “ x0´y0 so that Γpx0, y0qPpX q “ PpX`x0´y0q

Thm [Hairer 2014, Bruned-Hairer-Zambotti 2017, etc]

There exist models solving several stochastic PDEs.



Regularity structures on a manifold M [Dahlqvist-Diehl-Driver 2017]

M closed Riemannian manifold of dimension d with Levi-Civita
connection ∇ and local geodesics, and with distributions D1pMq.

Def. A regularity structure on M is pA,T ,G q where now

T “
À

αPATαÑ M is a graded vector bundle (T0 “ M ˆRÑ M).

A model for pA,T ,G q on M with transport precision β P R is a
collection

`

Ux ,Πx , Γpx , yq
˘

xPM
with Ux an open neighborhood of x and

Πx : Tx Ñ D1pUxq and Γpx , yq : Ty Ñ Tx

with Γpx , yq defined on a diagonal domain in M ˆM (i.e. for x , y close)

and ΠxΓpx , yq ‰ Πy but the difference is bounded by β.

Ex. Model for polynomial regularity structure on M: A “ N,

Tx “
Àn

`“0 S
`T˚x M symmetric powers of covectors (representing jets)

`

Πx0τ
˘

pxq “
n
ÿ

`“0

1

`!
τ`
`

exp´1
x0
pxqb `

˘

and
`

Γpx , yqτ
˘

`
“ Symp∇`

xpΠyτqq.



Remarks leading to groupoids
‚ These models apply to functions (on Rd or M) with scalar values, or

vector values seen in components, or in manifolds embedded in RN .

ùñ Wish PDEs for sections u : M Ñ E of vector or fibre bundles endowed
with a connection fixing parallel displacement.

‚ Hairer’s model equations

ΠxΓpx , yq “ Πy and Γpx , yqΓpy , zq “ Γpx , zq

are linked and say that Γ is a groupoid morphism from the pair groupoid
of M to a groupoid acting on the fibres of T Ñ M.

‚ Dahlqvist, Diehl and Driver attach groups to pairs of points of M.

ùñ Add a principal G -bundle P Ñ M associated to E and consider the
gauge groupoid GpPq Ñ M.

‚ Dahlqvist, Diehl and Driver relax the model equations by introducing a
precision β.

ùñ Look for suitable connection on groupoids whose curvature measures
the default of (local) groupoid maps to be groupoid morphisms.

ùñ Next: follow the deformation of the connection through renormalization.

Work in progress with S. Azzali, Y. Boutäıb and S. Paycha.



Lie groupoids
Def. A Lie groupoid G Ñ M is a smooth manifold of arrows γyx P Gy

x above
py , xq P M ˆM determined by surjective submersions called the source

and the target map s, t : G Ñ M

"

spγyxq “ x
tpγyxq “ y

, such that

- arrows can be composed γ1zyγyx P Gz
x if spγ1zy q “ tpγyxq (associative),

- above points there are units upxq “ 1x P Gx
x and M ” upMq Ă G,

- each arrow γyx P Gy
x has an inverse γ´1

yx P Gx
y .

The induced map pt, sq : G Ñ M ˆM is called the anchor.

Features:

‚ Each Gx
x is a (non empty) Lie group, the vertex group or isotropy.

‚ G has a rich infinitesimal structure given by a Lie algeborid AÑ TM.

‚ G can act on fibre or vector bundles E Ñ M.

ùñ Lie groupoids are (bi-)fibred generalizations of Lie groups
whose action on fibre bundles keeps track of fibre transformations
(internal symmetry) and bundle automorphisms (global symmetries).



Examples of Lie groupoids

‚ Pair groupoid PairpMq “ MˆM Ñ M

‚ Trivial Lie groupoid with fibre G MˆGˆM Ñ M

‚ Gauge groupoid of principal G -bdl P Ñ M GpPq “ P ˆ GP Ñ M

made of equivalence classes rp, qs under pp, qq „ pp g , q gq for g P G .

‚ Frame groupoid of vector bdl E Ñ M IsopE q “
Ť

x,y IsopEy ,Exq

If E has rank r and F pE q “
Ť

x IsopRr ,Exq is the frame bundle of E

(principal GLr pRq-bundle), then IsopE q – GpF pE qq

If the structure group of E reduces to G Ă GLr pRq, then

GpPq ãÑ IsopE q



Direct connections on Lie groupoids

Def. A local map between two groupoids G and G1 over M is a map
φ : U Ă G Ñ G1 defined on an open neighborhood U of the units

upMq Ă G, which commutes with s, t and u. Denote it φ : G Ñ̊G1 .

A local morphism is local map which also preserves composition
(hence inversion).

Def. [Teleman 2004 in the linear case, Kock 2007 similar, ABFP general]
A direct connection on a Lie groupoid G Ñ M is a local right inverse

of the anchor which preserves the units, i.e. Γ : PairpMq Ý̊ÑG
defined on an open neighborhood U∆ of the diagonal ∆ Ă PairpMq
(diagonal domain), such that

Γpy , xq P Gy
x for all py , xq P U∆ and Γpx , xq “ 1x P Gx

x for all x P M.

Prop A Lie groupoid with a direct connection is a gauge groupoid.



Expected examples

Assume M is a manifold with affine connection ∇M and local geodesics.

‚
Parallel displacement τ on P Ñ M along small geodesics
(equivalent to a principal connection ω on P)
defines a direct connection Γτ on GpPq Ñ M.

Same for E Ñ M and IsopE q [Teleman 2004].

‚ Viceversa, a direct connection Γ on GpPq Ñ M induces an
infinitesimal connection on the Lie algebroid ApPq Ñ TM,
hence a principal connection ωΓ on P.

‚ Apply maps ω ÞÑ τ ÞÑ Γτ ÞÑ ωΓτ

, then ωΓτ

“ ω on P.

‚ Viceversa, if apply maps Γ ÞÑ ωΓ ÞÑ τΓ ÞÑ Γτ
Γ

, then Γτ
Γ

‰ Γ on GpPq
in general.

‚ There are direct connections on GpPq which are not parallel
displacements (simplest example in two slides).



Curvature and flat direct connections
Let Γ : PairpMq Ý̊ÑG be a direct connection defined on U∆.

Def. For x P M, set U1
∆pxq “ ty P M | px , yq, py , xq P U∆u Ă M.

Torsion of Γ at x is the map T Γp , xq : U1
∆pxq ÝÑ Gx

x given by

T Γpy , xq :“ Γpx , yq Γpy , xq P Gx
x y P U1

∆pxq.

Γ is torsion-free if T Γpy , xq “ 1x for any y , i.e. Γpx , yq “ Γpy , xq´1.

Def. For x P M, set

U2
∆pxq “ tpz , yq P M ˆM | py , xq, pz , yq, pz , xq P U∆u Ă M ˆM.

Curvature of Γ at x is the map RΓp , , xq : U2
∆pxq ÝÑ Gx

x given by

RΓpz , y , xq :“ Γpz , xq´1Γpz , yq Γpy , xq P Gx
x , pz , yq P U2

∆pxq.

Γ is flat if RΓp , , xq “ 1x for any x , i.e. Γ is a groupoid morphism.

‚ If Γ is flat then it is torsion-free. But not the other way round.

‚ A parallel transport is always torsion-free (torsion can not be seen on P!)
and it is a flat direct connection iff the principal connection is flat.



Examples
‚ M “ R with flat connection ∇M

Bx
phpxq Bxq “ h1pxq Bx .

‚ E “ M ˆ RÑ M with global section e1pxq “ px , 1q P Ex and linear
connection ∇E

Bx
: ΓpE q Ñ ΓpE q given by f P C8pMq s.t. ∇E

Bx
e1 “ f e1.

‚ The induced parallel transport along a geodesic from x to y is the
isomorphism τpy , xq : Ex Ñ Ey defined by τpy , xq ξ0 e1pxq “ ξpyq e1pyq
solution of the ODE

∇E
Bx

`

ξpxq e1pxq
˘

“
`

ξ1pxq ` ξpxqf pxq
˘

e1pxq “ 0

with initial value ξpxq e1pxq “ ξ0 e1pxq. Set F pxq “
ş

´f pxqdx .
Then the direct connection on IsopE q is

τpy , xq : ExÑ Ey , e1pxq ÞÑ τpy , xq e1pxq “ eFpyq´Fpxq e1pyq

This direct connection is flat. For instance:
∇E
Bx
e1pxq “ ´2x e1pxq gives τpy , xqe1pxq “ ey´x`y2

´x2

e1pyq,

∇E
Bx
e1pxq “ ´3x2 e1pxq gives τpy , xqe1pxq “ ey´x`y3

´x3

e1pyq.

‚ Instead, the following direct connections are not parallel transports:
Γpy , xqe1pxq “ ey´x`py´xq2

e1pyq, with torsion T Γpy , xq “ e2py´xq2

‰ 1x ,

Γpy , xqe1pxq “ ey´x`py´xq3

e1pyq, torsion-free but non-flat.



Jet prolongation of groupoids
‚ E Ñ M vector bundle of rank r with structure group G Ă GLr pRq,

principal G -bundle P Ñ M s.t. E – P ˆG Rr and GpPq Ă IsopE q.

Def. The n-jet bundle JnE Ñ M is the vector bundle of n-jets jnx u of
local sections u : M Ñ̊E around x (i.e. equivalence classes of local
sections with the same contact of order n at x).

Thm [Kolá̌r-Michor-Slovak 1993]

The structure group of JnE Ñ M is the semidirect group

W n
d G “ GLnd ˙ T n

dG
GLnd “ invJn0 pRd ,Rdq

T n
dG “ Jn0 pRd ,G q

and the associated principal W n
d G -bundle is the jet prolongation

W nP “ F nM ˆMJnP F nM “ invJn0 pRd ,Mq .

Def. The n-jet prolongation of a Lie groupoid G Ñ M is the groupoid

JnG Ñ M of n-jets of local bisections σ : M Ñ G s.t. s ˝ σ “ id
and t ˝ σ “ ϕσ is a local diffeomorphism.

Thm [Kolá̌r 2008] W nF pE q – FJnE JnGpPqq – GpW nPq



Geometric regularity structures

‚ M manifold with affine connection ∇M , E Ñ M be a vector bundle of
rank r with structure group G Ă GLr pRq, associated principal G -bundle
P Ñ M and gauge groupoids GpPq Ă IsopE q.

Def. [ABFP] A geometric polynomial structure on E Ñ M is a regularity
structure

`

A, JnE , JnGpPq
˘

with A “ rr0, nss and JnGpPq “ GpW nPq Ă IsopJnE q acting on JnE .

A model for pA, JnE ,GpW nPqq is direct connection Γpnq on JnGpPq
and a collection

`

Ux ,Πx

˘

xPM
with Ux a uniformly normal open n. of x

and
Πx : Jnx E Ñ D1pUxq

(Next: model equations, flatness and precision β (need analysis!).)

Thm [ABFP] Any direct connection Γ : PairpMq Ñ̊G can be
prolonged to the jet groupoid Γpnq : PairpMq Ñ̊ JnG.



Jet prolongation of direct connections
Lemma

There exists a canonical geodesic direct connection δpnq on JnPairpMq.

Proof. For x0 P M let Ux0 be a uniformly normal neighb. of x0 in M.
Then U “ tpy , xq | x P M, y P Uxu is a neighb. of ∆ in PairpMq.
For any py0, x0q P U Ă PairpMq take the geodesic γ : r0, 1s Ñ M s.t.
γp0q “ x0 and γp1q “ y0 and define a local map σ : Ux0 Ñ PairpMq by

σpxq “
´

ϕσpxq, x
¯

with ϕσpxq “ expx

`

τpx , x0qpexp´1
x0
py0qq

˘

where exp´1
x0
py0q P Tx0M is along γ and τpx , x0q is the parallel transport

on TM along a geodesic from x0 to x P Uy0 .

Finally, define δpnq : PairpMq Ñ̊ JnPairpMq by δpnqpx0, y0q “ jnx0
σ .



Thm Any direct connection Γ : PairpMq Ñ̊G can be
prolonged to the jet groupoid Γpnq : PairpMq Ñ̊ JnG.

Proof. If Γ : V Ă PairpMq Ñ G, the intersection UXV is a diagonal
domain and for any py0, x0q P UXV there exists a geodesic bisection
σ :Ux0Ñ PairpMq defined as above.
Then Γ ˝ σ|V is a local bisection of G and can define

Γpnqpy0, x0q “ jnx0

`

Γ ˝ σ|V
˘

“ jn
py0,x0q

Γ ˝ δpnqpx0, y0q .



Next:

- Look for higher dimensional examples of direct connections which are
not parallel displacements.

- Look for examples of direct connections on jet groupoids JnG which are
not induced by some on G.

- Adapt to α-Hölder sections of bundles and include precision β.

- Start from a parallel displacement and follow the renormalization
process.

- Study the whole geometry of groupoids with direct connections and
compare with usual gauge theory!
(work in progress with S. Azzali, A. Garmendia and S. Paycha)

Thank you for the attention!


