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al Stru
ture of the Entangled States of NIdenti
al Parti
lesSuranjana Rai and Jagdish RaiRAITECHM - 12/28 DLF CITYGURGAON 122002 INDIA2000 June 23Abstra
tWe provide a group-theoreti
al 
lassi�
ation of the entangled states ofN identi
al parti
les. The 
onne
tion between quantum entanglement andthe ex
hange symmetry of the states of N identi
al parti
les is made expli
itusing the duality between the permutation group and the simple unitarygroup. Ea
h parti
le has n-levels and spans the n-dimensional Hilbert spa
e.We shall 
all the general state of the parti
le as a qunit. The dire
t produ
tof the N qunit spa
e is given a de
omposition in terms of states with de�nitepermutation symmetry. The nature of fundamental entanglement of a state
an be related to the 
lasses of partitions of the integer N. The maximallyentangled states are generated from linear 
ombinations of the less entangledstates of the dire
t produ
t spa
e. We also dis
uss the nature of maximalentanglement and its measures.1 Introdu
tionWe give a fundamental group theoreti
al result, whi
h explains quantumentanglement in terms of the ex
hange symmetry of any number N of identi
al1



parti
les, as well as the ex
hange symmetry of the levels of those parti
les. We
laim that there is a requirement of symmetry for entanglement to o

ur. Wegive symmetrization pro
edures to generate entangled states starting fromnon-entangled states. We see that maximum symmetry leads to maximumentanglement, i.e. states whi
h are maximally symmetri
 with respe
t to thenumber of parti
les as well as to the number of levels, also have the maximumpossible entanglement [1℄.We pro
eed in two steps. Firstly, the parti
le symmetrization pro
eduregives rise to ordered subspa
es of various types of entanglement. In these
ond step, level symmetrization leads to 
ombinations of these orderedstates whi
h are 
onjugate to ea
h other in level ex
itations. We thus getthe maximally entangled states we seek, the states with maximum symmetry.The power of this pro
edure is that all possible types of entanglement, i.e. allN parti
le entanglements, and their various 
ombinations, 
an be generatedand 
lassi�ed. The number of maximally entangled states is equal to thedimension of the Hilbert spa
e, and they are orthonormal. We are thus ableto span the entire Hilbert spa
e of the parti
les using these ordered maximallyentangled states as basis states. Indeed, the ordering 
an be taken to be ameasure of the entanglement.We dis
uss the meaning and nature of maximum entanglement. In theordered maximally entangled basis, by maximal entanglement we mean max-imumpossible entanglement for ea
h di�erent type of entanglement. A usefulmeasure of maximal entanglement is the 
riterion of 
on
urren
e [2℄. We illus-trate these 
on
epts with the help of examples. Another quantity of interest,is the N parti
le maximumentanglement whi
h is measured by the maximumone-parti
le entropy obtained by tra
ing over the rest of the parti
les. Wehave also generated N-parti
le maximally entangled states by taking properlinear 
ombinations of the di�erent types of entanglement. It is also possibleto use these states as a basis to span the Hilbert spa
e. We also obtain theN-1, N-2, et
. parti
le entanglements in terms of entropy 
riteria.2 Entanglement of N-identi
al parti
lesWe now dis
uss the general 
ase of a system of N identi
al parti
les. Ea
hparti
le has n levels. By analogy with a qubit, we 
all it a qunit. In thiswork we 
onsider the 
ase of pure states only. A qunit is written as2



j i1; i2; i3; � � �; iNiwhere ea
h i1; i2; i3; :::; iN take values from 1 to n. This state spans an ndimensional Hilbert spa
e H for one parti
le. For N parti
les, the spa
e HNspanned has a dimension of nN . We are interested in obtaining the stru
tureof the dire
t produ
t spa
e of N parti
les in terms of entanglement. We usethe methods of group theory, to de
ompose the nN dimensional spa
e of thedire
t produ
t of the of the spa
es of ea
h parti
le into a dire
t sum of spa
es[3,4℄. Ea
h 
onstituent of the dire
t sum has a de�nite permutational sym-metry. This is quite naturally expe
ted sin
e the system 
ontains identi
alparti
les and permutations of the parti
les leave the system invariant. Ea
hof these 
onstituents of the dire
t sum forms a representation of the permu-tation group of N parti
les, also known as the symmetri
 group SN . For the
ase of N, n-level atoms, the state spa
e 
an be written asSU(n)� SU(n) � � � � SU(n) (N 
opies),(2.1)The group SU(n) 
onsists of all n x n unitary matri
es. Ea
h SU(n) groupdes
ribes the states of a single n-level atom. As there are N 
opies in thedire
t produ
t, it is possible to de
ompose the above dire
t produ
t asSN � SU(n) ,(2.2)We wish to generate states from this spa
e that have a de�nite permu-tational symmetry and are maximally entangled for that set. The full spa
e
an be given a de
omposition using the various representations of the permu-tation group as des
ribed above. For this purpose it is ne
essary to 
onsiderthe representations of the symmetri
 group SN of all N! permutations, givenin detail in Referen
es 3 and 4. We 
hoose a basis of HN whose elementstransform simultaneously as would a basis for an irredu
ible representationof SU(n) and a basis for an irredu
ible representation of SN . The de
ompo-sition is possible using the well known resultHN = qS� � T �,where � is a partition of N treated as a non-in
reasing ordered k-tuple ofpositive integers with sum N. Also S� is a representation of the group SN andT �is a representation of H. The states of the dire
t produ
t spa
e are taken3



to be the basis states of the various irredu
ible representations o

urring inthe dire
t produ
t spa
e HN . It is interesting to note that the frequen
yof the S� is equal to the dimensionality of the T � and the frequen
y of theT � is equal to the dimensionality of S�. A simple formula for obtaining thedimensionality of the T � 
an be obtained from the possible ways of �llingthe Young's diagram. Now we 
lassify the nN states based on the symmetrywhi
h 
orresponds to a de�nite Young's diagram. We 
all these the 
olle
tivestates of the system of N identi
al parti
les. This pro
edure produ
es ahierar
hy of states that are ordered a

ording to the degree of entanglementin subspa
es of de�nite symmetry. We explain this using several examplesfor two and three parti
les in Se
tion 4. For a 
olle
tion of two-level atomsthe states 
an be ordered with the quantum numbers j and m. The statewith m = j, is unentangled and the degree of entanglement in
reases asthe m value de
reases from j to zero or half, and then starts de
reasingagain 
orresponding to a bell shaped 
urve. The pro
edure for generatingmaximally entangled states from states of lower entanglement is to 
ombine
onjugate states i.e., states with �xed Casimir operator value but oppositesign for values of the diagonal generators [3,4℄. The 
onjugate states arestates related by spin 
ip operators [2℄ and are 
onne
ted by lo
al operations[5℄. In this way, one 
an generate all possible states of the system with ade�nite degree of entanglement (Table given below).We �nd that the 
lassi�
ation obtained on symmetry group lines is mu
hmore powerful than other methods as we are able to generate all possibletypes of entanglement for a system of many parti
les. It is also possible togeneralize our methods to non-identi
al parti
les. Our pro
edure generatesstates that are 
onne
ted by non-lo
al operations. There has been extensivework done to understand entanglement by lo
al unitary operations [5℄. How-ever, non-lo
ality is at the heart of entanglement. We feel one should not belimited to lo
al operations only. In fa
t, non-lo
al operations have alreadybeen found to be useful e.g. in bound entanglement. Our pro
edure in fa
tis powerful enough to introdu
e both lo
al and non-lo
al operations. Thegeneral 
ase, involves non-lo
al or joint unitary operations where the unitaryoperator 
annot be de
omposed in the form given by Eq. 2.1. It is ne
essaryto have joint unitary operations as we are in
reasing entanglement by ourpro
edures. Entanglement does not in
rease in lo
al operations. However, inthe spe
i�
 
ase, where the parti
les are distinguishable, like the 
ase wherethey are at di�erent lo
ations, it is not ne
essary to symmetrize. Then,4



there is no need for the permutation operator, the total Hilbert spa
e 
an bede
omposed into the spa
e of lo
al unitary operations ea
h represented bySU(n).The stru
ture of HN has been 
onsidered by several authors. Werner[6℄ has used the idea of symmetri
 subspa
es of HN and applied it to theoptimal 
loning of pure states. J. Eisert et. al., have found a 
lass of mixedstates with known distillable entanglement [7℄, using te
hniques that employde
omposition of the produ
t spa
e into dire
t sum spa
e. Cira
 et. al.,also 
onsider similar de
ompositions for the SU(2) group in the 
ontext ofthe two-level atom spa
e [8℄. In our paper, we provide an understanding ofthe ne
essity of symmetrization, and a group theoreti
al justi�
ation of themathemati
al basis of the above works.3 Nature of EntanglementThe methods of group theory give a very simple and elegant des
ription ofthe nature of entanglement for a system of N identi
al parti
les. The di�erenttypes of entanglements 
an be related to the various partitions of the integerN. These partitions form a 
lass [3,4℄. For example in the 
ase of the groupS2, there are two 
lasses, identity, (e) and the two-
y
le permutation (12).Essentially for two parti
les, there are two possibilities - either the parti
lesare entangled or not. There is a very easy geometri
 way to des
ribe this asin the top line of the �gure. For three parti
les, we have three 
lasses for thegroup S3 : (e), f(12),(23),(13)g and f(123), (132)g. Geometri
ally , this 
anbe shown as
5



In the above diagrams, the line atta
hing the two parti
les shows en-tanglement while the two parti
les un
onne
ted show unentangled parti
les.The se
ond line of the �gure shows the fundamental entanglements whi
hrepresent the 
lasses. The �gures at the bottom show the possible 
ombi-nations of the fundamental entanglements whi
h have also been dis
ussed inSe
tion 4.This des
ription 
an easily be generalized to a system of N parti
les. Itis well known that the number of representations is equal to the number of
lasses (S
hur's lemma). A

ording to this des
ription, ea
h 
lass 
an be putin 
orresponden
e with a unique representation of the group. In this way,the various types of entanglement whi
h are related to the representations,are 
onne
ted to the various 
lasses.4 ExamplesWe now 
onsider some spe
i�
 examples of the bipartite and tripartitesystem to illustrate our pro
edure.Example 1. Bipartite two-level system - 2 qubitsFor a bipartite two-level system, the state spa
e 
onsists of SU(2) �SU(2). The four possible states of the system are j 11i; j 12i; j 21i and j 22i.This spa
e is four-dimensional (2N = 4). The well-known symmetrizationpro
edure whi
h gives the singlet and triplet states is as follows.j j;mi Symmetri
j 1; 1i =j 11ij 1; 0i = 1=p2(j 12i+ j 21i)j 1;�1i =j 22ij j;mi Antisymmetri
j 0; 0i = 1=p2(j 12i� j 21i)This de
omposition is on the lines of S2 � SU(2). The group S2 has twoirredu
ible representations. The three symmetri
 states form the basis ofone irredu
ible representations. The antisymmetri
 states 
orrespond to theother representation. With this break up, the de
omposition is 
omplete.6



The four-dimensional produ
t spa
e of SU(2)�SU(2) has been broken intothe dire
t sum of S2 � SU(2) as 2 � 2= 3 + 1.In this 
lassi�
ation, there are two unentangled states and two maximallyentangled states. If we also symmetrize with respe
t to the levels then weneed to add/subtra
t to the j 11i state the j 22i state and normalize. Thej 22i state 
ould be 
alled the 
onjugate state to the j 11i state and vi
eversa. This generates two additional states whi
h are maximally entangled.Thus we have generated the full set of all four maximally entangled states:1=p2(j 11i+ j 22i)1=p2(j 11i� j 22i)1=p2(j 12i+ j 21i)1=p2(j 12i� j 21i)Example 2. Tripartite two-level system - 3 qubitsWe now extend this pro
edure to the 
ase of the tripartite system. Thestate spa
e 
onsists of SU(2)�SU(2)�SU(2) and is of dimension 2�2�2=8. The de
omposition pro
eeds on the lines of S3 � SU(2). The group S3has three irredu
ible representations whi
h 
orrespond to the three types ofstates in the state spa
e. First, we have the symmetri
 representation whi
hhas the 4 symmetri
 wave fun
tions as the basis. Then we have two states ofmixed symmetry whi
h 
orrespond to two degenerate representations, ea
hof dimension 2. There are no 
ompletely antisymmetri
 states for a systemof three parti
les ea
h with two levels. This is essentially a statement of thePauli ex
lusion prin
iple in terms of the group representations. These arethe only possible states for this system ( 2� 2� 2 = 4 + 2 + 2 + 0 ).In this 
ase, the 
lassi�
ation based on symmetry pro
eeds as follows.There are two sets of states whi
h are fully symmetri
 and of mixed symme-try.j j;mi Symmetri
j 3=2; 3=2i =j 111ij 3=2; 1=2i = 1=p3(j 112i+ j 121i+ j 211i)j 3=2;�1=2i = 1=p3(j 221i+ j 212i+ j 122i)j 3=2;�3=2i =j 222i 7



j j;m; di Mixed symmetryj 1=2; 1=2; 1i = 1=p6(2 j 211i� j 112i� j 121i)j 1=2;�1=2; 1i = 1=p6(j 212i+ j 221i � 2 j 122i)andj 1=2; 1=2; 2i = 1=p2(j 112i� j 121i)j 1=2;�1=2; 2i = 1=p2(j 221i� j 212i)In the symmetri
 subspa
e, j 111i and j 222i are unentangled and are
onjugate to ea
h other. The states with j j;mi; j 3=2; 1=2i and j 3=2;�1=2iare also 
onjugate to ea
h other but have partial entanglement (with non-zero one parti
le entropy). The 
onjugate state is generated by the a
tionof the 
ip operators on the original state and are obtained by inter
hanging1 and 2. To produ
e maximally entangled states by level symmetrizationwe add and subtra
t these states. The states are labeled by j j;m; di wherej = N/2, N/2 -1,1/2 or 0, and m is the magneti
 quantum number and ddenotes the representation. For the three parti
le 
ase of mixed symmetrythere are two degenerate representations. In general the state j j;mi is 
on-jugate to j j;�mi and their addition and subtra
tion produ
es a maximallyentangled state . It is maximally entangled in the sense that the 
on
urren
eis one. It is well known that 
on
urren
e in itself 
an be used as a measureof entanglement [2℄. For example, the Bell diagonal states in the 
ase of abipartite system have a 
on
urren
e equal to one and are maximally entan-gled. The unentangled pure states have a 
on
urren
e of zero. The degree ofentanglement in a manifold of states of a 
ertain spe
i�
 symmetry in
reasesfrom zero to higher entanglement in the middle of the ladder of states andthen de
reases. The states with lower m have higher degree of entanglement.It is interesting to note, however, that the 
on
urren
e for ea
h 
onjugateby itself is zero. There is no fully antisymmetri
 state for the three spinsand the pro
edure stops here generating eight possible maximally entangledstates (with proper normalizations):j 3=2; 3=2i+ j 3=2;�3=2i ,j 3=2; 3=2i� j 3=2;�3=2i ,j 3=2; 1=2i+ j 3=2;�1=2i ,j 3=2; 1=2i� j 3=2;�1=2i , 8



j 1=2; 1=2; 1i+ j 1=2;�1=2; 1ij 1=2; 1=2; 1i� j 1=2;�1=2; 1ij 1=2; 1=2; 2i+ j 1=2;�1=2; 2ij 1=2; 1=2; 2i� j 1=2;�1=2; 2iWe now dis
uss the nature of entanglement of these states. From the �rstpair of 
onjugate states of the three parti
le states we get the GHZ state:j GHZi =j 3=2; 3=2i + (�) j 3=2;�3=2i =j 111i + (�) j 222i, (4.2.1)For the GHZ state the single parti
le entropy is maximum and thus it istruly three parti
le maximal entangled.>From the next pair of states we get the following state that we 
all theZ-statej Zi = 1=p3(j 112i+ j 121i+ j 211i),j Zi+ j Zi =j 3=2; 1=2i+ j 3=2;�1=2i= f(j 1iA+ j 2iA) j  +iBCg+ fj 2iA j 11iBC+ j 1iA j 22iBCg (4.2.2)The above state 
onsists of two parts. The �rst part shows two parti
lemaximal entanglement in B and C (Bell diagonal state) while A is unen-tangled. The two-parti
le entanglement, 
ould be between any two of theparti
les, shown by suitable algebrai
 manipulation. The se
ond part is astate of the GHZ type. This shows that there is both two parti
le and threeparti
le entanglement.We also de�nej Y i = 1=p6(2 j 211i� j 112i� j 121i)j Xi = 1=p2(j 112i� j 121i)Combining the 
onjugatesj Y i+ j Y i =j  �iAC(j 1iB+ j 2iB)+ j  �iAB(j 1iC+ j 2iC ) (4.2.3)The above state is a sum of two two-parti
le maximally entangled stateswith one parti
le separable from ea
h. Again, any one parti
le 
an be sepa-rated out depending on the representation we start from.9



j Xi+ j Xi = (j 1iA+ j 2iA) j  �iBC (4.2.4)This state is a produ
t state of a one parti
le unentangled and a two-parti
le maximal entangled state (Bell diagonal).So we see from Eqs. (4.2.1 - 4.2.4), that we obtain all types of maximalentanglement of their own kind.The number of maximally entangled states is exa
tly equal to the dimen-sion of the spa
e and they are mutually orthogonal. The maximally entangledstates 
ould form a useful basis. It is very interesting to note, that furtherlinear 
ombinations of these states give rise to fundamental entanglements.We �rst take the 
ase of the states, from (j Y i+ j Y i)+1=p3(j Xi+ j Xi),Eqs (4.2.3-4.2.4). We see that these states are a sum of three , two-parti
lemaximally entangled terms. We have veri�ed that this 
ombination is three-parti
le maximally entangled i.e. its single parti
le entropy is maximum.Thus it is in a way 
omparable to the GHZ state whi
h 
annot be brokendown into two-parti
le entanglements.Next, we take the states j Zi+ j Zi� j GHZi , Eqs (4.2.1-4.2.2). We�nd that it is the produ
t state of a two-parti
le maximal entangled (Belldiagonal) state and a one parti
le unentangled state. Here we see that by
ombining three-parti
le entangled states we 
an get two-parti
le entangle-ment [9℄.Example 3. N-partite two-level systemIt is straight forward to extend this pro
edure to the 
ase of N spins. Thestate spa
e 
orresponds toSU(2)X SU(2)X SU(2) (N 
opies),Ea
h SU(2) group des
ribes the states of the two-level atoms. As thereare N 
opies in the dire
t produ
t, it is possible to de
ompose the abovedire
t produ
t asSN X SU(2).There are 2N maximally entangled states whi
h 
an be generated usingour pro
edure. We 
ombine the states j j;m; di+ j j;�m; di, where j = N/2,10



N/2 -1,...,1/2 or 0. Ea
h possible value of j, 
orresponds to a set of stateswith a de�nite symmetry in the ex
hange of parti
les. The maximum valueof j = N/2, 
orresponds to the fully symmetri
 states whi
h are 2j + 1 = N+1in number. The next value of j = N/2 - 1, gives states whi
h are symmetri
in the ex
hange of N-1 parti
les and antisymmetri
 in the ex
hange of twoparti
les. This pro
edure is 
ontinued to obtain a 
omplete de
ompositionof the states of the entire system.The states for the N qubit system, j j;mi are shown in the table below.j=N/2;j N=2; N=2i; j N=2; N=2 � 1i; :::; j N=2;�N=2ij=N/2 - 1;j N=2 � 1; N=2 � 1i; j N=2 � 1; N=2 � 2i; :::; j N=2 � 1;�(N=2 � 1)itill ... j=1/2 or 0.The angular momentum states j j;mi are well known through Di
ke'swork on superradian
e [10℄. They form a 
omplete and orthogonal basis.The way we have generated the entangled states 
an be related to Di
ke'sinterpretation of superradian
e. The 
onjugate state 
orresponds to a valueof m whi
h is negative of the original m. Entanglement is maximum forlow values of m whi
h is well known to 
orrespond to the superradiant statewhi
h o

urs for the value of m around zero. The entangled state thus 
ouldbe interpreted as the state where all the atoms of the radiating system aremaximally intera
ting with ea
h other. During superradiant emission theentanglement is transferred to the radiation 
alled swapping of entanglementfrom the atom to the photon.A
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