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THE BERGMAN KERNEL FOR CONVEX TUBES

GABOR FRANCSICS AND NICHOLAS HANGES

ABSTRACT. Let 2 C R™ be a bounded, convex and open set with real analytic
boundary. Let Ty C C* be the tube with base 2, and let B be the Bergman kernel
of Tq. If Q is strongly convex, then B is analytic away from the boundary diagonal.
In the weakly convex case this 1s no longer true. In this situation, we relate the
off diagonal points where analyticity fails to the characteristic lines. These lines
are contained in the boundary of T, and are projections to the base of the Treves
curves. These curves are symplectic invariants which are determined by the CR
structure of the boundary of Ty, Note that Treves curves exist only when 2 has at
least one weakly convex boundary point.

1. INTRODUCTION

Let U C C" be open. Let L*(U) denote the Hilbert space of complex valued
functions defined on U, which are square integrable with respect to Lebesgue measure.
Let H(U) = {f € L*(U) : 3f = 0}, the closed subspace of holomorphic functions on
U. We denote by B

B:L*U)— H(U)
the orthogonal projection, which is known as the Bergman projection. If {¢;} denotes

an orthonormal basis for H(U), then it is well known that B has kernel, which we
also denote by B,

B(z,w) =Y ¢i(z)pi(w), zwel.
The above series is uniformly convergent on compact subsets of U x U. B is holomor-
phic in z and anti-holomorphic in w. In particular B is real analytic on U x U.
In case U is strictly pseudoconvex, the boundary behavior of B is well understood.
If 2° € 9U, the boundary of U, then it follows that
lim B(z,z) = +o0.

z—20

See Hormander [17] for the precise statement.
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2 GABOR FRANCSICS AND NICHOLAS HANGES

We now assume, in addition to strict pseudoconvexity, that the boundary of U is
real analytic. If we have 2% w® € 9U, with z° # w", then it follows that B extends to
a full neighborhood of (2%, w") € C* x C* as a function holomorphic in z and anti-
holomorphic in w. In particular B is real analytic near (2%, w°). This follows from the
analytic hypoellipticity of Oy, a consequence of results of Treves [30], Tartakoff [28].
Also see Kashiwara [20] for a different point of view.

Our main interest here is the weakly pseudoconvex case where dU is real analytic.
Here off-diagonal singularities may occur. For example, Christ and Geller [5] have
shown that the Bergman kernel for the domain

U={(z1,22) € C* : Sz > (Rzy)"}

is not analytic at certain points away from the boundary diagonal, when m is even
and m > 4.

We now continue the study begun in [10]. Our goal here is to present recent results
we have obtained concerning the Bergman kernel for tubes. We assume these tubes
are convex with bounded base and analytic boundary. We show that off-diagonal
singularities are described by the characteristic lines. These lines are contained in
the boundary and are projections to the base of the Treves curves. These curves
are symplectic invariants which are determined by the CR structure of the boundary.
Treves curves exist exactly when the base of the tube has at least one weakly convex
boundary point.

Treves introduced these curves in [30], where he conjectured that the existence
of such curves should prevent analytic hypoellipticity, for certain partial differential
operators with double characteristics. Recently Treves has extended his conjecture,
[31]. The reader should note that in the case of tubes, the two conjectures are
essentially the same.

We have been motivated by several important results on analytic regularity. These
include, besides those already mentioned, Chen [2], Christ [3], [4], Derridj [6], Derridj—
Tartakoff [7], Geller [12], Grigis—Sjostrand [13], Hanges — Himonas [14], Helffer [15],
Métivier [23], Sjostrand [26], Tartakoff [27], Trepreau [29]. There is also recent related
work by Kamimoto [18] and Kamimoto, Ki and Kim [19]. The reader may consult our
survey, [11] for more references. Some of the results discussed here were announced
at Saint-Jean-de-Monts, June 1998, [9].

In section 2 we state our results. In section 3 we discuss the notions of convexity
that we need. In section 4 we discuss the Treves curves and characteristic lines for
tubes. In section 5 we discuss the formula of Boutet de Monvel, [1]. In section 6 we
prove Theorems 3, 4 and half of Theorem 1. In section 7 we prove half of Theorem
2. In sections 8 and 9 we prove the second half of Theorems 1 and 2. In section 10
we prove a version of the stationary phase formula which is specific to our needs. In
section 11 we prove that the zeroes of A" (introduced in section 9) which are closest
to the origin are simple zeroes.
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2. STATEMENTS OF RESULTS

Let Q@ C R" be open, bounded and convex with real analytic boundary. Let Ty =
{z € C" : 3z € Q} be the tube with base Q. The following results depend on the
notion of characteristic line, which is defined in Section 4, in the Remarks following
Proposition 1.

Note that in C* the characteristic lines are particularly easy to describe. Indeed,
if 20 = 2%+ 9y° € 9T C C?, then

2(s) =2 +sv+iy’ s eR

is the characteristic line through z° if and only if y° is a weakly convex boundary point
of Q0 and the vector v is tangent to 9 at the point y°. These lines are projections
to the base of the Treves curves, which are invariants of the symplectic structure
associated to the natural CR structure on 0Tg. All this is discussed in detail in
Section 4.

Assume that 20 € 9Tq C C? and let L be a vector field defined near z° that
generates the CR structure. Let g be the Lie algebra generated by L and L under the
commutator bracket. Since df2 is bounded and analytic, it follows that there exists
X € gsuch that L, L and X are linearly independent at 2°. We say that z° is a point
of type m if the smallest possible commutator length for X is m. Note that m is even
and m > 2; 2% is a strictly pseudoconvex boundary point if and only if m = 2. Also
observe that if z° and w° can be connected by a characteristic line, then 2° and w°
have the same type m > 4.

Theorem 1. Let Q C R? be open, bounded and conver with real analytic boundary.
Let 2°,w® € 0Tq. Then B, the Bergman kernel for Tq, extends as an analytic function
to a full neighborhood of (z°,w) if and only if 2° and w°® do not lie on the same
characteristic line.

Theorem 2. Let Q C R? be open, bounded and conver with real analytic boundary.
Let 2°,w® € 0Tq, with 2° # w°. Assume that 2° and w° lie on the same characteristic
line. Assume that the type of 2° (or w°) is m. Then B, the Bergman kernel for Tg,
extends as a smooth function, of Gevrey class m, to a full neighborhood of (2°,w°).
Furthermore, this is the best Gevrey class possible.

In particular, these results tell us that B has off-diagonal singularities if and only
if © has at least one weakly convex boundary point. As far as we know, the above
results are new, even when the base of the tube is as simple as

Q= {(y1,y2) ER?:yl +yJ <1}

for m even, m > 4.
The above results in C* are sharp. In higher dimensions our results are far from
complete, however it is not difficult to prove the following when n > 2.
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O are two dis-

Theorem 3. Let 2°,w° € C* and assume that y° = $2° and v° = Sw
tinet boundary points of Q2. Then the Bergman kernel of Tg, B(z,w), can be extended

as a real analytic function to a full neighborhood of (2°,w?).

Theorem 4. Let 2°,w° € C". Assume that either z° € Tq and w° € JTq or that
2% € 9Tq and w® € Tg. Then the Bergman kernel of Tq, B(z,w), can be extended as
a real analytic function to a full neighborhood of (2°,w?).

Our methods also apply if € is allowed to be unbounded. However, certain diffi-
culties arise. Indeed, if 92 contains a straight line, then it follows that B = 0. See
Lemma 4. In this case Treves curves may exist, yet B has no singularities. Note that
when € is bounded, T is biholomorphic to a bounded domain, and certainly B # 0.
The case of unbounded €) will be treated elsewhere.

3. GEOMETRIC PRELIMINARIES

In this section we discuss the notions of convexity that we need. Our main interest
is when the boundary of Q) is real analytic. We always assume in this section that ()
has smooth boundary, unless we explicitly state the assumption of real analyticity.

We begin by discussing (), the base of the tube Tg. Let U C R”™ be open. Let
r: U — R be smooth. The base € is defined as follows:

Q={yelU:ry) <0}
We assume that dr(y) # 0 whenever r(y) = 0. Furthermore, we assume that
QccUu, (1)

that is, we assume that the closure of ) is a compact subset of U.
Throughout we will assume that € is convex. This means that for each y € 92,
the boundary of ), we have

> (W > 0 (2)
whenever a; € R and
“ or
> %‘T(y) = 0. (3)
Y

Note that it follows from (2) and (3) that Q is geometrically convex. This means that
ify,y" € Q, then the segment connecting y to ¢’ is contained in €. See for example [22],
Proposition 3.1.8, page 102. If strict inequality holds in (2) whenever (ay,...,a,) # 0
satisfies (3), we say that y € 99 is a strongly convex boundary point.

Let y,& € R”, with £ # 0. We denote by 775 the affine hyperplane which passes
through y and has normal €. That is we define

sz{xER”:<x—y,§>:0}.
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We say that 775 is a supporting hyperplane for Q if y € 9Q and QN 775 = (). We have
the following technical lemmas.

Lemma 1. Let y € 0. Then there exists £ € R™ with £ # 0 such that 775 is a
supporting hyperplane for €.

Proof. This is well known, see for example Theorem 2.1.10, page 44 of [16]. O

Lemma 2. Lety € 0f). Assume that 775 is a supporting hyperplane for Q. Then there
exists X\ € R, A # 0 such that £ = Adr(y).

Proof. Let x € 775 N U. Since we have N 775 = (), it follows that r(x) > 0. Since
r(y) = 0, it follows that r has a minimum at y along the line with direction  — y.
Hence < & —y,dr(y) >= 0 and the lemma follows. O

Lemma 3. Let r : U — R be real analytic and assume that y € 0. If 775 is a
supporting hyperplane for Q, then QN 775 ={y}.

Proof. Assume that there exists  # y such that + € QN 775. Let I be the segment
connecting = to y. Observe that QN 775 is geometrically convex. Since 2N 775 =0,
it follows that I C 0f). Since r is analytic, it must vanish on the line containing I.
Hence 012 is not compact in U. Contradiction. U

The next Lemma indicates some of the difficulties one faces if ) is allowed to be
unbounded.

Lemma 4. Let Q@ C R” be convex and open with smooth boundary. Assume that 0
contains a straight line. If B denotes the Bergman kernel for Tq, then it follows that
B = 0.

Proof. We begin by observing that our assumption implies that €} contains a straight
line. First note that if S denotes a line segment connecting an interior point of € to
a boundary point of €, then all interior points of S belong to ). This follows from
the fact that  is convex with smooth boundary.

Let L be a straight line contained in d{). Assume without loss of generality that
0 € L. We denote points of L by sy°, where y° € R" is a fixed direction vector and
5 € R is a parameter. Let y! € Q. Then % + %, s € R is a straight line contained in
Q.

Assume now that L is a straight line contained in ). We will denote y € R” by
y = (y1,y’) where y; € R and ' € R"™!. Assume without loss of generality that
points of L are given by (s,0),s € R. Let Qo = {y' : (0,y') € Q}. We will show that
Q=R x Qo.

Assume first that s € R and that ¢y’ € Qq. Since g is open, there exists ¢ near 1,
0 < t < 1 such that yT/ € Qo. Also (1%,0) € L. Hence we have ¢(0, %)—I—(l—t)(ﬁ,()) €
Q. Hence (s,y’) € Q.
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Now let (s,y") € Q. Choose ¢ near 1, 0 < ¢ < 1 such that (S,y?/) € Q. We have
(£2,0) € L. Hence (0,y') € Q, and we have shown that & = R x Qq.

From this we see that Tq = C x Tg,. Now we see that if f is a holomorphic
function on Ty which is square integrable, then f = 0. Indeed, this follows from
Fubini’s theorem, and the fact that any L? entire function of one variable must be

zero. O

4. SYMPLECTIC GEOMETRY AND TREVES CURVES

Our goal in this section is the calculation of the Treves curves for the tube Tq. These
curves are determined by the symplectic geometry associated to the CR structure of
JTgo. We begin with a general definition.

Let (M,w) be an analytic symplectic manifold with symplectic form w. If ¥ C M
is a submanifold with p € ¥ | we denote by T,X the tangent space to 3 at p. We
denote by (T,X)~ the space orthogonal to T,%¥ with respect to w. Let (0,1) C R
denote the open unit interval. We have the following :

Definition 1. Let ¥ C M be an analytic submanifold and let v : (0,1) — X be a
non-constant analytic curve. We call v a Treves curve for ¥ if

Tty e (T0) ()

for all t € (0,1).

We now discuss the characteristic set of the CR structure of 0Tq. Let & = (x1,...,2,) €
R™ vy = (y1,...,yn) € R” be natural coordinates. We think of C* as the space R” xR"
equipped with the complex structure generated by the functions z; = x; +1y;,7 =
I,...,n. This then induces coordinates (x,y,&,n) € T*C". Since T = {z € C" :
r(y) < 0}, we have T*(0Tq) C T*(C") is defined by two equations; that is we have

T(0Ta) = (o, 6m) € T(C) ) =0and Y n ) =01 (5)

71=1

We now study the CR structure on 97. We will work near a point z = « + 1y € C”
such that r(y) = 0 and %(y) # 0 for some k, 1 < k < n. The following n — 1 vector
fields form a basis for the natural CR structure on the boundary of Tq near z

ar 8 ar

Then ¥ C T*(C"), the characteristic set of the CR structure, is defined by 2n equa-
tions. Indeed, we have (x,y,&,n) € ¥ if and only if (x,y,&,n) satisfies the two
equations of (5) along with the following 2n — 2 equations:

or or
B N 7
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or or
— —m=— =0, j#£k. 8
gy Moy = 7# (8)
It follows immediately from (7) and (8) that we have the following

Lemma 5. Let X be the characteristic set for the natural CR structure induced on
the boundary of Tq. Then we have

(s (O - () = O — 0. & — 4 W)
N={(2,y,&m) €T7(C) ir(y) = 0,n 07|§| i|dr(y)|}-

We will now study the Treves curves for X. Let p® = (2% y°,£%1°) € ¥ and let
I C R be an open interval containing the origin. Assume that

vyl =X
is a Treves curve such that v(0) = p°. If s € I, we write
1(5) = (al5), 9(5), £(5), (). )
We have the following

Proposition 1. Assume that 0N) is real analytic. Suppose that v is a Treves curve
for ¥ as in (9). Then we have

y(s)=y", &s)=¢€" nls)=0 (10)

for all s € I. Furthermore we have

d
< ﬁ(s),dr(yo) >=0 (11)
and
n 2
o ovdx;

y )—(s) =20 12
> (12)
for all s € T and | = 1,...,n. Conversely, any non-constant curve v : [ — X

satisfying (10), (11) and (12) is a Treves curve for X.

Remark 1. Tf (2°,4°,£°,0) and (2, y° £°,0) lie on the same Treves curve for ¥, then
define x(s) = sz*+(1—s)2° s € R. It follows that the straight line (z(s), y°,£°,0),s €
R is a Treves curve for ¥. This follows from (11) and (12). Now we define the
characteristic lines to be the projection to the base of these straight lines.

Remark 2. Note that by definition, Treves curves are not constant. Hence it follows
from the Proposition that if a Treves curve passes through p°, we must have x(s) not
constant. As a consequence we see that y° must be a weakly convex boundary point
of Q. So we see that if 9 is strongly convex, it follows that ¥ contains no Treves
curves. This is a special case of the general fact that the characteristic set of 9 is
symplectic for any strictly pseudoconvex domain.
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Proof. 1t follows from Lemma 5 that n(s) = 0 for all s € I. Note that 7Y~ is spanned
by the Hamilton fields of the defining functions of ¥. According to Lemma 5 these
defining functions are independent of z, hence their Hamilton fields are independent

of 8%. Thus it follows that £(s) = £ for all s € I. We have r(y(s)) = 0 for all s € I.

Hence we have < fl—z, dr >= 0. By Lemma 5 we know that dr is a multiple of £. Thus
it follows that < y(s) — 4%, &% >= 0 for all s € I. Now by Lemma 3 it follows that
y(s) = y° for all s € I. So we see that y,£ and n must be constant functions of s. We
now investigate the behavior of x, which we will see is more complicated.

We assume that rg(y°) # 0 for some k,1 < k < n. We denote derivatives of r by
subscripts. Near (22, y% €% n°) we see that ¥ is defined by the equations r = 0;1; =
0,l=1,...,n;p; = 0,7 # k. Here we define p; = ry&; —r;&. Since v is a Treves curve
for X, it follows that we have

d
d_z =aH, + Zoszp]
ik
for some functions a, a;. We have used the notation H to denote the Hamilton field.
Note that

n

H, =- era%,

j=1
and on X we have

It follows that

dl‘k

I#k
and that
% =rpay, J# k. (14)
Hence we have
dx o
< g(s)wlr(y )>=0, sel.

Since we know that n vanishes identically, it follows that we have

{k
—arl_ﬁrklzajrj‘l‘szajrﬂ:07 [=1,...,n.

J#k J#k
It follows now from (13) and (14) that
& N d;
= — Ly, [=1,... n.
ary ' dS T'5l, ’ s

i=1
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Summing over [ we have

R N . axj du
0 a<d57r> rkzr]lds ds

l,7=1

Since the matrix (rj;) is non-negative and symmetric it follows that

Now assume that v : [ — ¥ is any curve satisfying (10), (11) and (12). Assuming
as before that r.(y°) # 0, it follows that we have

d " dx;
Z x]H Tk;%a%

JFk

and the converse follows. O

5. THE FORMULA

We give here a brief discussion of a result of Boutet de Monvel, [1]. See also Koranyi
[21], Vinberg [32], Faraut and Koranyi [8]. Let @ C R” be open. If Q is bounded and
convex, then we have the following formula for the Bergman kernel of T. Note that
no assumptions on J{) are necessary for the validity of this formula.

If we denote by B the Bergman kernel of Tq, then we have for z,w € Ty

B(z,w) = /n eI A(6)T (;f)n (15)

where we define

A(§) :/Qe_2<£’y>dy. (16)

If the boundary of € is of class C'* we may use Green’s theorem to obtain

1 d
A(f) - €—2<£7y> < — r 5

21¢] Jaq Jdr| [€]

where r is a defining function for 2 and do(y) denotes the surface area on 9.

> do(y) (17)
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6. SOME REGULARITY RESULTS

Our goal in this section is to prove half of Theorem 1. That is, we will prove that
if 2%, w® € 9T C C* and 2° and w° do not lie on the same characteristic line, then
B, the Bergman kernel for T, extends as an analytic function to a full neighborhood
of (2%, w"). This result follows from Theorems 3, 7 and 8 which are proved below.
Theorem 3 is a consequence of the following result.

Lemma 6. Let y*, y? € 90, y* #y*. Then ty' + (1 —t)y* € Q for all t € (0,1).

Proof. Since Q is convex ty' + (1 — t)y? € Q, that is r(ty! + (1 — t)y?) < 0 for all
€ [0,1]. If there is a point y° = toy" + (1 — to)y* € IN for some ¢, € (0,1), then the
function ¢ — r(ty' + (1 — t)y?) has a local maximum at ¢, so

d 2

d_( r(ty' + (1= 1)y*))| _,, Z@y] y; —y;) =0.
Since y* —y3 = (1—to)(y'—y ) and y? —y® = —to(y' —y?) the supporting hyperplane
at y°, 77;:( {y € R" :< y — y°,dr(y®) >= 0} contains both y' and y*. So

yLy? € QN 7?5;” and using Lemma 3 we get y' = y? = y* which contradicts the
assumption of Lemma 6. U

We are now in a position to prove Theorem 3.
Proof. Let z = x + 1y and w = u + 1v. Since
1 » 1
B(z,w) = el <rTIE> d
(2,0) (27)" /n | e 2<E o= 1> g ¢

Q

it is enough to prove that

_ _ytv _
/e 20— 55 >da:/ e 2<80> 10
2 -4

is exponentially increasing in ¢ as long as (y,v) stays in a small neighborhood of

(y°,v%). Let 0 = # From Lemma 6 it follows that ¢ € €. Select a small open
ball Bys(c?) in Q. By continuity % € Bs(o?) provided that (y,v) is close enough to
(y°,v°%). Then % + Bs(0) C Bas(0®) C Q so —% + QD Bs(0) and we have

/ €—2<£,cr>d0_ 2 / €—2<£,cr>d0_ _ 571/ e_2<£’50>d0'.
~ 40 B;(0) o<1

Let G be the set G = {o € R": —=£- 0 > L|o|[¢], 1 < |o| < 1}. Note that G depends
on ¢, but that the measure of (G is independent of £, as long as & # 0. Then the last
integral is greater than

5”/ e 2G> g > 5”/ lollelgs > 5”/ 2%l do = c(yo,vo,ﬂ)(sne%(g'g'.
G G G
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This completes the proof of Theorem 3. U

It is easy to see that the arguments used in the proofs of Lemma 6 and Theorem 3
can also be used to prove Theorem 4. Hence we leave the proof of Theorem 4 to the
reader.

Next we present some localizing results.

Theorem 5. Let z°,w® € C*, with 32° = Sw® = y° € 90. Let V C R” be a closed
conic set that does not contain —dr(y®). Then the function

1 €i<z—w,£> Ld
<2w>n/v Gk

is real analytic for (z,w) near (2%, w°).

Proof. We write z = x 4+ 1y and w = u 4 v. It is enough to prove that

_ v
/e 2<60=5"> o
Q

is exponentially increasing in ||, for £ € V and (y,v) near (y°,y°). Let £2 € V, with
|€°] = 1. Since £° does not have the same direction as —dr(y°), it follows that

{eeQ:<o0—y"><0} #0.
Hence there exist € > 0 and 6 > 0 such that if ||£| — &% < dand Jy — y°| < 4 and

|v — y°| < § then we have

y+ov
— T >< e} £ 0.

In particular, GG has positive measure since (i is open. Now we have

/6_2<5’0_%_v>d0 > / e2E— 1> g > / el de > C(fo,yo)e%'g'.
Q G G
Now the theorem follows by the compactness of the unit ball in £ space. O

G={oce: <o

Theorem 5 allows us to localize in the £ variable. Now we will discuss localizing on

0. We define
Sspo ={y€0Q:|y—y°| <5}

dr ¢
A / e 28> — . = > do(y).
=3 IERGR
We have the following

Theorem 6. Let z°,w® € C*, with 32° = Sw® = y° € 90. Let I' C R™ be a small
conic neighborhood of —dr(y®). Then the function

2ow) — 1 €i<z—w,£> 1 d
B(zw) <2w>n/r AT

can be extended as a real analytic function to a full neighborhood of (2°,w?).

and
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Proof. We will begin by choosing convenient coordinates. Note that the formula
(15) is invariant under translations and real rotations. Hence we may assume that
¥’ = 0. We may also assume that we have § > 0 and ¢ real valued and real analytic
near |y’| < & such that r has the form r(y) = ¢(y') — y, with de(0) = 0. Here
Yy = (y1,...,Yn-1). Hence dr(0) = (0,...,0,—1). So we may assume that

Ssy0 ={y € 001y = 0(y), ly'| < 6}
Given M > 0, we define I' as follows:
I={{cR": & > M[E]} (18)

Note that if M > 0 is large, I' will be a small conic neighborhood of —dr(0). We
define V = R™\ I' and for the rest of the proof we write As in place of As .
Using formula (15) we see that

2ow) — 1 €i<z—w,£> 1 —
Blzw) <2w>n/r Lo®

1 1<z—w,E> 1 1 1<z—1w,E> 1 1
o T R e | g
By applying Theorem 5 and using the fact that S(z — w) is near 0, we see that the
theorem will be proved if the quantity
1 I A=A
A As T AAs
is exponentially decreasing for £ € I, with M sufficiently large. This follows from the
next two lemmas. O

Lemma 7. Let 6 > 0 be given. Then there exist M > 0 and ¢ > 0 such that if
£, > M|E'| then

A(6) — As(6)] < Kl

Proof. Since 09 is convex, bounded and analytic, it follows that there exists Cs > 0
such that if y € 90\ S50 then y, > Cs.
Now consider

|1 K
> — —)&,.

Here K is the diameter of ). The lemma follows once M is chosen large enough. [

<y,&E>=<y &> +y.b > —|Y||€] + Cs& > —

Our next result uses stationary phase methods. Note that the critical point (which
may be degenerate) for the function < v, > +p(y')&, is given by the equation
O'(yh) = —g—;. Observe that ¢’ is a one to one map, since ¢ is convex and analytic,
and because JQ contains no straight lines. Hence we denote by y. the unique critical
point, which is a function of the parameter €.

The next lemma gives us a bound from below for As and hence for A also, via
Lemma 7.
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Lemma 8. Let § > 0 be given. Then there exist M > 0 and C' > 0 such that if
£, > M|E'| then
C

' ' ' ' C
_25" */ */19%

Proof. We clearly have C' > 0 such that

Ag(f) > Q/ 6—2(<y’7£’>+w(y')£n)dy/‘
~ & Jiics

The Taylor expansion about the critical point v/ gives
<Y &> Fo(y ) =<y € > oY)l + LR =

Enlp(y)— < @(yl) v > +R),
with |R| < Cly’ — y.|?. Here C > 0 depends on ¢ but not on &.
Since @ is convex, it follows that we have

P(y) = ply)+ <@y v — vl >,
for |y'| < 4. In particular, letting y' = 0 we obtain

() — < ¢'(y.),y. ><0.
Now it follows that

<y &>ty ) < Eulolyl)— < @' (Yl), vl > +Cly — ylI?) < C&ly — il
for &, > 0. We have

/ 6—2(<y’7£’>+w(y’)£n)dy/
ly'|<8

> e~ 2n(e(vl) —<¢' (v) vi>) / e—Cénly’—yi|2dy’
ly’|<8

> €—2£n(w(y'*)—<w’(y’*)7y’*>)/e—Cfnly'—y'*lz)dy’
T

¢ —28n(p(yi)—<¢'(vi)yi>)
> 57(171_1)/26
C
Z e (19)
&n
where I'= {y" : |y — y.| < 1/} O
Theorem 7. Let 2%, w® € C?, with 32° = Suw® = y°. Let y° be a weakly convex

boundary point of Q. Then if 2° and w°® do not lie on the same characteristic line,
then B, the Bergman kernel for Tq, can be extended as a real analytic function to a

Jull neighborhood of (2°,w").
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Proof. We may assume that y° = (0,0) € R% In addition we may assume that near
(0,0), the boundary of € is defined by {r < 0}, where r(y) = ¢(y1) — y2. Here ¢
is real valued and real analytic for |y;| < 4, some § > 0. Also we may assume that
©(0) = 0 = ¢'(0). Since (0,0) is a weakly convex point, it follows that there is an
even integer m > 4 and a real analytic function u defined near |y;| < ¢ such that
u(0) > 0 and
ply1) = ulyn)yr"

We have z° = (29,29) € R? and w? = (uf,u)) € R% Note that (1,0) is the direction
of the tangent vector to 92 at the point (0,0). Hence (1,0) is the direction of the
characteristic line through 2° or w®. Thus, if 2° and w® do not lie on the same

characteristic line, we must have x5 # uj.
Since dr(0) = (0, —1), we will focus on

o o, d
Q) = [ eme e (20)

~~

where
I ={£cR*: M|&| < &}

By Theorem 6, it suffices to show that () is analytic near (2°,w").
In the present case, we have

15+8009)) g (s S
As(é 2|ﬂ/ g s, £)d (21)

where

- §a — ¢'(s)&
a(s, &) = 7|§| . (22)

We make the change of variable
&=pn,&=p"/a

where we define o = u(0). We obtain
m - ; — zo—wo )p™/a) m m —
Q(z,w) = E/ /H / et ((z1=1) o+ )e/ ),0 As(pn, p™ Jor) " dndp.
n|<pm=1/aM

Now we will exploit the fact that 3 # uJ. Let € > 0 be given. We make the change
of contour

S (1t ie(e = u8)) ™ = p.
We now show that given € > 0, there exists an M > 0, which gives us good control
of the phase. Indeed, when (z,w) = (2%, w"), we have

S((z1 = w1)pen + (22 — Wa)p{" @) > e(ay —uy)*p™ far — Cp™ [M > C'p™

once M > 0 is chosen large enough.
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Stationary phase arguments (as in the proofs of Theorem 9 or Lemma 15) give the
following estimate for p large:

C C m m—1
m—l—l(l—l_ |77|)2 |77| .

| As(pen, p"[a)| = p

It follows that () is analytic near (z°, w?) by differentiating under the integral sign. [

The next result probably can be proved using the methods of Geller [12] on strictly
pseudoconvex domains. However, his results are proved only for bounded domains.

Theorem 8. Let 2%, w® € C*, with 3z2° = Sw® = y° Let y° be a strongly convex
boundary point of Q. If 2° # w°, then B, the Bergman kernel for T, can be extended
as a real analytic function to a full neighborhood of (2°, w?).

Proof. We use the same localization as in the proof of Theorem 7. In particular we
assume that y° = (0,0) € R? and that 2° = (29, z9) E R? and w® = (uf,u) € R~
Strong convexity here means that m = 2. If we have 29 # uJ, then we may proceed
as in the proof of Theorem 7. From now on we may assume that 2§ = u3, and that

0 0
x] # uj.

We first analyse As(£) by stationary phase. Recall that ¢(s) = u(s)s?, with u(0) >
0. The critical points, s,, of the phase

&5+ Eap(s)
are given by the equation
¢'(s:) = =&/

In what follows tha quantity & /& will always vary in a small complex neighborhood
of zero. On the other hand, & > 0 will be large. It follows that

—2(&15x + Lap(s4)) = 2(&7 /€2 )u(s,).

i(s) = u(s) + su'(s) ‘
(2u(s) 4 su'(s))?
As long as & /& is small, we may assume that Ra(s,) is strictly positive, while Su(s,)
is small. This follows since u(0) > 0, u is analytic and real valued.
Stationary phase arguments yield

As(&) = a(f)e 2(£7/62) (s« )7

where @ is holomorphic in €. Also, for £ > 0, large and & /& near zero and complex
we have €' > 0 such that

We define @ as follows

a(¢)l = 0&™".
We study ) as in the proof of Theorem 7, keeping in mind that m = 2.

Q(z,w) =

2 - ; —w 2o —W2 ) p2 [ o ~ -1 _—2an?u(s
_/ / el (rmmlent (2 =)/ 2) o2 (G (pn, p* [ar) ) e ¥ o) dydp.
[n|<p/aM
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Next, we take advantage of the fact that @ # u}. We make the change of contour

n —n+ielp,

where ¢ = 2 — uf # 0. Note that As can have no zeroes. Indeed, there are none

when wu(s) is identically equal to one and m = 2. This follows from known results
concerning the function A. This is explained in section 7. In particular, see the
argument preceeding equation (44). Hence there is no problem with this large contour
deformation.

We now must estimate the exponential, when z = 2% and w = w°. For the moment
we write 4(s,) = a 4 ¢b. That is, we must estimate

R(itp(n + ictp) — 2a(n + ictp)u(sx))
= —ct’p*(1 — 2aca — 2aca(b/a)®) — 2aa(n — etp(b/a))?
< —Cp? —2aa(n — etp(b/a))?,

provided that € > 0 is small enough. Now the result follows by differentiating under
the integral sign. Observe that each derivative contributes one factor of p?, hence the

—Cp2

bound e yields the analyticity. O

7. GEVREY REGULARITY

In this section we prove the first part of Theorem 2. The fact that m is the best
Gevrey class possible is proved at the end of Section 9.

Theorem 9. Assume that the two distinct points 2°,w® € dTqg C C? lie on the same
characteristic line. Let m be the type of the point z°. Then the Bergman kernel of the
tube Tq, B(z,w), can be extended as a smooth function of Gevrey class m, to a full
neighborhood of the point (2°, w®).

Proof. The assumption that 2% w® € 0Tq lie on the same characteristic line means
that we have t € R\ {0}, e € R? |e] = 1 such that 2% = Ruw® + te, e—Vr(y?),
e € Ker r"(y°). After translating and rotating the domain {0 we may assume that
y* =0, Vr(y°) = (0,—1) and e = (1,0). So we have 2° = Rz° = Ruw® + ¢(1,0). Near
(0,0) € 99 the boundary of 2 is given by y2 = ¢(y1). The function ¢ is nonnegative,

convex, real analytic and ¢(0) = ¢/(0) = --- = p(™=D(0) = 0, ©")(0) = am! > 0,
and m > 2 is even. We may also assume that ¢ satisfies the estimates
(k) k
a(m e (Yy* _ 3a(m
— R m 23
2<k>y =T S 2<k>y (23)

for k=0,...,m and
P V(y) >0 (24)

in the interval [—4, §] for some § > 0.
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Let B, (2°,w") C C* be the open ball of radius €y > 0 centered at (2%, w?) € C* xC?.
We remark that it is sufficient to prove the Gevrey estimate in the set

B, (2°,w”) N {(z,w) € C* x C*; Iz €9, Sw e N},

that is, for the points (z,w) = (x + 1y, u + 7v) near (2°,w") satisfying the conditions

y2 2 @(y1), v2 > @(v1) (25)

for all y1, v € (=9,9).
After taking derivatives, there exists ' > 0 such that

COmO20220° 00205 0% B(=, w) =

Tl 7Yl UL TVl T2 TY2 TU2 TU2

ol lfl i<o-wes L
25 & A(f)df'

Let Iy be the cone T'yy = {£ € R?; & > M|& |}. Then it follows from the localization
theorem, Theorem 5, that it is enough to prove the Gevrey estimate for the integral

1
FMf |§|5| i<z— w£>md§‘ (26)

1) b
Aé,b(f) = /5 /( )6—2(51y1+§2y2)dy2dy1
- P Y1

for some b > 0. We may assume that § > 0 is so small that {y € R?; |y1| < 3, p(y1) <
y2 < b} C Q. Then an argument similar to Theorem 6 shows that we can replace
p

A in (26) by Asp. After changing the coordinates to & = pn, & = Tm we need to
estimate the integral

Consider the integral

+m|B+m .|
. [+m 8] 77||

PRt e, Asp(pn, p™[a)
when (z,w) is near (2°,w°) = (2° u°). The domain of integration is I'y; = {(1, p) €
R?% p > (aM|77|)ﬁ} Taking advantage of the fact that 2§ # uf, we deform the
contour of the n-integration in J as 1 — 1+ 2ie(a§ — ul) The new exponential factor
is e’ with E = (n+2ie(2? —u)))p(z —w;) + :(22 w3 ). We have the lower bound
for

J m '(077(21—@1)+%m(22—w2))’0|a

dpdn (27)

SE = 2e(a) —ud)(x1 —uw)p+ pnlys + v1) + 'O—(yz + v7)

> ey —ud)’p+ pnlys +v1) + —(yz +v2) (28)
provided (x1,uy) is close enough to (9, uY).
Here we use assumption (25) and the convexity of the function ¢ to obtain

Y1+ v1
).

Yo +va > o(y1) + @(v1) > 20(
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So the exponential factor in J satisfies the upper bound

. m
6P| < em=(ad—udom2(on i Emo(HH))

Consider the function

m

(—6,8) >y pny + ’%@(y)- (29)

It follows from the convexity and analyticity of ¢ that ¢’ is strictly increasing and
therefore the function (29) has a unique critical point y. = y.(p,n). The critical

point satisfies the equation ¢'(y.) = —p:ﬁl. If (p,n) € I'ns then —pa”

—1_ lies in the
set ¢'((—=6/2,0/2)) therefore y. € (=§/2,0/2) provided that the constant M is large
enough.

Since the function (29) is convex, its minimum occurs at y. = y.(p,n). This yields
the estimate

6] < ool oot v (30)

Next step in the proof is to obtain a lower bound for | As 4 (p(n+2ie(z{—u?)), p™ /a)].
We have

Asp(p(n + 21e(2) — ul)), p™ /a) =

_ / / Pl 2iele—u)nt 502) gy
1/1

_ 2 e (mﬂn-l—L (yl))e—‘lifp(g”?_“?)yl [1 — ezgﬂ(w(yl)_b)}dyl (31)
pr
a 5 fly1)
- e " Wg(yy)dyy,
o | (y1)

where the functions f and g are defined as f(y) = 2(pny + %cp(y)), and

gly) = et =D _ 2 ew-n],

To estimate the last integral we use the stationary phase method as in Lemma 12.
We start with decomposing the last integral into the sum of the four integrals

§
J - e—f(y*)/ U1 (g(y) — g(y.))dy, (32)
-
5 //[ ]
J2 — g(y*)e—f(y*)/ e—(f(l/)—f(l/*)) _ e—f 221* (y—y*)zd% (33)
-
Js = g(y*)e‘f(y”/ e~ = gy (34)

J, = _g(y*)e—f(y*)/H e_f {y*!(y yx)? dy. (35)
y|>6
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The integral J3 can be evaluated explicitly

= /27# e~/ (vx)
Sy = f//(y*)g(y*) d : (36)

Jg = —g(y*)e_f(y*)/ R
[ty |>6

can be estimated easily. If |x + y.| > ¢ then 2 > |y.|* because y. € [—§/2,5/2]. So
f”(l/*)xQ > f”(l/*)xQ + [ (yx)
2 = 4

The fourth integral

we can use y.|* to obtain

4
F(y)

In the exponent we have f”(y.)|y.|* = 220" (y*)|y*[> > m(m — 1)p™|y*|™, using (23)
with k = 2.

The critical point can be estimated by using (23) with & = 1. Since |¢'(y.)| <
Som .71 e gt

] < gy ) e 0 =4 P

1

2 1 |p|mT
> (== )m . 37
Iyl_(gm) p (37)

So the exponent f”(y*)|y*|> > ¢1(m)|n|»=T. Therefore we obtain

27

1
[Jal < & f,,(y*)lg(y*)le

1
st = Ly (38)
6
for [n| = no(a,m).
To estimate the integrals J;, Jo we need the following lemma.
Lemma 9. The function f(y,&) = 2(&y + &v(y)) satisfies the inequality
Fy) = fly) + abayl ™y — ys)? (39)
for all £ € T'py and y € [0, 6].

Proof. Case I: & > 0. It follows from (23) that y. < 0 in this case. First we estimate
f(y) in the interval [y., ]. We have

m—L (k) m
J) = S+ 30 T e T e

for some ¢ between y. and y. The inequality (23) implies that

(m) (5
! (y)(y — g™ > abs(y — y)" = abayl (L —1)"

m! Y
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and

(k) (k) k m
e %(f ~1)F > a&(k)y:l(i -1

So
f) = +a§2yrz( D=1 = ) + s~ )

where the function 3 is defined as 3(¢) = (t + 1) — mt — 1. It is elementary to see
that 8(¢) > t* for all ¢ € R. This proves the inequality (39) for y € [y., §].
In the interval [—d, y.) it is enough to use fourth order Taylor expansion

" (3) W
fly) = fly=) + ! (Qy*)(y fT(!y*)(y—y*)?”r fT(y)(y—y*)“-

The third term is nonnegative when y < y. because it follows from ¢; < 0 and (23)
that f®)(y.) < 0. The fourth term is always nonnegative because ¢* > 0. So using
(23) again we get

- y*)Z ‘I’

f‘//(y*)

Fy) = ) + (y—uy)® > flys) +a ( )&ym (y —ya)?

for y € [—6, y.]. This completes Case I.

Case II: £ < 0. We introduce the function () = ¢(—=x) and define the function
g as g(x) = 2(=&a + EY(a)) for @ € [—0,0]. Let the critical point of g be z. =
r(—&1,&,0). If M > 0 is large enough then x, € (=§/2,8/2) for all £ € I'y;. Since
the propeties of b and ¢ are similar to that of ¢ and f, Case I can be applied to g,
so g(z) > g(x.) + alex™ *(x — x.)? for all x € [—6,d]. Replacing x by —z we get

g(—z) > g(x.) + aboxl 7 (—x — 2.)". (40)

Notice that g(—x) = f(x). Since the critical point z.(—£;, &2, 1) satisfies ¢'(x.) =
?, we obtain that —x.(—¢&1,&2) = y.(&1,&2). Therefore the right-hand side of (40)
is equal to f(y.) + ay™ ?(x — y.)?. This proves Case II.

When & = 0, the inequality (39) is trivially satisfied, and the proof of Lemma 9 is

complete. O

Applying Lemma 9 in estimating the integral J; we get

|Ji] < fngglg y*/ ly — yale™" T v gy

< maxlg ()l 0 [ Jslem s

1

= s ax g/ (y)| e W),

P Y
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We may assume that § is selected so small that ¢(y) — b < —% for all y € [=4,4].
Then we have

2 m _ b m
l9'(y)| < 8eplay — ui| + = maX|<P( )p"eTw

So if ¢ is small enough and 19 = no(a,m, d,b) is large enough then |¢'(y)| < Cep for
all y € [=6,6], (n,p) € I'ng, and || > no. Moreover we know from (23), (37) that

f”( ) < m—2, m=2y-1/2 ~ m=2,\_1/2
=3 < cala,m)(p" Tyl T) T < esla, m)([n|m=T)
prlyl
tends to zero if (n, ,0) € Iy and || — oco. We also know that |g(y.)| = |1 —
e (el b >1—ea : because p>( aMno)m 1 > 1. Therefore we get

Ig y)e /) = —|J3| (41)

1
| 1] Sg

for |77| 2 770(@7 m, M7 b)
To estimate the second integral J; we introduce the function h(t) = h(t,y,n,p) =
t(f(y) = Fly)) + (1= 8)5f"(y=)(y — y)?. Then

)
J2:g(y*)e—f(y*)/ D) =O) gy = gy )e —fy*// Odtdy.
-5

Here h’(t) = f(y)—f(y*)— W(y—y*)z = Z;_gl f(k;ﬂ(!y*)(y_y*)kﬁ' f(m)(~)(y y*)m
for some § between y and y.. It follows from (23) that I k(, Dl zpm [t k(y*” <
3p™ (T) |y ™*, for k = 3,...,m — 1, and hi ( I = 207 e ( < 3pm. SO |R'(t)] <
3pm >, (ZL) [y |y — y.|®. To estimate the exponent h( ) we use Lemma 9 and
F'(y) > m(m—1)p"y" = to obtain A(t) > tp™y 2 (y—y.)>+(1—1) 2= pmym=2(y

Y )? > p"y" %y — y.)?. These inequalities lead to
. m k 5 k m, m—2 2
|J2| < Ig(y*)|e—f(y*)3pmz <k>|y*|m_ / |y—y*| e Py (y—us) dy
k=3 -6

m m m—k
—f(yx) m P" |yl
< latw)l 3y ()

Etl
pat P YL 2) 2
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In the last step we took the advantage of W < ey(a,m) % Since
P |y|™ > es(a,m)|n|7=T we see that
1 27 1
J — . W) = —|J. 42
91 o ol = £ (42
provided |n| > no(a, m, M, b).
Now from (38), (41), and (42) we see that
2p™ , ™ 1
| Asalp(n + 2} =), o) = ol S L]+ LBl + ] < 51l
Therefore we can conclude that for small ¢
2p™ , ™ 27
L Asalpln + 20 (e — ), )| 2 sl = ol
(43)

for all (n, p) € T'ar, |n| = 1o(a, m, M, b).

Our next step is to obtain a lower bound for |As,(p(n + 2ic(z) — u?)), p™/a)| in
the region {(1,p) € R?% |n| < no,p > po > 0}. We write ¢(y) = ay™u(y), then
limy—o u(y) = 1. Substituting y = —2 info (31) we get

lim " Asa(ply + 2ie(a} = ), " )
a %

= lim — e
p—roo 2 —5p

2((n+2ie(ef —uf))o—s"u(- 1)) [1 _ = (w(—%)—b)]dx

= SN (n+2is(a —ul)),

where the function N is defined in (54). It easy to see that the last limit is uniform
in g € [—no,1m0]. Since the roots of N are all imaginary, there is a constant Cy =
Ch(g,a,m,8,b) > 0 such that |[N(n+ 2ic(29 —u?))| > 2C; for all || < no, provided
that ¢ is small enough. So there is a constant pg = po(a,m,d, m) > 1 such that

| Aspp(n + 2ie(a) — uy)), p" [a)| > pg

for all p > py. Moreover, notice that the exponential factor e=/(#*) is bounded when
n is bounded. Indeed, using the Holder inequality we get

—[y) = 2enly] = p" |y ™ < plya|™ + er(m) ==t — ply.|™
< er(m)|io| T = es(m, o)

that is, e™/¥) < e3(m,n0). So

[Asallp(n + 2ie(a = ud)), ") < ealm,mo)o™ e/ (14)

in the region {(17,p) € R% [n] <no; p > po > 0}.
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In the region {(n,p) € R%n| < 10,0 < p < po}, it follows from (31) that
Asp(pn, p™/a) has a positive minimum. So there is a positive constant C' = C(¢,d, m, M, b) >
0 that [Asy(p(n + 2ie(2? —uf)), £-)| > C, provided that ¢ > 0 is small enough. Using
the boundedness of e~/ again, we obtain the estimate (44) with a different constant
es(m,no) in the region |n| < no, p < po.

Combining these estimates with (43) we obtain

m

[Ass(pln + 2iz(af = uf)), Eo) 7 < C(1 4 pF)e/0) (45)

for all (n,p) € I'pr. In the last estimate we have used that |g(y.)] > 1 — ¢~%, and
F(y.) < 3m(m — 1),02|77|z—:?. Returning to the integral J in (27) we get

m x m m . a
|J| < S ,0| |+m| 6]+ |77—|-215(x(1)—u(1))|| |«
M
I A (o 4 20w — ). )| dpy
a
|| 4+m|8|4m || Tm (29 —u?)?
= a|ﬁ|+1/ /L L+ n)™ (A +p7> )e ?dndp
ch alTm m— m— a 3mo (29 —0)2
< PIEE3Yi ,0||+ 5142 Y1+p 1)"(1—|-,02) (9 1)pd,o

< PR (m(la] +18]) + 1),

Here the constant €' is independent of o and 3. This completes the proof of the
Gevrey estimate. O

8. ANALYTIC SINGULARITIES AWAY FROM THE BOUNDARY DIAGONAL

Our goal in this section, and the next section, is to prove the second half of The-
orems 1 and 2. To be precise let z° w® € 9Tq. Assume that z° # w®. We will show
that if 2% and w° lie on the same characteristic line, then B has no analytic extension
past (2%, w”). However, as we have already seen, a smooth extension of Gevrey class
m exists, if the type of 2% or w® is m. We will show in the next section that this is
the best Gevrey class possible.

We begin by observing that under the above assumption, there exists y° € 99, a
weakly convex boundary point, such that

320 = ¢ = S’
Our assumption also guarantees the existence of a vector ¢ € R™ |a| = 1 and {5 €

R, ty # 0 such that
Rz° = R’ + toa.

The vector a also satisfies

< a,dr(y®) >= 0 and "(y")a = 0.
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All this follows from Proposition 1 and Remark 1. We now introduce the function

U(t) as follows :
U(t) = B(2%,w® + tdr(y)). (46)

We will show that U is not an analytic function of ¢t near ¢ = 0. It follows as a
consequence of this that B has no analytic extension to any neighborhood of (2°,w°).

We will begin by choosing convenient coordinates. Note that the formula (15) is
invariant under translations and real rotations. Hence we may assume that y° = 0.

We may also assume that we have § > 0 and ¢ real valued and real analytic
near |y’| < & such that r has the form r(y) = ¢(y') — y, with de(0) = 0. Here
v = (y1,...,Yn-1). Hence dr(0) = (0,...,0,—1).

We may also assume that a = (a,0), |d'| = 1,a’ € R"™! with ¢”(0)a’ = 0.

So we see that if £ € R™ we have

<2 = (@ tdr(y?)), £ >=to <’ ¢ > Hib,

Hence it follows that we may assume that 0 € 9 and that for t € R, ¢ near 0, we

have

U(t) _ /nei(to<a’,£’>+t£n)A(§)—1 (;jf)n (47)

where {5 € R,#p# 0 and o’ € R"™! |d/| = 1.

Now that we have chosen convenient coordinates, we will localize. The main idea
is that the important singularities of U arise near the interior normal of €. Given
M > 0, we define I" as follows:

[={{eR": & > M|E]}, (48)

where & = (&1,...,&,-1). Note that I' is a conic neighborhood of the vector n =
(0,...,0,1), which is the interior normal to € at the origin.

We define
Ss ={y € 0y, = o(¢), ly'| < 6},
and | J ¢
.
As(€) = — eI > do(y).
© =34 J, ar e~ W)

Now we introduce
d¢
(2m)

3

UF@(t) — /€i<t0<a/7£/>+t£")A5(§)_1
r
We have the following

Lemma 10. Let § > 0 be given. Then there exist M > 0 such that
U—"Urgs
is an analytic function of t, for t near 0.

Proof. We apply Theorem 6 to (46) and (47). O
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We now focus our attention on Ur;s. Our goal is to show that this function is not
analytic near ¢t = 0.

9. THE TWO DIMENSIONAL CASE

We now begin our study of the two variable case. We assume that Q@ C R? is open
and convex with real analytic boundary. We may also assume that 0 € 99 and that
we have § > 0 and ¢ real valued and real analytic near |y;| < ¢ such that r has the
form r(y) = ¢(y1) — y2 with ¢’(0) = 0. Hence dr(0) = (0,—1). Our previous work
allows us to focus on

UF,&(ZL) = /ei(tofl-l-th)Aé(é_)_l (Zdé“)z
r T

(49)

where
I ={£cR*: M|&| < &}

In the present case, we have

1 5
As(§) = m /_5 6_2(51”52@(5))@(5,5)6[3 (50)

where

als _ §a — ¢'(s)6

Since we assume weak convexity, we have ¢”(0) = 0. We may assume that we have,
for |s| <4, a strictly positive analytic function u such that

(51)

pls) = u(s)s™
where m > 4 is an even integer.
Rather than studying Ur s, we introduce

[(tof1+tE2) &g 1
Ft:/e201 V22 As(€) dE. 52
= O (52)
Note that F'is the image of Ur s under the elliptic pseudodifferential operator 2mi2|Dt|p+2A_1.
Here A is the Laplacian in the (¢o,t) variables. Hence it suffices to prove that F'is
not analytic at ¢t = 0.

We are free to choose the real number p. We choose p = _(277;_4—1) Clearly we may
assume without loss of generality that to = 1 and that u(0) = 1.

We malke the following change of variables in the formula for D F' :

_ &
(&)1

and

P = (fz)l/m-
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We obtain
D0 = [ [ G g, (53)
0 JM[n|<pmt
where we define
+pd .
Gilp,n) = / e 2k ONb (1, p, ) di

pé
and

©'(t/p)n
bt g =1 - 200

We will show that F' is not analytic at 0 by estimating (D¥F)(0). To do so, we
introduce

+lelé

Ga(p,m) = / e 2l o)) gy
—lpls

which is defined for all p # 0,1 € R. Indeed we have the identity

Ga(p.n) = Ga(—p,—n)

for all p #£ 0,n € R.
We now introduce I, I, and I3. We define

o0 + oo )
I = / / e?p™ Gy (p,n) " dndp,
0 — 00

I =/ / e"p" G (p, )~ dndp,
0 JMIn|>pm—t

Iy = / / ™ (Ga(p,m) ™" — Galp,n) ™" dndp.
0 JMp|<pm—t

Note that
(DEFY0) =1, — I3 + Is.

The estimate for /4
The argument is based on that presented in [10]. In that paper, the study is based
on the function

+oo +oo

o0 o0

where m > 2 is even.

We know that A is an entire, even function of 1. We also know that A has zeroes
only when m > 4. In this case, all zeroes are on the imaginary axis. This all follows
from classical work of Pdélya, [24]. Since A (0) # 0, it follows that there exists R > 0
such that /R are the two zeroes of A closest to the origin. We also know that £iR
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are simple roots. This is a nontrivial fact which we prove in Section 11. We have the
following:

Lemma 11. Let £iR be the two zeroes of N closest to the origin. Then there exists
C > 0, such that for all k, we have

1 C(2k)!
o= 2

|07

Proof. There exists f entire and even such that V'(z) = (2 + R?)f(z), for all z € C.
It follows that there exists an Ry > R such that f(z) # 0 for all z such that |z| < R;.
Since % is holomorphic near the closed disk |z| < R, there exists a C' > 0, depending
on f, such that

1 C(2k)!

—)(0)| <

o< <5

for all k. Now let Pyy(z) = E;lzo ;2% be the Taylor polynomial of 1, centered at

|024(

the origin, of order 2d. We will choose d conveniently.
Note that
1 —1)F(2k)!

0 = S
22+ R R
Hence it follows that if & > d, we have

2 N2 4 R2 - R2k+2 )
Now it follows that if £ > d we have

0 s (= PO < S S (g

Qk(

z

- -
S e o
Combining the above we see that if & > d we have
1 2k)! . — R,
O] 2 1P| = ¢ Y ().
7=d+1
Now the Lemma follows, since
—~ R, 1
lim (| Pyg(iR)| — — ) = |
I (PR =€ 3 () = 7l >0

Lemma 12. For every integer k we have

I = 7D (N T1)(0).
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Proof. Since (35 is an even function of (p,n), we have after integrating by parts,

+oo +oo
I = ( 1/2/ / P DG ) (pym)dndp.

Let f be a smooth function with compact support such that f(0) = 1. Then we have

+oo +oo
=2t [ ) [ DG pn)dnds

— 00 o0

+oo +oo
=t [ ) [ o6 endndy

e—0 oo

—I—oo +oo )
= (1/2)lim / Flp)e " DG ) en)dpdy

e—0

+oo +oo
—ap [ [ e 06 enpdod

—2 [ [ e o 0)dpds

=7 DI"F(NH(0).

O

Combining Lemmas 11 and 12 we have the following estimate for [;: There exists

an integer N and a real number C' > 0 such that if £ > N we have
(mk)!
Rmk ~

The estimate for /,

1] = C

(55)

We begin by estimating G2(p,n) for n < 0, the arguments being similar for n > 0.
Define f(t) = =2(nt+t"u(t/p)). Since we assume u < 3/2 we have f(t) > 2|n|t —3t™.

Note that the function |n|t — 3t™ has a critical point at ¢, = (m)ml . We divide the
argument into two cases.

First assume that ¢, < pd. Assume that ¢,/2 <t < t,, with {, > 2. Since |n|t — 3t™
is increasing on this interval, we have
m 1
2

F(0) 2 Il + /2 = 3027 > Il + 30w Ly

3m

Hence we have

—m

Gylpon) > % nl+O () mT > Cpelter™,

as long as M|n| > p™ %
Now assume that ¢, > pd. This implies that the function |n|t — 3¢™ is increasing on
the interval 0 < ¢ < pd. If we assume that pd/2 <t < pd, with ¢ > 1, we have

F@) = Inl + nlpd /2 = 3(pd/2)™

=2
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The fact that ¢, > pd implies that || > 3m(pd)™~*. Hence it follows that

- 1
F&) 2 Inl +3(p0)" (5 = 50).
We obtain a similar estimate as in the first case:

Galp,m) > '02_5€|77|+Cpm_

We now can estimate /5. We have

o0 + oo
|15] < C/ pmke_cpmd,o/ e~ldn.
0 _

o0

Hence there exists C' > 0 such that for all £ we have
|I] < C*! (56)

The estimate for /5

In order to estimate I3, we must study Gy(p, ()™ — Ga(p,()~" where { = n + iy
is a complex variable. A contour deformation in the integral defining I3 is necessary.
We will need to make use of our stationary phase results of section 10.

First consider

+pd
(G = )(p.Q) = ey [ 2O 1)y (57)
p

—p§

Lemma 15 shows that there exists an My > 0 and an ¢g > 0 such that if M > M,
0<e<ey, Min| < p™ 1, |v| < €|n| then we have

C Sm—2 _ N m—1 €
(G = Ga)(p. )] € oy | DT 140001406,

2m—2
Y

Hence it follows that there exists an My > 0 and ' > 0 such that if M > M,,

Cly|] < In|, and |n] < ’)7;\}_1, then we have

C 5m—6 1y, | T
m—2 e_ el |77|

|Grp: ) = Galp, Q)] < prr |2

(58)

This estimate is valid for large n. However, we must also estimate Gy(p, ()™ —
G3(p, ()~ near n = 0; in fact near ( = +iR, which are the zeroes of N nearest the
origin.

There exists C' > 0 such that

V()] = ClCF iR
for ¢ near +2R. This estimate follows from the following highly non-trivial result.

Lemma 13. The points £iR are simple zeroes of N.
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The proof of this Lemma is postponed until the final section.

Next we need an estimate for |G(p,()],7 = 1,2 when ( = n + 7 is near +1R. We
think of (; as a family of entire functions of ¢, indexed by p. Any possible zeroes for
these functions will be near +:R, as we shall now see.

Observe that we have for j = 1,2

lim Gi(p. ) = N(O)

Indeed, the convergence is uniform on compact sets, since the family of functions
G(p,() is equicontinuous. (Note that the first derivative, with respect to (, is
bounded independent of p.)

Since A has a simple zero at 1R, it follows that for p sufficiently large, G; has a
simple root (7(p) such that lim, ., (/(p) = i R. Hence there exists a C' > 0 such that
for p large and ( near ¢ R we have

|Gi(p- O > CIC =)l (59)

We will also need information on the rate at which ¢/(p) approaches i B. We begin
by differentiating the identity
Gi(p,¢'(p)) =0
with respect to p. We obtain
de _ apGj
dp — 0:Gy
Note that for p large and ( near iR, we have |0:G;| > C > 0, since 1R is a simple
root of . Now if we differentiate the integral defining G, with respect to p, we see
that there exists C' > 0 such that

for p large and j = 1,2. Now by the fundamental theorem of calculus we have C' > 0
such that for p large we have

C'lp) — iR < . (60)
We are now in a position to begin to estimate Is. We will make the shift of contour

n—n+1y (61)

where v will be real and depend on p > 0 and k (the number of derivatives), but will
be bounded, independently of k, p > 0. We perform the change of contour (61) in /5
to obtain

I =/ e 0" I (p)dp, (62)
0
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where we define J(p) as follows:

Sy = [, G =G+ i) (63)
mn=

M

We now discuss the change of contour in (63). We must specify v. First we introduce
a sequence of real numbers

0<pr <1 (64)
such that
lim p = 1. (65)
k—o0
We now define v as follows:
v =min{3¢(p) — (1 — p) B, SC(p) — (1 — i) B} (66)
Note that v depends on both k and p. Note also that for all £ and p we have
0<y<3¢(p),j=1,2. (67)

This inequality tells us that the shift of contour (61) avoids the zeroes of Gy and (.
Furthermore

lim v = ppR. (68)
pP—r00

It now follows from (66) and (60) that there exists C' > 0, independent of k and p
such that

C
v 2>l — ? (69)
We now begin to estimate J. For ' > 0 we define J; and J, as follows:
W)= [ G = G+ i), (10
OS'”'SP M
Bip)= [ G = Gy + i) (M
In|<C
Using estimate (58) we see that we have
C
|‘]1(p)| S me_Q ° (72)
We now estimate J,. Using estimates (59) and (57) we see that we have

C

dn
| Ja(p)| < IOQm—_Q

Aﬂgc In+iv — CHp)lln +iv = C(p)|

Now observe that 4
Jim oy +iy = ¢ p) =0 +i(pn — DR
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uniformly for  bounded and 57 = 1,2. Hence it follows that

C / dn
Lo | | 74
| Ja(p)| < p?=2 Ji<o In+ i(pr — 1)RP? i

Evaluating the integral we have

C
J. < : 75
| Q(p)| = pgm_g(l _ Mk)R ( )
Combining this with (72) we have
C
J(p)| < : 76
0 < gt )

We are now ready for the final estimate. Using (62), along with (69) and (76) we
have C' > 0, independent of k, such that

C 0
I < —purR mk—2m—|—2d
| 3'—7(1—,,%)1%/0 e p p (77)
C(mk — 2m + 2)!
(1= ) Rl Ry
- C(mk)!7

where we define
By = (1 — ) 23 (mk)(mk — 1) ... (mk — 2m + 3).

Now if we choose

pr=1— !
k
it follows that
g0, B = oo
Now if we combine estimates (55), (56) and (77) it follows that for large k we have
!
(wir ) >

Hence F' is not analytic near ¢t = 0. Indeed, F'is no better than Gevrey class m.

10. THE METHOD OF STATIONARY PHASE

In this section we discuss the precise version of the stationary phase formula that
we need. This allows us to obtain the inequality (58), which was used to estimate /5
in the previous section. We begin with an elementary, but very precise, result.
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Lemma 14. Let f and g be smooth, complex valued functions, defined near the closed

interval [—p, p]. We define
P
f(f,g,p)z/ e~ Wg(t)dt.

p
Assume that there exists a € C,Ra > 0 and Cy > 0 such that

|f(t) = at?| < Gyt [t] < p
and
Cip < Ra/2.
Let Oy > 0 satisfy
(1) — g(0)] < Colt], [t] < p.
Then there exists a universal constant C' > 0 such that

[1(f,9,p) \/>| <
CCy n |g( |CCI | —§Rap2/2
Ra (Ra V

Proof. We write I(f,g,p) =11 + ]2 + I3 — I, where

L= [0l — gl

—-P

p
I, = g(())/ (e—f(t) _ e—atz)dt

—-P

[3 = g(O)/ e_at2dt

o0

I, = g(())/ e~ dt.
[t[>p

First observe that when a > 0 we have [3 = g(())\/? When Ra > 0, this formula
persists, by analytic continuation.

Note that if [¢| > p, it follows that R(at?) > (Ra)p*/2 + (Ra)t?*/2. Hence it follows
that

Rap?/2 e Rat?2 /2 Rap2 /2 2
1 < o0 [ g = ooy 2
Our hypothesis implies that if |¢{| < p, then we have §Rf(t) > (Ra)t2/2. Hence
P 2 20 5
|| < Cz/ TR < 222 o 5| ds.
—p §Ra oo

It remains to estimate /5. First observe that

1
e f(t) _ g—at? :/ %(e—(Af(t)q-(l—A)at?))d)\
0
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1
= (at® — f(t))e~" / e MHO=a) gy
0

Now, using the hypothesis, we obtain

P 1
[Io] < |g(0)|Cy / / |2 Rt TP I\t
—p JO

o0

P 2 2 2
< Ig(O)ICH/ [tPe e 2dt < 9(0)[Ch(5, )2/ ™" |s|"ds.
a
L .

o0

O

We wish to estimate G;(p,(),7 = 1,2 and the quantity (G7' — G3")(p, (). We
assume that ¢(s) = u(s)s”™, u(0) = 1,1/2 < u(s) < 3/2 for |s| < 26,5 € R. We also
assume that u is holomorphic for s € C,|s| < 24. Throughout, ( = n + iy will be a
complex variable, B¢ = n, ¢ = v. We asssume that there exists M > 0 (large) and

¢ > 0 (small) such that |n| < 2 and |v| < €|n|. We define ¢ as follows:

B(t,.C) = 2(ct + ™ u(t]p)). 1] < 296
We define t,(p, () to be the solution to the equation

0P

W(t*v P> C) = 0.

Note that t.(p, () = (—%)ﬁ(l + O(6)). We always take the root closest to the real
axis, so that ¢,(p,n) is real. Also note that

¢, 1 .1
(==)m=1 = (=—)m1(1+ O(c)).
m m
Lemma 15. There exists Mg > 0 and ¢g > 0 such that if M > My and 0 < ¢ < ¢,

and || < £

and |y < ¢|n|, then

1 2m 1

Gilp,¢) = e *r9((14+ 0 v 0G5
(5,0 W+ OGN G, g
Gy — o ®(tepi0) 2 O !
(/07 C) ( (I)ﬁ(j}*”o7 C) + ((I)tt(t*vpv C)))
(G = Gal(p. ) = SO emmeano [ 2oL

(I)tt(t*, P C) ((I)tt(t*v P C)

Furthermore we have

—®(te,p,() = 2(m = 1)(—) 7T (1 + O(e))(1 + O(4))

3=
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Vo =\ ) (1 4+ 0() 1+ 0().

Proof. Let q(t, p, () be holomorphic for [t| < 2pd, |v| < €|n| for each p > 0. Assume
that there exists Cz > 0 such that

lq(t, p, ¢) — q(tp,€). p, Q) < Colt —t(p, ().

and

Define

8
I / S e O R
—08

and

I :/ (BUr00.0=¥000g (1 o ()it
[t=tx(o,m)|<elts(p,n)]

Let [y = I — I . Note that if M > 0 is large enough, we have |t,(p, ()| < pd/2. Hence,
the major contribution will come from f;.

We begin by estimating I>. Note that ®(¢, p, ) has an absolute minimum at t,(p, 7).
Hence, if |t — t.(p,n)| > €|tc(p,n)|, we have, without loss of generality,

(L, p,m) = ®(t(p,n) + eltlp, )l py ).
It follows that if ¢/, ¢ are small enough, there exists C' > 0 such that we have
R(®(1(p,0).p.C) = B(1.p.0)) < —CC| |75
Hence there exists C” > 0 such that
L] < Clem ORI,

Hence the main contribution comes from /5.
To estimate [;, we make the shift of contour ¢t — ¢ +t,(p, (), where [t| < €|t.(p,n)]|.
We have

I = / (200 0OV 0 00 (1 41 (p, (), p, ()l + R,
[t]<elt«(p,n)]

where R is an integral over the paths ¢t = t£,0 < s < 1, defined by

£ = (s ) £ il m)) + (1= $)(tlpn) = elt(p ).
Observe that )
= (= DFI (£ (14 O())(1L + 0(8)).

It follows that if ¢/, ¢ are small enough, there exists C' > 0 such that we have
N _m_
%((I)(t*(p, g)vﬂv g) - (I)( s P g)) = _6261|E|m_1 :
Hence, there exists C' > 0,C’ > 0 such that

|R| < e _52C|"|mL‘
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Now it remains to study [; — R, which can be estimated using Lemma 14. U

11. AN ALGORITHM OF POLYA
Lemma 16. The roots £iR of N are simple.
Proof. To prove that N'(iR) # 0 we use a method of Pédlya [25]. Pélya developed

an algorithm to compute the roots of a class of entire function assuming that the
Taylor coefficients are known. Let F' be an entire function of finite order, with genus
p, satisfying the following conditions:

(i) F has infinitely many roots, and all the roots of F' are positive;

(ii) F is real valued on the real line;

(iii) F'(0) = 1.

Let 0 < a3 < ap <... be the roots of F', and let (—l)kak be the Taylor coefficients
of F,ie. F(z) = Y72 (—=1)fazz*. Taking a unit root w = ¢*™/" with n > p, the
power series of F'(z)F(wz)--+ F(w" 'z) has the following form

o0

F(2)F(wz) - Fw"2) = (=1) a, ..

k=0

The coefficient a,  can be computed from coefficients {a;}72,. Then Pédlya’s algo-
rithm provides the following estimate

1 1/n . 1/n
( ) <a1<<“’1> . (78)
tn,1 Aon,1

We will use this inequality to show that the first root of A is closer to the origin
than the first nonzero root of N/. More precisely, we apply Pélya’s algorithm to the
function

moL/m=1
Fn(z) = %N(Zl/m Yivz) = ( )/ e cos(ty/z)dt
F(2k+1)

= z; (Qk—l—l EZ akz

k=0

It follows from Pélya [24] that F,, satisfies (i)—(iii). The genus of F, is zero since the
order of N is -~ € (1,2). So we can apply (78) with n =1 to obtain

1,1
Oé1<—7
2.1

where
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Next we consider the function

Gol2) = ani)/o Smt(\t}f)t? " 4.

m

The function (., (2) is the derivative
m2%/m=3 m o msm(t\/_)
F/ ZN/ 21/m 1; \/; — / t2€ t
=@ R TVES Y AN
with the normalization ,,,(0) = 1. Again, it follows from Pdlya [24] that (7., satisfies
(i)—(iii) and that the genus of Gy, is zero. Let 0 < 31 < B3 < ... be the roots of G,
and let (—1)*b;, be the Taylor coefficients of G,,, i.e.,

00 i T 2k+3 00
Gm(z):k;(—m e )(F(%)” 52; )bz

Applying (78) with n = 2 we get the lower bound

1 1/2
(a) <b

b ( L) )2_2 GV
’ FEOT(4) P()T(6)
To prove that oy # f3; it is sufficient to show that
o <i>1/2 (79)
2.1 52,1

for all even integer m > 4. After a short calculation one can see that the last inequality
is equivalent to

where

1 3 5 3 .5 1 oo, 7
10F(E)F(E)F(E) < 1511(%) + F(E) F(E) (80)
Using the logarithmic convexity of I' we have the estimate %e‘cl’ <TI(z) < % for all
€ (0,1], with the Euler constant C. Therefore we have the upper bound %mS for
the left-hand side of (80), and the lower bound m3(g + %)6_90/7” for the right-hand

side of (80) for all m > 7. Since the inequality

2 5 1
“mP < m? (— + —) e

3

3 9 7

is valid for m > 114, we conclude that a;(m) # B1(m) provided that m > 114. The
remaining cases are verified by the computer program Mathematica®. Taking n = 2
n (78) we have the estimate

1/2 1/2
1
41 52,1
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