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In tro duction

0.1 F rom Riemann zeta function to dynamical zeta

functions

In this subsection w e shall try to explain where dynamical zeta functions come from

. In a sense the study of dynamical zeta functions is part of the theory of dynam-

ical systems, but it is also in timately related to algebraic geometry , n um b er theory ,

top ology and statistical mec hanics.

0.1.1 Riemann zeta function

The theory of the Riemann zeta function and its generalisations represen t one of

the most b eatiful dev elopmen ts in mathematics. The Riemann zeta function is that

function de�ned on f s 2 C I : Re ( s ) > 1 g b y the series

� ( s ) �

1

X

n =0

1

n

s

:

There is a second represen tation of � whic h w as disco v ered b y Euler in 1749 and whic h

is the reason for the signi�cance of the Riemann zeta function in arithmetic. This is

Euler pro duct form ula:

� ( s ) =

Y

p pr ime

(1 � p

� s

)

� 1

:

Riemann's signi�can t con tribution here w as his consideration in 1858 of the zeta

function as an analytic function.He �rst sho w ed that the zeta function has an analytic

con tin uation to the complex plane as a meromorphic function with a single p ole at

s = 1 whose prop erties can on the one hand b e in v estigated b y the tec hniques of

complex analysis, and on the other yield di�cult theorems concerning the in tegers[73 ].

It is this connection b et w een the con tin uous and the discrete that is so w onderful.

Riemann also sho w ed that the zeta function satis�ed a functional equation of the

form

� (1 � s ) = 
 ( s ) � � ( s )

where


 ( s ) = �

1 = 2 � s

� �( s= 2) = �((1 � s ) = 2)

and � is the Euler gamma-function. In the course of his in v estigations Riemann w as

led to susp ect that all non trivial zeros are on the line Re ( s ) = 1 = 2, this is the Riemann

4
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Hyp othesis whic h has b een the cen tral goal of researc h to the presen t da y . Although

no pro of has y et app eared v arious w eak forms of this conjecture, and in other con texts,

analogues of it ha v e b een of considerable signi�cance.

0.1.2 Problems concerning zeta functions

Since the 19 th cen tury , man y sp ecial functions called zeta functions ha v e b een de�ned

and in v estigated. The main problems concerning zeta functions are:

(I) Creation of new zeta functions.

(I I) In v estigation of the prop erties of zeta functions. Generally , zeta functions

ha v e the follo wing prop erties in common: 1) They are meromorphic on the whole

complex plane ; 2) they ha v e Diric hlet series expansions ; 3) they ha v e Euler pro duct

expansions ; 4) they satisfy certain functional equations; 5) their sp ecial v alues pla y

imp ortan t role. Also, it is an imp ortan t problem to �nd the p oles, residues, and zeros

of zeta functions .

(I I I) Application to n um b er theory , geometry , dynamical systems.

(IV) Study of the relations b et w een di�eren t zeta functions.

Most of the functions called zeta functions or L -functions ha v e the prop erties of

problem (I I).

0.1.3 Imp ortan t t yp es of zeta functions

F or a general discussion of a zeta functions see article " Zeta functions " in the

Encyclop edic Dictionary of Mathematics [17]. The follo wing is a classi�cation of the

imp ortan t t yp es of zeta functions that are already kno wn:

1) The zeta and L -functions of algebraic n um b ers �elds: the Riemann zeta func-

tion, Diric hlet L -functions, Dedekind zeta functions, Hec k e L -functions, Artin L -

functions.

2) The p-adic L -functions of Leop oldt and Kub ota.

3) The zeta functions of quadratic forms: Epstein zeta functions, Siegel zeta func-

tions. Zeta functions of elliptic op erators.

4) The zeta functions asso ciated with Hec k e op erators.

5)The zeta and L -functions attac hed to algebraic v arieties de�ned o v er �nite �elds:

Artin zeta function, Hasse-W eil zeta functions.

6) The zeta functions attac hed to discon tin uous groups : Selb erg zeta functions.

7) The dynamical zeta functions: Artin-Mazur zeta function, Lefsc hetz zeta func-

tion, Ruelle zeta function for discrete dynamical systems, Ruelle zeta function for


o ws.

0.1.4 Hasse-W eil zeta function

Let V b e a nonsingular pro jectiv e algebraic v ariet y of dimension n o v er a �nite �eld k

with q elemen ts. The v ariet y V is th us de�ned b y homogenous p olynomial equations

with co e�cien ts in the �eld k for m + 1 v ariables x

0

; x

1

; :::; x

m

. These v ariables are in

the algebraic closure

�

k of the �eld k , and constitute the homogeneous co ordinates of a
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p oin t of V .The v ariet y V is in v arian t under the F rob enius map F : ( x

0

; x

1

; :::; x

m

) !

( x

q

0

; x

q

1

; :::; x

q

m

). Arithmetic considerations lead Hasse and W eil to in tro duce a zeta

function whic h coun ts the p oin ts of V with co ordinates in the di�eren t �nite extensions

of the �eld k , or equiv alen tly p oin ts of V whic h are �xed under F

n

for some n � 1:

� ( z ; V ) := exp

 

1

X

n =1

#Fix ( F

n

)

n

z

n

!

Note that � ( z ; V ) can b e written as a Euler pro duct

� ( z ; V ) =

Y




1

1 � z

# 


;

o v er all primitiv e p erio dic orbits 
 of F on V . F or comparison with Riemann's zeta

function one has to put z = q

� s

. Certain conjectures prop osed b y W eil [98] on the

prop erties of � ( z ; V ) led to lot of w ork b y W eil, Dw ork, Grothendiec k, and complete

pro of w as �nally obtained b y Deligne [15]. The story of the W eil conjectures is one

of the most striking instances exhibiting the fundamen tal unit y of mathematics. It is

found that � ( z ; V ) is a rational function of z with a functional equation :

� ( z ; V ) =

2 m

Y

i =0

P

l

( z )

( � 1)

l +1

where the zeros of the p olynomial P

l

ha v e absolute v alue q

� l= 2

and the P

l

( z ) ha v e

a cohomological in terpretation: the p olynomial P

l

is roughly the c haracteristic p oly-

nomial asso ciated with the induced action of the F rob enius morphism on the etale

cohomology: P

l

( z ) = det(1 � z � F

�

j H

l

( V )).

0.1.5 Dynamical zeta functions

Inspired b y the Hasse-W eil zeta function of an algebraic v ariet y o v er a �nite �eld,

Artin and Mazur [5] de�ned the Artin - Mazur zeta function for an arbitrary map

f : X ! X of a top ological space X :

F

f

( z ) := exp

 

1

X

n =1

F ( f

n

)

n

z

n

!

where F ( f

n

) is the n um b er of isolated �xed p oin ts of f

n

. Artin and Mazur sho w ed

that for a dense set of the space of smo oth maps of a compact smo oth manifold in to

itself the Artin-Mazur zeta function F

f

( z ) has a p ositiv e radius of con v ergence.Later

Manning [64] pro v ed the rationalit y of the Artin - Mazur zeta function for di�eomor-

phisms of a smo oth compact manifold satisfying Smale axiom A, after partial results

w ere obtained b y Williams and Guc k enheime r. On the other hand there exist maps

for whic h Artin-Mazur zeta function is transcenden tal [11].

The Artin-Mazur zeta function w as adopted later b y Milnor and Th urston [67 ] to

coun t p erio dic p oin ts for a piecewise monotone map of the in terv al.
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The Artin-Mazur zeta function w as historically the �rst dynamical zeta function

for discr ete dynamical system. The next dynamical zeta function w as de�ned b y

Smale [87] .This is the Lefsc hetz zeta function of discrete dynamical system:

L

f

( z ) := exp

 

1

X

n =1

L ( f

n

)

n

z

n

!

, where

L ( f

n

) :=

dim X

X

k =0

( � 1)

k

T r

h

f

n

� k

: H

k

( X ; Q I ) ! H

k

( X ; Q I )

i

is the Lefsc hetz n um b er of f

n

. Smale considered L

f

( z ) in the case when f is di�eo-

morphism of a compact manifold, but it is w ell de�ned for an y con tin uous map f of

compact p olyhedron X . The Lefsc hetz zeta function is a rational function of z and is

giv en b y the form ula:

L

f

( z ) =

dim X

Y

k =0

det ( I � f

� k

� z )

( � 1)

k +1

:

Afterw ards, J.F ranks [38] de�ned reduced mo d 2 Artin-Mazur and Lefsc hetz zeta

functions, and D. F ried [40] de�ned t wisted Artin-Mazur and Lefsc hetz zeta functions,

whic h ha v e co e�cien ts in the group rings Z Z H or Z Z

2

H of an ab elian group H . The

ab o v e zeta functions are directly analogous to the Hasse-W eil zeta function.

Ruelle has found another generalization of the Artin-Mazur zeta function. He w as

motiv ated b y ideas from equilibrium statistical mec hanics and has replaced in the

Artin-Mazur zeta function [82 ] simple coun ting of the p erio dic p oin ts b y coun ting

with w eigh ts. He de�ned the Ruelle zeta function as

F

f

g

( z ) := exp

0

@

1

X

n =1

z

n

n

X

x 2 Fix ( f

n

)

n � 1

Y

k =0

g ( f

k

( x ))

1

A

;

where g : X ! C I is a w eigh t function(if g = 1 w e reco v er F

f

( z )).

Dynamical zeta functions ha v e relations with statistical mec hanics( en trop y , pres-

sure, Gibbs states, equilibrium states). Manning used Mark o v partitions and corre-

sp onding sym b olic dynamics in his pro of of the rationalit y of the Artin-Mazur zeta

function. This sym b olic dynamics is reminiscen t of the statistical mec hanics of one-

dimensional lattice spin system.

0.2 Dynamical zeta functions and Nielsen �xed

p oin t theory

In con trast with the Artin- Mazur zeta function whic h coun ts the p erio dic p oin ts of

the map geometrically , the Lefsc hetz zeta function do es this algebraically .There is

another w a y of coun ting the �xed p oin ts of f

n

- according to Nielsen [51].

Let p :

~

X ! X b e the univ ersal co v ering of X and

~

f :

~

X !

~

X a lifting of f , ie.

p �

~

f = f � p . Tw o liftings

~

f and

~

f

0

are called c onjugate if there is a 
 2 �

�

=

�

1

( X )
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suc h that

~

f

0

= 
 �

~

f � 


� 1

. The subset p ( F ix (

~

f )) � F ix ( f ) is called the �xe d p oint

class of f determine d by the lifting class [

~

f ]. A �xed p oin t class is called essential

if its index is nonzero. The n um b er of lifting classes of f (and hence the n um b er of

�xed p oin t classes, empt y or not) is called the R eidemeister Numb er of f , denoted

R ( f ). This is a p ositiv e in teger or in�nit y . The n um b er of essen tial �xed p oin t classes

is called the N iel sen number of f , denoted b y N ( f ). The Nielsen n um b er is alw a ys

�nite. R ( f ) and N ( f ) are homotop y t yp e in v arian ts. In the category of compact,

connected p olyhedra the Nielsen n um b er of a map is equal to the least n um b er of

�xed p oin ts of maps with the same homotop y t yp e as f .In Nielsen �xed p oin t theory

the main ob jects for in v estigation are the Nielsen and Reidemeister n um b ers and their

mo di�cations [51].

Let G b e a group and � : G ! G an endomorphism. Tw o elemen ts �; �

0

2 G

are said to b e � � conj ug ate i� there exists 
 2 G suc h that �

0

= 
 :�:� ( 
 )

� 1

. The

n um b er of � -conjugacy classes is called the Reidemeister number of � , denoted b y

R ( � ).

In pap ers [23, 24 , 25 , 28] w e ha v e in tro duced new dynamical zeta functions con-

nected with Nielsen �xed p oin t theory .W e de�ned the Nielsen zeta function of f and

Reidemeister zeta functions of f and � as p o w er series:

R

�

( z ) := exp

 

1

X

n =1

R ( �

n

)

n

z

n

!

;

R

f

( z ) := exp

 

1

X

n =1

R ( f

n

)

n

z

n

!

;

N

f

( z ) := exp

 

1

X

n =1

N ( f

n

)

n

z

n

!

:

W e assume that R ( f

n

) < 1 and R ( �

n

) < 1 for all n > 0.

W e ha v e in v estigated the follo wing problem: for whic h spaces and maps and for

whic h groups and endomorphisms are the Nielsen and Reidemeister zeta functions a

rational functions?When they ha v e a functional equation?Are these functions alge-

braic functions?

In [23] w e pro v ed that the Nielsen zeta function has a p ositiv e radius of con v er-

gence whic h admits a sharp estimate in terms of the top ological en trop y of the map.

Later, in [35] w e prop ose another pro v e of p ositivit y of radius and pro v ed an exact

algebraic lo w er estimation for it. With the help of Nielsen - Th urston theory [46 ] of

surface homeomorphisms , in [74] w e pro v ed that for an orien tation-preserving home-

omorphism of a compact surface the Nielsen zeta function is either a rational function

or the radical of rational function. F or a p erio dic map of an y compact p olyhedron in

[74] w e pro v ed a pro duct form ula for Nielsen zeta function whic h implies that Nielsen

zeta function is a radical of a rational function.

The in v estigation and computation of the Reidemeister zeta function R

�

( z )of a

group endomorphism � is an algebraic ground of the computation and in v estigation

of zeta functions R

f

( z ) and N

f

( z ). In [25] w e in v estigated the b eha vior of R

�

( z )under

the extension of a group and pro v ed rationalit y and a functional equation of R

�

( z )

and a trace form ula for the R ( �

n

) for the endomorphism of a �nitely generated free
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Ab elian group and group Z Z =pZ Z . An endomorphism � : G ! G is said to b e ev en tu-

ally comm utativ e if there exists a natural n um b er n suc h that the subgroup �

n

( G ) is

comm utativ e. A map f : X ! X is said to b e ev en tually comm utativ e if the induced

endomorphism on fundamen tal group is ev en tually comm utativ e . In [31, 32 , 33] w e

pro v ed that R

�

( z ) is a rational function with functional equation in the case of an y

endomorphism � of an y �nite group G and in the case that � is ev en tually comm u-

tativ e and G is �nitely generated. As a consequence w e obtained rationalit y and a

functional equation for R

f

( z ) where either the fundamen tal group of X is �nite, or the

map f is ev en tually comm utativ e. W e obtained su�cien t conditions under whic h the

Nielsen zeta function coincides with the Reidemeiste r zeta function and is a rational

function with functional equation. As an application w e calculate the Reidemei ster

and Nielsen zeta functions of all self-maps of lens spaces, nilmanifolds and tori.

In [24, 25 , 27 ] w e found a connection b et w een the rationalit y of the Nielsen and

Reidemeister zeta functions for the maps of �b er,base and total space of a �b er map

of a Serre bundle using results of Bro wn, F adell, and Y ou (see [51] ) ab out Nielsen

and Reidemeister n um b ers of a �b er map.

In [34] w e pro v ed the rationalit y of the Reidemeister zeta function and the trace

form ulas for the Reidemeister n um b ers of group endomorphisms in the follo wing cases:

the group is �nitely generated and an endomorphism is ev en tually comm utativ e; the

group is �nite ; the group is a direct sum of a �nite group and a �nitely generated

free Ab elian group; the group is �nitely generated, nilp oten t and torsion free .

0.3 Congruences for Reidemeister n um b ers

In his article [79], Dold found a remark able arithmetical prop ert y of the Lefsc hetz

n um b ers for the iterations of a map f . He pro v ed the follo wing form ula

X

d j n

� ( d ) � L ( f

n=d

) � 0 mo d n

where n is an y natural n um b er and � is the M• obius function. This result had previ-

ously b een obtained for prime n b y Zabreik o, Krasnosel'skii [102 ] and Steinlein [89 ].

The congruences for Lefsc hetz n um b ers are directly connected with the rationalit y

of the Lefsc hetz zeta function [79].

In [31 ], [35] w e pro v ed, under additional conditions, similar congruences :

X

d j n

� ( d ) � R ( �

n=d

) � 0 mo d n;

X

d j n

� ( d ) � R ( f

n=d

) � 0 mo d n

for the Reidemeister n um b ers of the iterations of a group endomorphism � and a map

f .

This result implies , in sp ecial cases , the corresp onding congruences for the Nielsen

n um b ers. F or n -toral maps in the case when Jiang subgroup coincide with fundamen-

tal group this congruences for Nielsen n um b ers w ere pro v ed b y Heath, Piccinini, and

Y ou [49 ] .
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In [36], w e generalize the arithmetic congruence relations among the Reidemeis-

ter n um b ers of iterates of maps to similar congruences for Reidemeister n um b ers of

equiv arian t group endomorphisms and maps.

In the article [32] w e conjected a general connection b et w een the Reidemei ster

n um b er of a group endomorphism and the n um b er of �xed p oin ts of the induced

map on the space of irreducible unitary represen tations. This can b e reform ulated in

terms of self-maps and pullbac ks of v ector bundles. The results [32 , 33 ] are essen tially

pro ofs of these conjectures under the condition that � is ev en tually comm utativ e or

G is �nite.

0.4 Reidemeister torsion.

Dynamical zeta functions in the Nielsen theory are closely connected with the Reide-

meister torsion.

Reidemeister torsion is a v ery imp ortan t top ological in v arian t whic h has useful

applications in knots theory ,quan tum �eld theory and dynamical systems.In 1935

Reidemeister [78] classi�ed up to P L equiv alence the lens spaces S

3

= � where � is a

�nite cyclic group of �xed p oin t free orthogonal transformations. He used a certain

new in v arian t whic h w as quic kly extended b y F ranz , who used it to classify the

generalized lens spaces S

2 n +1

= �. This in v arian t is a ratio of determinan ts conco cted

from a �-equiv arian t c hain complex of S

2 n +1

and a non trivial c haracter � : � ! U (1)

of �. Suc h a � determines a 
at bundle E o v er S

2 n +1

= � suc h that E has holonom y � .

The new in v arian t is no w called the R eidemeister torsion , or R-torsion of E .

The results of Reidemeister and F ranz w ere extended b y de Rham to spaces of

constan t curv ature +1.

Whitehead re�ned and generalized Reidemeister torsion in de�ning the torsion of

a homotop y equiv alence in 1950, and his w ork w as to pla y a crucial role in the dev el-

opmen t of geometric top ology and algebraic K-theory in the 60's. The Reidemei ster

torsion is closely related to the K

1

groups of algebraic K -theory .

Later Milnor iden ti�ed the Reidemei ster torsion with the Alexander p olynomial,

whic h pla ys a fundamen tal role in the theory of knots and links.

In 1971, Ra y and Singer [77 ] in tro duced an analytic torsion asso ciated with the

de Rham complex of forms with co e�cien ts in a 
at bundle o v er a compact Rieman-

nian manifold, and conjectured it w as the same as the Reidemeister torsion asso ciated

with the action of the fundamen tal group on the co v ering space, and the represen-

tation asso ciated with the 
at bundle. The Ra y- Singer conjecture w as established

indep enden tly b y Cheeger [13] and M • uller [69 ] a few y ears later.

In 1978 A.Sc h w artz [84 ] sho w ed ho w to construct a quan tum �eld theory on a

manifold M whose partition function is a p o w er of the analytical torsion of M . Witten

[101 ] ha v e used analytical torsion to study non-Ab elian Chern-Simons gauge �eld

theory . Its partition function is the Witten-Reshetikhin-T uraev in v arian t[95] for the

three manifold M and the analytic torsion app ears naturally in the asymptotic form ula

for the partition function obtained b y the metho d of stationary phase appro ximation

[101 ].
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Recen tly , the Reidemeister torsion has found in teresting applications in dynamical

systems theory . A connection b et w een the Lefsc hetz t yp e dynamical zeta functions

and the Reidemeister torsion w as established b y D. F ried [40]. The w ork of Milnor [65 ]

w as the �rst indication that suc h a connection exists. F ried also has sho wn that, for

some 
o ws, the v alue at 0 of the Ruelle zeta function coincides with the Reidemei ster

torsion.

In [26 ], [32 , 33, 34 ] w e established a connection b et w een the Reidemei ster torsion

and Reidemeister zeta function. W e obtained an expression for the Reidemei ster

torsion of the mapping torus of the dual map of a group endomorphism, in terms

of the Reidemeister zeta function of the endomorphism. The result is obtained b y

expressing the Reidemeister zeta function in terms of the Lefsc hetz zeta function of

the dual map, and then applying the theorem of D. F ried. What this means is that

the Reidemei ster torsion coun ts the �xed p oin t classes of all iterates of map f i.e.

p erio dic p oin t classes of f .

In [29] w e established a connection b et w een the Reidemeister torsion of a map-

ping torus, the eta-in v arian t, the Ro c hlin in v arian t and the m ultiplie rs of the theta

function. The form ula is obtained via the Lefsc hetz zeta function and the results on

the holonom y of determinan t line bundles due to Witten [100 ], Bism ut-F reed [9], and

Lee, Miller and W ein traub [61].

Note, that the w ork of T uraev [94] w as the �rst indication that the Ro c hlin in v ari-

an t is connected with the Reidemei ster torsion for three-dimensional rational homol-

ogy spheres.

In [43], w e pro v ed an analogue of the Morse inequalities for the attraction domain

of an attractor, and the lev el surface of the Ly apuno v function.These inequalities

describ e the connection b et w een the top ology of the attraction domain and dynamic

of a Morse-Smale 
o w on the attractor.

In [26, 30 ] w e describ ed with the help of the Reidemeiste r torsion the connection

b et w een the top ology of the attraction domain of an attractor and the dynamic of


o w with circular c hain-recurren t set on the attractor. W e sho w ed that for 
o w with

circular c hain-recurren t set, the Reidemeister torsion of the attraction domain of an

attractor and Reidemeister torsion of the lev el surface of the Ly apuno v function is a

sp ecial v alue of the t wisted Lefsc hetz zeta function building via closed orbits in the

attractor.

In [30] w e found that for the in tegrable Hamiltonian system on the four-dimensional

symplectic manifold, the Reidemeister torsion of the iso energetic surface coun ts the

critical circles (whic h are the closed tra jectories of the system) of the second indep en-

den t Bott in tegral on this surface.

0.5 T able of con ten ts

The monograph consists of four parts. P art I( Chapter 1) presen ts a brief accoun t of

the Nielsen �xed p oin t theory . P art I I( Chapters 2 - 4 ) deals with dynamical zeta

functions connected with Nielsen �xed p oin t theory . P art I I I ( Chapter 5) is concerned

with congruences for the Reidemeister and Nielsen n um b ers. P art IV (Chapter 6) deals
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with the Reidemeister torsion .

The con ten t of the c hapters should b e clear from the headings. The follo wing

remarks giv e more directions to the reader.

In Chapter 1 w e de�ne the lifting and �xed p oin t classes, �xed p oin t index, Rei-

demeister and Nielsen n um b ers. The relev an t de�nitions and results will b e used

throughout the b o ok.

In Chapter 2 - 4 w e in tro duce the Reidemeister zeta functions of a group endo-

morphism and of a map and the Nielsen zeta function of a map whic h are the main

ob jects of the monograph.

In Chapter 2 w e pro v e that the Reidemei ster zeta function of a group endomor-

phism is a rational function with functional equation in the follo wing cases: the group

is �nitely generated and an endomorphism is ev en tually comm utativ e ; the group is

�nite ; the group is a direct sum of a �nite group and a �nitely generated free ab elian

group; the group is �nitely generated, nilp oten t and torsion free. As a consequence

w e obtained rationalit y and a functional equation for the Reidemei ster zeta function

of a con tin uous map where the fundamen tal group of X is as ab o v e.

In Chapter 3 w e sho w that the Nielsen zeta function has a p ositiv e radius of

con v ergence whic h admits a sharp estimate in terms of the top ological en trop y of

the map. W e also giv e an exact algebraic lo w er estimation for the radius.With the

help of Nielsen - Th urston theory of surface homeomorphisms w e pro v e that for an

orien tation-preserving homeomorphism of a compact surface the Nielsen zeta function

is either a rational function or the radical of rational function. F or a p erio dic map

of a compact p olyhedron w e pro v e a pro duct form ula for Nielsen zeta function whic h

implies that Nielsen zeta function is a radical of a rational function. In section 3.4 and

3.5 w e giv e su�cien t conditions under whic h the Nielsen zeta function coincides with

the Reidemeister zeta function and is a rational function with functional equation. In

section 3.6 w e describ e connection b et w een the rationalit y of the Nielsen zeta functions

for the maps of �b er, base and total space of a �b er map of a Serre bundle. W e w ould

lik e to men tion that in all kno wn cases the Nielsen zeta function is a nice function. By

this w e mean that it is a pro duct of an exp onen tial of a p olynomial with a function

some p o w er of whic h is rational. Ma y b e this is a general pattern.

In Chapter 4 w e generalize the results of Chapter 2-3 to the Nielsen and Reide-

meister zeta functions mo dulo normal subgroup of the fundamen tal group.

In Chapter 5 w e pro v e analog of Dold congruences for Reidemeiste r and Nielsen

n um b ers.

In Chapter 6 w e explain ho w dynamical zeta functions giv e rise to the Reide-

meister torsion, a v ery imp ortan t top ological in v arian t . In section 6.2 w e establish

a connection b et w een the Reidemeister torsion and Reidemeister zeta function. W e

obtain an expression for the Reidemeister torsion of the mapping torus of the dual

map of a group endomorphism, in terms of the Reidemeister zeta function of the en-

domorphism.This means that the Reidemeister torsion coun ts the �xed p oin t classes

of all iterates of map f i.e. p erio dic p oin t classes of f .

In section 6.3 w e establish a connection b et w een the Reidemeister torsion of a

mapping torus, the eta-in v arian t, the Ro c hlin in v arian t and the m ultipli ers of the

theta function.
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In section 6.4 w e describ e with the help of the Reidemeister torsion and of an

analog of Morse inequalities the connection b et w een the top ology of the attraction

domain of an attractor and the dynamic of the system on the attractor.

In section 6.5 w e sho w that for the in tegrable Hamiltonian system on the four-

dimensional symplectic manifold, the Reidemeister torsion of the iso energetic surface

coun ts the critical circles(whic h are the closed tra jectories of the system ) of the second

indep enden t Bott in tegral on this surface.
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Chapter 1

Nielsen Fixed P oin t Theory

In this section w e giv e a brief review of the Nielsen theory .

1.1 History

Fixed p oin t theory started in the early da ys of top ology , b ecause of its close rela-

tionship with other branc hes of mathematics. Existence theorems are often pro v ed b y

con v erting the problem in to an appropriate �xed p oin t problem.Exampl es are the

existence of solutions for elliptic partial di�eren tial equations, and the existence of

closed orbits in dynamical systems. In man y problems, ho w ev er, one is not satis�ed

with the mere existence of a solution. One w an ts to kno w the n um b er, or at least a

lo w er b ound for the n um b er of solutions. But the actual n um b er of �xed p oin ts of a

map can hardly b e the sub ject of an in teresting theory , since it can b e altered b y an

arbitrarily small p erturbation of the map. So, in top ology , one prop oses to determine

the minim al n um b er of �xed p oin ts in a homotop y class.This is what Nielsen �xed

p oin t theory ab out. P erhaps the b est kno wn �xed p oin t theorem in top ology is the

Lefsc hetz �xed p oin t theorem

Theorem 1 [62] L et X b e a c omp act p olyhe dr on, and f : X ! X b e a map. If the

L efschetz numb er L ( f ) 6= 0 , then every map homotopic to f has a �xe d p oint.

The Lefsc hetz n um b er is the total algebraic coun t of �xed p oin ts.It is a homotop y

in v arian t and is easily computable.

So, the Lefsc hetz theorem, along with its sp ecial case, the Brou w er �xed p oin t

theorem, and its generalization, the widely used Lera y-Sc hauder theorem in functional

analysis, can tell existence only . In con trast, the c hronologically �rst result of Nielsen

theory has set a b eautiful example of a di�eren t t yp e of theorem

Theorem 2 [70] L et f : T

2

! T

2

b e a map of the torus. Supp ose that the endomor-

phism induc e d by f on the fundamental gr oup �

1

( T

2

)

�

=

Z � Z is r epr esente d by the

2 � 2 inte gr al matrix A . Then the le ast numb er of �xe d p oints in the homotopy class

of f e quals the absolute value of the determinant of E � A , wher e E is the identity

matrix, i.e.

M in f #Fix ( g ) j g ' f g = j det ( E � A ) j :

14
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It can b e sho wn that det( E � A ) is exactly L ( f ) on tori and j det ( E � A ) j is the

Nielsen n um b er N ( f ) on tori.This latter theorem sa ys m uc h more than the Lefsc hetz

theorem sp ecialised to the torus, since it giv es a lo w er b ound for the n um b er of �xed

p oin ts, or it con�rms the existence of a homotopic map whic h is �xed p oin t free.The

pro of w as via the univ ersal co v ering space R

2

of the torus.F rom this instance ev olv ed

the cen tral notions of Nielsen theory - the �xed p oin t classes and the Nielsen n um b er.

Roughly sp eaking, Nielsen theory has t w o asp ects. The geometric asp ect concerns

the comparison of the Nielsen n um b er with the least n um b er of �xed p oin ts in a ho-

motop y class of maps. The algebraic asp ect deals with the problem of computation

for the Nielsen n um b er. Nielsen theory is based on the theory of co v ering spaces.

An alternativ e w a y is to consider nonempt y �xed p oin t classes only , and use paths

instead of co v ering spaces to de�ne them. This is certainly more con v enien t for some

geometric questions. But the co v ering space approac h is theoretically more satisfac-

tory , esp ecially for computational problems, since the nonemptiness of certain �xed

p oin t classes is often the conclusion of the analysis, not the assumption.

No w let us in tro duce the basic idea of Nielsen theory b y an elemen tary example(

see [51])

Example 1 L et f : S

1

! S

1

b e a map of the cir cle. Supp ose the de gr e e of f is d .

Then the le ast numb er of �xe d p oints in the homotopy class of f is j 1 � d j .

Pr oof Let S

1

b e the unit circle on the complex plane, i.e. S

1

= f z 2 C j j z j = 1 g :

Let p : R ! S

1

b e the exp onen tial map p ( � ) = z = e

i�

: Then � is the argumen t

of z , whic h is m ulti-v alued function of z . F or ev ery f : S

1

! S

1

, one can alw a ys

�nd "argumen t expressions" ( or liftings)

~

f : R ! R suc h that f ( e

i�

) = e

i

~

f ( � )

, in

fact a whole series of them, di�ering from eac h other b y in tegral m ultiples of 2 � . F or

de�niteness let us write

~

f

0

for the argumen t expression with

~

f

0

(0) lying in [0 ; 2 � ),and

write

~

f

k

=

~

f

0

+ 2 k � . Since the degree of f is d , the functions

~

f

k

are suc h that

~

f

k

( � + 2 � ) =

~

f

k

( � ) + 2 d� . F or example, if f ( z ) = � z

d

, then

~

f

k

( � ) = d� + (2 k + 1) � . It

is eviden t that if z = e

i�

is a �xed p oin t of f , i.e. z = f ( z ) ,then � is a �xed p oin t of

some argumen t expression of f , i.e. � =

~

f

k

( � ) for some k . On the other hand, if � is a

�xed p oin t of

~

f

k

; q is an in teger, then � + 2 q � is a �xed p oin t of

~

f

l

i� l � k = q (1 � d ).

This follo ws from the calculation

~

f

l

( � + 2 q � ) =

~

f

k

( � + 2 q � ) + 2( l � k ) � =

~

f

k

( � ) + 2 q d� + 2( l � k ) � =

= ( � + 2 q � ) + 2 � f ( l � k ) � q (1 � d ) g :

Th us , if l 6� k mo d (1 � d ), then a �xed p oin t of

~

f

k

and a �xed p oin t of

~

f

l

can

nev er corresp ond to the same �xed p oin t of f , i.e. p (Fix (

~

f

k

)) \ p (Fix (

~

f

l

)) = ; : So,

the argumen t expressions fall in to equiv alence classes ( called lifting classes) b y the

relation

~

f

l

�

~

f

k

i� k � l mod (1 � d ), and the �xed p oin ts of f split in to j 1 � d j classes

(called �xed p oin t classes) of the form p (Fix (

~

f

k

)). That is , t w o �xed p oin ts are in

the same class i� they come from �xed p oin ts of the same argumen t expression. Note

that eac h �xed p oin t class is b y de�nition asso ciated with a lifting class, so that the
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n um b er of �xed p oin t classes is j 1 � d j if d 6= 1 and is 1 if d = 1. Also note that

a �xed p oin t class need not b e nonempt y . No w, to pro v e that a map f of degree d

has at least j 1 � d j �xed p oin ts, w e only ha v e to sho w that ev ery �xed p oin t class is

nonempt y , or equiv alen tly , that ev ery argumen t expression has a �xed p oin t, if d 6= 1.

In fact, for eac h k , b y means of the equalit y

~

f

k

( � + 2 � ) �

~

f

k

( � ) = 2 d� , it is easily seen

that the function � �

~

f

k

( � ) tak es di�eren t signs when � approac hes �1 , hence

~

f

k

( � )

has at least one �xed p oin t. That j 1 � d j is indeed the least n um b er of �xed p oin ts in

the homotop y class is seen b y c hec king the sp ecial map f ( z ) = � z

d

.

The follo wing sections can b e considered as generalization of this simplest example.

1.2 Lifting classes and �xed p oin t classes

Let f : X ! X b e a con tin uous map of a compact connected p olyhedron. Let

p :

~

X ! X b e the univ ersal co v ering of X . A lifting of f is a map

~

f :

~

X !

~

X suc h

that p �

~

f = f � p . A co v ering translation is a map 
 :

~

X !

~

X suc h that p � 
 = p ,

i.e. a lifting of the iden tit y map. No w w e describ e standard facts from co v ering space

theory

Prop osition 1 (1) F or any x

0

2 X and any ~x

0

; ~x

0

0

2 p

� 1

( x

0

) , ther e is a unique

c overing tr anslation 
 :

~

X !

~

X such that 
 ( ~ x

0

) = ~x

0

0

. The c overing tr anslations of

~

X form a gr oup � which is isomorphic to �

1

( X ) .

(2) L et f : X ! X b e a c ontinuous map. F or given x

0

2 X and x

1

= f ( x

0

) , pick

~x

0

2 p

� 1

( x

0

) and ~x

1

2 p

� 1

( x

1

) arbitr arily. Then, ther e is a unique lifting of f such

that

~

f ( ~ x

0

) = ~x

1

.

(3) Supp ose

~

f is a lifting of f , and �; � 2 � . Then � �

~

f � � is a lifting of f .

(4) F or any two liftings

~

f and

~

f

0

of f , ther e is a unique 
 2 � , such that

~

f

0

= 
 �

~

f .

Lemma 1 Supp ose ~x 2 p

� 1

( x ) is a �xe d p oint of lifting

~

f of f , and 
 2 � is a

c overing tr anslation on

~

X . Then, a lifting

~

f

0

of f has 
 ( ~ x ) 2 p

� 1

( x ) as a �xe d p oint

i�

~

f

0

= 
 �

~

f � 


� 1

:

Pr oof "If" is ob vious :

~

f

0

( 
 ( ~ x )) = 
 �

~

f � 


� 1

( 
 ( ~ x )) = 
 �

~

f ( ~ x ) = 
 ( ~ x ) :

" Only if" : Both

~

f

0

and 
 �

~

f � 


� 1

ha v e 
 ( ~ x ) as a �xed p oin t , so they agree at the

p oin t 
 ( ~ x ). By Prop osition 1 they are the same lifting.

De�nition 1 Two liftings

~

f

0

and

~

f of f ar e said to b e c onjugate if ther e exists 
 2 � ,

such that

~

f

0

= 
 �

~

f � 


� 1

: Lifting classes ar e e quivalenc e classes by c onjugacy.Notation:

[

~

f ] = f 
 �

~

f � 


� 1

j 
 2 � g

Lemma 2 (1) Fix ( f ) = [

~

f

p (Fix (

~

f )) :

(2) p (Fix (

~

f )) = p (Fix (

~

f

0

)) if [

~

f ] = [

~

f

0

] .

(3) p (Fix (

~

f )) \ p (Fix (

~

f

0

)) = ; if [

~

f ] 6= [

~

f

0

] .
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Pr oof (1) If x

0

2 Fix ( f ), pic k ~x

0

2 p

� 1

( x

0

). By prop osition 1 there exists

~

f

suc h that

~

f ( ~ x

0

) = ~x

0

. Hence x

0

2 p (Fix (

~

f )).

(2) If

~

f

0

= 
 �

~

f � 


� 1

, then b y lemma Fix (

~

f

0

) = 
 Fix (

~

f ), so p (Fix (

~

f )) = p (Fix (

~

f

0

)).

(3) If x

0

2 p (Fix (

~

f )) \ p (Fix (

~

f

0

)), there are ~x

0

; ~x

0

0

2 p

� 1

( x

0

) suc h that ~x

0

2 Fix (

~

f )

and ~x

0

0

2 Fix (

~

f

0

). Supp ose ~x

0

0

= 
 ~x

0

.By lemm a ,

~

f

0

= 
 �

~

f � 


� 1

; hence [

~

f ] = [

~

f

0

].

De�nition 2 The subset p (Fix (

~

f )) of Fix ( f ) is c al le d the �xe d p oint class of f

determine d by the lifting class [

~

f ] .

W e see that the �xed p oin t set Fix ( f ) splits in to disjoin t union of �xed p oin t classes.

Example 2 L et us c onsider the identity map id

X

: X ! X . Then a lifting class is a

usual c onjugasy class in �; p (Fix ( id

~

X

)) = X and p (Fix ( 
 )) = ; otherwise.

Remark 1 A �xe d p oint class is always c onsider e d to c arry a lab el - the lifting class

determining it . Thus two empty �xe d p oint classes ar e c onsider e d di�er ent if they

ar e determine d by di�er ent lifting classes.

Our de�nition of a �xed p oin t class is via the univ ersal co v ering space. It essen tially

sa ys: Tw o �xed p oin t of f are in the same class i� there is a lifting

~

f of f ha ving

�xed p oin ts ab o v e b oth of them. There is another w a y of sa ying this, whic h do es not

use co v ering space explicitly , hence is v ery useful in iden tifying �xed p oin t classes.

Lemma 3 ([51]) Two �xe d p oints x

0

and x

1

of f b elong to the same �xe d p oint class

i� ther e is a p ath c fr om x

0

to x

1

such that c

�

=

f � c ( homotopy r elative endp oints).

Lemma 3 can b e considered as an equiv alen t de�nition of a non-empt y �xed p oin t

class. Ev ery map f has only �nitely man y non-empt y �xed p oin t classes, eac h a

compact subset of X .

1.2.1 The in
uence of a homotop y

Giv en a homotop y H = f h

t

g : f

0

�

=

f

1

, w e w an t to see its in
uence on �xed p oin t

classes of f

0

and f

1

. A homotop y

~

H = f

~

h

t

g :

~

X !

~

X is called a lifting of the

homotop y H = f h

t

g , if

~

h

t

is a lifting of h

t

for ev ery t 2 I . Giv en a homotop y H and

a lifting

~

f

0

of f

0

, there is a unique lifting

~

H of H suc h that

~

h

0

=

~

f

0

, hence b y unique

lifting prop ert y of co v ering spaces they determine a lifting

~

f

1

of f

1

. Th us H giv es rise

to a one-one corresp ondence from liftings of f

0

to liftings of f

1

. This corresp ondence

preserv es the conjugacy relation.Th us there is a one-to-one corresp ondence b et w een

lifting classes and �xed p oin t classes of f

0

and those of f

1

.

1.3 Reidemeister n um b ers

1.3.1 Reidemeister n um b ers of a con tin uous map

De�nition 3 The numb er of lifting classes of f (and henc e the numb er of �xe d p oint

classes, empty or not) is c al le d the Reidemeister number of f , denote d by R ( f ) . It

is a p ositive inte ger or in�nity.
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The Reidemeister n um b er R ( f ) is a homotop y in v arian t.

Example 3 If X is simply-c onne cte d then R ( f ) = 1 .

Let f : X ! X b e giv en, and let a sp eci�c lifting

~

f :

~

X !

~

X b e c hosen as

reference. Let � b e the group of co v ering translations of

~

X o v er X . Then ev ery

lifting of f can b e written uniquely as � �

~

f , with � 2 �. So elemen ts of � serv e

as co ordinates of liftings with resp ect to the reference

~

f . No w for ev ery � 2 � the

comp osition

~

f � � is a lifting of f so there is a unique �

0

2 � suc h that �

0

�

~

f =

~

f � � .

This corresp ondence � ! �

0

is determined b y the reference

~

f , and is ob viously a

homomorphism.

De�nition 4 The endomorphism

~

f

�

: � ! � determine d by the lifting

~

f of f is

de�ne d by

~

f

�

( � ) �

~

f =

~

f � �:

It is w ell kno wn that �

�

=

�

1

( X ). W e shall iden tify � = �

1

( X ; x

0

) and � in the

follo wing w a y . Pic k base p oin ts x

0

2 X and ~x

0

2 p

� 1

( x

0

) �

~

X once and for all. No w

p oin ts of

~

X are in 1-1 corresp ondence with homotop y classes of paths in X whic h start

at x

0

: for ~x 2

~

X tak e an y path in

~

X from ~x

0

to ~x and pro ject it on to X ; con v ersely

for a path c starting at x

0

, lift it to a path in

~

X whic h starts at ~x

0

, and then tak e its

endp oin t. In this w a y , w e iden tify a p oin t of

~

X with a path class < c > in X starting

from x

0

. Under this iden ti�cation, ~x

0

= < e > is the unit elemen t in �

1

( X ; x

0

). The

action of the lo op class � = < a > 2 �

1

( X ; x

0

) on

~

X is then giv en b y

� = < a > : < c > ! �:c = < a:c > :

No w w e ha v e the follo wing relationship b et w een

~

f

�

: � ! � and

f

�

: �

1

( X ; x

0

) � ! �

1

( X ; f ( x

0

)) :

Lemma 4 ([51]) Supp ose

~

f ( ~ x

0

) = < w > . Then the fol lowing diagr am c ommutes:

�

1

( X ; x

0

)

f

�

� ! �

1

( X ; f ( x

0

))

~

f

�

& # w

�

�

1

( X ; x

0

)

W e ha v e seen that � 2 � can b e considered as the co ordinate of the lifting � �

~

f .

Can w e tell the conjugacy of t w o liftings from their co ordinates?

Lemma 5 [ � �

~

f ] = [ �

0

�

~

f ] i� ther e is 
 2 � such that �

0

= 
 �

~

f

�

( 


� 1

) .

Pr oof [ � �

~

f ] = [ �

0

�

~

f ] i� there is 
 2 � suc h that �

0

�

~

f = 
 � ( � �

~

f ) � 


� 1

=


 �

~

f

�

( 


� 1

) �

~

f .

Theorem 3 ([51]) Lifting classes of f ar e in 1-1 c orr esp ondenc e with

~

f

�

-c onjugacy

classes in � , the lifting class [ � �

~

f ] c orr esp onds to the

~

f

�

-c ojugacy class of � .
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By an abuse of language, w e will sa y that the �xed p oin t class p (Fix ( � �

~

f )),

whic h is lab eled with the lifting class [ � �

~

f ],corresp onds to the

~

f

�

-conjugacy class of

� . Th us the

~

f

�

-conjugacy classes in � serv e as co ordinates for the �xed p oin t classes

of f , once a reference lifting

~

f is c hosen.

A reasonable approac h to �nding a lo w er b ounds for the Reidemei ster n um b er, is

to consider a homomorphisms from � sending an

~

f

�

-conjugacy class to one elemen t:

Lemma 6 ([51]) The c omp osition � � � ,

� = �

1

( X ; x

0

)

�

� ! H

1

( X )

�

� ! Cok er

�

H

1

( X )

1 � f

1 �

� ! H

1

( X )

�

;

wher e � is ab elianization and � is the natur al pr oje ction, sends every

~

f

�

-c onjugacy

class to a single element. Mor e over, any gr oup homomorphism � : � ! G which

sends every

~

f

�

-c onjugacy class to a single element, factors thr ough � � � .

The �rst part of this lemma is trivial.If �

0

= 
 �

~

f

�

( 


� 1

) , then

� ( �

0

) = � ( 
 ) + � ( � ) + � (

~

f

�

( 


� 1

)) =

= � ( 
 ) + � ( � ) � f

1 �

( � ( 
 )) = � ( � ) + (1 � f

1 �

) � ( 
 ) ;

hence � � � ( � ) = � � � ( �

0

)

This lemm a sho ws the imp ortance of the group Cok er (1 � f

1 �

). F or example

R ( f ) � #Cok er (1 � f

1 �

) :

De�nition 5 A map f : X ! X is said to b e eventual ly c ommutative if ther e exists

an natur al numb er n such that f

n

�

( �

1

( X ; x

0

)) ( � �

1

( X ; f

n

( x

0

))) is c ommutative.

By means of Lemma 4, it is easily seen that f is ev en tually comm utativ e i�

~

f

�

is

ev en tually comm utativ e (see [51 ])

Theorem 4 ([51]) If f is eventual ly c ommutative , then

R ( f ) = #Cok er (1 � f

1 �

) :

1.3.2 Reidemeister n um b ers of a group endomorphism

Let G b e a group and � : G ! G an endomorphism. Tw o elemen ts �; �

0

2 G are said

to b e � � conj ug ate i� there exists 
 2 G suc h that �

0

= 
 � � � � ( 
 )

� 1

. The n um b er

of � -conjugacy classes is called the Reidemeister number of � , denoted b y R ( � ). W e

shall write f g g for the � -conjugacy class of an elemen t g 2 G . W e shall also write

R ( � ) for the set of � -conjugacy classes of elemen ts of G . If � is the iden tit y map then

the � -conjugacy classes are the usual conjugacy classes in the group G .

An endomorphism � : G ! G is said to b e ev en tually comm utativ e if there exists

a natural n um b er n suc h that the subgroup �

n

( G ) is comm utativ e.

W e are no w ready to compare the Reidemei ster n um b er of an endomorphism �

with the Reidemeister n um b er of H

1

( � ) : H

1

( G ) ! H

1

( G ), where H

1

= H

Gp

1

is the

�rst in tegral homology functor from groups to ab elian groups.
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Theorem 5 ([51]) If � : G ! G is eventual ly c ommutative, then

R ( � ) = R ( H

1

( � )) = #Cok er (1 � H

1

( � )) :

This means that to �nd out ab out the Reidemeister n um b ers of ev en tually com-

m utativ e endomorphisms, it is su�cien t to study the Reidemeister n um b ers of endo-

morphisms of ab elian groups.

>F rom theorem 3 it follo ws

Corollary 1 R ( f ) = R (

~

f

�

)

So w e see that the homotop y in v arian t - the Reidemeister n um b er of a con tin uous

map is the same as the Reidemeiste r n um b er of the induced endomorphism

~

f

�

on the

fundamen tal group. The follo wing are simple but v ery useful facts ab out � -conjugacy

classes.

Lemma 7 ([51]) If G is a gr oup and � is an endomorphism of G then an element

x 2 G is always � -c onjugate to its image � ( x ) .

Pr oof If g = x

� 1

then one has imme diately g x = � ( x ) � ( g ). The existence of a g

satisfying this equation implies that x and � ( x ) are � -conjugate.

1.4 Nielsen n um b ers of a con tin uous map

1.4.1 The �xed p oin t index

The �xed p oin t index pro vides an algebraic coun t of �xed p oin ts. W e will in tro-

duce step-b y-step construction of the index, and list without pro of the most useful

prop erties.The reader ma y consult the b o ok of Dold [79].

(A) THE INDEX OF AN ISOLA TED FIXED POINT IN R

n

.

Supp ose R

n

� U

f

� ! R

n

, and a 2 U is an isolated �xed p oin t of f .Pic k a sphere

S

a

n � 1

cen tered at a , small enough to exclude other �xed p oin ts.On S

a

n � 1

, the v ector

x � f ( x ) 6= 0, so a direction �eld

� : S

a

n � 1

! S

n � 1

; � ( x ) =

x � f ( x )

j x � f ( x ) j

;

is de�ned.

De�nition 6 Index (f,a)= de gr e e of �

Example 4 If f is a c onstant map to the p oint a , then Index ( f ; a ) = 1

Example 5 Supp ose f is di�er entiable at a with Jac obian A = (

@ f

@ x

)

a

, and det( I �

A ) 6= 0 .Then a is an isolate d �xe d p oint and

Index ( f ; a ) = sign det ( I � A ) = ( � 1)

k

;

wher e k is the numb er (c ounte d with multiplicity) of r e al eigenvalues of A gr e ater than

1.
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(B) FIXED POINT INDEX IN R

n

.

De�nition 7 Supp ose R

n

� U

f

� ! R

n

, and F ix ( f ) is c omp act. T ake any op en

set V � U such that Fix ( f ) � V �

�

V � U and

�

V is a smo oth n-manifold, then

� ( @ V ) = i � S

n � 1

in the homolo gic al sense for some i 2 Z Z . This i is indep endent

of the choic e of V , and is de�ne d to b e the �xe d p oint index of f on U , denote d

Index ( f ; U ) .

Another w a y of de�ning Index ( f ; U ) is b y appro ximation, namely , appro ximate f

b y a smo oth map with only generic �xed p oin ts( isolated �xed p oin ts satisfying the

condition in example 5 ), and add up their indices.

(C) FIXED POINT INDEX F OR POL YHEDRA.

Ev ery compact p olyhedron can b e em b edded in some Euclidean space as a neigh-

b orho o d retract. Supp ose no w w e are giv en a compact p olyhedron X , and a map

X � U

f

� ! X . X can b e im b edded in R

N

with inclusion X

i

� ! R

N

. And there is a

neigh b orho o d W of i ( X ) in R

N

and a retraction W

i

� ! X suc h that r � i = id

X

. W e

ha v e a diagram

X � U

f

� ! X

" r " r # i

R

N

� W � r

� 1

( U )

i � f � r

� ! R

N

:

De�nition 8 When F ix ( f ) is c omp act, de�ne the �xe d p oint index to b e

Index ( f ; U ) := Index ( i � f � r ; r

� 1

( U )) ;

the later b eing the index in R

N

. It is indep endent of the choic e of N ; W ; i and r .

All the facts w e need ab out the �xed p oin t index are listed b elo w.

(I) Existence of �xed p oin ts. If Index ( f ; U ) 6= 0, then f has at least one �xed

p oin t in U .

(I I) Homotop y in v ariance. If H = f h

t

g : f

0

' f

1

: U ! X is a homotop y suc h

that [

t 2 I

Fix ( h

t

) is compact, then

Index ( f

0

; U ) = Index ( f

1

; U ) :

(I I I) Additivit y . Supp ose U

1

; ::::; U

s

are disjoin t op en subsets of U , and f has no

�xed p oin ts on U � [

s

j =1

U

j

. If Index ( f ; U ) is de�ned, then Index ( f ; U

j

), j = 1 ; :::; s

are all de�ned and

Index ( f ; U ) =

s

X

j =1

Index ( f ; U

j

) :

(IV) Normalization. If f : X ! X , then

Index ( f ; X ) = L ( f ) :=

dim X

X

k =0

( � 1)

k

T r

h

f

� k

: H

k

( X ; Q I ) ! H

k

( X ; Q I )

i

where L ( f ) is the Lefsc hetz n um b er of f .
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Lemma 8 ([51]) (Homotopy invarianc e) L et X b e a c onne cte d, c omp act p olyhe dr on,

H = f h

t

g : f

0

' f

1

: X ! X b e a homotopy, and F

i

b e a �xe d p oint class of

f

i

; i = 0 ; 1 . If F

0

c orr esp onds to F

1

via H , then

Index ( f

0

; F

0

) = Index ( f

1

; F

1

)

1.4.2 Nielsen n um b ers

De�nition 9 A �xe d p oint class is c al le d essential if its index is nonzer o.The numb er

of essential �xe d p oint classes is c al le d the N iel sen number of f , denote d by N ( f ) .

The next lemm a follo ws directly from the de�nitions and the prop erties of the index.

Lemma 9 (1) N ( f ) � R ( f ) .

(2) Each essential �xe d p oint class is non-empty.

(3) N ( f ) is non-ne gative inte ger, 0 � N ( f ) < 1 .

(4) N ( f ) � #Fix ( f ) .

(5) The sum of the indic es of al l essential �xe d p oint classes of f e quals to the

L efschetz numb er L ( f ) . Henc e L ( f ) 6= 0 implies N ( f ) � 1 .

Example 6

N ( id

X

) =

(

1 if Euler c haracteristic � ( X ) 6= 0 ;

0 if � ( X ) = 0

Lemma 10 N ( f ) is a homotopy invariant of f . Every map homotopic to f has at

le ast N ( f ) �xe d p oints. In other wor ds, N ( f ) � M in f # F ix ( g ) j g ' f g :

It is this lemma that made the Nielsen n um b er so imp ortan t in �xed p oin t theory .

Lemma tells us that an essen tial �xed p oin t class can nev er disapp ear (i.e. b ecome

empt y) via a homotop y .

Tw o maps f : X ! X and g : Y ! Y are said to b e of the same homotop y t yp e

if there is a homotop y equiv alence h : X ! Y suc h that h � f ' g � h .

Theorem 6 ([51]) ( Homotopy typ e invarianc e of the Nielsen numb er). If X ; Y ar e

c omp act c onne cte d p olyhe dr a, and f : X ! X and g : Y ! Y ar e of the same

homotopy typ e, then N ( f ) = N ( g ) .

1.4.3 The least n um b er of �xed p oin ts

Let X b e a compact connected p olyhedron , and let f : X ! X b e a map. Consider

the n um b er

M F [ f ] := M in f #Fix ( g ) j g ' f g ;

i.e. the least n um b er of �xed p oin ts in the homotop y class [ f ] of f . W e kno w that

N ( f ) is a lo w er b ound for M F [ f ]. The imp ortance of the Nielsen n um b er in the �xed

p oin t theory lies in the fact that, under a mild restriction on the space in v olv ed ,
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it is indeed the minim al n um b er of �xed p oin ts in the homotop y class.The equalit y

M F [ f ] = N ( f ) means that w e can homotop e the map f so that eac h essen tial �xed

p oin t class is com bined in to a single �xed p oin t and eac h inessen tial �xed p oin t class

is remo v ed.

De�nition 10 A p oint x of a c onne cte d sp ac e X is a (glob al) sep ar ating p oint of X

if X � x is not c onne cte d. A p oint x of a sp ac e X is a lo c al sep ar ating p oint if x is a

sep ar ating p oint of some c onne cte d op en subsp ac e U of X .

Theorem 7 ([51]) L et X b e a c omp act c onne cte d p olyhe dr on without lo c al sep ar at-

ing p oints. Supp ose X is not a surfac e (close d or with b oundary) of ne gative Euler

char acteristic. Then M F [ f ] = N ( f ) for any map f : X ! X .

This theorem is generalization of the classical theorem of W ec k en [97] for manifolds

of dimension � 3.

Lemma 11 ([51]) (Ge ometric char acterization of the Nielsen numb er). In the c at-

e gory of c omp act c onne cte d p olyhe dr a, the Nielsen numb er of a self- map e quals the

le ast numb er of �xe d p oints among al l self-maps having the same homotopy typ e.

Pr oof Let f : X ! X b e a self -map in the category , and consider the n um b er

m = M in f #Fix ( g ) j g has the same homotopy ty pe as f g :

Then N ( f ) � m b y lemma 9 and theorem 6 . On the other hand , there alw a ys

exists a manifold M (with b oundary) of dimension � 3 whic h has the same homotop y

t yp e as X ( for example , M = the regular neigh b orho o d of X im b edded in a Euclidean

space). So , b y the theorem 7, the lo w er b ound N ( f ) is realizable on M b y a map

ha ving the same homotop y t yp e as f .



Chapter 2

The Reidemeister zeta function

PR OBLEM . F or whic h groups and endomorphisms is the Reidemeis-

ter zeta function a rational function? When do es it ha v e a functional

equation? Is R

�

( z ) an algebraic function?

2.1 A Con v olution Pro duct

When R

�

( z ) is a rational function the in�nite sequence f R ( �

n

) g

1

n =1

of Reidemei ster

n um b ers is determined b y a �nite set of complex n um b ers - the zeros and p oles of

R

�

( z ).

Lemma 12 R

�

( z ) is a r ational function if and only if ther e exists a �nite set of

c omplex numb ers �

i

and �

j

such that R ( �

n

) =

P

j

�

n

j

�

P

i

�

n

i

for every n > 0 .

Pr oof Supp ose R

�

( z ) is a rational function. Then

R

�

( z ) =

Q

i

(1 � �

i

z )

Q

j

(1 � �

j

z )

;

where �

i

; �

j

2 C I . T aking the logarithmic deriv ativ e of b oth sides and then using the

geometric series expansion w e see that R ( �

n

) =

P

j

�

n

j

�

P

i

�

n

i

. The con v erse is pro v ed

b y a direct calculation.

F or t w o sequences ( x

n

) and ( y

n

) w e ma y de�ne the corresp onding zeta functions:

X ( z ) := exp

 

1

X

n =1

x

n

n

z

n

!

;

Y ( z ) := exp

 

1

X

n =1

y

n

n

z

n

!

:

Alternately , giv en complex functions X and Y (de�ned in a neigh b orho o d of 0) w e

ma y de�ne sequences

x

n

:=

d

n

dz

n

log ( X ( z )) j

z =0

;

24
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y

n

:=

d

n

dz

n

log ( Y ( z )) j

z =0

:

T aking the comp onen t wise pro duct of the t w o sequences giv es another sequence, from

whic h w e obtain another complex function. W e call this new function the additive

c onvolution of X and Y , and w e write it

( X � Y )( z ) := exp

 

1

X

n =1

x

n

:y

n

n

z

n

!

:

It follo ws immediatel y from lemm a 1 that if X and Y are rational functions then X � Y

is a rational function. In fact w e ma y sho w using the same metho d the follo wing

Lemma 13 (Con v olution of rational functions) L et

X ( z ) =

Y

i

(1 � �

i

z )

m ( i )

; Y ( z ) =

Y

j

(1 � �

j

z )

l ( j )

b e r ational functions in z . Then X � Y is the fol lowing r ational function

( X � Y )( z ) =

Y

i;j

(1 � �

i

�

j

z )

� m ( i ) :l ( j )

: (2.1)

A consequence of this is the follo wing

Lemma 14 (F unctional equation of a con v olution) L et X ( z ) and Y ( z ) b e r a-

tional functions satisfying the fol lowing functional e quations

X

�

1

d

1

:z

�

= K

1

z

� e

1

X ( z )

f

1

; Y

�

1

d

2

:z

�

= K

2

z

� e

2

Y ( z )

f

2

;

with d

i

2 C I

�

, e

i

2 Z Z , K

i

2 C I

�

and f

i

2 f 1 ; � 1 g . Supp ose also that X (0) = Y (0) = 1 .

Then the r ational function X � Y has the fol lowing functional e quation:

( X � Y )

�

1

d

1

d

2

z

�

= K

3

z

� e

1

e

2

( X � Y )( z )

f

1

f

2

(2.2)

for some K

3

2 C I

�

.

Pr oof The functions X and Y ha v e represen tations of the follo wing form:

X ( z ) =

a

Y

i =1

(1 � �

i

z )

m ( i )

; Y ( z ) =

b

Y

j =1

(1 � �

j

z )

l ( j )

:

The functional equation for X means that if z

0

2 C I

�

is a zero or p ole of X with

m ultiplic it y m , then

1

d

1

:z

0

m ust b e a p ole or zero of X with m ultiplic it y f

1

m . W e

therefore ha v e a map

i 7� ! i

0

de�ned b y the equation

�

i

=

1

d

1

�

i

0
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and with the prop ert y that

m ( i ) = f

1

m ( i

0

) :

Similarly there is a map j 7! j

0

with corresp onding prop erties:

�

j

=

1

d

2

�

j

0

;

l ( j ) = f

2

l ( j

0

) :

Putting these maps together, w e obtain a map of pairs

( i; j ) 7� ! ( i

0

; j

0

)

with the follo wing prop erties

�

i

�

j

=

1

d

1

d

2

�

i

0

�

j

0

;

m ( i ) l ( j ) = f

1

f

2

m ( i

0

) l ( j

0

) :

It follo ws from the previous lemm a that the functions ( X � Y )( z ) and ( X � Y )(

1

d

1

d

2

z

)

f

1

f

2

ha v e the same zeros and p oles in the domain C I

�

. Since b oth functions are rational,

w e deduce that X � Y has a functional equation of the form

( X � Y )

�

1

d

1

d

2

z

�

= K

3

z

� e

3

( X � Y )( z )

f

1

f

2

;

for some e

3

2 Z Z . It remains only to sho w that e

3

= e

1

e

2

.

By comparing the degrees at zero of the functions X ( z ) and X (

1

d

1

z

) w e obtain

from the functional equation for X :

e

1

=

a

X

i =1

m ( i ) :

Similarly w e ha v e

e

2

=

b

X

j =1

l ( j ) :

F or the same reasons w e ha v e

e

3

=

X

i;j

m ( i ) l ( j )

=

�

a

X

i =1

m ( i )

� �

b

X

j =1

l ( j )

�

= e

1

e

2

:
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2.2 P on try agin Dualit y

Let G b e a lo cally compact Ab elian top ological group. W e write

^

G for the set of

con tin uous homomorphisms from G to the circle U (1) = f z 2 C I : j z j = 1 g . This is

a group with p oin t wise m ultiplication. W e call

^

G the Pontryagin dual of G . When

w e equip

^

G with the compact-op en top ology it b ecomes a lo cally compact Ab elian

top ological group. The dual of the dual of G is canonically isomorphic to G .

A con tin uous endomorphism f : G ! G giv es rise to a con tin uous endomorphism

^

f :

^

G !

^

G de�ned b y

^

f ( � ) := � � f :

There is a 1-1 corresp ondence b et w een the closed subgroups H of G and the quotien t

groups

^

G =H

�

of

^

G for whic h H

�

is closed in

^

G . This corresp ondence is giv en b y the

follo wing:

H $

^

G =H

�

;

H

�

:= f � 2

^

G j H � k er � g :

Under this corresp ondence,

^

G=H

�

is canonically isomorphic to the P on try agin dual of

H . If w e iden tify G canonically with the dual of

^

G then w e ha v e H

��

= H .

If G is a �nitely generated free Ab elian group then a homomorphism � : G ! U (1)

is completely determined b y its v alues on a basis of G , and these v alues ma y b e c hosen

arbitrarily . The dual of G is th us a torus whose dimension is equal to the rank of G .

If G = Z Z =nZ Z then the elemen ts of

^

G are of the form

x ! e

2 � iy x

n

with y 2 f 1 ; 2 ; : : : ; n g . A cyclic group is therefore (uncanonically) isomorphic to itself.

The dual of G

1

� G

2

is canonically isomorphic to

^

G

1

�

^

G

2

. F rom this w e see that

an y �nite ab elian group is (non-canonically) isomorphic to its o wn P on try agin dual

group, and that the dual of an y �nitely generated discrete Ab elian group is the direct

sum of a T orus and a �nite group.

Pro ofs of all these statemen ts ma y b e found, for example in [81]. W e shall require

the follo wing statemen t:

Prop osition 2 L et � : G ! G b e an endomorphism of an A b elian gr oup G . Then the

kernel k er

h

^

� :

^

G !

^

G

i

is c anonic al ly isomorphic to the Pontryagin dual of Cok er � .

Pr oof W e construct the isomorphism explicitly . Let � b e in the dual of Cok er ( � :

G ! G ). In that case � is a homomorphism

� : G= Im ( � ) � ! U (1) :

There is therefore an induced map

� : G � ! U (1)

whic h is trivial on Im ( � ). This means that � � � is trivial, or in other w ords

^

� ( � ) is

the iden tit y elemen t of

^

G . W e therefore ha v e � 2 k er (

^

� ).
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If on the other hand w e b egin with � 2 k er (

^

� ), then it follo ws that � is trivial on

Im � , and so � induces a homomorphism

� : G= Im ( � ) � ! U (1)

and � is then in the dual of Cok er � . The corresp ondence � $ � is clearly a bijection.

2.3 Ev en tually comm utativ e endomorphisms

An endomorphism � : G ! G is said to b e ev en tually comm utativ e if there exists a

natural n um b er n suc h that the subgroup �

n

( G ) is comm utativ e.

2.3.1 T race form ula for the Reidemeister n um b ers of ev en tu-

ally comm utativ e endomorphisms

W e kno w from theorem 5 in Chapter 1 that if � : G ! G is ev en tually comm utativ e,

then

R ( � ) = R ( H

1

( � )) = #Cok er (1 � H

1

( � ))

This means that to �nd out ab out the Reidemeister n um b ers of ev en tually com-

m utativ e endomorphisms, it is su�cien t to study the Reidemeister n um b ers of endo-

morphisms of ab elian groups. F or the rest of this section G will b e a �nitely generated

ab elian group.

Lemma 15 L et � : Z Z

k

! Z Z

k

b e a gr oup endomorphism. Then we have

R ( � ) = ( � 1)

r + p

k

X

i =0

( � 1)

i

T r (�

i

� ) : (2.3)

wher e p the numb er of � 2 Sp ec � such that � < � 1 , and r the numb er of r e al

eigenvalues of � whose absolute value is > 1 . �

i

denotes the exterior p ower.

Pr oof Since Z Z

k

is Ab elian, w e ha v e as b efore,

R ( � ) = #Cok er (1 � � ) :

On the other hand w e ha v e

#Cok er (1 � � ) = j det (1 � � ) j ;

and hence R ( � ) = ( � 1)

r + p

det (1 � � ) ( complex eigen v alues con tribute nothing to the

signdet(1 � � ) since they come in conjugate pairs and (1 � � )(1 �

�

� ) = j 1 � � j

2

> 0).

It is w ell kno wn from linear algebra that det(1 � � ) =

P

k

i =0

( � 1)

i

T r (�

i

� ). >F rom this

w e ha v e the trace form ula for Reidemei ster n um b er.

No w let � b e an endomorphism of �nite Ab elian group G .Let V b e the complex

v ector space of complex v alued functions on the group G .The map � induces a linear

map A : V ! V de�ned b y

A ( f ) := f � �:
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Lemma 16 L et � : G ! G b e an endomorphism of a �nite A b elian gr oup G . Then

we have

R ( � ) = T r A (2.4)

W e giv e t w o pro ofs of this lemm a . The �rst pro of is giv en here and the second pro of

is a sp ecial case of the pro of of theorem 15

Pr oof The c haracteristic functions of the elemen ts of G form a basis of V ,and

are mapp ed to one another b y A (the map need not b e a bijection).Therefore the trace

of A is the n um b er of elemen t s of this basis whic h are �xed b y A .On the other hand,

since G is Ab elian, w e ha v e,

R ( � ) = #Cok er (1 � � )

= # G= #Im (1 � � )

= # G= #( G= k er(1 � � ))

= # G= (# G= # k er(1 � � ))

= # k er (1 � � )

= #Fix ( � )

W e therefore ha v e R ( � ) = #Fix ( � ) = T r A .

F or a �nitely generated Ab elian group G w e de�ne the �nite subgroup G

f inite

to b e

the subgroup of torsion elemen ts of G . W e denote the quotien t G

1

:= G=G

f inite

. The

group G

1

is torsion free. Since the image of an y torsion elemen t b y a homomorphism

m ust b e a torsion elemen t, the endomorphism � : G ! G induces endomorphisms

�

f inite

: G

f inite

� ! G

f inite

; �

1

: G

1

� ! G

1

:

As ab o v e, the map �

f inite

induces a linear map A : V ! V , where V b e the

complex v ector space of complex v alued functions on the group G

f inite

.

Theorem 8 If G is a �nitely gener ate d A b elian gr oup and � an endomorphism of G

.Then we have

R ( � ) = ( � 1)

r + p

k

X

i =0

( � 1)

i

T r (�

i

�

1


 A ) : (2.5)

wher e k is r g G

1

, p the numb er of � 2 Sp ec �

1

such that � < � 1 , and r the numb er

of r e al eigenvalues of �

1

whose absolute value is > 1 .

Pr oof By prop osition 2, the cok ernel of (1 � � ) : G ! G is the P on trjagin dual

of the k ernel of the dual map

d

(1 � � ) :

^

G !

^

G . Since Cok er (1 � � ) is �nite, w e ha v e

#Cok er (1 � � ) = # k er

d

(1 � � ) :

The map

d

1 � � is equal to

^

1 �

^

� . Its k ernel is th us the set of �xed p oin ts of the map

^

� :

^

G !

^

G . W e therefore ha v e

R ( � ) = #Fix

�

^

� :

^

G !

^

G

�

(2.6)
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The dual group of G

1

is a torus whose dimension is the rank of G . This is canonically

a closed subgroup of

^

G . W e shall denote it

^

G

0

. The quotien t

^

G =

^

G

0

is canonically

isomorphic to the dual of G

f inite

. It is therefore �nite. >F rom this w e kno w that

^

G is

a union of �nitely man y disjoin t tori. W e shall call these tori

^

G

0

; : : : ;

^

G

t

.

W e shall call a torus

^

G

i

p erio dic if there is an iteration

^

�

s

suc h that

^

�

s

(

^

G

i

) �

^

G

i

.

If this is the case, then the map

^

�

s

:

^

G

i

!

^

G

i

is a translation of the map

^

�

s

:

^

G

0

!

^

G

0

and has the same n um b er of �xed p oin ts as this map. If

^

�

s

(

^

G

i

) 6�

^

G

i

then

^

�

s

has no

�xed p oin ts in

^

G

i

. >F rom this w e see

#Fix

�

^

� :

^

G !

^

G

�

= #Fix

�

^

� :

^

G

0

!

^

G

0

�

� # f

^

G

i

j

^

� (

^

G

i

) �

^

G

i

g :

W e no w rephrase this

#Fix

�

^

� :

^

G !

^

G

�

= #Fix

�

d

�

1

:

^

G

0

!

^

G

0

�

� #Fix

�

d

�

f inite

:

^

G = (

^

G

0

) !

^

G= (

^

G

0

)

�

:

F rom this w e ha v e pro duct form ula for Reidemeiste r n um b ers

R ( � ) = R ( �

1

) � R ( �

f inite

) :

The trace form ula for R ( � ) follo w from the previous t w o lemmas and form ula

T r (�

i

�

1

) � T r ( A ) = T r (�

i

�

1


 A ) :

2.3.2 Rationalit y of Reidemeister zeta functions of ev en tually

comm utativ e endomorphisms - �rst pro of.

If w e compare the Reidemeister zeta function of an endomorphism � with the Rei-

demeister zeta function of H

1

( � ) : H

1

( G ) ! H

1

( G ), where H

1

= H

Gp

1

is the �rst

in tegral homology functor from groups to ab elian groups, then w e ha v e from theorem

5 in c hapter 1 follo wing

Theorem 9 If � : G ! G is eventual l y c ommutative, then

R

�

( z ) = R

H

1

( � )

( z ) = exp

 

1

X

n =1

#Cok er (1 � H

1

( � )

n

)

n

z

n

!

:

This means that to �nd out ab out the Reidemeister zeta functions of ev en tually

comm utativ e endomorphisms, it is su�cien t to study the zeta functions of endomor-

phisms of Ab elian groups.

Lemma 17 L et � : Z Z

k

! Z Z

k

b e a gr oup endomorphism. Then we have

R

�

( z ) =

 

k

Y

i =0

det(1 � �

i

� � � � z )

( � 1)

i +1

!

( � 1)

r

(2.7)

wher e � = ( � 1)

p

with p the numb er of � 2 Sp ec � such that � < � 1 , and r the

numb er of r e al eigenvalues of � whose absolute value is > 1 . �

i

denotes the exterior

p ower.
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Pr oof Since Z Z

k

is Ab elian, w e ha v e as b efore,

R ( �

n

) = #Cok er (1 � �

n

) :

On the other hand w e ha v e

#Cok er (1 � �

n

) = j det (1 � �

n

) j ;

and hence R ( �

n

) = ( � 1)

r + pn

det(1 � �

n

). It is w ell kno wn from linear algebra that

det(1 � �

n

) =

P

k

i =0

( � 1)

i

T r (�

i

�

n

). >F rom this w e ha v e the follo wing trace form ula

for Reidemei ster n um b ers:

R ( �

n

) = ( � 1)

r + pn

k

X

i =0

( � 1)

i

T r (�

i

�

n

) : (2.8)

W e no w calculate directly

R

�

( z ) = exp

 

1

X

n =1

R ( �

n

)

n

z

n

!

= exp

 

1

X

n =1

( � 1)

r

P

k

i =0

( � 1)

i

T r (�

i

�

n

)

n

( � z )

n

!

=

0

@

k

Y

i =0

 

exp

 

1

X

n =1

1

n

T r (�

i

�

n

) � ( � z )

n

!!

( � 1)

i

1

A

( � 1)

r

=

 

k

Y

i =0

det

�

1 � �

i

� � � z

�

( � 1)

i +1

!

( � 1)

r

:

Lemma 18 L et � : G ! G b e an endomorphism of a �nite A b elian gr oup G . Then

we have

R

�

( z ) =

Y

[ 
 ]

1

1 � z

#[ 
 ]

(2.9)

wher e the pr o duct is taken over the p erio dic orbits of � in G .

W e giv e t w o pro ofs of this lemm a. The �rst pro of is giv en here and the second

pro of is a sp ecial case of the pro of of theorem 16 .

Pr oof Since G is Ab elian, w e again ha v e,

R ( �

n

) = #Cok er (1 � �

n

)

= # G= #Im (1 � �

n

)

= # G= #( G= k er(1 � �

n

))

= # G= (# G= # k er(1 � �

n

))

= # k er (1 � �

n

)

= #Fix ( �

n

)
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W e shall call an elemen t of G p erio dic if it is �xed b y some iteration of � . A p erio dic

elemen t 
 is �xed b y �

n

i� n is divisible b y the cardinalit y the orbit of 
 . W e therefore

ha v e

R ( �

n

) =

X


 per iodic

#[ 
 ] j n

1

=

X

[ 
 ] such that;

#[ 
 ] j n

#[ 
 ] :

>F rom this follo ws

R

�

( z ) = exp

 

1

X

n =1

R ( �

n

)

n

z

n

!

= exp

0

B

@

X

[ 
 ]

1

X

n =1

#[ 
 ] j n

#[ 
 ]

n

z

n

1

C

A

=

Y

[ 
 ]

exp

 

1

X

n =1

#[ 
 ]

#[ 
 ] n

z

#[ 
 ] n

!

=

Y

[ 
 ]

exp

 

1

X

n =1

1

n

z

#[ 
 ] n

!

=

Y

[ 
 ]

exp

�

� log

�

1 � z

#[ 
 ]

��

=

Y

[ 
 ]

1

1 � z

#[ 
 ]

:

F or a �nitely generated Ab elian group G w e de�ne the �nite subgroup G

f inite

to b e

the subgroup of torsion elemen ts of G . W e denote the quotien t G

1

:= G=G

f inite

. The

group G

1

is torsion free. Since the image of an y torsion elemen t b y a homomorphism

m ust b e a torsion elemen t, the function � : G ! G induces maps

�

f inite

: G

f inite

� ! G

f inite

; �

1

: G

1

� ! G

1

:

Theorem 10 If G is a �nitely gener ate d A b elian gr oup and � an endomorphism of

G then R

�

( z ) is a r ational function and is e qual to the fol lowing additive c onvolution:

R

�

( z ) = R

1

�

( z ) � R

f inite

�

( z ) : (2.10)

wher e R

1

�

( z ) is the R eidemeister zeta function of the endomorphism �

1

: G

1

!

G

1

, and R

f inite

�

( z ) is the R eidemeister zeta function of the endomorphism �

f inite

:

G

f inite

! G

f inite

. The functions R

1

�

( z ) and R

f inite

�

( z ) ar e given by the formulae

R

1

�

( z ) =

 

k

Y

i =0

det(1 � �

i

�

1

� � � z )

( � 1)

i +1

!

( � 1)

r

; (2.11)
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R

f inite

�

( z ) =

Y

[ 
 ]

1

1 � z

#[ 
 ]

: (2.12)

with the pr o duct in (2.12) b eing taken over al l p erio dic � -orbits of torsion elements


 2 G . A lso, � = ( � 1)

p

wher e p is the numb er of r e al eingevalues � 2 Sp ec �

1

such

that � < � 1 and r is the numb er of r e al eingevalues � 2 Sp ec �

1

such that j � j > 1 .

Pr oof By prop osition 2, the cok ernel of (1 � �

n

) : G ! G is the P on trjagin dual

of the k ernel of the dual map

d

(1 � �

n

) :

^

G !

^

G . Since Cok er (1 � �

n

) is �nite, w e

ha v e

#Cok er (1 � �

n

) = # k er

d

(1 � �

n

) :

The map

d

1 � �

n

is equal to

^

1 �

^

�

n

. Its k ernel is th us the set of �xed p oin ts of the

map

^

�

n

:

^

G !

^

G . W e therefore ha v e

R ( �

n

) = #Fix

�

^

�

n

:

^

G !

^

G

�

:

1

(2.13)

The dual group of G

1

is a torus whose dimension is the rank of G . This is canonically

a closed subgroup of

^

G . W e shall denote it

^

G

0

. The quotien t

^

G =

^

G

0

is canonically

isomorphic to the dual of G

f inite

. It is therefore �nite. >F rom this w e kno w that

^

G is

a union of �nitely man y disjoin t tori. W e shall call these tori

^

G

0

; : : : ;

^

G

r

.

W e shall call a torus

^

G

i

p erio dic if there is an iteration

^

�

s

suc h that

^

�

s

(

^

G

i

) �

^

G

i

.

If this is the case, then the map

^

�

s

:

^

G

i

!

^

G

i

is a translation of the map

^

�

s

:

^

G

0

!

^

G

0

and has the same n um b er of �xed p oin ts as this map. If

^

�

s

(

^

G

i

) 6�

^

G

i

then

^

�

s

has no

�xed p oin ts in

^

G

i

. >F rom this w e see

#Fix

�

^

�

n

:

^

G !

^

G

�

= #Fix

�

^

�

n

:

^

G

0

!

^

G

0

�

� # f

^

G

i

j

^

�

n

(

^

G

i

) �

^

G

i

g :

W e no w rephrase this

#Fix

�

^

�

n

:

^

G !

^

G

�

= #Fix

�

d

�

1

n

:

^

G

0

!

^

G

0

�

� #Fix

�

d

�

f inite

n

:

^

G= (

^

G

0

) !

^

G = (

^

G

0

)

�

:

>F rom this w e ha v e that R ( �

n

) = R (( �

1

)

n

) � R (( �

f inite

)

n

) for ev ery n and

R

�

( z ) = R

( �

1

)

( z ) � R

( �

f inite

)

( z ) :

The rationalit y of R

�

( z ) and the form ulae for R

1

�

( z ) and R

f inite

�

( z ) follo w from the

previous t w o lemmas and lemma 13.

Corollary 2 L et the assumptions of the or em 10 hold. Then the p oles and zer os of

the R eidemeister zeta function ar e c omplex numb ers of the form �

a

b wher e b is the

r e cipr o c al of an eigenvalue of one of the matric es

�

i

( �

1

) : �

i

( G

1

) � ! �

i

( G

1

) 0 � i � rank G

and �

a

is a  

th

r o ot of unity wher e  is the numb er of p erio dic torsion elements in

G . The multiplicities of the r o ots or p oles �

a

b and �

a

0

b

0

ar e the same if b = b

0

and

hcf ( a;  ) = hcf ( a

0

;  ) .

1

W e shall use this form ula again later to connect the Reidemeister n um b er of � with the Lefsc hetz

n um b er of

^

� .
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2.3.3 F unctional equation for the Reidemeister zeta function

of an ev en tually comm utativ e endomorphism

Lemma 19 (F unctional equation for the torsion free part)

L et � : Z Z

k

! Z Z

k

b e an endomorphism. The R eidemeister zeta function R

�

( z )

has the fol lowing functional e quation:

R

�

�

1

dz

�

= �

1

� R

�

( z )

( � 1)

k

: (2.14)

wher e d = det � and �

1

ar e a c onstants in C I

�

.

Pr oof Via the natural nonsingular pairing (�

i

Z Z

k

) 
 (�

k � i

Z Z

k

) ! C I the op erators

�

k � i

� and d � (�

i

� )

� 1

are adjoin t to eac h other.

W e consider an eigen v alue � of �

i

� . By lemm a 17, this con tributes a term

�

(1 �

��

dz

)

( � 1)

i +1

�

( � 1)

r

to R

�

�

1

dz

�

. W e rewrite this term as

0

@

 

1 �

d� z

�

!

( � 1)

i +1  

� dz

��

!

( � 1)

i

1

A

( � 1)

r

and note that

d

�

is an eigen v alue of �

k � i

� . Multiplying these terms together w e obtain,

R

�

�

1

dz

�

=

0

@

k

Y

i =1

Y

�

( i )

2 Sp ec �

i

�

�

1

�

( i )

�

�

( � 1)

i

1

A

( � 1)

r

� R

�

( z )

( � 1)

k

:

The v ariable z has disapp eared b ecause

k

X

i =0

( � 1)

i

dim �

i

Z Z

k

=

k

X

i =0

( � 1)

i

� C

i

k

= 0 :

Lemma 20 (F unctional equation for the �nite part) L et � : G ! G b e an en-

domorphism of a �nite, A b elian gr oup G . The R eidemeister zeta function R

�

( z ) has

the fol lowing functional e quation:

R

�

�

1

z

�

= ( � 1)

p

z

q

R

�

( z ) ; (2.15)

wher e q is the numb er of p erio dic elements of � in G and p is the numb er of p erio dic

orbits of � in G .

Pr oof This is a simple calculation. W e b egin with form ula (2.9).

R

�

�

1

z

�

=

Y

[ 
 ]

1

1 � z

� #[ 
 ]

=

Y

[ 
 ]

z

#[ 
 ]

z

#[ 
 ]

� 1
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=

Y

[ 
 ]

� z

#[ 
 ]

1 � z

#[ 
 ]

=

Y

[ 
 ]

� z

#[ 
 ]

�

Y

[ 
 ]

1

1 � z

#[ 
 ]

=

Y

[ 
 ]

� z

#[ 
 ]

� R

�

( z ) :

The statemen t no w follo ws b ecause

P

[ 
 ]

#[ 
 ] = q .

Theorem 11 (F unctional equation) L et � : G ! G b e an endomorphism of a

�nitely gener ate d A b elian gr oup G . If G is �nite the functional e quation of R

�

is

describ e d in lemma 20. If G is in�nite then R

�

has the fol lowing functional e quation:

R

�

�

1

dz

�

= �

2

� R

�

( z )

( � 1)

Rank G

: (2.16)

wher e d = det ( �

1

: G

1

! G

1

) and �

2

ar e a c onstants in C I

�

.

Pr oof >F rom theorem 10 w e ha v e R

�

( z ) = R

1

�

( z ) � R

f inite

�

( z ). In the previous t w o

lemmas w e ha v e obtained functional equations for the functions R

1

�

( z ) and R

f inite

�

( z ).

Lemma 14 no w giv es the functional equation for R

�

( z ).

2.3.4 Rationalit y of Reidemeister zeta functions of ev en tually

comm utativ e endomorphisms - second pro of.

Theorem 12 L et G is a �nitely gener ate d A b elian gr oup and � an endomorphism of

G .Then R

�

( z ) is a r ational function and is e qual to

R

�

( z ) =

 

k

Y

i =0

det(1 � �

i

�

1


 A � � � z )

( � 1)

i +1

!

( � 1)

r

(2.17)

wher e matrix A is de�ne d in lemma 16 , � = ( � 1)

p

, p , r and k ar e c onstants describ e d

in the or em 8 .

Pr oof If w e rep eat the pro of of the theorem 8 for �

n

instead � w e obtain that

R ( �

n

) = R (( �

1

)

n

) � R (( �

f inite

)

n

).F rom this and lemm as 15 and 16 w e ha v e the trace

form ula for R ( �

n

):

R ( �

n

) = ( � 1)

r + pn

k

X

i =0

( � 1)

i

T r �

i

( �

1

)

n

� T r A

n

= ( � 1)

r + pn

k

X

i =0

( � 1)

i

T r (�

i

( �

1

)

n


 A

n

)

= ( � 1)

r + pn

k

X

i =0

( � 1)

i

T r (�

i

�

1


 A )

n

:
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W e no w calculate directly

R

�

( z ) = exp

 

1

X

n =1

R ( �

n

)

n

z

n

!

= exp

 

1

X

n =1

( � 1)

r

P

k

i =0

( � 1)

i

T r (�

i

�

1


 A )

n

n

( � � z )

n

!

=

0

@

k

Y

i =0

 

exp

 

1

X

n =1

1

n

T r (�

i

�

1


 A )

n

� ( � � z )

n

!!

( � 1)

i

1

A

( � 1)

r

=

 

k

Y

i =0

det

�

1 � �

i

�

1


 A � � � z

�

( � 1)

i +1

!

( � 1)

r

:

Corollary 3 L et the assumptions of the or em 12 hold. Then the p oles and zer os of

the R eidemeister zeta function ar e c omplex numb ers which ar e the r e cipr o c al of an

eigenvalues of one of the matric es

�

i

( �

1

) 
 A � � 0 � i � rank G

2.3.5 Connection of the Reidemeister zeta function with the

Lefsc hetz zeta function of the dual map

Theorem 13 (Connection with Lefsc hetz n um b ers) L et � : G ! G b e an en-

domorphism of a �nitely gener ate d A b elian gr oup. Then we have the fol lowing

R ( �

n

) = j L (

^

�

n

) j ; (2.18)

wher e

^

� is the c ontinuous endomorphism of

^

G de�ne d in se ction 2.2 and L (

^

�

n

) is the

L efschetz numb er of

^

� thought of as a self-map of the top olo gic al sp ac e

^

G . >F r om this

it fol lows:

R

�

( z ) = L

^

�

( � z )

( � 1)

r

; (2.19)

wher e r and � ar e the c onstants describ e d in the or em 10. If G is �nite then this

r e duc es to

R ( �

n

) = L (

^

�

n

) and R

�

( z ) = L

^

�

( z ) :

The pro of is similar to that of Anoso v [4] concerning con tin uous maps of nil-

manifolds.

Pr oof W e already kno w from form ula (2.13) in the pro of of theorem 10 that

R ( �

n

) is the n um b er of �xed p oin ts of the map

^

�

n

. If G is �nite then

^

G is a discrete

�nite set, so the n um b er of �xed p oin ts is equal to the Lefsc hetz n um b er. This �nishes

the pro of in the case that G is �nite. In general it is only necessary to c hec k that the

n um b er of �xed p oin ts of

^

�

n

is equal to the absolute v alue of its Lefsc hetz n um b er.

W e assume without loss of generalit y that n = 1. W e are assuming that R ( � ) is �nite,

so the �xed p oin ts of

^

� form a discrete set. W e therefore ha v e

L (

^

� ) =

X

x 2 Fix

^

�

Index (

^

�; x ) :
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Since � is a group endomorphism, the zero elemen t 0 2

^

G is alw a ys �xed. Let x b e

an y �xed p oin t of

^

� . W e then ha v e a comm utativ e diagram

g

^

G

^

�

� !

^

G g

l l l l

g + x

^

G

^

�

� !

^

G g + x

in whic h the v ertical functions are translations on

^

G b y x . Since the v ertical maps

map 0 to x , w e deduce that

Index (

^

�; x ) = Index (

^

� ; 0)

and so all �xed p oin ts ha v e the same index. It is no w su�cien t to sho w that

Index (

^

� ; 0) = � 1. This follo ws b ecause the map on the torus

^

� :

^

G

0

!

^

G

0

lifts to a linear map of the univ ersal co v er, whic h is in this case the Lie algebra of

^

G .

The index is then the sign of the determinan t of the iden tit y map min us this lifted

map. This determinan t cannot b e zero, b ecause 1 �

^

� m ust ha v e �nite k ernel b y our

assumption that the Reidemeister n um b er of � is �nite (if det(1 �

^

� ) = 0 then the

k ernel of 1 �

^

� is a p ositiv e dimensional subgroup of

^

G , and therefore in�nite).

2.4 Endomorphisms of �nite groups

In this section w e consider �nite non-Ab elian groups. W e shall write the group

la w m ultiplic ativ e ly . W e generalize our results on endomorphisms of �nite Ab elian

groups to endomorphisms of �nite non-Ab elian groups. W e shall write f g g for the

� -conjugacy class of an elemen t g 2 G . W e shall write < g > for the ordinary con-

jugacy class of g in G . W e con tin ue to write [ g ] for the � -orbit of g 2 G , and w e

also write no w [ < g > ] for the � -orbit of the ordinary conjugacy class of g 2 G . W e

�rst note that if � is an endomorphism of a group G then � maps conjugate elemen ts

to conjugate elemen ts. It therefore induces an endomorphism of the set of conjugacy

classes of elemen ts of G . If G is Ab elian then a conjugacy class consists of a single

elemen t. The follo wing is th us an extension of lemm a 16:

Theorem 14 L et G b e a �nite gr oup and let � : G ! G b e an endomorphism. Then

R ( � ) is the numb er of or dinary c onjugacy classes < x > in G such that < � ( x ) > = <

x > .

Pr oof >F rom the de�nition of the Reidemeiste r n um b er w e ha v e,

R ( � ) =

X

f g g

1
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where f g g runs through the set of � -conjugacy classes in G . This giv es us imme diatel y

R ( � ) =

X

f g g

X

x 2f g g

1

# f g g

=

X

f g g

X

x 2f g g

1

# f x g

=

X

x 2 G

1

# f x g

:

W e no w calculate for an y x 2 G the order of f x g . The class f x g is the orbit of x

under the G -action

( g ; x ) 7� ! g x� ( g )

� 1

:

W e v erify that this is actually a G -action:

( id; x ) 7� ! id:x:� ( id )

� 1

= x;

( g

1

g

2

; x ) 7� ! g

1

g

2

:x:� ( g

1

g

2

)

� 1

= g

1

g

2

:x: ( � ( g

1

) � ( g

2

))

� 1

= g

1

g

2

:x:� ( g

2

)

� 1

� ( g

1

)

� 1

= g

1

( g

2

:x:� ( g

2

)

� 1

) � ( g

1

)

� 1

:

W e therefore ha v e from the orbit-stabilizer theorem,

# f x g =

# G

# f g 2 G j g x� ( g )

� 1

= x g

:

The condition g x� ( g )

� 1

= x is equiv alen t to

x

� 1

g x� ( g )

� 1

= 1 , x

� 1

g x = � ( g )

W e therefore ha v e

R ( � ) =

1

# G

X

x 2 G

# f g 2 G j x

� 1

g x = � ( g ) g :

Changing the summation o v er x to summation o v er g , w e ha v e:

R ( � ) =

1

# G

X

g 2 G

# f x 2 G j x

� 1

g x = � ( g ) g :

If < � ( g ) > 6= < g > then there are no elemen ts x suc h that x

� 1

g x = � ( g ). W e

therefore ha v e:

R ( � ) =

1

# G

X

g 2 G suc h that

<� ( g ) > = <g >

# f x 2 G j x

� 1

g x = � ( g ) g :
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The elemen ts x suc h that x

� 1

g x = � ( g ) form a coset of the subgroup satisfying

x

� 1

g x = g . This subgroup is the cen tralizer of g in G whic h w e write C ( g ). With this

notation w e ha v e,

R ( � ) =

1

# G

X

g 2 G suc h that

<� ( g ) > = <g >

# C ( g )

=

1

# G

X

<g > � G suc h that

<� ( g ) > = <g >

# < g > : # C ( g ) :

The last iden tit y follo ws b ecause C ( h

� 1

g h ) = h

� 1

C ( g ) h . >F rom the orbit stabilizer

theorem, w e kno w that # < g > : # C ( g ) = # G . W e therefore ha v e

R ( � ) = # f < g > � G j < � ( g ) > = < g > g :

Let W b e the complex v ector space of complex v alued class functions on the group

G .A class function is a function whic h tak es the same v alue on ev ery elemen t of a usual

congruency class.The map � induces a linear map B : W ! W de�ned b y

B ( f ) := f � �:

Theorem 15 (T r ac e formula) L et � : G ! G b e an endomorphism of a �nite gr oup

G . Then we have

R ( � ) = T r B (2.20)

Pr oof The c haracteristic functions of the congruency classes in G form a basis of

W , and are mapp ed to one another b y B (the map need not b e a bijection).Therefore

the trace of B is the n um b er of elemen ts of this basis whic h are �xed b y B . By

theorem 14, this is equal to the Reidemeister n um b er of � .

>F rom the theorem 14 w e ha v e immedi ately ,

Theorem 16 L et � b e an endomorphism of a �nite gr oup G . Then R

�

( z ) is a r ational

function with a functional e quation. In p articular we have,

R

�

( z ) =

Y

[ <g > ]

1

1 � z

#[ <g > ]

;

R

�

�

1

z

�

= ( � 1)

a

z

b

R

�

( z ) :

The pr o duct her e is over al l p erio dic � -orbits of or dinary c onjugacy classes of elements

of G . The numb er #[ < g > ] is the numb er of c onjugacy classes in the � -orbit of the

c onjugacy class < g > . In the functional e quation the numb ers a and b ar e r esp e ctively

the numb er of p erio dic � -orbits of c onjugacy classes of elements of G and the numb er

of p erio dic c onjugacy classes of elements of G . A c onjugacy class < g > is c al le d

p erio dic if for some n > 0 , < �

n

( g ) > = < g >
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Pr oof >F rom the theorem 14 w e kno w that R ( �

n

) is the n um b er of conjugacy

classes < g > � G suc h that �

n

( < g > ) � < g > . W e can rewrite this

R ( �

n

) =

X

[ < g > ] suc h that

#[ < g > ] j n

#[ < g > ] :

>F rom this w e ha v e,

R

�

( z ) =

Y

[ <g > ]

exp

0

B

B

B

B

B

B

B

@

1

X

n = 1 suc h that

#[ < g > ] j n

#[ < g > ]

n

z

n

1

C

C

C

C

C

C

C

A

:

The �rst form ula no w follo ws b y using the p o w er series expansion for log (1 � z ). The

functional equation follo ws no w in exactly the same w a y as lemma 20 follo ws from

lemma 18.

Corollary 4 Supp ose that �

1

and �

2

ar e two endomorphisms of a �nite gr oup G with

8 g 2 G; �

1

( g ) = h�

2

( g ) h

� 1

for some �xe d element h 2 G . Then R

�

1

( z ) = R

�

2

( z ) .

Corollary 5 L et � b e an inner automorphism. Then

R

�

( z ) =

1

(1 � z )

b

wher e b is the numb er of c onjugacy classes of elements in the gr oup. In p articular, al l

but �nitely many of the symmetric and alternating gr oups have the pr op erty that any

automorphism is an inner automorphism, and so this c or ol lary applies.

Remark 2 If we think of the set of c onjugacy classes of elements of G as a discr ete

set then the R eidemeister numb er of � is e qual to the L efschetz numb er of the induc e d

map on the set of the c onjugacy classes of elements of G .

Another pro of of rationalit y of the Reidemeister zeta function for �nite groups

follo ws from the trace form ula for the Reidemei ster n um b ers in the theorem 15.

Theorem 17 L et � b e an endomorphism of a �nite gr oup G . Then R

�

( z ) is a r ational

function and given by formula

R

�

( z ) =

1

det(1 � B z )

; (2.21)

Wher e B is de�ne d in the or em 15
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Pr oof >F rom theorem 15 it follo ws that R ( �

n

) = T r B

n

for ev ery n > o .W e no w

calculate directly

R

�

( z ) = exp

 

1

X

n =1

R ( �

n

)

n

z

n

!

= exp

 

1

X

n =1

T r B

n

n

z

n

!

= exp

 

T r

1

X

n =1

B

n

n

z

n

!

= exp (T r ( � log (1 � B z ))) =

1

det(1 � B z )

:

2.5 Endomorphisms of the direct sum of a free

Ab elian and a �nite group

In this section let F b e a �nite group and k a natural n um b er. The group G will b e

G = Z Z

k

� F

W e shall describ e the Reidemeister n um b ers of endomorphism � : G ! G . The

torsion elemen ts of G are exactly the elemen ts of the �nite, normal subgroup F . F or

this reason w e ha v e � ( F ) � F .Let �

f inite

: F ! F b e the restriction of � to F , and

let �

1

: G=F ! G=F b e the induced map on the quotien t group.

Let pr

Z Z

k
: G ! Z Z

k

and pr

F

: G ! F b e the pro jections on to Z Z

k

and F . Then

the comp osition

pr

Z Z

k � � : Z Z

k

! G ! Z Z

k

is an endomorphism of Z Z

k

, whic h is giv en b y some matrix M 2 M

k

( Z Z ). W e denote

b y  : Z Z

k

! F the other comp onen t of the restriction of � to Z Z

k

, i.e.

 ( v ) = pr

F

( � ( v )) :

W e therefore ha v e for an y elemen t ( v ; f ) 2 G

� ( v ; f ) = ( M � v ;  ( v ) � ( f )) :

Lemma 21 L et g

1

= ( v

1

; f

1

) and g

2

= ( v

2

; f

2

) b e two elements of G . Then g

1

and g

2

ar e � -c onjugate i�

v

1

� v

2

mo d (1 � M ) Z Z

k

and ther e is a h 2 F with

hf

1

= f

2

� ((1 � M )

� 1

( v

2

� v

1

)) � ( h ) :

Pr oof

Supp ose g

1

and g

2

are � -conjugate. Then there is a g

3

= ( w ; h ) 2 G with g

3

g

1

=

g

2

� ( g

3

) : Therefore

( w + v

1

; hf

1

) = ( v

2

+ M � w ; f

2

 ( w ) � ( h )) :

Comparing the �rst comp onen ts w e obtain (1 � M ) � w = v

2

� v

1

from whic h it follo ws

that v

1

is congruen t to v

2

mo dulo (1 � M ) Z Z

k

. Substituting (1 � M )

� 1

( v

2

� v

1

) for w

in the second comp onen t w e obtain the second relation in the lemma. The argumen t

can easily b e rev ersed to giv e the con v erse.
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Prop osition 3 In the notation describ e d ab ove

R ( � ) = R ( �

f inite

) � R ( �

1

) :

Pr oof W e partition the set R ( � ) of � -conjugacy classes of elemen ts of G in to smaller

sets:

R ( � ) = [

v 2 Z Z

k

= (1 � M ) Z Z

k R ( v )

where R ( v ) is the set of � -conjugacy classes f ( w ; f ) g

�

for whic h w is congruen t to v

mo dulo (1 � M ) Z Z

k

. It follo ws from the previous lemma that this is a partition. No w

supp ose f ( w ; f ) g

�

2 R ( v ). W e will sho w that f ( w ; f ) g

�

= f ( v ; f

�

) g

�

for some f

�

2 F .

This follo ws b y setting f

�

= f  ((1 � M )

� 1

( w � v )) and applying the previous lemma

with h = id . Therefore R ( v ) is the set of � -conjugacy classes f ( v ; f ) g

�

with f 2 F .

>F rom the previous lemm a it follo ws that ( v ; f

1

) and ( v ; f

2

) are � -conjugate i� there

is a h 2 F with

hf

1

= f

2

 (0) � ( h ) = f

2

� ( h )

This just means that f

1

and f

2

are �

f inite

-conjugate as elemen ts of F . F rom this it

follo ws that R ( v ) has cardinalit y R ( �

f inite

). Since this is indep enden t of v , w e ha v e

R ( � ) =

X

v

R ( �

f inite

) = j det(1 � M ) j � R ( �

f inite

) :

No w consider the map �

1

: G=F ! G=F . W e ha v e

�

1

(( v ; F )) = ( M � v ;  ( v ) F ) = ( M � v ; F ) :

>F rom this it follo ws that �

1

is isomorphic to map M : Z Z

k

! Z Z

k

. This implies

R ( �

1

) = R ( M : Z Z

k

! Z Z

k

)

but it is kno wn [31] that R ( M : Z Z

k

! Z Z

k

) = j det (1 � M ) j . Therefore R ( � ) =

R ( �

f inite

) � R ( �

1

) , pro ving prop osition 3 .

Let W b e the complex v ector space of complex v alued class functions on the group

F .The map � induces a linear map B : W ! W de�ned as ab o v e in theorem 15.

Theorem 18 If G is the dir e ct sum of a fr e e A b elian and a �nite gr oup and � an

endomorphism of G .Then we have

R ( � ) = ( � 1)

r + p

k

X

i =0

( � 1)

i

T r (�

i

�

1


 B ) : (2.22)

wher e k is r g ( G=F ) , p the numb er of � 2 Sp ec �

1

such that � < � 1 , and r the

numb er of r e al eigenvalues of �

1

whose absolute value is > 1 .

Pr oof Theorem follo ws from lemmas 15 and theorem 15 , prop osition 3 and

form ula

T r (�

i

�

1

) � T r ( B ) = T r (�

i

�

1


 B ) :
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Theorem 19 L et G is the dir e ct sum of fr e e A b elian and a �nite gr oup and � an

endomorphism of G . If the numb ers R ( �

n

) ar e al l �nite then R

�

( z ) is a r ational

function and is e qual to

R

�

( z ) =

 

k

Y

i =0

det (1 � �

i

�

1


 B � � � z )

( � 1)

i +1

!

( � 1)

r

(2.23)

wher e matrix B is de�ne d in the or em 15, � = ( � 1)

p

, p , r and k ar e c onstants describ e d

in lemma 17 .

Pr oof >F rom prop osition 3 it follo ws that R ( �

n

) = R (( �

1

)

n

� R (( �

f inite

)

n

). >F rom

no w on the pro of rep eat the pro of of the theorem 12.

Corollary 6 L et the assumptions of the or em 19 hold. Then the p oles and zer os of

the R eidemeister zeta function ar e c omplex numb ers which ar e the r e cipr o c al of an

eigenvalues of one of the matric es

�

i

( �

1

) 
 B � � 0 � i � rank G

Another pro of of rationalit y of the Reidemeister zeta function giv es

Theorem 20 If G is the dir e ct sum of a �nitely gener ate d fr e e A b elian and a �nite

gr oup and � an endomorphism of G then R

�

( z ) is a r ational function and is e qual to

the fol lowing additive c onvolution:

R

�

( z ) = R

1

�

( z ) � R

f inite

�

( z ) : (2.24)

wher e R

1

�

( z ) is the R eidemeister zeta function of the endomorphism �

1

: G

1

!

G

1

, and R

f inite

�

( z ) is the R eidemeister zeta function of the endomorphism �

f inite

:

G

f inite

! G

f inite

. The functions R

1

�

( z ) and R

f inite

�

( z ) ar e given by the formulae

R

1

�

( z ) =

 

k

Y

i =0

det(1 � �

i

�

1

� � z )

( � 1)

i +1

!

( � 1)

r

; (2.25)

R

f inite

�

( z ) =

Y

[ <g > ]

1

1 � z

#[ <g > ]

;

The pr o duct her e is over al l p erio dic � -orbits of or dinary c onjugacy classes of elements

of G . The numb er #[ < g > ] is the numb er of c onjugacy classes in the � -orbit of the

c onjugacy class < g > . A lso, � = ( � 1)

p

wher e p is the numb er of r e al eingevalues

� 2 Sp ec �

1

such that � < � 1 and r is the numb er of r e al eingevalues � 2 Sp ec �

1

such that j � j > 1 .

Pr oof >F rom prop osition 3 it follo ws that R ( �

n

) = R (( �

1

)

n

� R (( �

f inite

)

n

). >F rom

this w e ha v e

R

�

( z ) = R

( �

1

)

( z ) � R

f inite

�

( z ) :

The rationalit y of R

�

( z ) and the form ulae for R

1

�

( z ) and R

f inite

�

( z ) follo w from the

lemma 13 , lemma 17 and theorem 16 .
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Theorem 21 (F unctional equation) L et � : G ! G b e an endomorphism of a

gr oup G which is the dir e ct sum of a �nitely gener ate d fr e e A b elian and a �nite gr oup.

If G is �nite the functional e quation of R

�

is describ e d in the or em 16. If G is in�nite

then R

�

has the fol lowing functional e quation:

R

�

�

1

dz

�

= �

2

� R

�

( z )

( � 1)

Rank G

: (2.26)

wher e d = det ( �

1

: G

1

! G

1

) and �

2

ar e a c onstants in C I

�

.

Pr oof >F rom prop osition 3 w e ha v e R

�

( z ) = R

1

�

( z ) � R

f inite

�

( z ). In the lemma 19

and theorem 16 w e ha v e obtained functional equations for the functions R

1

�

( z ) and

R

f inite

�

( z ). No w, lemm a 14 giv es us the functional equation for R

�

( z ).

2.6 Endomorphisms of nilp oten t groups

In this section w e consider �nitely generated torsion free nilp oten t group �.It is w ell

kno wn [63] that suc h group � is a uniform discrete subgroup of a simply connected

nilp oten t Lie group G (uniform means that the coset space G= � is compact).The coset

space M = G= � is called a nilmanifold.Sinc e � = �

1

( M ) and M is a K (� ; 1), ev ery

endomorphism � : � ! � can b e realized b y a selfmap f : M ! M suc h that f

�

= �

and th us R ( f ) = R ( � ).An y endomorphism � : � ! � can b e uniquely extended to

an endomorphism F : G ! G .Let

~

F :

~

G !

~

G b e the corresp onding Lie algebra

endomorphism induced from F .

Theorem 22 If � is a �nitely gener ate d torsion fr e e nilp otent gr oup and � an endo-

morphism of � .Then

R ( � ) = ( � 1)

r + p

m

X

i =0

( � 1)

i

T r �

i

~

F ; (2.27)

wher e m is r g � = dim M , p the numb er of � 2 Sp ec

~

F such that � < � 1 , and r the

numb er of r e al eigenvalues of

~

F whose absolute value is > 1 .

Pr oof: Let f : M ! M b e a map realizing � on a compact nilmanifold M of di-

mension m .W e supp ose that the Reidemei ster n um b er R ( f ) = R ( � ) is �nite.The �nite-

ness of R ( f ) implies the non v anishing of the Lefsc hetz n um b er L ( f ) [36].A strength-

ened v ersion of Anoso v's theorem [4] is pro v en in [71 ] whic h states, in particular, that

if L ( f ) 6= 0 than N ( f ) = j L ( f ) j = R ( f ).It is w ell kno wn that L ( f ) = det(

~

F � 1)

[4].F rom this w e ha v e

R ( � ) = R ( f ) = j L ( f ) j = j det(1 �

~

F ) j = ( � 1)

r + p

det(1 �

~

F ) =

= ( � 1)

r + p

m

X

i =0

( � 1)

i

T r �

i

~

F :
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Theorem 23 If � is a �nitely gener ate d torsion fr e e nilp otent gr oup and � an endo-

morphism of � .Then R

�

( z ) is a r ational function and is e qual to

R

�

( z ) =

 

m

Y

i =0

det (1 � �

i

~

F � � � z )

( � 1)

i +1

!

( � 1)

r

(2.28)

wher e � = ( � 1)

p

, p , r , m and

~

F is de�ne d in the or em 22.

Pr oof If w e rep eat the pro of of the previous theorem for �

n

instead � w e obtain

that R ( �

n

) = ( � 1)

r + pn

det(1 �

~

F )( w e supp ose that Reidemeiste r n um b ers R ( �

n

) are

�nite for all n ).Last form ula implies the trace form ula for R ( �

n

) :

R ( �

n

) = ( � 1)

r + pn

m

X

i =0

( � 1)

i

T r (�

i

~

F )

n

No w theorem follo ws immedi ately b y direct calculation as in lemma 17.

Corollary 7 L et the assumptions of the or em 23 hold. Then the p oles and zer os of the

R eidemeister zeta function ar e c omplex numb ers which ar e r e cipr o c al of an eigenvalue

of one of the matric es

�

i

(

~

F ) : �

i

(

~

G ) � ! �

i

(

~

G ) 0 � i � rank G

2.6.1 F unctional equation

Theorem 24 L et � : � ! � b e an endomorphism of a �nitely gener ate d torsion

fr e e nilp otent gr oup � .Then the R eidemeister zeta function R

�

( z ) has the fol lowing

functional e quation:

R

�

�

1

dz

�

= �

1

� R

�

( z )

( � 1)

Rank G

: (2.29)

wher e d = det

~

F and �

1

ar e a c onstants in C I

�

.

Pr oof Via the natural nonsingular pairing (�

i

~

F ) 
 (�

m � i

~

F ) ! C I the op erators

�

m � i

~

F and d: (�

i

~

F )

� 1

are adjoin t to eac h other.

W e consider an eigen v alue � of �

i

~

F . By theorem 23, This con tributes a term

 

(1 �

��

dz

)

( � 1)

i +1

!

( � 1)

r

to R

�

�

1

dz

�

.

W e rewrite this term as

0

@

 

1 �

d� z

�

!

( � 1)

i +1  

� dz

��

!

( � 1)

i

1

A

( � 1)

r
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and note that

d

�

is an eigen v alue of �

m � i

~

F . Multiplying these terms together w e

obtain,

R

�

�

1

dz

�

=

0

@

m

Y

i =1

Y

�

( i )

2 Sp ec �

i
~

F

�

1

�

( i )

�

�

( � 1)

i

1

A

( � 1)

r

� R

�

( z )

( � 1)

m

:

The v ariable z has disapp eared b ecause

m

X

i =0

( � 1)

i

dim �

i

~

G =

m

X

i =0

( � 1)

i

C

k

i

= 0 :

2.7 The Reidemeister zeta function and group

extensions.

Supp ose w e are giv en a comm utati v e diagram

G

�

� ! G

# p # p

G

�

� ! G

(2.30)

of groups and homomorphisms. In addition let the sequence

0 ! H ! G

p

! G ! 0 (2.31)

b e exact. Then � restricts to an endomorphism � j

H

: H ! H .

De�nition 11 The short exact se quenc e (2.31) of gr oups is said to have a normal

splitting if ther e is a se ction � : G ! G of p such that Im � = � ( G ) is a normal

sub gr oup of G . A n endomorphism � : G ! G is said to pr eserve this normal splitting

if � induc es a morphism of (2.31) with � ( � ( G )) � � ( G ) .

In this section w e study the relation b et w een the Reidemeiste r zeta functions

R

�

( z ), R

�

( z ) and R

� j

H

( z ).

Theorem 25 L et the se quenc e (2.31) have a normal splitting which is pr eserve d by

� : G ! G . Then we have

R

�

( z ) = R

�

( z ) � R

� j

H

( z ) :

In p articular, if R

�

( z ) and R

� j

H

( z ) ar e r ational functions then so is R

�

( z ) . If R

�

( z )

and R

� j

H

( z ) ar e r ational functions with functional e quations as describ e d in the or ems

21 and 24 then so is R

�

( z ) .

Pr oof >F rom the assumptions of the theorem it follo ws that for ev ery n > 0

R ( �

n

) = R ( �

n

) � R ( �

n

j

H

) (see [48]) :
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2.8 The Reidemeister zeta function of a con tin uous

map

Using Corrolary 1 from Chapter 1 w e ma y apply all theorems ab out the Reidemei ster

zeta function of group endomorphisms to the Reidemeister zeta functions of con tin uous

maps. Theorem 16 yield

Theorem 26 L et X b e a p olyhe dr on with �nite fundamental gr oup �

1

( X ) and let

f : X ! X b e a c ontinuous map. Then R

f

( z ) is a r ational function with a functional

e quation:

R

f

( z ) = R

~

f

�

( z ) =

Y

[ <g > ]

1

1 � z

#[ <g > ]

;

R

f

�

1

z

�

= ( � 1)

a

z

b

R

f

( z ) :

The pr o duct in the �rst formula is over al l p erio dic

~

f

�

-orbits of or dinary c onjugacy

classes of elements of �

1

( X ) . The numb er #[ < g > ] is the numb er of c onjugacy

classes in the

~

f

�

-orbit of < g > . In the functional e quation the numb ers a and b ar e

r esp e ctively the numb er of p erio dic

~

f

�

- orbits of c ojugacy classes of elements of �

1

( X ) ,

and the numb er of p erio dic c onjugacy classes of elements of �

1

( X ) .

Theorem 10 yield

Theorem 27 L et f : X ! X b e eventual ly c ommutative. Then R

f

( z ) is a r ational

function and is given by:

R

f

( z ) = R

~

f

�

( z ) = R

f

1 �

( z ) = R

1

f

1 �

( z ) � R

f inite

f

1 �

( z ) ;

wher e R

1

f

1 �

( z ) is the R eidemeister zeta function of the endomorphism f

1

1 �

: H

1

( X ; Z Z )

1

!

H

1

( X ; Z Z )

1

and R

f inite

f

1 �

( z ) is the R eidemeister zeta function of the endomorphism

f

f inite

1 �

: H

1

( X ; Z Z )

f inite

! H

1

( X ; Z Z )

f inite

. The functions R

1

f

1 �

( z ) and R

f inite

f

1 �

( z ) ar e

given by the formulae:

R

1

f

1 �

( z ) =

 

k

Y

i =0

det

�

1 � �

i

f

1

1 �

� z

�

( � 1)

i +1

!

( � 1)

r

R

f inite

f

1 �

( z ) =

Y

[ h ]

1

1 � z

#[ h ]

With the pr o duct over [ h ] b eing taken over al l p erio dic f

1 �

- orbits of torsion elements

h 2 H

1

( X ; Z Z ) , and with � = ( � 1)

p

wher e p is the numb er of � 2 Sp ec f

1

1 �

such that

� < � 1 . The numb er r is the numb er of r e al eigenvalues of f

1

1 �

whose absolute value

is > 1 .

Theorem 13 yield
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Theorem 28 (Connection with Lefsc hetz zeta function) L et f : X ! X b e

eventual ly c ommutative.Then

R

f

( z ) = R

~

f

�

( z ) = R

f

1 �

( z ) = L

d

( f

1 �

)

( � z )

( � 1)

r

;

wher e r and � ar e c onstants as describ e d in the or em 27 . If X is a p olyhe dr on with

�nite fundamental gr oup then this r e duc es to

R

f

( z ) = R

~

f

�

( z ) = R

f

1 �

( z ) = L

d

( f

1 �

)

( z ) ;

Theorem 29 (F unctional equation) L et f : X ! X b e eventual ly c ommutative.

If H

1

( X ; Z Z ) is �nite, then R

f

( z ) has the fol lowing functional e quation:

R

f

�

1

z

�

= ( � 1)

p

z

q

R

f

( z ) ;

wher e p is the numb er of p erio dic orbits of f

1 �

in H

1

( X ; Z Z ) and q is the numb er of

p erio dic elements of f

1 �

in H

1

( X ; Z Z ) .

If H

1

( X ; Z Z ) is in�nite then R

f

( z ) has the fol lowing functional e quation:

R

f

�

1

dz

�

= �

2

:R

f

( z )

( � 1)

Rank H

1

( X ; Z Z )

;

wher e d = det ( f

1

1 �

) 2 C I

�

and �

2

2 C I

�

is a c onstant.

Theorem 20 yield

Theorem 30 L et X b e a p olyhe dr on whose fundamental gr oup � is the dir e ct sum

of a �nitely gener ate d fr e e A b elian and a �nite gr oup. L et f : X ! X b e a c on-

tinuous map.Then R

f

( z ) is a r ational function and is e qual to the fol lowing additive

c onvolution:

R

f

( z ) = R

1

~

f

�

( z ) � R

f inite

~

f

�

( z ) : (2.32)

wher e R

1

~

f

�

( z ) is the R eidemeister zeta function of the endomorphism

~

f

1

�

: �

1

! �

1

,

and R

f inite

~

f

�

( z ) is the R eidemeister zeta function of the endomorphism

~

f

f inite

�

: �

f inite

!

�

f inite

. The functions R

1

~

f

�

( z ) and R

f inite

~

f

�

( z ) ar e given by the formulae

R

1

~

f

�

( z ) =

 

k

Y

i =0

det(1 � �

i

~

f

1

�

� � z )

( � 1)

i +1

!

( � 1)

r

; (2.33)

R

f inite

~

f

�

( z ) =

Y

[ <g > ]

1

1 � z

#[ <g > ]

;

The pr o duct her e is over al l p erio dic

~

f

�

-orbits of or dinary c onjugacy classes of elements

of � . The numb er #[ < g > ] is the numb er of c onjugacy classes in the

~

f

�

-orbit of the

c onjugacy class < g > . A lso, � = ( � 1)

p

wher e p is the numb er of r e al eingevalues

� 2 Sp ec

~

f

1

�

such that � < � 1 and r is the numb er of r e al eingevalues � 2 Sp ec

~

f

1

�

such that j � j > 1 .
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Theorem 31 L et f : X ! X b e a self map of of a nilmanifold. Then

R

f

( z ) =

 

m

Y

i =0

det

�

1 � �

i

~

F � � � z

�

( � 1)

i +1

!

( � 1)

r

R

f

�

1

dz

�

= �

1

� R

f

( z )

( � 1)

Rank �

1

( X )

;

wher e � = ( � 1)

p

, p , r , m and

~

F is de�ne d in the or em 22, d = det

~

F and �

1

ar e a

c onstants in C I

�

.

2.8.1 The Reidemeister zeta function of a con tin uous map

and Serre bundles.

Let p : E ! B b e a Serre bundle in whic h E , B and ev ery �bre are connected,

compact p olyhedra and F

b

= p

� 1

( b ) is a �bre o v er b 2 B . A Serre bundle p : E ! B

is said to b e (homotopic al ly) orientable if for an y t w o paths w , w

0

in B with the same

endp oin ts w (0) = w

0

(0) and w (1) = w

0

(1), the �bre translations �

w

; �

w

0

: F

w (0)

! F

w (1)

are homotopic. A map f : E ! E is called a �br e map if there is an induced map

�

f : B ! B suc h that p � f =

�

f � p . Let p : E ! B b e an orien table Serre bundle and

let f : E ! E b e a �bre map. Then for an y t w o �xed p oin ts b; b

0

of

�

f : B ! B the

maps f

b

= f j

F

b

and f

b

0

= f j

F

b

0

ha v e the same homotop y t yp e; hence they ha v e the

same Reidemeister n um b ers R ( f

b

) = R ( f

b

0

) [51 ].

The follo wing theorem describ es the relation b et w een the Reidemeister zeta func-

tions R

f

( z ), R

�

f

( z ) and R

f

b

( z ) for a �bre map f : E ! E of an orien table Serre bundle

p : E ! B .

Theorem 32 Supp ose that f : E ! E admits a F adel l splitting in the sense that for

some e in Fix f and b = p ( e ) the fol lowing c onditions ar e satis�e d:

1. the se quenc e

0 � ! �

1

( F

b

; e )

i

�

� ! �

1

( E ; e )

p

�

� ! �

1

( B ; e ) � ! 0

is exact,

2. p

�

admits a right inverse (se ction) � such that Im � is a normal sub gr oup of

�

1

( E ; e ) and f

�

(Im � ) � Im � .

We then have

R

f

( z ) = R

�

f

( z ) � R

f

b

( z ) :

If R

�

f

( z ) and R

f

b

( z ) ar e r ational functions then so is R

f

( z ) . If R

�

f

( z ) and R

f

b

( z ) ar e

r ational functions with functional e quations as describ e d in the or ems 26 and 29 then

so is R

f

( z ) .

Pr oof The pro of follo ws from theorem 25 .



Chapter 3

The Nielsen zeta function

3.1 Radius of Con v ergence of the Nielsen zeta

function

In this section w e �nd a sharp estimate for the radius of con v ergence of the Nielsen

zeta function in terms of the top ological en trop y of the map. It follo ws from this

estimate that the Nielsen zeta function has p ositiv e radius of con v ergence.

3.1.1 T op ological en trop y

The most widely used measure for the complexit y of a dynamical system is the top o-

logical en trop y . F or the con v enience of the reader, w e include its de�nition. Let

f : X ! X b e a self-map of a compact metric space. F or giv en � > 0 and n 2 I N , a

subset E � X is said to b e ( n; � )-separated under f if for eac h pair x 6= y in E there is

0 � i < n suc h that d ( f

i

( x ) ; f

i

( y )) > � . Let s

n

( �; f ) denote the largest cardinalit y of

an y ( n; � )-separated subset E under f . Th us s

n

( �; f ) is the greatest n um b er of orbit

segmen ts x; f ( x ) ; :::; f

n � 1

( x ) of length n that can b e distinguished one from another

pro vided w e can only distinguish b et w een p oin ts of X that are at least � apart. No w

let

h ( f ; � ) := lim sup

n

1

n

� log s

n

( �; f )

h ( f ) := lim sup

� ! 0

h ( f ; � ) :

The n um b er 0 � h ( f ) � 1 , whic h to b e indep enden t of the metric d used, is called

the top ological en trop y of f . If h ( f ; � ) > 0 then, up to resolution � > 0, the n um b er

s

n

( �; f ) of distinguishable orbit segmen ts of length n gro ws exp onen tially with n . So

h ( f ) measures the gro wth rate in n of the n um b er of orbit segmen ts of length n with

arbitrarily �ne resolution. A basic relation b et w een Nielsen n um b ers and top ological

en trop y w as found b y N.Iv ano v [55 ] and indep enden tly b y Aronson and Grines. W e

presen t here a v ery short pro of of Jiang [52] of the Iv ano v's inequalit y .

Lemma 22 [55]

h ( f ) � lim sup

n

1

n

� log N ( f

n

)

50
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Pr oof Let � b e suc h that ev ery lo op in X of diameter < 2 � is con tractible. Let

� > 0 b e a smaller n um b er suc h that d ( f ( x ) ; f ( y )) < � whenev er d ( x; y ) < 2 � . Let

E

n

� X b e a set consisting of one p oin t from eac h essen tial �xed p oin t class of f

n

.

Th us j E

n

j = N ( f

n

). By the de�nition of h ( f ), it su�ces to sho w that E

n

is ( n; � )-

separated. Supp ose it is not so. Then there w ould b e t w o p oin ts x 6= y 2 E

n

suc h

that d ( f

i

( x ) ; f

i

( y )) � � for o � i < n hence for all i � 0. Pic k a path c

i

from f

i

( x )

to f

i

( y ) of diameter < 2 � for o � i < n and let c

n

= c

0

. By the c hoice of � and � ,

f � c

i

' c

i +1

for all i , so f

n

� c

0

' c

n

= c

0

. This means x; y in the same �xed p oin t

class of f

n

, con tradicting the construction of E

n

.

This inequalit y is remark able in that it do es not require smo othness of the map

and pro vides a common lo w er b ound for the top ological en trop y of all maps in a

homotop y class.

W e denote b y R the radius of con v ergence of the Nielsen zeta function N

f

( z ). Let

h = inf h ( g ) o v er all maps g of the same homotop y t yp e as f .

Theorem 33 F or a c ontinuous map of a c omp act p olyhe dr on X into itself,

R � exp( � h ) > 0 : (3.1)

Pr oof The inequalit y R � exp ( � h ) follo ws from the previous lemma, the Cauc h y-

Hadamard form ula, and the homotop y in v ariance of the radius R of the Nielsen zeta

function N

f

( z ). W e consider a smo oth compact manifold M whic h is a regular neigh-

b orho o d of X and a smo oth map g : M ! M of the same homotop y t yp e as f . As is

kno wn [75] , the en trop y h ( g ) is �nite. Th us exp ( � h ) � exp( � h ( g )) > 0.

3.1.2 Algebraic lo w er estimation for the Radius of Con v er-

gence

In this subsection w e prop ose another pro v e of p ositivit y of the radius R and giv e an

exact algebraic lo w er estimation for the radius R using the Reidemeister trace form ula

for generalized Lefsc hetz n um b ers.

The fundamen tal group � = �

1

( X ; x

0

) splits in to

~

f

�

-conjugacy classes.Let �

f

de-

note the set of

~

f

�

-conjugacy classes,and Z Z �

f

denote the ab elian group freely generated

b y �

f

. W e will use the brac k et notation a ! [ a ] for b oth pro jections � ! �

f

and

Z Z � ! Z Z �

f

. Let x b e a �xed p oin t of f .T ak e a path c from x

0

to x .The

~

f

�

-conjugacy

class in � of the lo op c � ( f � c )

� 1

,whic h is eviden tly indep enden t of the c hoice of c ,

is called the co ordinate of x .Tw o �xed p oin ts are in the same �xed p oin t class F i�

they ha v e the same co ordinates.This

~

f

�

-conjugacy class is th us called the co ordinate

of the �xed p oin t class F and denoted cd

�

( F ; f ) (compare with description in section

1).

The generalized Lefsc hetz n um b er or the Reidemeister trace [78] is de�ned as

L

�

( f ) :=

X

F

Index ( F ; f ) :cd

�

( F ; f ) 2 Z Z �

f

; (3.2)

the summation b eing o v er all essen tial �xed p oin t classes F of f .The Nielsen

n um b er N ( f ) is the n um b er of non-zero terms in L

�

( f ),and the indices of the essen tial
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�xed p oin t classes app ear as the co e�cien ts in L

�

( f ).This in v arian t used to b e called

the Reidemeister trace b ecause it can b e computed as an alternating sum of traces

on the c hain lev el as follo ws [78],[97] . Assume that X is a �nite cell complex and

f : X ! X is a cellular map.A cellular decomp osition e

d

j

of X lifts to a � -in v arian t

cellular structure on the univ ersal co v ering

~

X .Cho ose an arbitrary lift ~e

d

j

for eac h e

d

j

. They constitute a free Z Z � -basis for the cellular c hain complex of

~

X .The lift

~

f of f

is also a cellular map.In ev ery dimension d , the cellular c hain map

~

f giv es rise to a

Z Z � -matrix

~

F

d

with resp ect to the ab o v e basis,i.e

~

F

d

= ( a

ij

) if

~

f ( ~ e

d

i

) =

P

j

a

ij

~e

d

j

,where

a

ij

2 Z Z � .Then w e ha v e the Reidemei ster trace form ula

L

�

( f ) =

X

d

( � 1)

d

[T r

~

F

d

] 2 Z Z �

f

: (3.3)

No w w e describ e alternativ e approac h to the Reidemei ster trace form ula prop osed

recen tly b y Jiang [52 ]. This approac h is useful when w e study the p erio dic p oin ts of

f , i.e. the �xed p oin ts of the iterates of f .

The mapping torus T

f

of f : X ! X is the space obtained from X � [ o; 1 ) b y

iden tifying ( x; s + 1) with ( f ( x ) ; s ) for all x 2 X ; s 2 [0 ; 1 ).On T

f

there is a natural

semi-
o w � : T

f

� [0 ; 1 ) ! T

f

; �

t

( x; s ) = ( x; s + t ) for all t � 0.Then the map

f : X ! X is the return map of the semi-
o w � . A p oin t x 2 X and a p ositiv e

n um b er � > 0 determine the orbit curv e �

( x;� )

:= �

t

( x )

0 � t � �

in T

f

.

T ak e the base p oin t x

0

of X as the base p oin t of T

f

. It is kno wn that the funda-

men tal group H := �

1

( T

f

; x

0

) is obtained from � b y adding a new generator z and

adding the relations z

� 1

g z =

~

f

�

( g ) for all g 2 � = �

1

( X ; x

0

).Let H

c

denote the set of

conjugacy classes in H . Let Z Z H b e the in tegral group ring of H , and let Z Z H

c

b e the

free ab elian group with basis H

c

.W e again use the brac k et notation a ! [ a ] for b oth

pro jections H ! H

c

and Z Z H ! Z Z H

c

. If F

n

is a �xed p oin t class of f

n

, then f ( F

n

)

is also �xed p oin t class of f

n

and Index ( f ( F

n

) ; f

n

) = Index ( F

n

; f

n

). Th us f acts as

an index-preserving p erm utation among �xed p oin t classes of f

n

. By de�nition, an

n -orbit class O

n

of f to b e the union of elemen ts of an orbit of this action. In other

w ords, t w o p oin ts x; x

0

2 Fix ( f

n

) are said to b e in the same n -orbit class of f if and

only if some f

i

( x ) and some f

j

( x

0

) are in the same �xed p oin t class of f

n

.The set

Fix ( f

n

) splits in to a disjoin t union of n -orbits classes. P oin t x is a �xed p oin t of f

n

or a p erio dic p oin t of p erio d n if and only if orbit curv e �

( x;n )

is a closed curv e. The

free homotop y class of the closed curv e �

( x;n )

will b e called the H -co ordinate of p oin t

x ,written cd

H

( x; n ) = [ �

( x;n )

] 2 H

c

. It follo ws that p erio dic p oin ts x of p erio d n and

x

0

of p erio d n

0

ha v e the same H -co ordinate if and only if n = n

0

and x , x

0

b elong to

the same n -orbits class of f . Th us it is p ossible equiv alen tly de�ne x; x

0

2 Fix f

n

to

b e in the same n -orbit class if and only if they ha v e the same H � co ordinate.

Recen tly , Jiang [52 ] has considered generalized Lefsc hetz n um b er with resp ect to

H

L

H

( f

n

) :=

X

O

n

Index ( O

n

; f

n

) � cd

H

( O

n

) 2 Z Z H

c

; (3.4)

and pro v ed follo wing trace form ula:

L

H

( f

n

) =

X

d

( � 1)

d

[T r ( z

~

F

d

)

n

] 2 Z Z H

c

; (3.5)
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where

~

F

d

b e Z Z � -matrices de�ned ab o v e and z

~

F

d

is regarded as a Z Z H -matrix.

F or an y set S let Z Z S denote the free ab elian group with the sp eci�ed basis S .The

norm in Z Z S is de�ned b y

k

X

i

k

i

s

i

k :=

X

i

j k

i

j2 Z Z ; (3.6)

when the s

i

in S are all di�eren t.

F or a Z Z H -matrix A = ( a

ij

),de�ne its norm b y k A k :=

P

i;j

k a

ij

k .Then w e ha v e

inequalities k AB k � k A j � k B k when A; B can b e m ultiplied, and k T r A k � k A k when

A is a square matrix.F or a matrix A = ( a

ij

) in Z Z S , its matrix of norms is de�ned

to b e the matrix A

nor m

:= ( k a

ij

k ) whic h is a matrix of non-negativ e in tegers.In what

follo ws, the set S will b e � , H or H

c

.W e denote b y s ( A ) the sp ectral radius of A ,

s ( A ) = lim

n

( k A

n

kj )

1

n

; whic h coincide with the largest mo dule of an eigen v alue of A .

Theorem 34 F or any c ontinuous map f of any c omp act p olyhe dr on X into itself

the Nielsen zeta function has p ositive r adius of c onver genc e R ,which admits fol lowing

estimations

R �

1

max

d

k z

~

F

d

k

> 0 (3.7)

and

R �

1

max

d

s (

~

F

nor m

d

)

> 0 ; (3.8)

Pr oof By the homotop y t yp e in v ariance of the in v arian ts w e can supp ose that f

is a cell map of a �nite cell complex.By the de�nition, the Nielsen n um b er N ( f

n

) is

the n um b er of non-zero terms in L

�

( f

n

).The norm k L

H

( f

n

) k is the sum of absolute

v alues of the indices of all the n -orbits classes O

n

. It equals k L

�

( f

n

) k , the sum of

absolute v alues of the indices of all the �xed p oin t classes of f

n

, b ecause an y t w o �xed

p oin t classes of f

n

con tained in the same n -orbit class O

n

m ust ha v e the same index.

F rom this w e ha v e

N ( f

n

) � k L

�

( f

n

) k = k L

H

( f

n

) k = k

X

d

( � 1)

d

[T r ( z

~

F

d

)

n

] k �

�

X

d

k [T r ( z

~

F

d

)

n

] k �

X

d

k T r ( z

~

F

d

)

n

k �

X

d

k ( z

~

F

d

)

n

k �

X

d

k ( z

~

F

d

) k

n

(see [52]).The radius of con v ergence R is giv en b y Caush y-Adamar form ula:

1

R

= lim sup

n

(

N ( f

n

)

n

)

1

n

= lim sup

n

( N ( f

n

))

1

n

:

Therefore w e ha v e:

R =

1

lim sup

n

( N ( f

n

))

1

n

�

1

max

d

k z

~

F

d

k

> 0 :

Inequalities:

N ( f

n

) � k L

�

( f

n

) k = k L

H

( f

n

) k = k

X

d

( � 1)

d

[T r ( z

~

F

d

)

n

] k �

X

d

k [T r ( z

~

F

d

)

n

] k �
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�

X

d

jj T r ( z

~

F

d

)

n

jj �

X

d

T r (( z

~

F

d

)

n

)

nor m

�

X

d

T r (( z

~

F

d

)

nor m

)

n

�

�

X

d

T r ((

~

F

d

)

nor m

)

n

and the de�nition of sp ectral radius giv e estimation:

R =

1

lim sup

n

( N ( f

n

))

1

n

�

1

max

d

s (

~

F

nor m

d

)

> 0 :

Example 7 L et X b e surfac e with b oundary, and f : X ! X b e a map.F adel l and

Husseini [20] devise d a metho d of c omputing the matric es of the lifte d chain map

for surfac e maps.Supp ose f a

1

; ::::; a

r

g is a fr e e b asis for �

1

( X ) . Then X has the

homotopy typ e of a b ouquet B of r cir cles which c an b e de c omp ose d into one 0-c el l

and r 1-c el ls c orr esp onding to the a

i

,and f has the homotopy typ e of a c el lular map

g : B ! B : By the homotopy typ e invarianc e of the invariants,we c an r eplac e f with

g in c omputations.The homomorphism

~

f

�

: �

1

( X ) ! �

1

( X ) induc e d by f and g is

determine d by the images b

i

=

~

f

�

( a

i

) ; i = 1 ; ::; r .The fundamental gr oup �

1

( T

f

) has a

pr esentation �

1

( T

f

) = < a

1

; :::; a

r

; z j a

i

z = z b

i

; i = 1 ; ::; r > .L et

D = (

@ b

i

@ a

j

)

b e the Jac obian in F ox c alculus(se e [10]).Then,as p ointe d out in [20], the matric es of

the lifte d chain map ~g ar e

~

F

0

= (1) ;

~

F

1

= D = (

@ b

i

@ a

j

) :

Now, we c an �nd estimations for the r adius R fr om (3.7) and (3.8).

3.2 Nielsen zeta function of a p erio dic map

The follo wing problem is of in terest: for whic h spaces and classes of maps is the

Nielsen zeta function rational? When is it algebraic? Can N

f

( z ) b e transcenden tal?

Sometimes one can answ er these questions without directly calculating the Nielsen

n um b ers N ( f

n

), but using the connection b et w een Nielsen n um b ers of iterates. W e

denote N ( f

n

) b y N

n

.W e shall sa y that f : X ! X is a p erio dic map of p erio d m , if

f

m

is the iden tit y map id

X

: X ! X . Let � ( d ) ; d 2 N , b e the M• obius function of

n um b er theory . As is kno wn, it is giv en b y the follo wing equations: � ( d ) = 0 if d is

divisible b y a square di�eren t from one ; � ( d ) = ( � 1)

k

if d is not divisible b y a square

di�eren t from one , where k denotes the n um b er of prime divisors of d ; � (1) = 1.

Theorem 35 L et f b e a p erio dic map of le ast p erio d m of the c onne cte d c omp act

p olyhe dr on X . Then the Nielsen zeta function is e qual to

N

f

( z ) =

Y

d j m

d

q

(1 � z

d

)

� P ( d )
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, wher e the pr o duct is taken over al l divisors d of the p erio d m , and P ( d ) is the inte ger

P ( d ) =

X

d

1

j d

� ( d

1

) N

d j d

1

:

Pr oof Since f

m

= id , for eac h j; N

j

= N

m + j

. Since ( k ; m ) = 1, there exist p ositiv e

in tegers t and q suc h that k t = mq + 1. So ( f

k

)

t

= f

k t

= f

mq +1

= f

mq

f = ( f

m

)

q

f = f .

Consequen tly , N (( f

k

)

t

) = N ( f ). Let t w o �xed p oin t x

0

and x

1

b elong to the same

�xed p oin t class. Then there exists a path � from x

0

to x

1

suc h that � � ( f � � )

� 1

' 0.

W e ha v e f ( � � f � � )

� 1

) = ( f � � ) � ( f

2

� � )

� 1

' 0 and a pro duct � � ( f � � )

� 1

� ( f �

� ) � ( f

2

� � )

� 1

= � � ( f

2

� � )

� 1

' 0. It follo ws that � � ( f

k

� � )

� 1

' 0 is deriv ed b y the

iteration of this pro cess.So x

0

and x

1

b elong to the same �xed p oin t class of f

k

. If t w o

p oin t b elong to the di�eren t �xed p oin t classes f , then they b elong to the di�eren t

�xed p oin t classes of f

k

. So, eac h essen tial class( class with nonzero index) for f

is an essen tial class for f

k

; in addition , di�eren t essen tial classes for f are di�eren t

essen tial classes for f

k

. So N ( f

k

) � N ( f ). Analogously , N ( f ) = N (( f

k

)

t

) � N ( f

k

).

Consequen tly , N ( f ) = N ( f

k

). One can pro v e completely analogously that N

d

= N

di

,

if (i, m/d) =1, where d is a divisor of m . Using these series of equal Nielsen n um b ers,

one can regroup the terms of the series in the exp onen tial of the Nielsen zeta function

so as to get logarithmic functions b y adding and subtracting missing terms with

necessary co e�cien t. W e sho w ho w to do this �rst for p erio d m = p

l

, where p is a

prime n um b er . W e ha v e the follo wing series of equal Nielsen n um b ers:

N

1

= N

k

; ( k ; p

l

) = 1( i:e:; no N

ip

; N

ip

2
; :::::; N

ip

l ; i = 1 ; 2 ; 3 ; :::: ) ;

N

p

= N

2 p

= N

3 p

= ::::::: = N

( p � 1) p

= N

( p +1) p

= ::: ( no N

ip

2
; N

ip

3
; :::; N

ip

l )

etc.; �nally ,

N

p

l � 1 = N

2 p

l � 1 = ::::: ( no N

ip

l )

and separately the n um b er N

p

l .

F urther,

1

X

i =1

N

i

i

z

i

=

1

X

i =1

N

1

i

z

i

+

1

X

i =1

( N

p

� N

1

)

p

z

p
i

i

+

+

1

X

i =1

( N

p

2
� ( N

p

� N

1

) � N

1

)

p

2

z

p

2

i

i

+ :::

+

1

X

i =1

( N

p

l
� ::: � ( N

p

� N

1

) � N

1

)

p

l

z

p

l

i

i

= � N

1

� log (1 � z ) +

N

1

� N

p

p

� log (1 � z

p

) +

+

N

p

� N

p

2

p

2

� log (1 � z

p

2

) + :::

+

N

p

l � 1 � N

p

l

p

l

� log (1 � z

p

l

) :
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F or an arbitrary p erio d m , w e get completely analogously ,

N

f

( z ) = exp

 

1

X

i =1

N ( f

i

)

i

z

i

!

= exp

0

@

X

d j m

1

X

i =1

P ( d )

d

�

z

d

i

i

1

A

= exp

0

@

X

d j m

P ( d )

d

� log (1 � z

d

)

1

A

=

Y

d j m

d

q

(1 � z

d

)

� P ( d )

where the in tegers P ( d ) are calculated recursiv ely b y the form ula

P ( d ) = N

d

�

X

d

1

j d ; d

1

6= d

P ( d

1

) :

Moreo v er, if the last form ula is rewritten in the form

N

d

=

X

d

1

j d

� ( d

1

) � P ( d

1

)

and one uses the M• obius In v ersion la w for real function in n um b er theory , then

P ( d ) =

X

d

1

j d

� ( d

1

) � N

d=d

1

;

where � ( d

1

) is the M• obius function in n um b er theory . The theorem is pro v ed.

Corollary 8 If in The or em 35 the p erio d m is a prime numb er, then

N

f

( z ) =

1

(1 � z )

N

1

�

m

q

(1 � z

m

)

N

1

� N

m

:

F or an involution of a c onne cte d c omp act p olyhe dr on, we get

N

in

( z ) =

1

(1 � z )

N

1

�

2

q

(1 � z

2

)

N

1

� N

2

:

Remark 3 L et f : M

n

! M

n

; n � 3 b e a home omorphism of a c omp act hyp erb olic

manifold. Then by Mostow rigidity the or em f is homotopic to p erio dic home omor-

phism g . So the or em 35 applies and the Nielsen zeta function N

f

( z ) is e qual to

N

f

( z ) = N

g

( z ) =

Y

d j m

d

q

(1 � z

d

)

� P ( d )

, wher e the pr o duct is taken over al l divisors d of the le ast p erio d m of g , and P ( d ) is

the inte ger P ( d ) =

P

d

1

j d

� ( d

1

) N ( g

d j d

1

) :

Remark 4 L et f : X ! X b e a c ontinuous map of a c onne cte d c omp act p olyhe dr on

X , homotopic to id

X

. Sinc e the L efschetz numb ers L ( f

n

) = L ( id

X

) = � ( X ) , wher e

� ( X ) is the Euler char acteristic of X , then for � ( X ) 6= 0 one has N ( f

n

) = N ( id

X

) =

1 for al l n > 0 , and N

f

( z ) =

1

1 � z

; if � ( X ) = 0 , then N ( f

n

) = N ( id

X

) = 0 for al l

n > 0 , and N

f

( z ) = 1
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3.3 Orien tation-preserving homeomorphisms of a

compact surface

The pro of of the follo wing theorem is based on Th urston's theory of orien tation-

preserving homeomorphisms of surfaces [91].

Theorem 36 The Nielsen zeta function of an orientation-pr eserving home omorphism

f of a c omp act surfac e M

2

is either a r ational function or the r adic al of a r ational

function.

Pr oof The case of an orien table surface with � ( M

2

) � 0( S

2

; T

2

) is considered in

subsection 3.8. In the case of an orien table surface with � ( M

2

) < 0 , according to

Th urston's classi�cation theorem, the homeomorphism f is isotopic either to a p eri-

o dic or a pseudo-Anoso v, or a reducible homeomorphism. In the �rst case the assertion

of the theorem follo ws from theorem 35. If f is an orien tation-preserving pseudo-

Anoso v homeomorphism of a compact surface(i.e. there is a n um b er � > 1 and a pair

of transv erse measured foliations ( F

s

; �

s

) and ( F

u

; �

u

) suc h that f ( F

s

; �

s

) = ( F

s

;

1

�

�

s

)

and f ( F

u

; �

u

) = ( F

u

; ��

u

)), then for eac h n > 0 ; N ( f

n

) = F ( f

n

) [91], [55 ], [51]. Con-

sequen tly , in this case the Nielsen zeta function coincides with the Artin-Mazur zeta

function: N

f

( z ) = F

f

( z ). Since in [22] Mark o v partitions are constructed for a pseudo-

Anoso v homeomorphism , Manning's pro of [64] of the rationalit y of the Artin-Mazur

zeta function for di�eomorphisms satisfying Smale's axiom A carries o v er to the case

of pseudo-Anoso v homeomorphisms. Th us , the Nielsen zeta function N

f

( z ) is also

rational.No w if f is isotopic to a reduced homeomorphism � , then there exists a re-

ducing system S of disjoin t circles S

1

; S

2

; :::; S

m

on intM

2

suc h that

1) eac h circle S

i

do es not b ound a disk in M

2

;

2) S

i

is not isotopic to S

j

; i 6= j ;

3) the system of circles S is in v arian t with resp ect to � ;

4) the system S has an op en � -in v arian t tubular neigh b orho o d � ( S ) suc h that eac h

� -comp onen t �

j

of the set M

2

� � ( S ) is mapp ed in to itself b y some iterate �

n

j

; n

j

> 0

of the map � ; here �

n

j

on �

j

is either a pseudo-Anoso v or a p erio dic homeomorphism;

5) eac h band � ( S

i

) is mapp ed in to itself b y some iterate �

m

i

; m

i

> 0; here �

m

i

on

� ( S

i

) is a generalized t wist (p ossibly trivial).

Since the band � ( S

i

) is homotopically equiv alen t to the circle S

1

, as will b e sho wn

in subsection 3.8 the Nielsen zeta function N

�

m

i

( z ) is rational. The zeta functions

N

�

( z ) and N

�

m

i

( z ) are connected on the � - comp onen t �

j

b y the form ula N

�

( z ) =

n

j

q

N

�

n

j

( z

n

j

); analogously , on the band � ( S

i

) ; N

�

( z ) =

m

j

q

N

�

m

j

( z

m

j

). The �xed p oin ts

of �

n

, b elonging to di�eren t comp onen ts �

j

and bands � ( S

i

) are nonequiv alen t [56],so

the Nielsen n um b er N ( �

n

) is equal to the sum of the Nielsen n um b ers N ( �

n

= �

j

) and
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N ( �

n

=� ( S

i

)) of � -comp onen ts and bands . Consequen tly , b y the prop erties of the

exp onen tial, the Nielsen zeta function N

�

( z ) = N

f

( z ) is equal to the pro duct of the

Nielsen zeta functions of the � - comp onen ts �

j

and the bands � ( S

i

), i.e. is the radical

of a rational function.

Remark 5 F or an orientation -pr eserving pseudo-A nosov home omorphism of a c om-

p act surfac e the r adius of the Nielsen zeta function N

f

( z ) is e qual to

R = exp ( � h ( f )) =

1

� ( A )

, wher e � ( A ) is the lar gest eigenvalue of the tr ansition matrix of the top olo gic al Markov

chain c orr esp onding to f .

3.3.1 Geometry of the Mapping T orus and Radius of Con-

v ergence

Let f : M

2

! M

2

b e an orien tation-preserving homeomorphism of a compact ori-

en table surface, R the radius of con v ergence of Nielsen zeta function and T

f

b e the

mapping torus of f , i.e. T

f

is obtained from M

2

� [0 ; 1] b y iden tifying ( x; 0) to ( f ( x ) ; 1)

, x 2 M

2

.

Lemma 23 L et the Euler char acteristic � ( M

2

) < 0 . Then R = 1 if and only if the

Thurston normal form for f do es not c ontain pseudo-A nosov c omp onents.

Pr oof Let � b e a Th urston canonical form of f . Supp ose that � do es not con tain

a pseudo-Anoso v comp onen t. Then � is p erio dic or reducible b y S , where on eac h

� -comp onen t � is p erio dic. If � is p erio dic then b y theorem 35 R = 1. If � is reducible

then in theorem 36 w e ha v e pro v ed that the Nielsen zeta function N

�

( z ) = N

f

( z ) is

equal to the pro duct of the Nielsen zeta functions of the � - comp onen ts �

j

and the

bands � ( S

i

), i.e. has radius of con v ergence R = 1.

A three-dimensional manifold M is called a graph manifold if there is a system

of m utually disjoin t t w o-dimensional tori f T

i

g in M suc h that the closure of eac h

comp onen t of M cut along [ T

i

is a (surface) � S

1

.

Theorem 37 L et � ( M

2

) < 0 . The mapping torus T

f

is a gr aph-manifold if and only

if R = 1 . If I ntT

f

admits a hyp erb olic structur e of �nite volume , then R < 1 . If

R < 1 then f has an in�nite set of p erio dic p oints with p airwise di�er ent p erio ds.

Pr oof T. Koba y ashi [58 ] has pro v ed that mapping torus T

f

is a graph-manifold if

and only if the Th urston normal form for f do es not con tain pseudo-Anoso v comp o-

nen ts.So, lemm a 23 implies the �rst statemen t of the theorem. Th urston has pro v ed

[93], [90] that I ntT

f

admits a h yp erb olic structure of �nite v olume if and only if f is

isotopic to pseudo-Anoso v homeomorphism. But for pseudo-Anoso v homeomorphism

1 > R = exp ( � h ( f )) =

1

� ( A )

, where � ( A ) is the largest eigen v alue of the transition

matrix of the top ological Mark o v c hain corresp onding to f .This pro v es the second

statemen t of the theorem. If R < 1 thenTh urston normal form for f do es con tain
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pseudo-Anoso v comp onen ts. It is kno wn [58] that pseudo-Anoso v homeomorphism

has in�nitely man y p erio dic p oin ts those p erio ds are m utually distinct.

A link L is a �nite union of m utually disjoin t circles in a three-dimensional man-

ifold.The exterior of L is the closure of the complemen t of a regular neigh b orho o d

of L . A link L is a graph link if the exterior of L is a graph manifold.Let � a set

consisting of a �nite n um b er of p erio dic orbits of f . The set � � [0 ; 1] pro jects to a

link L

f ; �

in the mapping torus T

f

.

Corollary 9 L et � ( M

2

� � < 0 .The link L

f ; �

is a gr aph link if and only if R = 1 .

Pr oof Homeomorphism f is isotop e r el � to a di�eomorphism g . Let F b e a surface

obtained from M

2

� � b y adding a circle to eac h end . Since g is di�eren tiable at

eac h p oin t of � , g extends to ~g : F ! F [47]. By theorem 37 T

~g

is a graph manifold

if and only if R = 1. Hence L

f ; �

is a graph link if and only if R = 1.

3.4 The Jiang subgroup and the Nielsen zeta func-

tion

>F rom the homotop y in v ariance theorem (see [51]) it follo ws that if a homotop y

f h

t

g : f

�

=

g : X ! X lifts to a homotop y f

~

h

t

g :

~

f

�

=

~g :

~

X !

~

X , then w e

ha v e Index ( f ; p (Fix

~

f )) = Index ( g ; p (Fix ~g )). Supp ose f h

t

g is a cyclic homotop y

f h

t

g : f

�

=

f ; then this lifts to a homotop y from a giv en lifting

~

f to another lifting

~

f

0

= � �

~

f , and w e ha v e

Index ( f ; p (Fix

~

f )) = Index ( f ; p (Fix � �

~

f )) :

In other w ords, a cyclic homotop y induces a p erm utation of lifting classes (and hence

of �xed p oin t classes); those in the same orbit of this p erm utation ha v e the same

index. This idea is applied to the computation of N

f

( z ).

De�nition 12 The tr ac e sub gr oup of cyclic homotopies (the Jiang sub gr oup) I (

~

f ) � �

is de�ne d by

I (

~

f ) =

8

>

<

>

:

� 2 �

�

�

�

�

�

there exists a cyclic homotop y

f h

t

g : f

�

=

f whic h lifts to

f

~

h

t

g :

~

f

�

=

� �

~

f

9

>

=

>

;

(se e [51 ]).

Let Z ( G ) denote the cen tre of a group G , and let Z ( H ; G ) denote the cen tralizer

of the subgroup H � G . The Jiang subgroup has the follo wing prop erties:

1.

I (

~

f ) � Z (

~

f

�

( � ) ; � );

2.

I ( id

~

X

) � Z ( � );
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3.

I ( ~ g ) � I ( ~ g �

~

f );

4.

~g

�

( I (

~

f )) � I ( ~ g �

~

f );

5.

I ( id

~

X

) � I (

~

f ) :

The class of path-connected spaces X satisfying the condition I ( id

~

X

) = � = �

1

( X ; x

0

)

is closed under homotop y equiv alence and the top ological pro duct op eration, and con-

tains the simply connected spaces, generalized lens spaces, H -spaces and homogeneous

spaces of the form G=G

0

where G is a top ological group and G

0

a subgroup whic h is

a connected, compact Lie group (for the pro ofs see [51]).

>F rom theorem 27 it follo ws:

Theorem 38 Supp ose that N ( f

n

) = R ( f

n

) for al l n > 0 , and that f is eventual l y

c ommutative. Then the Nielsen zeta function is r ational, and is given by

N

f

( z ) = R

f

( z ) =

=

0

@

 

k

Y

i =0

det

�

1 � �

i

f

1

1 �

� z

�

( � 1)

i +1

!

( � 1)

r

1

A

�

0

@

Y

[ h ]

1

1 � z

#[ h ]

1

A

; (3.9)

wher e � , r , and [ h ] ar e as in the or em 27. The function written her e has a functional

e quation as describ e d in the or em 29.

Theorem 39 Supp ose that

~

f

�

( � ) � I (

~

f ) and L ( f

n

) 6= 0 for every n > 0 . Then

N

f

( z ) = R

f

( z ) is r ational and is given by (3.9). It has a functional e quation as

describ e d in the or em 29. If L ( f

n

) = 0 only for �nite numb er of n ,then

N

f

( z ) = R

f

( z ) � exp ( P ( z ))

wher e R

f

( z ) is r ational and is given by (3.9 ) and P ( z ) is a p olynomial.

Pr oof W e ha v e

~

f

n

�

( � ) � I (

~

f

n

) for ev ery n > 0 (b y prop ert y 4 and the condition

~

f

�

( � ) � I (

~

f )). F or an y � 2 � , p (Fix � �

~

f

n

) = p (Fix

~

f

n

�

( � ) �

~

f

n

) b y lemm as 2 and

5 and the fact that � and

~

f

n

�

� are in the same

~

f

n

�

-conjugacy class( see lemma 7).

Since

~

f

n

�

( � ) � I (

~

f

n

), there is a homotop y f h

t

g : f

n

�

=

f

n

whic h lifts to f

~

h

t

g :

~

f

n

�

=

~

f

n

�

( � ) �

~

f

n

. Hence Index ( f

n

; p (Fix

~

f

n

)) = Index ( f

n

; p (Fix � �

~

f

n

)). Since � 2 �

is arbitrary , an y t w o �xed p oin t classes of f

n

ha v e the same index. It imme diatel y

follo ws that L ( f

n

) = 0 implies N ( f

n

) = 0 and L ( f

n

) 6= 0 implies N ( f

n

) = R ( f

n

). By

prop ert y 1,

~

f

n

( � ) � I (

~

f

n

) � Z (

~

f

n

�

( � ) ; � ), so

~

f

n

�

( � ) is ab elian. Hence

~

f

�

is ev en tually

comm utativ e. If L ( f

n

) 6= 0 for ev ery n > 0 then the �rst part of the theorem no w

follo ws from theorems 27 and 29 . If L ( f

n

) = 0 only for �nite n um b er of n ,then the

fraction N

f

( z ) =R

f

( z ) = exp ( P ( z )), where P ( z ) is a p olynomial whose degree equal

to maximal n , suc h that L ( f

n

) 6= 0. This giv es the second part of the theorem.
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Corollary 10 L et the assumptions of the or em 39 hold. Then the p oles and zer os of

the Nielsen zeta function ar e c omplex numb ers of the form �

a

b wher e b is the r e cipr o c al

of an eigenvalue of one of the matric es

�

i

( f

1

1 �

) : �

i

( H

1

( X ; Z Z )

1

) � ! �

i

( H

1

( X ; Z Z )

1

) 0 � i � rank G

and �

a

is a  

th

r o ot of unity wher e  is the numb er of p erio dic torsion elements in

H

1

( X ; Z Z ) . The multiplicities of the r o ots or p oles �

a

b and �

a

0

b

0

ar e the same if b = b

0

and hcf ( a;  ) = hcf ( a

0

;  ) .

Remark 6 The c onclusion of the or em 39 r emains valid under the we aker pr e c ondition

\ther e is an inte ger m such that

~

f

m

�

( � ) � I (

~

f

m

) " inste ad of

~

f

�

( � ) � I (

~

f ) , but the

pr o of is mor e c omplic ate d.

>F rom theorem 8 and results of Jiang [51] it follo ws:

Theorem 40 (T r ac e formula for the Nielsen numb ers) Supp ose that ther e is an in-

te ger m such that

~

f

m

�

( � ) � I (

~

f

m

) and L ( f ) 6= 0 .Then

N ( f ) = R ( f ) = ( � 1)

r + p

k

X

i =0

( � 1)

i

T r (�

i

f

1 �

1


 A ) : (3.10)

wher e k is r g H

1

( X ; Z Z )

1

, A is line ar map on the c omplex ve ctor sp ac e of c omplex

value d functions on the gr oup T or sH

1

( X ; Z Z ) , p the numb er of � 2 Sp ec f

1

1 �

such that

� < � 1 , and r the numb er of r e al eigenvalues of f

1

1 �

whose absolute value is > 1 .

Theorem 41 Supp ose that ther e is an inte ger m such that

~

f

m

�

( � ) � I (

~

f

m

) .If L ( f

n

) 6=

0 for every n > o ,then

N

f

( z ) = R

f

( z ) =

 

k

Y

i =0

det (1 � �

i

f

1

1 �


 A � � � z )

( � 1)

i +1

!

( � 1)

r

(3.11)

If L ( f

n

) = 0 only for �nite numb er of n ,then

N

f

( z ) = R

f

( z ) � exp P ( z )

=

 

k

Y

i =0

det(1 � �

i

f

1

1 �


 A � � � z )

( � 1)

i +1

!

( � 1)

r

� exp P ( z ) (3.12)

Wher e P ( z ) is a p olynomial , A; k ; p; and r ar e as in the or em 40.

Pr oof

If L ( f

n

) 6= 0 for ev ery n > o ,then form ula (3.11) follo ws from theorem 12. If

L ( f

n

) = 0, then N ( f

n

) = 0 . If L ( f

n

) 6= 0, then N ( f

n

) = R ( f

n

)(see pro of of theorem

39 ).So the fraction N

f

( z ) =R

f

( z ) = exp ( P ( z )), where P ( z ) is a p olynomial whose

degree equal to maximal n , suc h that L ( f

n

) 6= 0.
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Corollary 11 L et the assumptions of the or em 41 hold. Then the p oles and zer os of

the Nielsen zeta function ar e c omplex numb ers which ar e the r e cipr o c al of an eigenvalue

of one of the matric es

�

i

( f

1

1 �


 A � � )

Corollary 12 L et I ( id

~

X

) = � . If L ( f

n

) 6= 0 for al l n > 0 then formula (3.11) is

valid. If L ( f

n

) = 0 for �nite numb er of n , then formula (3.12) is valid.

Corollary 13 Supp ose that X is aspheric al, f is eventual l y c ommutative. If L ( f

n

) 6=

0 for al l n > 0 then formula (3.11) is valid.If L ( f

n

) = 0 for �nite numb er of n , then

formula (3.12) is valid

3.5 P olyhedra with �nite fundamen tal group.

F or a compact p olyhedron X with �nite fundamen tal group, �

1

( X ), the univ ersal co v er

~

X is compact, so w e ma y explore the relation b et w een L (

~

f

n

) and Index ( p (Fix

~

f

n

)).

De�nition 13 The numb er � ([

~

f

n

]) = #Fix

~

f

n

�

, de�ne d to b e the or der of the �nite

gr oup Fix

~

f

n

�

, is c al le d the multiplicity of the lifting class [

~

f

n

] , or of the �xe d p oint

class p (Fix

~

f

n

) .

Lemma 24 ([51])

L (

~

f

n

) = � ([

~

f

n

]) � Index ( f

n

; p (Fix

~

f

n

)) :

Lemma 25 ([51]) If R ( f

n

) = #Cok er (1 � f

n

1 �

) (in p articular if f is eventual l y

c ommutative), then

� ([

~

f

n

]) = #Cok er (1 � f

n

1 �

) :

Theorem 42 L et X b e a c onne cte d, c omp act p olyhe dr on with �nite fundamental

gr oup � . Supp ose that the action of � on the r ational homolo gy of the universal c over

~

X is trivial, i.e. for every c overing tr anslation � 2 � , �

�

= id : H

�

(

~

X ; Q I ) ! H

�

(

~

X ; Q I ) .

If L ( f

n

) 6= 0 for al l n > 0 then N

f

( z ) is a r ational function given by

N

f

( z ) = R

f

( z ) =

Y

[ <h> ]

1

1 � z

#[ <h> ]

; (3.13)

wher e the pr o duct is taken over al l p erio dic

~

f

�

-orbits of or dinary c onjugacy classes

in the �nite gr oup �

1

( X ) . This function has a functional e quation as describ e d in

the or em 26. If L ( f

n

) = 0 only for �nite numb er of n ,then

N

f

( z ) = R

f

( z ) � exp ( P ( z )) ;

wher e P ( z ) is a p olynomial and R

f

( z ) is given by formula (3.13)
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Pr oof Under our assumption on X , an y t w o liftings

~

f

n

and � �

~

f

n

induce the

same homology homomorphism H

�

(

~

X ; Q I ) ! H

�

(

~

X ; Q I ), and ha v e th us the same v alue

of L (

~

f

n

). F rom Lemma 24 it follo ws that an y t w o �xed p oin t classes f

n

are either

b oth essen tial or b oth inessen tial. If L ( f

n

) 6= 0 for ev ery n > 0 then for ev ery n there

is at least one essen tial �xed p oin t class of f

n

. Therefore for ev ery n all �xed p oin t

classes of f

n

are essen tial and N

f

( z ) = R

f

( z ). The form ula ( 3.13) for R

f

( z ) follo ws

from theorem 16 . If L ( f

n

) = 0, then N ( f

n

) = 0 . If L ( f

n

) 6= 0, then N ( f

n

) = R ( f

n

).

So the fraction N

f

( z ) =R

f

( z ) = exp( P ( z )), where P ( z ) is a p olynomial whose degree

equal to maximal n , suc h that L ( f

n

) 6= 0. This giv es the second statemen t of the

theorem.

Let W b e the complex v ector space of complex v alued class functions on the

fundamen tal group � .The map

~

f

�

induces a linear map B : W ! W de�ned b y

B ( f ) := f �

~

f

�

:

Theorem 43 (T r ac e formula for Nielsen numb ers) L et X b e a c onne cte d, c omp act

p olyhe dr on with �nite fundamental gr oup � . Supp ose that the action of � on the

r ational homolo gy of the universal c over

~

X is trivial, i.e. for every c overing tr anslation

� 2 � , �

�

= id : H

�

(

~

X ; Q I ) ! H

�

(

~

X ; Q I ) . L et L ( f ) 6= 0 .Then

N ( f ) = R ( f ) = T r B ; (3.14)

Pr oof Under our assumption on X all �xed p oin t classes of f are essen tial and

N ( f ) = R ( f ) ( see pro of of the previous theorem for n=1).The form ula for N ( f )

follo ws no w from theorem 15.

Theorem 44 L et X b e a c onne cte d, c omp act p olyhe dr on with �nite fundamental

gr oup � . Supp ose that the action of � on the r ational homolo gy of the universal c over

~

X is trivial, i.e. for every c overing tr anslation � 2 � , �

�

= id : H

�

(

~

X ; Q I ) ! H

�

(

~

X ; Q I ) .

If L ( f

n

) 6= 0 for every n > o ,then

N

f

( z ) = R

f

( z ) =

1

det(1 � B z )

; (3.15)

If L ( f

n

) = 0 only for �nite numb er of n ,then

N

f

( z ) = R

f

( z ) � exp ( P ( z )) =

exp ( P ( z ))

det(1 � B z )

; (3.16)

Wher e P ( z ) is a p olynomial, B is de�ne d in the or em 15

Pr oof

If L ( f

n

) 6= 0 for ev ery n > o ,then N ( f

n

) = R ( f

n

) (see pro of of theorem 42)

and form ula (3.16) follo ws from theorem 17 . If L ( f

n

) = 0, then N ( f

n

) = 0 . If

L ( f

n

) 6= 0, then N ( f

n

) = R ( f

n

). So the fraction N

f

( z ) =R

f

( z ) = exp( P ( z )), where

P ( z ) is a p olynomial whose degree equal to maximal n , suc h that L ( f

n

) 6= 0.
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Lemma 26 L et X b e a p olyhe dr on with �nite fundamental gr oup � and let p :

~

X ! X

b e its universal c overing. Then the action of � on the r ational homolo gy of

~

X is trivial

i� H

�

(

~

X ; Q I )

�

=

H

�

( X ; Q I ) .

Corollary 14 L et

~

X b e a c omp act 1 -c onne cte d p olyhe dr on which is a r ational ho-

molo gy n -spher e, wher e n is o dd. L et � b e a �nite gr oup acting fr e ely on

~

X and let

X =

~

X =� . Then the or ems 42 and 44 applie.

Pr oof The pro jection p :

~

X ! X =

~

X =� is a univ ersal co v ering space of X . F or

ev ery � 2 � , the degree of � :

~

X !

~

X m ust b e 1, b ecause L ( � ) = 0 ( � has no �xed

p oin ts). Hence �

�

= id : H

�

(

~

X ; Q I ) ! H

�

(

~

X ; Q I ).

Corollary 15 If X is a close d 3-manifold with �nite � , then the or ems 42 and 44

applie.

Pr oof

~

X is an orien table, simply connected manifold, hence a homology 3-sphere.

W e apply corollary 14 .

Corollary 16 L et X = L ( m; q

1

; : : : ; q

r

) b e a gener alize d lens sp ac e and f : X ! X

a c ontinuous map with f

1 �

(1) = d wher e j d j6 = 1 . The Nielsen and R eidemeister zeta

functions ar e then r ational and ar e given by the formula:

N

f

( z ) = R

f

( z ) =

Y

[ h ]

1

1 � z

#[ h ]

=

'

d

( m )

Y

t =1

(1 � e

2 � it='

d

( m )

z )

� a ( t )

:

wher e [ h ] runs over the p erio dic f

1 �

-orbits of elements of H

1

( X ; Z Z ) . The numb ers

a ( t ) ar e natur al numb ers given by the formula

a ( t ) =

X

s j m suc h that

'

d

( m ) j t'

d

( s )

' ( s )

'

d

( s )

;

wher e ' is the Euler totient function and '

d

( s ) is the or der of the multiplic ative

sub gr oup of ( Z Z =sZ Z )

�

gener ate d by d .

Pr oof By corollary 14 w e see that theorem 42 applies for lens spaces. Since

�

1

( X ) = Z Z =mZ Z , the map f is ev en tually comm utativ e . A lens space has a structure

as a CW complex with one cell e

i

in eac h dimension 0 � i � 2 n + 1. The b oundary

map is giv en b y @ e

2 k

= m:e

2 k � 1

for ev en cells, and @ e

2 k +1

= 0 for o dd cells. >F rom

this w e ma y calculate the Lefsc hetz n um b ers:

L ( f

n

) = 1 � d

( l +1) n

6= 0 :

This is true for an y n as long as j d j6 = 1. Then b y theorem 42 w e ha v e

N ( f

n

) = R ( f

n

) = #Cok er (1 � f

n

1 �

)
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where f

1 �

is m ultiplicati on b y d . One then sees that (1 � f

n

1 �

)( Z Z =mZ Z ) = (1 �

d

n

)( Z Z =mZ Z ) and therefore Cok er (1 � f

n

1 �

) = ( Z Z =mZ Z ) = (1 � d

n

)(( Z Z =mZ Z ). The

cok ernel is th us a cyclic group of order hcf (1 � d

n

; m ).

W e brie
y in v estigate the sequence n 7! hcf (1 � d

n

; m ). It w as originally this

calculation whic h lead us to the results of section 2.4.

Let ' : I N ! I N b e the Euler totien t function, ie. ' ( r ) = #( Z Z =r Z Z )

�

. In addition

w e de�ne '

d

( r ) to b e the order of the m ultipli cativ e subgroup of ( Z Z =r Z Z )

�

generated

b y d . One then has b y Lagrange's theorem '

d

( r ) j ' ( r ). The n um b er ' ( r ) is the

smallest n > 0 suc h that d

n

� 1 mo d r .

The sequence n 7! hcf (1 � d

n

; m ) is p erio dic in n with least p erio d '

d

( m ). It can

therefore b e expressed as a �nite F ourier series:

hcf (1 � d

n

; m ) =

'

d

( m )

X

t =1

a ( t ) exp

 

2 � int

'

d

( m )

!

:

The co e�cien ts a ( t ) are giv en b y F ourier's in v ersion form ula:

a ( t ) =

1

'

d

( m )

'

d

( m )

X

n =1

hcf (1 � d

n

; m ) exp

 

� 2 � int

'

d

( m )

!

:

After a simple calculation, one obtains the form ula:

exp

 

1

X

n =1

hcf (1 � d

n

; m )

n

z

n

!

=

'

d

( m )

Y

t =1

(1 � e

2 � it='

d

( m )

z )

� a ( t )

:

W e no w calculate the co e�cien ts a ( t ) more explicitly . W e ha v e hcf ( d

n

� 1 ; m ) = r i�

d

n

� 1 mo d r and for all primes p j

m

r

, d

n

6� 1 mo d pr . This is the case if and only if

n � 0 mo d '

d

( r ) and for all primes p j

m

r

, n 6� 0 mo d '

d

( pr ). Using this w e partition

the sum in the expression for a ( t ):

a ( t ) =

1

'

d

( m )

X

r j m

r

'

d

( m )

X

n = 1 suc h that

n � 0 mo d '

d

( r ) and

8 p j

m

r

; n 6� 0 mo d '

d

( pr )

exp

 

� 2 � int

'

d

( m )

!

:

W e de�ne

g ( r ) :=

'

d

( m )

X

n = 1 suc h that

n � 0 mo d '

d

( r )

exp

 

� 2 � int

'

d

( m )

!

:

Using this w e rewrite the inner sum in the expression for a ( t ).

'

d

( m )

X

n = 1 suc h that

n � 0 mo d '

d

( r ) and

8 p j

m

r

; n 6� 0 mo d '

d

( pr )

exp

 

� 2 � int

'

d

( m )

!

=

= g ( r ) �

X

p

1

j

m

r

g ( p

1

r ) +

X

p

1

;p

2

j

m

r

g ( p

1

p

2

r ) � : : :
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Here the second sum is o v er all 2-elemen t sets of primes f p

1

; p

2

g suc h that p

1

and p

2

b oth divide

m

r

. Substituting this in to our expression for a ( t ) w e obtain,

a ( t ) =

1

'

d

( m )

X

r j m

r

0

@

g ( r ) �

X

p

1

j

m

r

g ( p

1

r ) +

X

p

1

;p

2

j

m

r

g ( p

1

p

2

r ) � : : :

1

A

:

W e no w c hange the v ariable of summation:

a ( t ) =

1

'

d

( m )

X

s j m

g ( s )

0

@

s �

X

p

1

j s

s

p

1

+

X

p

1

;p

2

j s

s

p

1

p

2

� : : :

1

A

:

The large brac k et here can b e factorized in to a kind of Euler pro duct:

a ( t ) =

1

'

d

( m )

X

s j m

g ( s )

Y

p j s

 

1 �

1

p

!

:

This is then seen to b e exactly the Euler totien t function:

a ( t ) =

1

'

d

( m )

X

s j m

g ( s ) ' ( s ) :

On the other hand, a simple calculation sho ws

g ( s ) =

(

'

d

( m )

'

d

( s )

if '

d

( m ) j t'

d

( s )

0 otherwise :

>F rom this w e ha v e

a ( t ) =

X

s j m suc h that

'

d

( m ) j t'

d

( s )

' ( s )

'

d

( s )

:

It is no w clear that the co e�cien ts a ( t ) are natural n um b ers, and w e ha v e the form ula

stated.

Remark 7 L et X = L

2 l +1

( m; q

1

; q

2

; : : : ; q

r

) and let f : X ! X b e an c ontinuous

map. If f induc es the trivial map on the cyclic gr oup �

1

( X ) then we have,

N

f

( z ) = 1 ; R

f

( z ) =

1

(1 � z )

m

:

If f induc es the map g 7! � g on �

1

( X ) then we have

R

f

( z ) =

8

>

<

>

:

1

(1 � z )

m

2

+1

(1+ z )

m

2

� 1

if m is ev en ;

1

(1 � z )

m +1

2

(1+ z )

m � 1

2

if m is o dd ;

N

f

( z ) =

8

>

>

>

>

<

>

>

>

>

:

1 if l is o dd ;

1

1 � z

2

if l is ev en and m is ev en ;

q

1+ z

1 � z

if l is ev en and m is o dd :

We have now describ e d explicitly al l the R eidemeister and Nielsen zeta functions of

al l c ontinuous maps of lens sp ac es. Ap art fr om one exc eption they ar e al l r ational.
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3.6 Nielsen zeta function in other sp ecial cases

Theorems 22 and 31 implie

Theorem 45 L et f b e any c ontinuous map of a nilmanifold M to itself.If R ( f

n

) is

�nite for al l n then

N

f

( z ) = R

f

( z ) =

 

m

Y

i =0

det(1 � �

i

~

F :� :z )

( � 1)

i +1

!

( � 1)

r

(3.17)

wher e � = ( � 1)

p

, p , r , m and

~

F is de�ne d in the or em 31.

Theorem 46 Supp ose M is a orientable c omp act c onne cte d 3-manifold such that

int M admits a c omplete hyp erb olic structur e with �nite volume and f : M ! M

is orientation pr eserving home omorphism.Then Nielsen zeta function is r ational and

N

f

( z ) = L

f

( z )

Pr oof B.Jiang and S. W ang [53] ha v e pro v ed that N ( f ) = L ( f ). This is also true

for all iterations.

3.6.1 Pseudo-Anoso v homeomorphism of a compact surface

Let X b e a compact surface of negativ e Euler c haracteristic and f : X ! X is a

pseudo-Anoso v homeomorphism,i .e . there is a n um b er � > 1 and a pair of trans-

v erse measured foliations ( F

s

; �

s

) and ( F

u

; �

u

) suc h that f ( F

s

; �

s

) = ( F

s

;

1

�

�

s

) and

f ( F

u

; �

u

) = ( F

u

; ��

u

). F athi and Sh ub [22] has pro v ed the existence of Mark o v parti-

tions for a pseudo-Anoso v homeomorphism. The existence of Mark o v partitions implies

that there is a sym b olic dynamics for ( X ; f ).This means that there is a �nite set N ,

a matrix A = ( a

ij

)

( i;j ) 2 N � N

with en tries 0 or 1 and a surjectiv e map p : 
 ! X ,where


 = f ( x

n

)

n 2 Z Z

: a

x

n

x

n +1

= 1 ; n 2 Z Z g

suc h that p � � = f � p where � is the shift (to the left) of the sequence ( x

n

) of

sym b ols.W e ha v e �rst [11]:

#Fix �

n

= T r A

n

:

In general p is not bijectiv e.The non-injectivit y of p is due to the fact that the rectan-

gles of the Mark o v partition can meet on their b oundaries.T o cancel the o v ercoun ting

of p erio dic p oin ts on these b oundaries,w e use Manning's com binatorial argumen ts

[64] prop osed in the case of Axiom A di�eomorphism (see also [72]) . Namely , w e

construct �nitely man y subshifts of �nite t yp e �

i

; i = 0 ; 1 ; ::; m , suc h that �

0

= � ,

the other shifts semi-conjugate with restrictions of f [72] ,and signs �

i

2 f� 1 ; 1 g suc h

that for eac h n

#Fix f

n

=

m

X

i =0

�

i

� #Fix �

n

i

=

m

X

i =0

�

i

� T r A

n

i

;

where A

i

is transition matrix, corresp onding to subshift of �nite t yp e �

i

. F or pseudo-

Anoso v homeomorphism of compact surface N ( f

n

) = #Fix ( f

n

) for eac h n > o [91 ].So

w e ha v e follo wing trace form ula for Nielsen n um b ers
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Lemma 27 L et X b e a c omp act surfac e of ne gative euler char acteristic and f : X !

X is a pseudo-A nosov home omorphism.Then

N ( f

n

) =

m

X

i =0

�

i

� T r A

n

i

:

This lemm a implies

Theorem 47 L et X b e a c omp act surfac e of ne gative Euler char acteristic and f :

X ! X is a pseudo-A nosov home omorphism.Then

N

f

( z ) =

m

Y

i =0

det (1 � A

i

z )

� �

i

(3.18)

wher e A

i

and �

i

the same as in lemma 27.

3.7 The Nielsen zeta function and Serre bundles.

Let p : E ! B b e a orien table Serre bundle in whic h E , B and ev ery �bre are

connected, compact p olyhedra and F

b

= p

� 1

( b ) is a �bre o v er b 2 B ( see section ).

Let f : E ! E b e a �bre map. Then for an y t w o �xed p oin ts b; b

0

of

�

f : B ! B

the maps f

b

= f j

F

b

and f

b

0

= f j

F

b

0

ha v e the same homotop y t yp e; hence they ha v e

the same Nielsen n um b ers N ( f

b

) = N ( f

b

0

) . The follo wing theorem describ es the

relation b et w een the Nielsen zeta functions N

f

( z ), N

�

f

( z ) and N

f

b

( z ) for a �bre map

f : E ! E of an orien table Serre bundle p : E ! B .

Theorem 48 Supp ose that for every n > 0

1) K N ( f

n

b

) = N ( f

b

) , wher e b 2 Fix (

�

f

n

) ; K = K

b

= K er ( i

�

: �

1

( F

b

) ! �

1

( E )) ;

2) in every essential �xe d p oint class of f

n

, ther e is a p oint e such that

p

�

(Fix ( �

1

( E ; e )

( f

n

) �

! �

1

( E ; e ) == Fix ( �

1

( B ; b

0

)

(

�

f

n

) �

! �

1

( B ; b

0

) ;

wher e b

0

= p ( e ) . We then have

N

f

( z ) = N

�

f

( z ) � N

f

b

( z ) :

If N

�

f

( z ) and N

f

b

( z ) ar e r ational functions then so is N

f

( z ) . If N

�

f

( z ) and N

f

b

( z ) ar e

r ational functions with functional e quations as describ e d in the or em 38 and 42 then

so is N

f

( z ) .

Pr oof >F rom the conditions of the theorem it follo ws that

N ( f

n

) = N (

�

f

n

) � N ( f

n

b

)

for ev ery n ( see [51]). >F rom this w e ha v e

N

f

( z ) = N

�

f

( z ) � N

f

b

( z ) :

The rationalit y of N

f

( z ) and functional equation for it follo w from lemmas 13 and 14

.
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Corollary 17 Supp ose that for every n > 0 homomorphism 1 � (

�

f

n

)

�

: �

2

( B ; b ) !

�

2

( B ; b ) is an epimorphism. Then the c ondition 1) ab ove is satis�e d.

Corollary 18 Supp ose that f : E ! E admits a F adel l splitting in the sense that for

some e in Fix f and b = p ( e ) the fol lowing c onditions ar e satis�e d:

1. the se quenc e

0 � ! �

1

( F

b

; e )

i

�

� ! �

1

( E ; e )

p

�

� ! �

1

( B ; e ) � ! 0

is exact,

2. p

�

admits a right inverse (se ction) � such that Im � is a normal sub gr oup of

�

1

( E ; e ) and f

�

(Im � ) � Im � .

Then the or em 48 applies.

3.8 Examples

Let f : X ! X b e a con tin uous map of a simply connected, connected, compact

p olyhedron. Then R

f

( z ) =

1

1 � z

.

Let X = S

1

and f : S

1

! S

1

b e con tin uous map of degree d .Then N ( f

n

) = j

1 � d

n

j , and the Nielsen zeta function is rational and is equal to

N

f

( z ) =

8

>

>

>

<

>

>

>

:

1 � z

1 � dz

if d > 0

1

1 � z

if d = 0

1+ z

1+ dz

if d < 0 :

If X = S

2 n

, and f : S

2 n

! S

2 n

is a con tin uous map of degree d then

N

f

( z ) =

8

>

<

>

:

1

p

1 � z

2

if d = � 1

1

1 � z

if d 6= � 1 :

No w if X = S

2 n +1

, and f : S

2 n +1

! S

2 n +1

is a con tin uous map of degree d then

N

f

( z ) =

8

>

>

>

>

>

<

>

>

>

>

>

:

1 if d = 1

q

1+ z

1 � z

if d = � 1

1

1 � z

if j d j6 = 1 :

Th us, ev en on a simply connected space the Nielsen zeta function can b e the radical

of a rational function. In the next example X = T

n

is torus and f : T

n

! T

n

is

a h yp erb olic endomorphism of the torus . Hyp erb olic means that the co v ering lin-

ear map

~

f : R

n

! R

n

has no eigen v alues of mo dulus one. Then R ( f

n

) = N ( f

n

) = j

det( E �

~

f

n

) j = j L ( f

n

) j [12]. Th us R [ f

n

) = N ( f

n

) = ( � 1)

r + pn

� det ( E �

~

f

n

), where r is
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equal to the n um b er of �

i

2 S pec (

~

f ) suc h that j �

i

j > 1, and p is equal to the n um b er of

�

i

2 S pec (

~

f ) suc h that �

i

< � 1.Consequen tly , R [ f

n

) = N ( f

n

) = ( � 1)

r + pn

� L ( f

n

) and

the Reidemeiste r and Nielsen zeta function are rational and equal to R

f

( z ) = N

f

( z ) =

( L

f

( � � z ))

( � 1)

r

, where � = ( � 1)

p

: It follo ws from the results of F ranks, Newhouse

and Manning [85] that the follo wing di�eomorphisms g are top ologically conjugate to

h yp erb olic automorphisms of the torus �: a Anoso v di�eomorphism of the torus, a

Anoso v di�eomorphism of co dimension one [85 ] of manifold , whic h is metrically de-

comp osable [85] , a Anoso v di�eomorphism of a manifold , whose fundamen tal group

is comm utativ e. Consequen tly , b y the top ological conjugacy of g and �, the Nielsen

zeta function N

g

( z ) is rational and equal to N

g

( z ) = N

�

( z ) = ( L

f

( � � z ))

( � 1)

r

. In this

example the Reidemeiste r and Nielsen zeta functions coincide with the Artin-Mazur

zeta function. In fact, the co v ering map

~

� has a unique �xed p oin t, whic h is the

origin; hence, b y the co v ering homotop y theorem [80 ] , the �xed p oin ts of � are pair-

wise nonequiv alen t.The index of eac h equiv alence class, consisting of one �xed p oin t,

coincides with its Lefsc hetz index, and b y the h yp erb olicit y of �, the later is not equal

to zero.Th us R (�) = N (�) = F (�). Analogously , R (�

n

) = N (�

n

) = F (�

n

) for eac h

n > o and R

�

( z ) = N

�

( z ) = F

�

( z ). Since � satis�es axiom A of Smale, b y Manning

theorem [64] w e get another pro of of the rationalit y of R

�

( z ) = N

�

( z ) = F

�

( z ).

let X = RP

2 k +1

; k 6= 0 b e pro jectiv e space of o dd dimension. Then for eac h

n > 0 ; N ( f

n

) = 0, if d = 1, and N ( f

n

) = (2 ; 1 � d

n

), if j d j6 = 1. Consequen tly ,

N ( f

n

) = 2, for all n > 0, if j d j6 = 1 is o dd , and N ( f

n

) = 1 for all n > 0, if d is ev en,

and the Nielsen zeta function is rational and equal to:

N

f

( z ) =

8

>

>

>

>

<

>

>

>

>

:

1 if d = 1

1

(1 � z )

2

if j d j6 = 1 is o dd

1

1 � z

if d is ev en :

No w if d = � 1, then for ev en n; N ( f

n

) = 0, for o dd n; N ( f

n

) = 2, and N

f

( z ) =

(1 + z ) = (1 � z ). F or RP

2 k

, the pro jectiv e spaces of ev en dimension, one gets exactly

the same result for N

f

( z ).

No w let f : M ! M b e an expanding map[86 ] of the orien table smo oth com-

pact manifold M . Then M is aspherical and is K ( �

1

( M ) ; 1) and the fundamen-

tal group �

1

( M ) is torsion free [86] . If pr :

~

M ! M is the univ ersal co v ering,

~

f :

~

M !

~

M is an arbitrary map , co v ering f , then according to Sh ub [86]

~

f has

exactly one �xed p oin t. F rom this and the co v ering homotop y theorem [80] it fol-

lo ws that the �xed p oin ts of f are pairwise nonequiv alen t. The index of eac h equiv-

alence class, consisting of one �xed p oin t, coincides with its Lefsc hetz index,.If f

preserv es the orien tation of M , then the Lefsc hetz index L ( p; f ) of the �xed p oin t

p is equal to L ( p; f ) = ( � 1)

r

, where r = dim M . Then b y Lefsc hetz trace for-

m ula R ( f ) = N ( f ) = F ( f ) = ( � 1)

r

� L ( f ).Since the iterates f

n

are also orien tation

preserving expanding maps, w e get analogously that R ( f

n

) = N ( f

n

) = F ( f

n

) =

( � 1)

r

� L ( f

n

) for ev ery n , and the Nielsen zeta function is rational and equal to



Nielsen zet a function 71

R

f

( z ) = N

f

( z ) = F

f

( z ) = L

f

( z )

( � 1)

r

. No w if f rev erses the orien tation of the mani-

fold M , then L ( p; f

n

) = ( � 1)

r + n

. Hence , R ( f

n

) = N ( f

n

) = F ( f

n

) = ( � 1)

r + n

� L ( f

n

)

and R

f

( z ) = N

f

( z ) = F

f

( z ) = L

f

( � z )

( � 1)

r

.

Example 8 ([8 ]) L et f : S

2

_ S

4

! S

2

_ S

4

to b e a c ontinuous map of the b ouquet

of spher es such that the r estriction f =

S

4
= id

S

4
and the de gr e e of the r estriction

f =

S

2
: S

2

! S

2

e qual to � 2 .Then L ( f ) = 0 , henc e N ( f ) = 0 sinc e S

2

_ S

4

is simply

c onne cte d.F or k > 1 we have L ( f

k

) = 2 + ( � 2)

k

6= 0 ,ther efor e N ( f

k

) = 1 .F r om this

we have by dir e ct c alculation that

N

f

( z ) = exp ( � z ) �

1

1 � z

: (3.19)

Remark 8 We would like to mention that in al l known c ases the Nielsen zeta func-

tion is a nic e function. By this we me an that it is a pr o duct of an exp onential of a

p olynomial with a function some p ower of which is r ational. May b e this is a gener al

p attern; it c ould however b e ar gue d that this just r e
e cts our inability to c alculate the

Nielsen numb ers in gener al c ase.



Chapter 4

Reidemeister and Nielsen zeta

functions mo dulo normal subgroup,

minimal dynamical zeta functions

4.1 Reidemeister and Nielsen zeta functions mo d-

ulo a normal subgroup

In the theory of (ordinary) �xed p oin t classes, w e w ork on the univ ersal co v ering

space. The group of co v ering transformations pla ys a k ey role. It is not surprising

that this theory can b e generalized to w ork on all regular co v ering spaces. Let K b e

a normal subgroup of the fundamen tal group �

1

( X ). Consider the regular co v ering

p

K

:

~

X =K ! X corresp onding to K . A map

~

f

K

:

~

X =K !

~

X =K is called a lifting of

f : X ! X if p

K

�

~

f

K

= f � p

K

. W e kno w from the theory of co v ering spaces that suc h

liftings exist if and only if f

�

( K ) � K . If K is a fully in v arian t subgroup of �

1

( X )

( in the sense that ev ery endomorphism sends K in to K ) suc h as, for example the

comm utator subgroup of �

1

( X ), then there is a lifting

~

f

K

of an y con tin uous map f .

W e can dev elop a theory whic h is similar to the theory in Chapters I - I I b y simply

replacing

~

X and �

1

( X ) b y

~

X =K and �

1

( X ) =K in ev ery de�nition, ev ery theorem and

ev ery pro of, since ev erything w as done in terms of liftings and co v ering translations.

What follo ws is a list of de�nitions and some basic facts.

Tw o liftings

~

f

K

and

~

f

0

K

are called c onjugate if there is a 


K

2 �

K

�

=

�

1

( X ) =K

suc h that

~

f

0

K

= 


K

�

~

f

K

� 


� 1

K

. The subset p

K

(Fix (

~

f

K

)) � Fix ( f ) is called the mo d

K �xed p oin t class of f determined b y the lifting class [

~

f

K

] on

~

X =K . The �xed p oin t

set Fix ( f ) splits in to a disjoin t union of mo d K �xed p oin t classes. Tw o �xed p oin ts

x

0

and x

1

b elong to the same mo d K class i� there is a path c from x

0

to x

1

suc h that

c � ( f � c )

� 1

2 K . Eac h mo d K �xed p oin t class is a disjoin t union of ordinary �xed

p oin t classes. So the index of a mo d K �xed p oin t class can b e de�ned in ob vious

w a y . A mo d K �xed p oin t class is called essential if its index is nonzero. The n um b er

of lifting classes of f on

~

X =K (and hence the n um b er of mo d K �xed p oin t classes,

empt y or not) is called the mo d K Reidemeister Num b er of f , denoted K R ( f ). This

is a p ositiv e in teger or in�nit y . The n um b er of essen tial mo d K �xed p oin t classes

72
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is called the mo d K Nielsen n um b er of f , denoted b y K N ( f ). The mo d K Nielsen

n um b er is alw a ys �nite. K R ( f ) and K N ( f ) are homotop y t yp e in v arian ts. The mo d

K Nielsen n um b er w as in tro duced b y G.Hirsc h in 1940 , primarily for purp ose of

estimating Nielsen n um b er from b elo w. The mo d K Reidemei ster zeta functions of f

and the mo d K Nielsen zeta function of f w as de�ned in [24 ], [26] as p o w er series:

K R

f

( z ) := exp

 

1

X

n =1

K R ( f

n

)

n

z

n

!

;

K N

f

( z ) := exp

 

1

X

n =1

K N ( f

n

)

n

z

n

!

:

K R

f

( z ) and K N

f

( z ) are homotop y in v arian ts. If K is the trivial subgroup of �

1

( X )

then K N

f

( z ) and K R

f

( z ) coincide with the Nielsen and Reidemeister zeta functions

resp ectiv ely .

4.1.1 Radius of Con v ergence of the mo d K Nielsen zeta func-

tion

W e sho w that the mo d K Nielsen zeta function has p ositiv e radius of con v ergence.W e

denote b y R the radius of con v ergence of the mo d K Nielsen zeta function N

f

( z ),

Theorem 49 Supp ose that f : X ! X b e a c ontinuous map of a c omp act p olyhe dr on

and f

�

( K ) � K . Then

R � exp( � h ) > 0 (4.1)

and

R �

1

max

d

k z

~

F

d

k

> 0 ; (4.2)

and

R �

1

max

d

s (

~

F

nor m

d

)

> 0 ; (4.3)

wher e

~

F

d

and h is the same as in se ction 3.1.1 and 3.1.2.

Pr oof The theorem follo ws from inequalit y N ( f

n

) � K N ( f

n

) , Caush y-Adamar

form ula and theorems 33 and 34 .

Remark 9 L et f b e a C

1

-mapping of a c omp act, smo oth, R iemannian manifold M .

Then h ( f ) � log sup k D f ( x ) � k [83 ], wher e D f ( x ) � is a mapping b etwe en exterior

algebr as of the tangent sp ac es T ( x ) and T ( f ( x )) , induc e d by D f ( x ) , k � k is the norm

on op er ators, induc e d fr om the R iemann metric. Now fr om the ine quality

h ( f ) � lim sup

n

1

n

� log K N ( f

n

)

and the Cauchy-A damar formula we have

R �

1

sup

x 2 M

k D ( f ) � ( x ) k

; (4.4)
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4.1.2 mo d K Nielsen zeta function of a p erio dic map

W e denote K N ( f

n

) b y K N

n

.Let � ( d ) ; d 2 N , b e the M• obius function

Theorem 50 L et f b e a p erio dic map of le ast p erio d m of the c onne cte d c omp act

p olyhe dr on X and f

�

( K ) � K . Then the mo d K Nielsen zeta function is e qual to

K N

f

( z ) =

Y

d j m

d

q

(1 � z

d

)

� P ( d )

;

wher e the pr o duct is taken over al l divisors d of the p erio d m , and P ( d ) is the inte ger

P ( d ) =

X

d

1

j d

� ( d

1

) K N

d j d

1

:

Pr oof Since f

m

= id , for eac h j; K N

j

= K N

m + j

. Since ( k ; m ) = 1, there exist

p ositiv e in tegers t and q suc h that k t = mq + 1. So ( f

k

)

t

= f

k t

= f

mq +1

= f

mq

f =

( f

m

)

q

f = f . Consequen tly , K N (( f

k

)

t

) = K N ( f ). Let t w o �xed p oin t x

0

and x

1

b elong to the same mo d K �xed p oin t class. Then there exists a path � from x

0

to x

1

suc h that � � ( f � � )

� 1

2 K .Since f

�

( K ) � K , w e ha v e f ( � � f � � )

� 1

) =

( f � � ) � ( f

2

� � )

� 1

2 K and a pro duct � � ( f � � )

� 1

� ( f � � ) � ( f

2

� � )

� 1

= � � ( f

2

� � )

� 1

2 K .

It follo ws that � � ( f

k

� � )

� 1

2 K is deriv ed b y the iteration of this pro cess. So x

0

and x

1

b elong to the same mo d K �xed p oin t class of f

k

. If t w o p oin t b elong to the di�eren t

mo d K �xed p oin t classes f , then they b elong to the di�eren t mo d K �xed p oin t classes

of f

k

.So, eac h essen tial class( class with nonzero index) for f is an essen tial class for

f

k

; in addition , di�eren t essen tial classes for f are di�eren t essen tial classes for f

k

.

So K N ( f

k

) � K N ( f ). Analogously , K N ( f ) = K N (( f

k

)

t

) � K N ( f

k

).Consequen tly

, K N ( f ) = K N ( f

k

). One can pro v e completely analogously that K N

d

= K N

di

, if

(i, m/d) =1, where d is a divisor of m . Using these series of equal mo d K Nielsen

n um b ers, one can regroup the terms of the series in the exp onen tial of the mo d K

Nielsen zeta function so as to get logarithmic functions b y adding and subtracting

missing terms with necessary co e�cien t:

K N

f

( z ) = exp

 

1

X

i =1

K N ( f

i

)

i

z

i

!

= exp

0

@

X

d j m

1

X

i =1

P ( d )

d

�

z

d

i

i

1

A

= exp

0

@

X

d j m

P ( d )

d

� log (1 � z

d

)

1

A

=

Y

d j m

d

q

(1 � z

d

)

� P ( d )

where the in tegers P ( d ) are calculated recursiv ely b y the form ula

P ( d ) = K N

d

�

X

d

1

j d ; d

1

6= d

P ( d

1

) :
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Moreo v er, if the last form ula is rewritten in the form

K N

d

=

X

d

1

j d

� ( d

1

) � P ( d

1

)

and one uses the M• obius In v ersion la w for real function in n um b er theory , then

P ( d ) =

X

d

1

j d

� ( d

1

) � K N

d=d

1

;

where � ( d

1

) is the M• obius function. The theorem is pro v ed.

4.2 Minimal dynamical zeta function

4.2.1 Radius of Con v ergence of the minimal zeta function

In the Nielsen theory for p erio dic p oin ts, it is w ell kno wn that N ( f

n

) is sometime p o or

as a lo w er b ound for the n um b er of �xed p oin ts of f

n

. A go o d homotop y in v arian t

lo w er b ound N F

n

( f ),called the Nielsen t yp e n um b er for f

n

,is de�ned in [51].Consider

an y �nite set of p erio dic orbit classes f O

k

j

g of v aried p erio d k

j

suc h that ev ery essen tial

p erio dic m -orbit class, m j n , con tains at least one class in the set.Then N F

n

( f ) is the

minimal sum

P

j

k

j

for all suc h �nite sets. Halp ern (see [51]) has pro v ed that for all n

N F

n

( f ) = min f #Fix ( g

n

) j g has the same homotop y t yp e as f g .Recen tly , Jiang [52 ]

found that as far as asymptotic gro wth rate is concerned,these Nielsen t yp e n um b ers

are no b etter than the Nielsen n um b ers.

Lemma 28 ([52])

lim sup

n

( N ( f

n

))

1

n

= lim sup

n

( N F

n

( f ))

1

n

(4.5)

W e de�ne minim al dynamical zeta function as p o w er series

M

f

( z ) := exp

 

1

X

n =1

N F

n

( f )

n

z

n

!

;

Theorem 51 F or any c ontinuous map f of any c omp act p olyhe dr on X into itself the

minimal zeta function has p ositive r adius of c onver genc e R ,which admits fol lowing

estimations

R � exp( � h ) > 0 ; (4.6)

R �

1

max

d

k z

~

F

d

k

> 0 ; (4.7)

and

R �

1

max

d

s (

~

F

nor m

d

)

> 0 ; (4.8)

wher e

~

F

d

and h is the same as in se ction 3.1.1 and 3.1.2.
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Pr oof The theorem follo ws from Caush y-Adamar form ula,lem m a 28 and theo-

rems 33 and 34.

Remark 10 L et us c onsider a smo oth c omp act manifold M , which is a r e gular neigh-

b orho o d of X and a smo oth map g : M ! M of the same homotopy typ e as f . Ther e is

a smo oth map � : M ! M homotopic to g such that for every n iter ation �

n

has only

a �nite numb er of �xe d p oints F ( �

n

) (se e [51] , p.62).A c c or ding to A rtin and Mazur [5]

ther e exists c onstant c = c ( � ) < 1 , such that F ( �

n

) < c

n

for every n > 0 . Then due

to Halp erin r esult c

n

> F ( �

n

) � N F

n

( f ) for every n > 0 . Now the Cauchy-A damar

formula gives us the se c ond pr o of that the r adius of the c onver genc e R is p ositive.



Chapter 5

Congruences for Reidemeister and

Nielsen n um b ers

5.1 Irreducible Represen tation and the Unitary Dual

of G

Let V b e a Hilb ert space. A unitary represen tation of G on V is a homomorphism

� : G ! U( V ) where U( V ) is the group of unitary transformations of V . Tw o of these

�

1

: G ! U( V

1

) and �

2

: G ! U ( V

2

) are said to b e equiv alen t if there is a Hilb ert

space isomorphism V

1

�

=

V

2

whic h comm utes with the G -actions. A represen tation

� : G ! U( V ) is said to b e irreducible if there is no decomp osition

V

�

=

V

1

� V

2

in whic h V

1

and V

2

are non-zero, closed G -submo dules of V .

One de�nes the unitary dual

^

G of G to b e the set of all equiv alence classes of

irreducible, unitary represen tations of G . There is a m ultiv alued map

^

� :

^

G !

^

G

de�ned as follo ws. Let � : G ! U( V ) b e an irreducible unitary represen tation. Then

w e obtain a represen tation �

�

� of G on V b y �

�

� ( g ) = � ( � ( g )). The represen tation

�

�

� is a sum of irreducible pieces; w e de�ne

^

� ( � ) to b e this set of pieces. If � is

bijectiv e or G is Ab elian then

^

� is single v alued.

De�nition 14 De�ne the numb er #Fix (

^

� ) to b e the numb er of �xe d p oints of the

induc e d map

^

� :

^

G !

^

G . We shal l write S ( � ) for the set of �xe d p oints of

^

� . Thus

S ( � ) is the set of e quivalenc e classes of irr e ducible r epr esentations � : G ! U ( V ) such

that ther e is a tr ansformation M 2 U ( V ) satisfying

8 x 2 G; � ( � ( x )) = M � � ( x ) � M

� 1

: (5.1)

Note that if � is an inner automorphism x 7! g xg

� 1

then w e ha v e for an y repre-

sen tation � ,

� ( � ( x )) = � ( g ) � � ( x ) � � ( g )

� 1

;

implying that the class of � is �xed b y the induced map. Th us for an inner automor-

phism the induced map is trivial and #Fix (

^

� ) is the cardinalit y of

^

G . When G is

Ab elian the group

^

G is the P on try agin dual of G .

77
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5.2 Endomorphism of the Direct Sum of a F ree

Ab elian and a Finite Group

In this section let F b e a �nite group and k a natural n um b er. The group G will b e

the direct sum

G = Z Z

k

� F

W e shall describ e the Reidemeister n um b ers of endomorphism � : G ! G . The

torsion elemen ts of G are exactly the elemen ts of the �nite, normal subgroup F . F or

this reason w e ha v e � ( F ) � F .Let �

f inite

: F ! F b e the restriction of � to F , and

let �

1

: G=F ! G=F b e the induced map on the quotien t group. W e ha v e pro v ed in

prop osition 3 that

R ( � ) = R ( �

f inite

) � R ( �

1

) :

W e shall pro v e the follo wing result:

Prop osition 4 In the notation describ e d ab ove

#Fix (

^

� ) = #Fix (

^

�

f inite

) � #Fix (

^

�

1

)

Pr oof

Consider the dual

^

G . This is cartesian pro duct of the duals of Z Z

k

and F :

^

G =

^

Z Z

r

�

^

F ; � = �

1


 �

2

where �

1

is an irreducible represen tation of Z Z

k

and �

2

is an irreducible represen tation

of F . Since Z Z

r

is ab elian, all of its irreducible represen tations are 1-dimensional , so

� ( v ) for v 2 Z Z

k

is alw a ys a scalar matrix, and �

2

is the restriction of r ho to F . If

� = �

1


 �

2

2 S ( � ) then there is a matrix T suc h that

� � � = T � � � T

� 1

:

This implies

�

f inite

� �

f inite

= T � �

f inite

� T

� 1

;

so �

2

= �

f inite

is in S ( �

f inite

). F or an y �xed �

2

2 S ( �

f inite

), the set of �

1

with

�

1


 �

2

2 S ( �

f inite

) is the set of �

1

satisfying

�

1

( M � v ) �

2

(  ( v )) = T � �

1

( v ) � T

� 1

for some matrix T indep enden t of v 2 Z Z

k

. Since �

1

( v ) is a scalar matrix, the equation

is equiv alen t to

�

1

( M � v ) �

2

(  ( v )) = �

1

( v ) ;

i.e.

�

1

((1 � M ) v ) = �

2

(  ( v )) :

Note that

^

Z Z

k

is isomorphic to the torus T

k

, and the transformation �

1

! �

1

� (1 � M )

is giv en b y the action of the matrix 1 � M on the torus T

k

. Therefore the n um b er
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of �

1

satisfying the last equation is the degree of the map (1 � M ) on the torus , i.e.

j det(1 � M ) j . F rom this it follo ws that

#Fix (

^

� ) = #Fix (

^

�

f inite

) � j det(1 � M ) j :

As in the pro of of prop osition 3 w e ha v e R ( �

1

) = j det(1 � M ) j : Since �

1

is an

endomorphism of an ab elian group w e ha v e #Fix (

^

�

1

) = R ( �

1

).Therefore

#Fix (

^

� ) = #Fix (

^

�

f inite

) � #Fix (

^

�

1

) :

As a consequence w e ha v e the follo wing

Theorem 52 If � b e any endomorphism of G wher e G is the dir e ct sum of a �nite

gr oup F with a �nitely gener ate d fr e e A b elian gr oup, then

R ( � ) = #Fix (

^

� )

Pr oof Let �

f inite

is an endomorphism of a �nite group F and V b e the complex

v ector space of class functions on the group F . A class function is a function whic h

tak es the same v alue on ev ery elemen t of a (usual) congruence class. The map �

f inite

induces a map

' : V ! V

f 7! f � �

f inite

W e shall calculate the trace of ' in t w o w a ys. The c haracteristic functions of the

congruence classes in F form a basis of V , and are mapp ed to one another b y ' (the

map need not b e a bijection). Therefore the trace of ' is the n um b er of elemen ts of

this basis whic h are �xed b y ' . By Theorem 14 , this is equal to the Reidemei ster

n um b er.

Another basis of V , whic h is also mapp ed to itself b y ' is the set of traces of

irreducible represen tations of F (see [60] c hapter XVI I I). >F rom this it follo ws that

the trace of ' is the n um b er of irreducible represen tations � of F suc h that � has the

same trace as

^

�

f inite

( � ). Ho w ev er, represen tations of �nite groups are c haracterized

up to equiv alence b y their traces. Therefore the trace of ' is equal to the n um b er of

�xed p oin ts of

^

�

f inite

.

So, w e ha v e R ( �

f inite

) = #Fix (

^

�

f inite

). Since �

1

is an endomorphism of the

�nitely generated free Ab elian group w e ha v e R ( �

1

) = #Fix (

^

�

1

) ( see form ula

(2.13) ). It no w follo ws from prop ositions 3 and 4 that R ( � ) = #Fix (

^

� ).

Remark 11 By sp e cialising to the c ase when G is �nite and � is the identity map,

we obtain the classic al r esult e quating the numb er of irr e ducible r epr esentation of a

�nite gr oup with the numb er of c onjugacy classes of the gr oup.



Congr uences 80

5.3 Endomorphism of almost Ab elian

groups

In this section let G b e an almost Ab elian and �nitely generated group.A group will

b e called almost Ab elian if it has an Ab elian subgroup of �nite index. W e shall pro v e

in this section an analog of theorem 52 for almost Ab elian group found b y Ric hard

Hill [50 ]. It seems plausible that one could pro v e the same theorem for the so - called

\tame" top ological groups (see [57 ]). Ho w ev er w e shall b e in terested mainly in discrete

groups, and it is kno wn that the discrete tame groups are almost Ab elian.

W e shall in tro duce the pro�nite completion G of G and the corresp onding endo-

morphism � : G ! G . This is a compact totally disconnected group in whic h G is

densely em b edded. The pro of will then follo w in three steps:

R ( � ) = R ( � ) ; #Fix (

^

� ) = #Fix (

^

� ) ; R ( � ) = #Fix (

^

� ) :

If one omits the requiremen t that G is almost Ab elian then one can still sho w that

R ( � ) � R ( � ) and #Fix (

^

� ) � #Fix (

^

� ). The third iden tit y is a general fact for

compact groups (Theorem 53).

5.3.1 Compact Groups

Here w e shall pro v e the third of the ab o v e iden tities.

Let K b e a compact top ological group and � a con tin uous endomorphism of K .

W e de�ne the n um b er #Fix

top

(

^

� ) to b e the n um b er of �xed p oin ts of

^

� in the unitary

dual of K , where w e only consider con tin uous represen tations of K . The n um b er R ( � )

is de�ned as usual.

Theorem 53 ([50]) F or a c ontinuous endomorphism � of a c omp act gr oup K one

has R ( � ) = #Fix

top

(

^

� ) .

The pro of uses the P eter-W eyl Theorem:

Theorem 54 (P eter - W eyl) If K is c omp act then ther e is the fol lowing de c omp o-

sition of the sp ac e L

2

( K ) as a K � K -mo dule.

L

2

( K )

�

=

M

� 2

^

K

Hom

C

( V

�

; V

�

) :

and Sc h ur's Lemma:

Lemma 29 (Sc h ur) If V and W ar e two irr e ducible unitary r epr esentations then

Hom

C K

( V ; W )

�

=

(

0 V 6

�

=

W

C V

�

=

W :



Congr uences 81

Pr oof of Theorem 53. The � -conjugacy classes, b eing orbits of a compact

group, are compact. Since there are only �nitely man y of them, they are also op en

subsets of K and th us ha v e p ositiv e Haar measure.

W e em b ed K in K � K b y the map g 7! ( g ; � ( g )). This mak es L

2

( K ) a K -mo dule

with a t wisted action. By the P eter-W eyl Theorem w e ha v e (as K -mo dules)

L

2

( K )

�

=

M

� 2

^

K

Hom

C

( V

�

; V

^

� ( � )

) :

W e therefore ha v e a corresp onding decomp osition of the space of K -in v arian t elemen ts:

L

2

( K )

K

�

=

M

� 2

^

K

Hom

C K

( V

�

; V

^

� ( � )

) :

W e ha v e used the w ell kno wn iden tit y Hom

C

( V ; W )

K

= Hom

C K

( V ; W ).

The left hand side consists of functions f : K ! C satisfying f ( g x� ( g )

� 1

) = f ( x )

for all x; g 2 K . These are just functions on the � -conjugacy classes. The dimension

of the left hand side is th us R ( � ). On the other hand b y Sc h ur's Lemma the dimension

of the righ t hand side is #Fix

top

(

^

� ).

5.3.2 Almost Ab elian groups

Let G b e an almost Ab elian group with an Ab elian subgroup A of �nite index [ G : A ].

Let A

0

b e the in tersection of all subgroups of G of index [ G : A ]. Then A

0

is an

Ab elian normal subgroup of �nite index in G and one has � ( A

0

) � A

0

for ev ery

endomorphism � of G .

Lemma 30 If R ( � ) is �nite then so is R ( � j

A

0
) .

Pr oof. A � -conjugacy class is an orbit of the group G . A � j

A

0
-conjugacy class

is an orbit of the group A

0

. Since A

0

has �nite index in G it follo ws that ev ery

� -conjugacy class in A

0

can b e the union of at most �nitely man y � j

A

0
-conjugacy

classes. This pro v es the lemma.

Let G b e the pro�nite completion of G with resp ect to its normal subgroups of

�nite index. There is a canonical injection G ! G and the map � can b e extended

to a con tin uous endomorphism

�

� of G .

There is therefore a canonical map

R ( � ) ! R (

�

� ) :

Since G is dense in G , the image of a � -conjugacy class f x g

�

is its closure in G . >F rom

this it follo ws that the ab o v e map is surjectiv e. W e shall actually see that the map is

bijectiv e. This will then giv e us

R ( � ) = R (

�

� ) :

Ho w ev er

�

� is an endomorphism of the compact group G so b y Theorem 53

R (

�

� ) = #Fix

top

(

^

�

� ) :

It th us su�ces to pro v e the follo wing t w o lemmas:
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Lemma 31 If R ( � ) is �nite then #Fix

top

(

^

�

� ) = #Fix (

^

� ) .

Lemma 32 If R ( � ) is �nite then the map R ( � ) ! R (

�

� ) is inje ctive.

Pr oof of Lemma 31. By Mac k ey's Theorem (see [57]), ev ery represen tation � of

G is con tained in a represen tation whic h is induced b y a 1-dimensional represen tation

� of A . If � is �xed b y

^

� then for all a 2 A

0

w e ha v e � ( a ) = � ( � ( a )). Let A

1

=

f a � � ( a )

� 1

: a 2 A

0

g . By Lemma 30 R ( � j

A

0
) is �nite and b y Theorem 5 R ( � j

A

0
) =

[ A

0

: A

1

]. Therefore A

1

has �nite index in G . Ho w ev er w e ha v e sho wn that � and

therefore also � is constan t on cosets of A

1

. Therefore � has �nite image, whic h implies

that � is the restriction to G of a unique con tin uous irreducible represen tation �� of G .

One v eri�es b y con tin uit y that

^

�

� ( � � ) = �� .

Con v ersely if �� 2 S (

�

� ) then the restriction of �� to G is in S ( � ).

Pr oof of Lemma 32. W e m ust sho w that the in tersection with G of the closure

of f x g

�

in G is equal to f x g

�

. W e do this b y constructing a coset of a normal subgroup

of �nite index in G whic h is con tained in f x g

�

. F or ev ery a 2 A

0

w e ha v e x �

�

xa if

there is a b 2 A

0

with x

� 1

bx� ( b )

� 1

= a . It follo ws that f x g

�

con tains a coset of the

group A

2

x

:= f x

� 1

bx� ( b )

� 1

: b 2 A

0

g . It remains to sho w that A

2

x

has �nite index in

G .

Let  ( g ) = x� ( g ) x

� 1

. Then b y Corollary 4 w e ha v e R (  ) = R ( � ). This implies

R (  ) < 1 and therefore b y Lemma 30 that R (  j

A

0

) < 1 . Ho w ev er b y Theorem 5

w e ha v e R (  j

A

0

) = [ A

0

: A

2

x

]. This �nishes the pro of.

Theorem 55 ([50]) If � b e any endomorphism of G wher e G is an almost ab elian

gr oup, then

R ( � ) = #Fix (

^

� )

Pr oof The pro of follo ws from lemm as 31 , 32 and theorem 53

5.4 Endomorphisms of nilp oten t groups

In this section, w e shall extend the computation of the Reidemei ster n um b er to en-

domorphisms of �nitely generated torsion free nilp oten t groups via top ological tec h-

niques. Let � b e a �nitely generated torsion free nilp oten t group. It is w ell kno wn

[63] that � = �

1

( M ) for some compact nilmanifold M . In fact, the r ank (or Hirsch

numb er ) of � is equal to dimM , the dimension of M . Since M is a K (� ; 1), ev ery

endomorphism � : � ! � can b e realized b y a selfmap f : M ! M suc h that f

#

= �

and th us R ( f ) = R ( � ).

Theorem 56 L et � b e a �nitely gener ate d torsion fr e e nilp otent gr oup of r ank n . F or

any endomorphism � : � ! � such that R ( � ) is �nite, ther e exists an endomorphism

 : Z Z

n

! Z Z

n

such that R ( � ) = #Fix

^

 .
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Pr oof: Let f : M ! M b e a map realizing � on a compact nilmanifold M of

dimension n . F ollo wing [21], M admits a principal torus bundle T ! M

p

! N suc h

that T is a torus and N is a nilmanifold of lo w er dimension. Since ev ery selfmap of M

is homotopic to a �bre preserving map of p , w e ma y assume without loss of generalit y

that f is �bre preserving suc h that the follo wing diagram comm ute s.

T

f

b

! T

# #

M

f

! M

p # # p

N

�

f

! N

A strengthened v ersion of Anoso v's theorem [3] is pro v en in [71] whic h states, in

particular, that j L ( f ) j = R ( f ) if L ( f ) 6= 0. Since the bundle p is orien table, the

pro duct form ula L ( f ) = L ( f

b

) � L (

�

f ) holds and th us yields a pro duct form ula for the

Reidemeister n um b ers, i.e., R ( f ) = R ( f

b

) � R (

�

f ). T o pro v e the assertion, w e pro ceed

b y induction on the rank of G or dimM .

The case where n = 1 follo ws from the theorem 52 since M is the unit circle .

T o pro v e the inductiv e step, w e assume that R (

�

f ) = #Fix (

b

�

 :

d

�

1

( T

m

)(=

d

Z Z

m

) !

d

�

1

( T

m

)) where m < n and T

m

is an m -torus. Since R ( f

b

) = #Fix (

^

�

b

:

d

�

1

( T ) !

d

�

1

( T )), if L ( f ) 6= 0 then the pro duct form ula for Reidemeister n um b ers giv es

R ( f ) = #Fix (

^

�

b

) � #Fix (

b

�

 )

= #Fix (

^

 )

where  = �

b

�

�

 : �

1

( T

n

) = �

1

( T ) � �

1

( T

m

) ! �

1

( T ) � �

1

( T

m

) with T

n

= T � T

m

.

5.5 Main Theorem

The follo wing lemma is useful for calculating Reidemei ster n um b ers. It will also b e

used in the pro of of the Main Theorem

Lemma 33 L et � : G ! G b e any endomorphism of any gr oup G , and let H b e a

sub gr oup of G with the pr op erties

� ( H ) � H

8 x 2 G 9 n 2 I N such that �

n

( x ) 2 H :

Then

R ( � ) = R ( �

H

) ;

wher e �

H

: H ! H is the r estriction of � to H .
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Pr o of Let x 2 G . Then there is an n suc h that �

n

( x ) 2 H . >F rom Lemma 7 it

is kno wn that x is � -conjugate to �

n

( x ). This means that the � -conjugacy class f x g

�

of x has non-empt y in tersection with H .

No w supp ose that x; y 2 H are � -conjugate, ie. there is a g 2 G suc h that

g x = y � ( g ) :

W e shall sho w that x and y are �

H

-conjugate, ie. w e can �nd a g 2 H with the ab o v e

prop ert y . First let n b e large enough that �

n

( g ) 2 H . Then applying �

n

to the ab o v e

equation w e obtain

�

n

( g ) �

n

( x ) = �

n

( y ) �

n +1

( g ) :

This sho ws that �

n

( x ) and �

n

( y ) are �

H

-conjugate. On the other hand, one kno ws

b y Lemma 7 that x and �

n

( x ) are �

H

-conjugate, and y and �

n

( y ) are �

H

conjugate,

so x and y m ust b e �

H

-conjugate.

W e ha v e sho wn that the in tersection with H of a � -conjugacy class in G is a

�

H

-conjugacy class in H . W e therefore ha v e a map

Rest : R ( � ) ! R ( �

H

)

f x g

�

7! f x g

�

\ H

This clearly has the t w o-sided in v erse

f x g

�

H

7! f x g

�

:

Therefore Rest is a bijection and R ( � ) = R ( �

H

).

Corollary 19 L et H = �

n

( G ) . Then R ( � ) = R ( �

H

) .

Let � ( d ), d 2 I N b e the Mo ebius function, i.e.

� ( d ) =

8

>

<

>

:

1 if d = 1 ;

( � 1)

k

if d is a pro duct of k distinct primes ;

0 if d is not square � free :

Theorem 57 (Congruences for the Reidemei ster n um b ers) L et � : G ! G b e

an endomorphism of the gr oup G such that al l numb ers R ( �

n

) ar e �nite and let H b e

a sub gr oup of G with the pr op erties

� ( H ) � H

8 x 2 G 9 n 2 I N such that �

n

( x ) 2 H :

If one of the fol lowing c onditions is satis�e d:

(I) H is �nitely gener ate d A b elian,

(II) H is �nite,

(III) H is a dir e ct sum of a �nite gr oup and a �nitely gener ate d fr e e A b elian gr oup,

or mor e gener al ly

(IV) H is �nitely gener ate d almost A b elian gr oup,
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or

(V) H is �nitely gener ate d, nilp otent and torsion fr e e , then one has for al l natur al

numb ers n ,

X

d j n

� ( d ) � R ( �

n=d

) � 0 mo d n:

Pr oof >F rom theorems 52, 55, 56 and lemma 33 it follo ws immediatel y that , in

cases I - IV, for ev ery n

R ( �

n

) = #Fix

h

^

�

H

n

:

^

H !

^

H

i

:

Let P

n

denote the n um b er of p erio dic p oin ts of

^

�

H

of least p erio d n . One sees

immedi ately that

R ( �

n

) = #Fix

h

^

�

H

n

i

=

X

d j n

P

d

:

Applying M• obius' in v ersion form ula, w e ha v e,

P

n

=

X

d j n

� ( d ) R ( �

n=d

) :

On the other hand, w e kno w that P

n

is alw a ys divisible b e n , b ecause P

n

is exactly

n times the n um b er of

^

�

H

-orbits in

^

H of length n . In the case V when H is �nitely

generated, nilp oten t and torsion free ,w e kno w from theorem 56 that there exists an

endomorphism  : Z

n

! Z

n

suc h that R ( �

n

) = #Fix

^

 

n

. The pro of then follo ws as

in previous cases.

Remark 12 F or �nite gr oups, c ongruenc es for R eidemeister numb ers fol low fr om

those of Dold for L efschetz numb ers sinc e we have identi�e d in r emark 2 the R eide-

meister numb ers with the L efschetz numb ers of induc e d dual maps.

5.6 Congruences for Reidemeister n um b ers of a

con tin uous map

Using corollary 1 w e ma y apply the theorem 57 to the Reidemeister n um b ers of con-

tin uous maps.

Theorem 58 L et f : X ! X b e a self-map such that al l numb ers R ( f

n

) ar e �nite.L et

f

�

: �

1

( X ) ! �

1

( X ) b e an induc e d endomorphism of the gr oup �

1

( X ) and let H b e a

sub gr oup of �

1

( X ) with the pr op erties

f

�

( H ) � H

8 x 2 �

1

( X ) 9 n 2 I N such that f

n

�

( x ) 2 H :

If one of the fol lowing c onditions is satis�e d :

(I) H is �nitely gener ate d A b elian,

(II) H is �nite,
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(III) H is a dir e ct sum of a �nite gr oup and a �nitely gener ate d fr e e A b elian gr oup

or mor e gener al ly,

(IV) H is �nitely gener ate d almost A b elian gr oup,

or

(V) H is �nitely gener ate d, nilp otent and torsion fr e e ,

then one has for al l natur al numb ers n ,

X

d j n

� ( d ) � R ( f

n=d

) � 0 mo d n:

5.7 Congruences for Reidemeister n um b ers of equiv-

arian t group endomorphisms

Let G b e a compact Ab elian top ological group acting on a top ological group � as

automorphisms of � , i.e., a homomorphism � : G ! Aut ( � ). F or ev ery � 2 � , the

isotrop y subgroup of � is giv en b y G

�

= f g 2 G j g ( � ) = � g where g ( � ) = � ( g )( � ). F or

an y closed subgroup H � G , the �xed p oin t set of the H -action, denoted b y

�

H

= f � 2 � j h ( � ) = � ; 8 h 2 H g ;

is a subgroup of � . Since G is Ab elian, G acts on �

H

as automorphisms of �

H

.

Denote b y C ( � ) (and C ( �

H

)) the set of conjugacy classes of elemen ts of � (and �

H

,

resp ectiv ely). Note that the group G acts on the conjugacy classes via

< � > 7! < g ( � ) >

for < � > 2 C ( � ) (or C ( �

H

)).

Let E nd

G

( � ) b e the set of G -equiv arian t endomorphisms of � . F or an y � 2

E nd

G

( � ) and H � G , �

H

2 E nd

G

( �

H

) where �

H

= � j �

H

: �

H

! �

H

. F urthermore,

� induces a G -map on C ( � ) de�ned b y

�

conj

: C ( � ) ! C ( � )

via

< � > 7! < � ( � ) > :

Similarly , �

H

induces

( �

H

)

conj

: C ( �

H

) ! C ( �

H

) :

In the case where � is Ab elian, G acts on ^� via

� ( � ) 7! � ( g ( � ))

for an y � 2 ^� ; g 2 G . Th us the dual

^

� of � 2 E nd

G

( � ) is also G -equiv arian t, i.e.,

^

� 2 E nd

G

( ^ � ). Similarly ,

d

�

H

2 E nd

G

(

d

�

H

).

T o establish the congruence relations in this section, w e need the follo wing basic

coun ting principle.
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Lemma 34 L et G b e an A b elian top olo gic al gr oup and � b e a G -set with �nite isotr opy

typ es. F or any G -map  : � ! � ,

Fix  =

G

K 2 I so (�)

Fix  

K

wher e I so (�) is the set of isotr opy typ es of � , �

K

= f 
 2 � j G




= K g ;  

K

=  j �

K

:

�

K

! �

K

and Fix  

K

= (Fix  ) \ �

K

. In p articular, if #Fix  < 1 then

#Fix  =

X

K 2 I so (�)

#Fix  

K

: (5.2)

Pr oof: It follo ws from the decomp osition

� =

G

K 2 I so (�)

�

K

: 2

Remark Supp ose that G is a compact Ab elian Lie group. If Fix  is �nite then

it follo ws that #Fix  

K

= I (  

K

), the �xed p oin t index of  

K

whic h is divisible b y

� ( G=K ), the Euler c haracteristic of G=K (see [79 ], [59], [96]).

Theorem 59 L et G b e an A b elian c omp act Lie gr oup. F or any sub gr oup H 2 I so ( � )

and � 2 E nd

G

( � ) , if

(I) � is �nitely gener ate d and � is eventual ly c ommutative or

(I I) � is �nite or (I I I) � is �nitely gener ate d torsion fr e e nilp otent, then

X

H � K 2 I so ( � )

� ( H ; K ) R ( �

K

) � 0 mod � ( G=H )

and

X

H � K 2 I so ( � )

' ( H ; K ) R ( �

K

) � 0 mod � ( G=H )

wher e � ( ; ) denotes the M• obius function on I so ( � ) and

' ( H ; K ) =

X

H � L � K

� ( L=H ) � ( L; K ) :

Pr oof: (I): Since � is ev en tually comm utativ e , so is �

H

for ev ery H � G . With

the canonical G -action on H

1

( � ), H

1

( � ) is a G -equiv arian t endomorphism of H

1

( � ).

Similarly , w e ha v e H

1

( �

H

) 2 E nd

G

( H

1

( �

H

)) and hence

d

H

1

( �

H

) 2 E nd

G

(

d

H

1

( �

H

)). It

follo ws from theorem 52 and form ula (5.1) that

R ( �

H

) = #Fix (

d

H

1

( �

H

)) =

X

H � K 2 I so ( � )

#Fix (

d

H

1

( �

H

))

K

:

Hence, b y M• obius in v ersion [2 ], w e ha v e

X

H � K 2 I so ( � )

� ( H ; K ) R ( �

K

) = #Fix (

d

H

1

( �

K

))

H

� 0 mod � ( G=H ) :
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(I I): F ollo wing theorem 14 , w e ha v e

R ( �

H

) = #Fix ( �

H

)

conj

=

X

H � K 2 I so ( � )

#Fix (( �

H

)

conj

)

K

:

The assertion follo ws from form ula (5.1) and the M• obius in v ersion form ula.

(I I I): The comm utativ e diagram in the pro of of Theorem 56 giv es rise to the follo wing

comm utativ e diagram in whic h the ro ws are short exact sequences of groups where �

0

is free ab elian and �� is nilp oten t.

1 ! �

0

i

�

! �

p

�

! �� ! 1

" �

0

" � "

�

�

1 ! �

0

i

�

! �

p

�

! �� ! 1

Note that G acts on b oth �

0

and �� as automorphisms and so �

0

and

�

� are b oth

G -equiv arian t. Similarly , w e ha v e �

0 H

2 E nd

G

( �

0 H

) and

�

�

H

2 E nd

G

(

�

�

H

). It follo ws

from the pro of of Theorem 56 that the endomorphism  can b e made G -equiv arian t

b y the diagonal action on the pro duct of the �bre and the base. Hence,

R ( �

H

) = #Fix

d

 

H

=

X

H � K 2 I so ( � )

#Fix (

d

 

H

)

K

:

Again, the assertion follo ws from M• obius in v ersion.

Finally , for the congruences with ' ( ; ), w e pro ceed as in Theorem 6 of [59]. 2

Remark 13 In [59 ], Komiya c onsider e d the G -invariant set X

( H )

= GX

H

for arbi-

tr ary G (not ne c essarily A b elian). In our c ase, �

( H )

ne e d not b e a sub gr oup of � . F or

example, take � = G = S

3

to b e the symmetric gr oup on thr e e letters and let G act on

� via c onjugation. F or any sub gr oup H � G of or der two, it is e asy to se e that �

( H )

is not a sub gr oup of � .

5.8 Congruences for Reidemeister n um b ers of equiv-

arian t maps

Unlik e Komiy a's generalization [59] of Dold's result, the congruence relations among

the Reidemeister n um b ers of f

n

established in section cannot b e generalized without

further assumptions as w e illustrate in the follo wing example.

Example 9 Let X = S

2

� R

3

; G = Z

2

act on S

2

via

� ( x

1

; x

2

; x

3

) = ( x

1

; x

2

; � x

3

)
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so that X

G

= S

1

. Let f : X ! X b e de�ned b y ( x

1

; x

2

; x

3

) 7! ( � x

1

; x

2

; x

3

). It follo ws

that

R ( f ) = 1; R ( f

G

) = 2 :

Hence,

X

(1) � K

� ((1) ; K ) R ( f

K

) = � (1) R ( f ) + � (2) R ( f

G

) = � 1

whic h is not congruen t to 0 mod 2.

In order to apply the previous result , w e need R ( f

H

) = R (( f

�

)

H

), for all H � G .

In the ab o v e example, R ( f

G

) = 2 but R (( f

�

)

G

) = 1.

Recall that a selfmap f : X ! X is eventual ly c ommutative [51] if the induced

homomorphism f

�

: �

1

( X ) ! �

1

( X ) is ev en tually comm utativ e. The follo wing is

immedi ate from Theorem 59.

Theorem 60 L et f : X ! X b e a G -map on a �nite G -c omplex X wher e G is an

ab elian c omp act Lie gr oup, such that X

H

is c onne cte d for al l H 2 I so ( X ) . If f is

eventual ly c ommutative, or �

1

( X

H

) is �nite or nilp otent, and R ( f

H

) = R (( f

�

)

H

) for

al l H 2 I so ( X ) , then

X

H � K 2 I so ( � )

� ( H ; K ) R ( f

K

) � 0 mod � ( G=H )

and

X

H � K 2 I so ( � )

' ( H ; K ) R ( f

K

) � 0 mod � ( G=H ) :

5.9 Congruences for Nielsen n um b ers of a con tin-

uous map

Theorem 61 Supp ose that ther e is a natur al numb er m such that

~

f

m

�

( � ) � I (

~

f

m

) .

If for every d dividing a c ertain natur al numb er n we have L ( f

n=d

) 6= 0 , then one has

for that p articular n ,

X

d j n

� ( d ) N ( f

n=d

) � 0 mo d n:

Pr oof >F rom the results of Jiang [51 ] w e ha v e that N ( f

n=d

) = R ( f

n=d

) for the same

particular n and

~

f

�

is ev en tually comm utativ e. The result no w follo ws from theorem

58.

Corollary 20 L et I ( id

~

X

) = � and for every d dividing a c ertain natur al numb er n

we have L ( f

n=d

) 6= 0 , then the or em 61 applies
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Corollary 21 Supp ose that X is aspheric al, f is eventual ly c ommutative and for

every d dividing a c ertain natur al numb er n we have L ( f

n=d

) 6= 0 , then the or em 61

applies

Example 10 L et f : T

n

! T

n

b e a hyp erb olic endomorphism. Then for every natur al

n

X

d j n

� ( d ) N ( f

n=d

) � 0 mo d n:

Example 11 L et g : M ! M b e an exp anding map [86] of the orientable smo oth

c omp act manifold M .Then M is aspheric al and is a K ( �

1

( M ) ; 1) , and �

1

( M ) is tor-

sion fr e e [86 ].A c c or ding to Shub [86] any lifting ~g of g has exactly one �xe d p oint.F r om

this and the c overing homotopy the or em it fol lows that the �xe d p oint of g ar e p airwise

ine quivalent.The same is true for al l iter ates g

n

.Ther efor e N ( g

n

) = #Fix ( g

n

) for al l

n .So the se quenc e of the Nielsen numb ers N ( g

n

) of an exp anding map satis�es the

c ongruenc es as ab ove.

Theorem 62 L et X b e a c onne cte d, c omp act p olyhe dr on with �nite fundamental

gr oup � . Supp ose that the action of � on the r ational homolo gy of the universal c over

~

X is trival, i.e. for every c overing tr anslation � 2 � , �

�

= id : H

�

(

~

X ; Q I ) ! H

�

(

~

X ; Q I ) .

If for every d dividing a c ertain natur al numb er n we have L ( f

n=d

) 6= 0 , then one has

for that p articular n ,

X

d j n

� ( d ) N ( f

n=d

) � 0 mo d n:

Pr oof >F rom the results of Jiang [51 ] w e ha v e that N ( f

n=d

) = R ( f

n=d

) for the same

particular n .The result no w follo ws from theorem 58.

Lemma 35 L et X b e a p olyhe dr on with �nite fundamental gr oup � and let p :

~

X ! X

b e its universal c overing. Then the action of � on the r ational homolo gy of

~

X is trivial

i� H

�

(

~

X ; Q I )

�

=

H

�

( X ; Q I ) .

Corollary 22 L et

~

X b e a c omp act 1 -c onne cte d p olyhe dr on which is a r ational ho-

molo gy n -spher e, wher e n is o dd. L et � b e a �nite gr oup acting fr e ely on

~

X and let

X =

~

X =� . Then the or em 62 applies.

Pr oof The pro jection p :

~

X ! X =

~

X =� is a univ ersal co v ering space of X . F or

ev ery � 2 � , the degree of � :

~

X !

~

X m ust b e 1, b ecause L ( � ) = 0 ( � has no �xed

p oin ts). Hence �

�

= id : H

�

(

~

X ; Q I ) ! H

�

(

~

X ; Q I ).

Corollary 23 If X is a close d 3-manifold with �nite � , then the or em 62 applies.

Pr oof

~

X is an orien table, simply connected manifold, hence a homology 3-sphere.

W e apply corollary 22.

Example 12 L et X = L ( m; q

1

; : : : ; q

r

) b e a gener alize d lens sp ac e and f : X ! X a

c ontinuous map with f

1 �

(1) = k wher e j k j6 = 1 . Then for every natur al n

X

d j n

� ( d ) N ( f

n=d

) � 0 mo d n:
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Pr oof

By corollary w e see that theorem applies for lens spaces. Since �

1

( X ) = Z Z =mZ Z ,

the map f is ev en tually comm utativ e. A lens space has a structure as a CW complex

with one cell e

i

in eac h dimension 0 � i � 2 n + 1. The b oundary map is giv en

b y @ e

2 k

= m:e

2 k � 1

for ev en cells, and @ e

2 k +1

= 0 for o dd cells. >F rom this w e ma y

calculate the Lefsc hetz n um b ers:

L ( f

n

) = 1 � k

( l +1) n

6= 0 :

This is true for an y n as long as j k j6 = 1. The result no w follo ws from theorem .

Remark 14 It is known that in pr evious example

N ( f

n

) = R ( f

n

) = #Cok er (1 � f

n

1 �

) = hcf (1 � k

n

; m )

for every n .So we obtain pur e arithmetic al fact: the se quenc e n 7! hcf (1 � k

n

; m )

satis�es c ongruenc es ab ove for every natur al n if j k j6 = 1 .

5.10 Some conjectures for wider classes of

groups

F or the case of almost nilp oten t groups (ie. groups with p olynomial gro wth, in view of

Gromo v's theorem [44]) w e b eliev e that the congruences for the Reidemeister n um b ers

are also true.W e in tend to pro v e this conjecture b y iden tifying the Reidemeister n um-

b er on the nilp oten t part of the group with the n um b er of �xed p oin ts in the direct

sum of the duals of the quotien ts of successiv e terms in the cen tral series. W e then

hop e to sho w that the Reidemei ster n um b er of the whole endomorphism is a sum of

n um b ers of orbits of suc h �xed p oin ts under the action of the �nite quotien t group (ie

the quotien t of the whole group b y the nilp oten t part). The situation for groups with

exp onen tial gro wth is v ery di�eren t. There one can exp ect the Reidemeiste r n um b er

to b e in�nite as long as the endomorphism is injectiv e.



Chapter 6

The Reidemeister torsion

6.1 Preliminaries

Lik e the Euler c haracteristic, the Reidemeister torsion is algebraically de�ned. Roughly

sp eaking, the Euler c haracteristic is a graded v ersion of the dimension, extending the

dimension from a single v ector space to a complex of v ector spaces. In a similar w a y ,

the Reidemeister torsion is a graded v ersion of the absolute v alue of the determinan t

of an isomorphism of v ector spaces: for this to mak e sense, b oth v ector spaces should

b e equipp ed with a p ositiv e densit y .

Recall that a densit y f on a complex space V of dimension n is a map f : ^

n

V ! R

with f ( � � x ) = j � j � f ( x ) for all x 2 ^

n

V ; � 2 C I . The densities on V clearly form a

real v ector space j V j of dimension one. If f is nonzero and tak es v alues in [ o; 1 ), w e

sa y that it is p ositiv e . If V

1

and V

2

are b oth n -dimensional and A : V

1

! V

2

is linear

o v er C I , then there is an induced map A

�

: j V

2

j ! j V

1

j . If eac h V

i

carries a pre�ered

p ositiv e densit y f

i

then A

�

f

2

= a � f

1

, for some a � 0, and w e write a = j detA j .In the

case V

1

= V

2

; f

1

= f

2

then a is indeed the absolute v alue of the determinan t of A , so

this notation is consisten t.

If 0 ! V

1

! V

2

! V

3

! 0 is an exact sequence of �nite dimensional v ector spaces

o v er C I , then there is a natural isomorphism ^

n

1

V

1


 ^

n

3

V

3

! ^

n

2

V

2

; n

i

= dimV

i

.This

induces a natural isomorphism j V

1

j 
 j V

3

j

�

=

j V

2

j . If V is zero, then absolute v alue is

a standard generator for j V j and sets up a natural isomorphism j V j

�

=

R .

Let d

i

: C

i

! C

i +1

b e a co c hain complex of �nite-dimensional v ector spaces o v er C I

with C

i

= 0 for i < 0 or i large. Let Z

i

= k er d

i

; B

i

= imd

i � 1

, and H

i

= Z

i

=B

i

b e the

co cycles, cob oundaries, and cohomology of C

�

resp ectiv ely . If one is giv en p ositiv e

densities �

i

on C

i

and D

i

on H

i

(with the standard c hoice when i is negativ e or large),

then the Reidemeister torsion � ( C

�

; �

i

; D

i

) 2 (0 ; 1 ) is de�ned as follo ws. The short

exact sequences 0 ! Z

i

! C

i

! B

i +1

! 0 and 0 ! B

i

! Z

i

! H

i

! o together

with the trivializations j C

i

j = R � �

i

; j H

i

j = R � D

i

giv e isomorphisms j Z

i

j 
 j B

i +1

j

�

=

R; j B

i

j

�

=

j Z

i

j for eac h i . This giv es isomorphisms j B

i

j 
 j B

i +1

j

�

=

R , hence also

j B

i

j

�

=

j B

i +2

j . But for i � 0 or i large, B

i

= 0 and so j B

i

j = R . So if j is large and

ev en, w e �nd R = j B

j

j

�

=

j B

0

j = R and this isomorphism is the m ultiplic ation b y

scalar � 2 R

�

. This is the Reidemeister torsion � ( C

�

; �

i

; D

i

).

If the cohomology H

i

= 0 for all i w e sa y that C

�

is acyclic and w e write � ( C

�

; �

i

)

92
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for the torsion when all the D

i

are standard .

When C

�

is acyclic , there is another w a y to de�ne � .

De�nition 15 Consider a chain c ontr action �

i

: C

i

! C

i � 1

, i.e. a line ar map such

that d � � + � � d = id . Then d + � determies a map

( d + � )

+

: C

+

:= � C

2 i

! C

�

:= � C

2 i +1

and a map ( d + � )

�

: C

�

! C

+

. Sinc e

the map ( d + � )

2

= id + �

2

is unip otent, ( d + � )

+

must b e an isomorphism. One de�nes

� ( C

�

; �

i

) := j det ( d + � )

+

j (se e [42]).

Reidemeister torsion is de�ned in the follo wing geometric setting. Supp ose K is

a �nite complex and E is a 
at, �nite dimensional, complex v ector bundle with base

K . W e recall that a 
at v ector bundle o v er K is essen tially the same thing as a

represen tation of �

1

( K ) when K is connected. If p 2 K is a basep oin t then one ma y

mo v e the �bre at p in a lo cally constan t w a y around a lo op in K . This de�nes an action

of �

1

( K ) on the �bre E

p

of E ab o v e p . W e call this action the holonom y represen tation

� : � ! GL ( E

p

). Con v ersely , giv en a represen tation � : � ! GL ( V ) of � on a �nite

dimensional complex v ector space V , one ma y de�ne a bundle E = E

�

= (

~

K � V ) =� .

Here

~

K is the univ ersal co v er of K , and � acts on

~

K b y co v ering tranformations and

on V b y � . The holonom y of E

�

is � , so the t w o constructions giv e an equiv alence of


at bundles and represen tations of � .

If K is not connected then it is simpler to w ork with 
at bundles. One then de�nes

the holonom y as a represen tation of the direct sum of �

1

of the comp onen ts of K . In

this w a y , the equiv alence of 
at bundles and represen tations is reco v ered.

Supp ose no w that one has on eac h �bre of E a p ositiv e densit y whic h is lo cally

constan t on K . In terms of �

E

this assumption just means j det �

E

j = 1. Let V

denote the �bre of E . Then the co c hain complex C

i

( K ; E ) with co e�cien ts in E

can b e iden ti�ed with the direct sum of copies of V asso ciated to eac h i -cell � of K .

The iden ti�cation is ac hiev ed b y c ho osing a basep oin t in eac h comp onen t of K and

a basep oin t from eac h i -cell. By c ho osing a 
at densit y on E w e obtain a preferred

densit y �

i

on C

i

( K ; E ). Let H

i

( K ; E ) b e the i -dimensional cohomology of K with

co e�cien ts in E , i.e. the t wisted cohomology of E . Giv en a densit y D

i

on eac h

H

i

( K ; E ), one de�nes the Reidemeister torsion of ( K ; E ; D

i

) to b e � ( K ; E ; D

i

) =

� ( C

�

( K ; E ) ; �

i

; D

i

) 2 (0 ; 1 ). A case of particular in terest is when E is an acyclic

bundle, meaning that the t wisted cohomology of E is zero ( H

i

( K ; E ) = 0), then one

can tak e D

i

to b e the absolute v alue map on ^

0

(0) = C I and the resulting Reidemei ster

torsion is denoted b y � ( K ; E ). In this case it do es not dep end on the c hoice of 
at

densit y on E .

The Reidemeister torsion of an acyclic bundle E on K has man y nice prop erties.

Supp ose that A and B are sub complexes of K . Then w e ha v e a m ultipli cativ e la w:

� ( A [ B ; E ) � � ( A \ B ; E ) = � ( A ; E ) � � ( B ; E ) (6.1)

that is in terpreted as follo ws. If three of the bundles E j A [ B ; E j A \ B ; E j A; E j B

are acyclic then so is the fourth and the equation (6.1) holds.

Another prop ert y is the simple homotop y in v ariance of the Reidemeister torsion.

Supp ose K

0

is a sub complex of K obtained b y an elemen tary collapse of an n -cell �
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in K . This means that K = K

0

[ � [ �

0

where �

0

is an ( n � 1) cell of K so set up that

@ �

0

= �

0

\ K

0

and �

0

� @ � , i.e. �

0

is a free face of � . So one can push �

0

through �

in to K

0

giving a homotop y equiv alence.Then H

�

( K ; E ) = H

�

( K

0

; E ) and

� ( K ; E ; D

i

) = � ( K

0

; E ; D

i

) (6.2)

By iterating a sequence of elemen tary collapses and their in v erses, one obtains a

homotop y equiv alence of complexes that is called simple . Plainly one has,b y iterating

(6.2) , that the Reidemeister torsion is a simply homotop y in v arian t. In particular

� is in v arian t under sub division. This implies that for a smo oth manifold, one can

unam biguously de�ne � ( K ; E ; D

i

) to b e the torsion of an y smo oth triangulation of

K .

In the case K = S

1

is a circle, let A b e the holonom y of a generator of the

fundamen tal group �

1

( S

1

). One has that E is acyclic i� I � A is in v ertible and then

� ( S

1

; E ) = j det( I � A ) j (6.3)

Note that the c hoice of generator is irrelev an t as I � A

� 1

= ( � A

� 1

)( I � A ) and

j det ( � A

� 1

j = 1.

These three prop erties of the Reidemeister torsion are the analogues of the prop er-

ties of Euler c haracteristic ( cardinalit y la w, homotop y in v ariance and normalization

on a p oin t), but there are di�erences.Since a p oin t has no acyclic represen tations

( H

0

6= 0) one cannot normalise � on a p oin t as w e do for the Euler c haracteristic, and

so one m ust use S

1

instead. The m ultiplic ativ e cardinalit y la w for the Reidemei ster

torsion can b e made additiv e just b y using log � , so the di�erence here is inessen tial.

More imp ortan t for some purp oses is that the Reidemeister torsion is not an in v arian t

under a general homotop y equiv alence: as men tioned earlier this is in fact wh y it w as

�rst in v en ted.

It migh t b e exp ected that the Reidemeister torsion coun ts something geomet-

ric(lik e the Euler c haracteristic). D. F ried sho w ed that it coun ts the p erio dic orbits of

a 
o w and the p erio dic p oin ts of a map. W e will sho w that the Reidemeister torsion

coun ts the p erio dic p oin t classes of a map( �xed p oin t classes of the iterations of the

map).

Some further prop erties of � describ e its b eha vior under bundles.

Let p : X ! B b e a simplicial bundle with �b er F where F ; B ; X are �nite

complexes and p

� 1

sends sub complexes of B to sub complexes of X . o v er the circle

S

1

. W e assume here that E is a 
at, complex v ector bundle o v er B . W e form its

pullbac k p

�

E o v er X . Note that the v ector spaces H

i

( p

� 1

( b ) ; C I ) with b 2 B form a


at v ector bundle o v er B , whic h w e denote H

i

F . The in tegral lattice in H

i

( p

� 1

( b ) ; I R)

determines a 
at densit y b y the condition that the co v olume of the lattice is 1. W e

supp ose that the bundle E 
 H

i

F is acyclic for all i . Under these conditions D. F ried

[42] has sho wn that the bundle p

�

E is acyclic, and

� ( X ; p

�

E ) =

Y

i

� ( B ; E 
 H

i

F )

( � 1)

i

: (6.4)

the opp osite extreme is when one has a bundle E on X for whic h the restriction E j F

is acyclic. Then, for B connected,

� ( X ; E ) = � ( F ; E j F )

� ( B )

(6.5)



Reidemeister torsion 95

Supp ose in (6.5) that F = S

1

i.e. X is a circle bundle . Then (6.5) can b e regarded

as saing that

log � ( X ; E ) = � ( B ) � log � ( F ; E j F )

is coun ting the circle �b ers in X in the w a y that � coun ts p oin ts in B , with a w eigh ting

factor of log � ( F ; E j F ).

6.2 The Reidemeister zeta F unction and the Rei-

demeister T orsion of the Mapping T orus of the

dual map.

Let f : X ! X b e a homeomorphism of a compact p olyhedron X . Let T

f

:=

( X � I ) = ( x; 0) � ( f ( x ) ; 1) b e the mapping tori of f . W e shall consider the bundle

p : T

f

! S

1

o v er the circle S

1

. W e assume here that E is a 
at, complex v ector bundle

with �nite dimensional �bre and base S

1

. W e form its pullbac k p

�

E o v er T

f

. Note

that the v ector spaces H

i

( p

� 1

( b ) ; c ) with b 2 S

1

form a 
at v ector bundle o v er S

1

,

whic h w e denote H

i

F . The in tegral lattice in H

i

( p

� 1

( b ) ; I R) determines a 
at densit y

b y the condition that the co v olume of the lattice is 1. W e supp ose that the bundle

E 
 H

i

F is acyclic for all i . Under these conditions D. F ried [42] has sho wn that the

bundle p

�

E is acyclic, and w e ha v e

� ( T

f

; p

�

E ) =

Y

i

� ( S

1

; E 
 H

i

F )

( � 1)

i

: (6.6)

Let g b e the prefered generator of the group �

1

( S

1

) and let A = � ( g ) where � :

�

1

( S

1

) ! GL ( V ). Then the holonom y around g of the bundle E 
 H

i

F is A 
 f

�

i

.

Since � ( S

1

; E ) = j det( I � A ) j it follo ws from (6.6) that

� ( T

f

; p

�

E ) =

Y

i

j det ( I � A 
 f

�

i

) j

( � 1)

i

: (6.7)

W e no w consider the sp ecial case in whic h E is one-dimensional, so A is just a complex

scalar � of mo dulus one. Then in terms of the rational function L

f

( z ) w e ha v e [42 ]:

� ( T

f

; p

�

E ) =

Y

i

j det( I � � � f

�

i

) j

( � 1)

i

= j L

f

( � ) j

� 1

(6.8)

Theorem 63 L et � : G ! G b e an automorphism of G ,wher e G is the dir e ct sum of

a �nite gr oup with a �nitely gener ate d fr e e A b elian gr oup, then

�

�

T

^

�

; p

�

E

�

= j L

^

�

( � ) j

� 1

= j R

�

( � � � ) j

( � 1)

r +1

; (6.9)

wher e � is the holonomy of the one-dimensional 
at c omplex bund le E over S

1

, r and

� ar e the c onstants describ e d in the or em 13 .

Pr oof W e kno w from the theorem 52 that R ( �

n

) is the n um b er of �xed p oin ts of

the map

^

�

n

. In general it is only necessary to c hec k that the n um b er of �xed p oin ts
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of

^

�

n

is equal to the absolute v alue of its Lefsc hetz n um b er. W e assume without loss

of generalit y that n = 1. W e are assuming that R ( � ) is �nite, so the �xed p oin ts of

^

� form a discrete set. W e therefore ha v e

L (

^

� ) =

X

x 2 Fix

^

�

Index (

^

�; x ) :

Since � is a group endomorphism, the trivial represen tation x

0

2

^

G is alw a ys �xed.

Let x b e an y �xed p oin t of

^

� .Since

^

G is union of tori

^

G

0

; :::;

^

G

t

and

^

� is a linear map,

w e can shift an y t w o �xed p oin ts on to one another without altering the map

^

� . This

giv es us for an y �xed p oin t x the equalit y

Index (

^

� ; x ) = Index (

^

�; x

0

)

and so all �xed p oin ts ha v e the same index. It is no w su�cien t to sho w that

Index (

^

� ; x

0

) = � 1. This follo ws b ecause the map on the torus

^

� :

^

G

0

!

^

G

0

lifts to a linear map of the univ ersal co v er, whic h is an euclidean space. The index

is then the sign of the determinan t of the iden tit y map min us this lifted map. This

determinan t cannot b e zero, b ecause 1 �

^

� m ust ha v e �nite k ernel b y our assumption

that the Reidemei ster n um b er of � is �nite (if det (1 �

^

� ) = 0 then the k ernel of 1 �

^

�

is a p ositiv e dimensional subspace of

^

G , and therefore in�nite).

Corollary 24 L et f : X ! X b e a home omorphism of a c omp act p olyhe dr on X . If

�

1

( X ) is the dir e ct sum of a �nite gr oup with a fr e e A b elian gr oup, then then

�

�

T

d

( f

1 �

)

; p

�

E

�

=

�

�

�

�

L

d

( f

1 �

)

( � )

�

�

�

�

� 1

=

�

�

� R

f

( � � � )

�

�

�

( � 1)

r +1

;

wher e r and � ar e the c onstants describ e d in the or em 13 .

6.3 The connection b et w een the Reidemeister tor-

sion, eta{in v arian t, the Ro c hlin in v arian t and

theta m ultipliers via the dynamical zeta func-

tions

In this section w e establish a connection b et w een the Reidemeiste r torsion of a map-

ping tori, the eta-in v arian t, the Ro c hlin in v arian t, and theta m ultiplie rs via the

Lefc hetz zeta function and the Bism ut-F reed-Witten holonom y theorem.
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6.3.1 Ro c hlin in v arian t

W e b egin b y recalling the de�nition of a spin structure on an orien ted Riemannian

manifold M

m

with sp ecial atten tion to the notion of a spin di�eomorphism. The

tangen t bundle T M is asso ciated to a principal GL

+

( m ) bundle P , the bundle of

orien ted tangen t frames. This last group GL

+

( m ) has a unique connected t w o-fold

co v ering group

g

GL

+

( m ). If the tangen t bundle T M is asso ciated to a princial

g

GL

+

( m )

bundle

~

P , then w e call

~

P a spin structur e on M . Th us, spin structures are in one-to-

one corresp ondence with double co v erings

~

P ! P whic h are non trivial on eac h �b er.

In terms of cohomology , suc h co v erings are giv en b y elemen ts w of H

1

( P ; Z Z = 2 Z Z ) suc h

that w j �

� 1

( x ) = 0 for ev ery x in M , where � : P ! M is the bundle pro jection

and �

� 1

( x ) is the �b er o v er x . W e shall refer to the cohomology class w as a spin

structure on M , and the pair ( M ; w ) as a spin manifold.

Giv en an orien tation preserving di�eomorphism f : M ! M , the di�eren tial

d f of f giv es us a di�eomorphism d f : P ! P and hence an isomorphism on the

cohomology ( d f )

�

: H

1

( P ; Z Z = 2 Z Z ) ! H

1

( P ; Z Z = 2 Z Z ). W e sa y that an orien tation-

preserving di�eomorphism f : M ! M preserv es the spin structure w if ( d f )

�

( w ) = w

in H

1

( P ; Z Z = 2 Z Z ). This is equiv alen t to the existence of a bundle map b :

~

P !

~

P

making the follo wing diagram comm utativ e

~

P

b

!

~

P

# #

P

d f

! P

By a spin di�eomorphism F of ( M ; w ) w e mean a pair F = ( f ; b ) consisting not only

of a spin preserving di�eomorphism f but also of a bundle map b :

~

P !

~

P co v ering

d f . Giv en a spin di�eomorphism F = ( f ; b ) of ( M ; w ) there is a w ell de�ned spin

structure w

0

on the mapping torus T

f

(see [61]).

W e shall no w de�ne an in v arian t of spin di�eomorphisms F of ( M ; w ) where M

has dimension 8 k + 2. This will actually b e de�ned via ( T

f

; w

0

), a spin manifold of

dimension 8 k + 3. As usual, a spin manifold ( N

8 k +3

; w ) is a spin b oundary if there

is a compact 8 k + 4-dimensional spin manifold ( X

8 k +4

; W ) with @ X = N and with

W restricting to w . By a result of [3] the manifold N

8 k +3

is a spin b oundary if and

only if it is an unorien ted b oundary . A necessary and su�cien t condition for N to

b e a b oundary is that all its Stiefel-Whitney n um b ers v anish. In particular, this is

alw a ys the case when k = 0 or k = 1. If M

8 k +2

has v anishing Stiefel-Whitney classes,

then all the Stiefel-Whitney n um b ers of T

f

are zero (see [61]). F or a spin b oundary

( N

8 k +3

; w ) = @ ( X

8 k +4

; W ) the R o chlin invariant R ( N ; w ) in Z Z = 16 Z Z is de�ned b y

R ( N ; w ) � � ( X ) (mo d 16) ;

where � ( X ) denotes the signature of the 8 k + 4-dimensional manifold X .
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6.3.2 Determinan t line bundles, the Eta-in v arian t and the

Bism ut-F reed-Witten theorem

Let � : Z ! N b e a smo oth �bration of manifolds with base manifold N and total

manifold Z . The �b er ab o v e a p oin t x 2 N is an 8 k + 2-dimensional manifold M

8 k +2

x

whic h is equipp ed with a metric and a compatible spin structure. The latter v ary

smo othly with resp ect to the parameter x in the base manifold; in other w ords the

structure group of the �bration � : Z ! N is a subgroup of the spin di�eomorphism

group.

In this situation, along a �b er M

x

, w e ha v e a principal S pin (8 k + 2)-bundle

P ( T M

x

). Since the dimension 8 k + 2 is ev en there are t w o half-spin represen tation

S

�

of S pin (8 k + 2) and asso ciated to them t w o v ector bundles E

�

x

= P ( T M

x

) 
 S

�

.

On the space C

1

( E

�

x

) of C

1

-sections of these bundles, there is a Dirac op erator

@

x

: C

1

( E

�

x

) ! C

1

( E

�

x

) whic h is a �rst order, elliptic, di�eren tial op erator [18]. If

w e replace the C

1

-sections of E

�

x

b y square-in tegrable sections, the Dirac op erator

can b e extended to an op erator @

x

: L

2

( E

�

x

) ! L

2

( E

�

x

) of Hilb ert spaces. As w e

v ary x o v er N , these Hilb ert spaces L

2

( E

�

x

) form Hilb ert bundles L

2

( E

�

) and the

op erators @

x

form a con tin uous family of op erators @ : L

2

( E

�

) ! L

2

( E

�

) on these

Hilb ert bundles.

>F rom the w ork A tiy ah-Singer, Bism ut-F reed [9] and Quillen [76 ] it follo ws that

there exists a w ell-de�ned complex line bundle det @ o v er N . Ov er a p oin t x in N ,

the �b er of this line bundle (det @ )

x

is isomorphic to

(�

max

k er @

x

)

�


 (�

max

cok er @

x

). Bism ut and F reed [9] underto ok an extensiv e study of

the geometry of this determinan t line bundle det @ . They sho w ed that det @ admits a

Bism ut-F reed connection 5 , and pro v ed a form ula for the curv ature asso ciated to this

connection. One of the basic results in [9] is the holonom y form ula for the Bism ut-

F reed connection 5 of the determinan t line bundle det @ around an imme rsed circle


 : S

1

! N in the base manifold N . W e no w describ e this form ula. Pulling bac k

b y 
 , there is an 8 k + 3-dimensional manifold whic h is di�eomorphic to a mapping

torus T

�

, with the di�eomorphism � sp eci�ed b y 
 . Cho osing an arbitrary metric

g

S

1
on S

1

, and using the pro jection � : � ( T

�

) ! �

f iber

( T

�

) of tangen t bundles, w e

obtain a Riemannian structure on T

�

. Since the structure group of the �bration

� : Z ! N is a subgroup of the spin di�eomorphism group, it follo ws that � is

co v ered b y a canonical spin di�eomorphism and the mapping torus T

�

has a natural

spin structure. >F rom this spin structure on T

�

w e obtain a spin bundle o v er T

�

with

structure group S pin (8 k + 3) and Dirac op erator @ on the space of C

1

-sections of

this bundle.

F ollo wing A tiy ah, P ato di, Singer [7] w e de�ne the function � ( s; @ ) in terms of the

eigen v alues � of @ b y

� ( s; @ ) =

X

� 6=0

sig n�

j � j

s

:

This function is holomorphic for Re ( s ) > 0 and its v alue at s = 0 is the � -in v arian t of

@ : � ( @ ) = � (0 ; @ ). W e denote b y h ( @ ) the dimension of the k ernel of the op erator @ .

Notice that these in v arian ts dep end on the c hoice of the metric g

S

1
on the base circle

S

1

. In order to b e free of this c hoice, w e scale the metric g

S

1
b y a factor

1

�

2

, and with
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resp ect to this new metric

g

S

1

�

2

w e ha v e a Dirac op erator @

�

on T

�

and a corresp onding

� -in v arian t � ( @

�

) and h ( @

�

). As the parameter � tends to zero, the in v arian t

� ( @

�

)+ h ( @

�

)

2

tends to a �xed limit.

Theorem 64 [9] The holonomy of the Bismut-F r e e d c onne ction 5 of the determinant

line bund le det @ ar ound 
 is given by

hol ( 
 ; det @ ; 5 ) = lim

� ! 0

exp

 

� 2 � i

� ( @

�

) + h ( @

�

)

2

!

: (6.10)

No w, supp ose that � : Z ! N is a �bration of manifolds M

8 k +2

with t w o prefered

spin structures w

1

and w

2

. Corresp onding to these t w o spin structures, there are

families of Dirac op erators @

w

1

and @

w

2

, and determinan t line bundles det @

w

1

and

det @

w

2

. Notice that from the curv ature form ula of Bism ut-F reed [9] these t w o complex

line bundles det @

w

1

and det @

w

2

ha v e the same curv ature 2-form. Hence if w e form the

bundle det @

w

1

= det @

w

2

= det @

w

1


 (det @

w

2

)

�

, the result is a 
at complex line bundle.

In the language of con temp orary ph ysicists, this is kno wn as the cancelation of lo cal

anomalies. F or some of their mo dels, it is imp ortan t to in v estigate the holonomies of

the 
at line bundle det @

w

1


 (det @

w

2

)

�

-the global anomalies.

Let w

0

1

and w

0

2

b e the spin structures on T

�

induced b y w

1

and w

2

, where the

di�eomorphism � is sp eci�ed b y 
 . Lee, Miller and W ein traub pro v ed the follo wing

Theorem 65 ([61]) The holonomy of the 
at c omplex line bund le

det @

w

1

= det @

w

2

ar ound a lo op 
 is

hol ( 
 ; det @

w

1

= det @

w

2

) =

= lim

� ! 0

exp

�

� 2 � i

�

� ( @

w

0

1

�

) + h ( @

w

0

1

�

)

2

�

� ( @

w

0

2

�

) + h ( @

w

0

2

�

)

2

��

If the �b er M

8 k +2

is a R iemann surfac e, then

hol ( 
 ; det @

w

1

= det @

w

2

) = exp

"

� 2 � i

R ( T

�

; w

0

1

) � R ( T

�

; w

0

2

)

8

#

:

6.3.3 Connection with Reidemeister torsion

Let us no w supp ose that F = ( f ; b

i

), i = 1 ; 2 are t w o spin di�eomorphisms of spin

manifolds ( M

8 k +2

; w

i

), i = 1 ; 2. Then there are w ell-de�ned spin structures w

0

i

, i = 1 ; 2

on the mapping torus T

f

. W e ma y consider T

f

as a bundle p : T

f

! S

1

o v er the circle

S

1

with �b er M

8 k +2

. As ab o v e w e ha v e t w o Dirac op erators @

w

0

i

�

, i = 1 ; 2 on the space

of C

1

-sections of the spin bundles o v er T

f

and corresp onding eta-in v arian ts � ( @

w

0

i

�

)

and h ( @

w

0

i

�

). W e also ha v e a 
at complex determinan t line bundle det @

w

1

= det @

w

2

o v er the base manifold S

1

and its pullbac k p

�

(det @

w

1

= det @

w

2

) o v er T

f

. Let 
 b e the

preferred generator of the fundamen tal group �

1

( S

1

).
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Theorem 66

� ( T

f

; p

�

(det @

w

1

= det @

w

2

)) = j L

f

( � ) j

� 1

;

wher e

� = hol ( 
 ; det @

w

1

= det @

w

2

) =

= lim

� ! 0

exp

 

� 2 � i

"

� ( @

w

0

1

�

) + h ( @

w

0

1

�

)

2

�

� ( @

w

0

2

�

) + h ( @

w

0

2

�

)

2

# !

If the �b er M

8 k +2

is a R iemann surfac e, then

� = hol ( 
 ; det @

w

1

= det @

w

2

) = exp

"

� 2 � i

R ( T

f

; w

0

1

) � R ( T

f

; w

0

2

)

8

#

Pr oof The connection b et w een the Reidemeister torsion of the mapping torus and

the Lefsc hetz zeta function follo ws from form ula (6.8):

� ( T

f

; p

�

(det @

w

1

= det @

w

2

)) = j L

f

( � ) j

� 1

;

where

� = hol ( g ; det @

w

1

= det @

w

2

)

The result no w follo ws from the previous theorem 65.

6.3.4 The Reidemeister torsion and theta-m ultipli ers

W e recall some w ell kno wn prop erties of theta-functions (see [54]). Fix an in teger

g � 1. A c haracteristic m is a ro w v ector m = ( m

�

1

; :::; m

�

g

; m

��

1

; :::; m

��

g

) eac h of whose

en tries is zero or one. The parit y e ( m ) = m

�

1

� m

��

1

+ ::: + m

�

g

� m

��

g

2 Z Z = 2 Z Z of the

c haracteristic m is said to b e ev en (o dd) when e ( m ) = 0 (= 1).

Let S

g

denote the Siegel space of degree g . W e shall write elemen ts T 2 S p

2 g

( Z Z )

as blo c k matrices:

T =

 

A B

C D

!

:

The theta function with c haracteristic m is a function �

m

: S

g

� C I

g

! C I satisfying

the follo wing transformations la w [54] :

�

T � m

( z ( C � + D )

� 1

; ( A� + B )( C � + D )

� 1

) =

= 


m

( T ) � det ( C � + D )

1 = 2

� exp

�

� iz ( C � + D )

� 1 t

z

�

� �

m

( � ; z )

where

T � m = m � T

� 1

+ (( D

t

C )

0

( B

t

A )

0

) (mo d 2)

and ( )

0

denotes the ro w v ector obtained b y taking the diagonal elemen ts of the

matrix. The n um b er 


m

( T ) is an eigh th ro ot of unit y , and are kno wn as the theta

m ultiplie r of T for the c haracteristic m . The action of the symplectic group S p

2 g

( Z Z )

on the c haracteristic (denoted ab o v e m 7! T : m ) preserv es parit y , and is transitiv e on
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c haracteristics of a giv en parit y . W e let �( m ) = f T 2 S p

2 g

( Z Z ) j T � m = m g . If �

2

is the principal congruence subgroup of lev el 2 in S p

2 g

( Z Z ), i.e.

�

2

= f T 2 S p

2 g

( Z Z ) j T � I (mo d 2) g ;

then �

2

� �( m ) for ev ery m .

F or a di�eomorphism f : V

2

! V

2

of a Riemann surface V

2

of gen us g , the induced

map on the homology T = f

�

: H

1

( V

2

; Z Z ) ! H

1

( V

2

; Z Z ) is an elemen t in the in tegral

symplectic group S p

2 g

( Z Z ). There is a bijection b et w een the set of Spin structures

on V

2

and the set of c haracteristics m . W e shall let w

m

denote the spin structure

corresp onding to the c haracteristic m . Th us a di�eomorphism f : V

2

! V

2

preserv es

the spin structure w

m

i� f

�

: H

1

( V ; Z Z ) ! H

1

( V ; Z Z ) is in �( m ). If f

�

is in �

2

then f

preserv es eac h of the spin structures on V

2

. Let T b e an y elemen t of �

2

� S p

2 g

( Z Z )

and f : V

2

! V

2

b e a di�eomorphism with f

�

= T : H

1

( V

2

; Z Z )) ! H

1

( V

2

; Z Z ).

Consider again the bundle p : T

f

! S

1

o v er the circle S

1

with the �b er V

2

. Let w

m

and w

n

b e t w o spin structures on V

2

corresp onding to an y t w o even c haracteristic m

and n . W e ha v e a 
at complex determinan t line bundle det @

w

m

= det @

w

n

o v er the base

S

1

and its pullbac k p

�

(det @

w

m

= det @

w

n

) o v er the mapping tori T

f

.

Theorem 67

� ( T

f

; p

�

(det @

w

m

= det @

w

n

) = j L

f

( 


m

( T ) =


n

( T )) j

� 1

:

Pr oof Lee,Miller and W ein traub [61 ] pro v ed that




m

( T ) =


n

( T ) = exp

 

� 2 � i

R ( T

f

; w

m

) � R ( T

f

; w

n

)

8

!

No w the statemen t of the theorem it follo ws from theorem 66.

6.4 T op ology of an attraction domain and the Rei-

demeister torsion

6.4.1 In tro duction

Assume that on a smo oth compact manifold M of dimension n there is giv en a tan-

gen tial v ector �eld X of class C

1

, and consider the corresp onding system of di�eren tial

equations

dx

dt

= X ( x ) ; (6.11)

Let � ( t; x ) is the tra jectory of (1) passing through the p oin t x for t = 0. W e shall

sa y that the set I is the attractor or the asymptotically stable compact in v arian t

set for system (1) if for an y neigh b orho o d U of I there is the neigh b orho o d W ,

I � W � U suc h that

1) for an y x 2 W � ( t; x ) 2 U; if t 2 [0 ; + 1 ) ;



Reidemeister torsion 102

2) for an y x 2 W � ( t; x ) � ! I ; when t � ! + 1 .

By a Ly apuno v function V ( x ) for attractor I w e mean a function that satis�es

follo wing conditions

1) V ( x ) 2 C

1

( U � I ) ; V ( x ) 2 C ( U ),

2) V ( x ) > 0 ; x 2 U � I ; V ( x ) = 0 ; x 2 I ,

3) The deriv ativ e b y virtue of the system (1)

dV ( x )

dt

< 0 in U � I .

Suc h Ly apuno v function V ( x ) for I alw a ys exist [100 ]. Supp ose that S is a lev el surface

of Ly apuno v function V ( x ) in U .The conditions 3) and the Implicit F unction Theorem

imply that the lev el surface S is a compact smo oth n � 1-dimensional manifold trans-

v erse to the tra jectories of (1) and tra jectories of (1) in tersect S on the descending

side of the Ly apuno v function V ( x ). An y t w o lev el surfaces of the Ly apuno v function

V ( x ) are di�eomorphic.Note that manifold S is determined up to di�eomorphism b y

the b eha vior of tra jectories of the system (1) in U � I and do es not dep end on the

c hoice of the Ly apuno v function V ( x ) and its lev el. Let N � I ; dim N = n; b e a

compact smo oth manifold with the b oundary @ N = S .

In this article w e will study the dep endence of the top ology of the attraction domain

D = f x 2 M � I : � ( t; x ) � ! I ; when t � ! + 1g

of the attractor I and of the lev el surface S of the Ly apuno v function V ( x ) on the

dynamical prop erties of the system (1) on the attractor. The in v estigation of the

top ological structure of the lev el surfaces of the Ly apuno v function w as initiated b y

Wilson [100 ]. Note that the attraction domain D is di�eomorphic to S � R

1

,since

eac h tra jectory of system (1) in the in v arian t attraction domain D in tersects n � 1-

dimensional manifold S exactly once.Hence it follo ws that the homology groups of D

and S are isomorphic.

6.4.2 Morse-Smale systems

W e assume in this section that system (1) is giv en in R

n

and is a Morse-Smale system

on manifold N , i.e. the follo wing conditions are satis�ed:

1) A set of non w andering tra jectories 
 of system (1) is the union of a �nite n um b er

of h yp erb olic stationary p oin ts and h yp erb olic closed tra jectories,

2) Stable and unstable manifolds of stationary p oin ts and closed tra jectories in tersect

transv ersally .

A stable or unstable manifold of a stationary p oin t or a closed tra jectory p is

denoted b y W

s

( p ) and W

u

( p ). Let a

k

b e the n um b er of stationary p oin ts p of system

(1) in I suc h that dim W

u

( p ) = k , b

k

is the n um b er closed orbits q of system (1) in I

suc h that dim W

u

( q ) = k , M

k

= a

k

+ b

k

+ b

k +1

,

B

k

= dim H

k

( D ; Q ) = dim H

k

( S ; Q ), � ( D ) = � ( S ) is the Euler c haracteristic of D

and S .

Theorem 68 The numb ers B

k

and M

k

satisfy the fol lowing ine qualities:

B

0

� M

0

+ M

n � 1

� M

n

;
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B

1

� B

0

� M

1

� M

0

+ M

n � 2

� M

n � 1

+ M

n

;

B

2

� B

1

+ B

0

� M

2

� M

1

+ M

0

+ M

n � 3

� M

n � 2

+ M

n � 1

� M

n

; (6.12)

::::::: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: :: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: ;

n � 1

X

i =0

( � 1)

i

� B

i

= � ( S ) = � ( D ) = (1 + ( � 1)

n � 1

)

n

X

i =0

( � 1)

i

� M

i

:

T o pro v e the theorem w e need sev eral preliminary de�nitions and lemmas.

Lemma 36

B

r

= B

r

( N ) + B

n � 1 � r

( N ) ; (6.13)

wher e B

r

( N ) = dim H

r

( N ; Q ) .

Pr oof It is p ossible to assume that S lies on the n -dimensional sphere S

n

.Supp ose

C = C l ( S

n

� N ) is the closure of the complem en t of N . Then S = C \ N . The

manifolds C and N are compact and in tersect only on the b oundary . Consequen tly ,

w e ha v e the exact reduced Maier-Vietoris sequence [79 ]:

:::: !

~

H

r +1

( S

n

; Q ) !

~

H

r

( S ; Q ) !

~

H

r

( N ; Q ) �

~

H

r

( C ; Q ) !

~

H

r

( S

n

; Q ) ! :::

Set 1 � r < n � 1.Then

~

H

r

( S

n

; Q ) =

~

H

r +

( S

n

; Q ) = 0, and therefore

~

H

r

( S ; Q ) =

~

H

r

( N ; Q ) �

~

H

r

( C ; Q ) :

Hence

~

B

r

( S ) =

~

B

r

( N ) +

~

B

r

( C ), where

~

B

r

denotes the dimension of

~

H

r

.F rom Alexan-

der dualit y it follo ws that

~

B

r

( C ) =

~

B

r

( N � @ N ) It is easy to sho w that N and

N � @ N are homotopically equiv alen t( for example, b y means of the collar theorem).

Therefore

~

B

r

( N � @ N ) =

~

B

r

( N ), hence

~

B

r

( S ) =

~

B

r

( N ) +

~

B

n � 1 � r

( N ) and B

r

(S) = B

r

(N) + B

n � 1 � r

(N) :

The manifold S is closed and orien table ; therefore in case r = n � 1 w e obtain the

follo wing from P oincare dualit y:

B

0

( S ) = B

0

( N ) + B

n � 1

( N ) :

Th us the lemma is pro v ed for all r = 0 ; 1 ; 2 ; :::; n � 1. W e mak e the follo wing

de�nition:

De�nition 16 The stationary p oint p of the ve ctor �eld X with dim W

u

( p ) = k

has standar d form if ther e exist lo c al c o or dinates x

1

; x

2

; :::; x

k

; y

1

; y

2

; ::; y

n � k

in some

neighb orho o d of the p oint p such that

X = x

1

@

@ x

1

+ :::::: + x

k

@

@ x

k

� y

1

@

@ y

1

� :::: � y

n � k

@

@ y

n � k

in this neighb orho o d.
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The standard form for a closed tra jectory is de�ned analogously [38 ].

Lemma 37 [38] If X

0

is a Morse-Smale ve ctor �eld on the manifold N , then ther e

exists a p ath in the sp ac e of smo oth ve ctor �elds on N ; X

t

; t 2 [0 ; 1] ; such that:

1) X

t

is a Morse-Smale ve ctor �eld for al l t 2 [0 ; 1] ;

2) the stationary p oints and close d tr aje ctories of the �eld X

1

ar e al l in standar d form.

By using this r esult we r eplac e the original ve ctor �eld by a ve ctor �eld for which al l

stationary p oints and close d tr aje ctories have standar d form.

Lemma 38 [38] Supp ose X is a Morse-Smale ve ctor �eld on an orientable manifold,


 is a close d tr aje ctory in standar d form, dim W

u

( 
 ) = k + 1 , U is a su�ciently smal l

neighb orho o d of 
 . Ther e exists a Morse-Smale ve ctor �eld Y which c oincides with x

outside of U , in U has stationary p oints p and q , and has no other stationary p oints

or close d orbits.Mor e over dim W

u

( p ) = k ; dim W

u

( q ) = k + 1 .

By means of this lemm a w e replace a v ector �eld on the manifold N b y the �eld

Y ha ving no closed tra jectories.In this connection the n um b er of stationary p oin ts of

the �eld Y with dim W

u

( p ) = k will b e equal to a

k

+ b

k

+ b

k +1

Lemma 39 [88] Supp ose Y is a smo oth Morse-Smale ve ctor �eld without close d tr a-

je ctories on a c omp act manifold N with b oundary, the stationary p oints of Y have

standar d form, and the ve ctor �eld on @ N is dir e cte d inwar d. Then ther e exists a

Morse function f on N such that:

1) the critic al p oints of the function f c oincide with stationary p oints of the �eld Y ,

the index of a critic al p oint of the function f c oincides with the dimension of the

unstable manifold of this p oint ;

2) if p 2 N is a critic al p oint of f then f ( p ) = dim W

u

( p ) ;

3) f ( @ N ) =

n +1

2

:

Lemma 40 [88] Supp ose f is a Morse function on N satisfying

c onditions 1) - 3). Then:

B

0

( N ) � M

0

;

B

1

( N ) � B

0

( N ) � M

1

� M

0

;

B

2

( N ) � B

1

( N ) + B

0

( N ) � M

2

� M

1

+ M

0

; (6.14)

::::::: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: :: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: ;

n

X

i =0

( � 1)

i

� B

i

( N ) = � ( N ) =

n

X

i =0

( � 1)

i

� M

i

:

Corollary 25 The fol lowing ine qualities hold:

B

n � 1

( N ) � M

n � 1

� M

n

;

B

n � 2

( N ) � B

n � 1

( N ) � M

n � 2

� M

n � 1

+ M

n

;
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B

n � 3

( N ) � B

n � 2

( N ) + B

n � 1

( N ) � M

n � 3

� M

n � 2

+ M

n � 1

� M

n

; (6.15)

::::::: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: :: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: :: :: ::: :: :: :: ::: :: :: ;

n � 1

X

i =0

( � 1)

i

� B

i

( N ) = � ( N ) = (1 + ( � 1)

n � 1

)

n � 1

X

i =0

( � 1)

i

� M

i

:

Pr oof of the cor ollar y. >F rom the fact that H

n

( N ) = 0 it follo ws that

� B

n � 1

( N ) + B

n � 2

( N ) ::: + ( � 1)

n

B

0

( N ) = M

n

� M

n � 1

::: + ( � 1)

n

M

0

(6.16)

Adding (6.16) to the inequalities (6.14) and subtracting (6.16) from the inequalities

(6.14) w e obtain system of the inequalities (6.15).

Pr oof of Theorem 68 >F rom lemm a 1, inequalities (6.14) and (6.15) it follo ws

that

B

k

� B

k � 1

+ B

k � 2

� ::: + ( � 1)

k

B

0

= B

k

( N ) � B

k � 1

( N ) + ::: + ( � 1)

k

B

0

( N )+

+ B

n � 1 � k

( N ) � B

n � k

( N ) + B

n � k +1

( N ) + :::: + ( � 1)

k

B

n � 1

( N ) �

� M

k

� M

k � 1

+ :::::: + ( � 1)

k

M

0

+ M

n � 1 � k

� M

n � k

+ :::::: + ( � 1)

k

M

n � 1

� ( � 1)

k

M

n

;

� ( S ) =

n � 1

X

k =0

( � 1)

k

� B

k

=

n � 1

X

k =0

( � 1)

k

( B

k

( N ) + B

n � 1 � k

( N )) :

Using the fact that H

n

( N ) = 0 and c hanging the index of summation w e obtain

� ( S ) = (1 + ( � 1)

n � 1

)

n

X

i =0

( � 1)

i

� B

i

( N ) = (1 + ( � 1)

n � 1

)

n

X

i =0

( � 1)

i

� M

i

The theorem is pro v ed.

6.4.3 A form ula for the Euler c haracteristic

The last iden tit y in Theorem 68 is also true in more general situation. Namely , assume

that system (6.11) is an autonomous system of di�eren tial equations ha ving a �nite

n um b er of stationary p oin ts in attractor I . Denote b y Index ( p ) the indices of the

v ector �eld X at stationary p oin t p .

Theorem 69

� ( D ) = � ( S ) = (( � 1)

n

� 1) �

X

p 2 I

Index ( p ) : (6.17)

Pr oof The v ector �eld X is directed on @ N in to N . Therefore from the P oincare-

Hopf theorem [65], b y replacing X b y � X w e obtain

� ( N ) = ( � 1)

n

�

X

p 2 I

ind ( p ) :

It is kno wn that � ( @ N ) = (1 + ( � 1)

n � 1

) � � ( N ). Hence

� ( D ) = � ( S ) = (( � 1)

n

� 1) �

X

p 2 I

Index ( p ) :
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Corollary 26 Supp ose the stationary p oints on I ar e hyp erb olic , a

k

is the numb er

of stationary p oints of I with dim W

u

( p ) = k .Sinc e for a hyp erb olic stationary p oint

p with dim W

u

( p ) = k the index of the ve ctor �eld at it is e qual to ( � 1)

k

, we obtain

the fol lowing formula:

� ( D ) = � ( S ) = (( � 1)

n

� 1) �

n

X

k =0

( � 1)

k

� a

k

: (6.18)

F or n = 3 S is union of �nite n um b er of spheres with handles.Supp ose m is the n um b er

of connected comp onen ts, p is the total n um b er of handles of the manifold S . Then

� ( S ) = 2 m � 2 p . Hence w e obtain

Corollary 27

m � p = �

X

p 2 I

Index ( p ) : (6.19)

In the c ase, when stationary p oints ar e hyp erb olic

m � p = a

o

� a

1

+ a

2

� a

3

:

6.4.4 The Reidemeister torsion of the lev el surface of a Ly a-

puno v function and of the attraction domain of the at-

tractor

In this section w e consider the 
o w (6.11) with circular c hain recurren t set R � I

.The Reidemeister torsion of the attraction domain D and of the lev el surface S is

the relev an t top ological in v arian t of D and S whic h is calculated in theorem 70 and

corollary 28 via closed orbits of 
o w (6.11) in the attractor I .

The p oin t x 2 M is called c hain-recurren t for 
o w (6.11) if for an y " > 0 there exist

p oin ts x

1

= x; x

2

; :::; x

n

= x and real n um b ers t ( i ) � 1 suc h that � ( � ( t ( i ) ; x

i

) ; x

i +1

) < "

for 1 � i < n . Let R � I b e a set of c hain-recurren t p oin ts of equation (6.11) on the

manifold N de�ned ab o v e. W e assume in this section that R is circular , i.e. there is a

smo oth map � : U ! R

1

= Z ; U a neigh b orho o d of R in N , on whic h

d

dt

( � � � ( t; x )) > 0.

In other w ords, there is a cross-section of the 
o w (6.11) on R , namely , a lev el

set of � on int ( U ) . F or instance, if R is �nite i.e., consists of �nitely man y closed

orbits, then R is circular. More generally , if � on R has no stationary p oin ts and the

top ological dimension of R is 1, then R is circular. F or example ,if � is a nonsingular

Smale 
o w , so that R is h yp erb olic and 1-dimensional, then R is circular. If U 2 N

is suc h that \

t 2 R

1
�

t

( U ) = J is compact and J 2 intU , then w e sa y that U is an

isolating neigh b orho o d of the isolated in v arian t set J . According to Conley [14 ], there

is a con tin uous function G : ! R

1

suc h that G is decreasing on N � R and G ( R ) is

no where dense in R

1

. T aking an op en neigh b orho o d W of G ( R ) and U = G

� 1

( W ),

w e see that U is an isolating neigh b orho o d for some isolating in v arian t set J and

that J ! R as W ! G ( R ) [40].This pro v es that the c hain recurren t set R can b e

appro ximated b y the isolated in v arian t set J .In particular w e can mak e J circular.

F urther, there are �nitely man y p oin ts x

i

< x

i +1

in R

1

� G ( R ) suc h that G

� 1

[ x

i

; x

i +1

]

isolates an in v arian t set J

i

so that J = [ J

i

is as closes as w e lik e to R . In particular,



Reidemeister torsion 107

w e can mak e J circular. F or the sequel w e need the isolating blo c ks [14]. A compact

isolating neigh b orho o d B

i

of J

i

is said to b e isolating blo c k if:

1) B

i

is smo oth manifold with corners,

2) @ B

i

= b

+

i

[ b

�

i

[ b

0

i

where eac h term is compact manifold with b oundary ,

3) the tra jectories � ( t; x ) is tangen t to b

0

i

and @ b

0

i

= ( b

+

i

[ b

�

i

) \ b

0

i

,

4) the tra jectories � ( t; x ) is transv erse to b

+

i

and b

�

i

, en ters B

i

on b

+

i

and exists on b

�

i

.

Since J

i

is circular there is a smo oth map �

i

: B

i

! R

1

= Z suc h that

d

dt

( �

i

� � ( t; x )) > 0

on B

i

.By p erturbing �

i

, w e can mak e �

i

transv erse to 0 2 R

1

= Z on B

i

; b

+

i

; b

�

i

; b

0

i

; @ b

+

i

; @ b

�

i

; @ b

0

i

.

No w let Y

i

= �

� 1

i

(0) [ b

�

i

; Z

i

= b

�

i

. Then ( Y

i

; Z

i

) is a simplicial pair . W e de�ne a con-

tin uous map r

i

: Y

i

! Y

i

as follo ws. If y

i

62 Z

i

then r

i

( y ) = � ( � ; y ) where � = � ( y ) > 0

is the smallest p ositiv e time t for whic h � ( t; y ) 2 Y

i

. Since � ( t; x ) is transv erse out on

b

�

i

0 Z

i

, w e see that � ( y ) is near 0 for y near Z

i

.Th us � extends con tin uously to Z

i

if

w e set � = Z

i

= 0. No w let E b e a 
at complex v ector bundle of �nite dimension on B

i

.

There is a bundle map �

i

: r

�

i

( E j Y

i

) ! E j Y

i

de�ned b y pulling bac k along tra jectory

from y to r

i

( y ), using the 
at connection on E .This determines an endomorphism

( �

i

)

�

: H

�

( Y

i

; Z

i

; r

�

i

E ) ! H

�

( Y

i

; Z

i

; E ) : (6.20)

Since there is a natural induced map r

�

i

: H

�

( Y

i

; Z

i

; E ) ! H

�

( Y

i

; Z

i

; r

�

i

E ) w e obtain

the endomorphism

�

i

= ( �

i

)

�

� r

�

i

: H

�

( Y

i

; Z

i

; E ) ! H

�

( Y

i

; Z

i

; E ) : (6.21)

So the relativ e Lefsc hetz n um b er

L ( �

i

) =

n � 1

X

k = o

( � 1)

k

� T r ( �

i

)

k

(6.22)

is de�ned. According to A tiy ah and Bott [1] the n um b ers L ( �

i

) can b e computed

from the �xed p oin t set of r

i

in Y

i

� Z

i

.If Fix ( r

i

) � Z

i

is a �nite set of p oin ts p with

the Lefsc hetz index Index

L

( r

i

; p ) and ( �

i

)

p

: E

p

! E

p

is the endomorphism of the

�b er at p , then one has the relativ e Lefsc hetz form ula

L ( �

i

) =

X

p

Index

L

( r

i

; p ) � T r ( �

i

)

p

: (6.23)

W e see that L ( �

n

i

) ; n � 1 , coun ts the p erio dic p oin ts of p erio d n for �

i

whic h are not

in Z

i

, i.e. the closed orbits of system (6.11) that wrap n times around R

1

= Z under

�

i

, with a w eigh t coming from the holonom y of E around these closed orbits. No w ,

consider the t wisted Lefsc hetz zeta function [40] for E and ( B

i

; b

�

i

):

L

i

( z ) � L

�

i

( z ) := exp

 

1

X

n =1

L ( �

n

i

)

n

z

n

!

(6.24)

w e no w turn to the R -torsion of pairs. Supp ose that L is a CW-sub complex of K and

consider the relativ e co c hain complex

C

�

( K ; L ; E ) = k er ( C

�

( K ; E ) ! C

�

( L ; E j

L

)) :
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Then one has a natural isomorphism j C

�

( K ; L ; E ) j

�

=




j

j V j , where j runs o v er the

i -cells in K n L . So our 
at densit y on E giv es a densit y �

i

on the relativ e i -co c hains

in E . Th us w e again ha v e an R-torsion denoted � ( K ; L ; E ; D

i

) for some c hoice of

p ositiv e densities D

i

on H

i

( K ; L ; E ). If H

i

( K ; L ; E ) = 0, w e sa y that E is acyclic

for ( K ; L ) and w e simply write � ( K ; L ; E ), when the D

i

are c hosen standard. Let

�

E

: �

1

( N ; p ) ! GL ( E

p

) is holonom y represen tation for acyclic bundle E on orien table

manifold N ; dim N = n; �

�

E

is the cotragredien t represen tation of �

E

and E

�

is a 
at

complex v ector bundle with the holonom y �

�

E

. W e supp ose that det �

E

= 1. Let L

�

i

( z )

is the t wisted Lefsc hetz zeta function for E

�

and ( B

i

; b

�

i

), and

L

�

( z ) =

Y

i

L

�

i

( z ) ; L ( z ) =

Y

i

L

i

( z ) : (6.25)

Theorem 70

� ( D ; E ) = � ( S ; E ) = j L (1) j

� 1

� j L

�

(1) j

" ( n )

; (6.26)

wher e " ( n ) = ( � 1)

n

.

Pr oof Consider the function G . Smo othing the lev el set G

� 1

( x

i

) b y sliding it

along the 
o w, one obtains a smo oth region N

i

� N with

G

� 1

(( �1 ; x

i

� " )) � N

i

� G

� 1

(( �1 ; x

i

+ " ))

, suc h that the tra jectories � ( t; x ) transv erse to @ N

i

, for large i w e ha v e N

i

= N and

@ N

�

= ; . If " is small one has that N

i +1

� N

i

isolates J

i

.Then b y prop erties of the

Reidemeister torsion [40] one �nds:

� ( N ; E ) =

Y

i

� ( N

i +1

; N

i

; E ) =

Y

i

� ( B

i

; b

i

; E ) (6.27)

D.F ried pro v ed [40] that E is acyclic for ( B

i

; b

�

i

) i� I � �

i

is in v ertible and then

� ( B

i

; b

i

; E ) = j L

i

( z ) j

� 1

j

z =1

(6.28)

So w e ha v e

� ( N ; E ) =

Y

i

j L

i

(1) j

� 1

= j L (1) j

� 1

(6.29)

>F rom the m ultiplic ativ e la w (6.1) for the Reidemeiste r torsion it follo ws:

� ( N ; E ) = � ( N ; @ N = S ; E ) � � ( @ N = S ; E ) (6.30)

Using Milnor's dualit y theorem for the Reidemeister torsion [65] w e ha v e:

� ( N ; @ N = S ; E ) = � ( N ; E

�

)

( � 1)

n

(6.31)

>F rom form ula (6.29) it follo ws that

� ( N ; E

�

) =

Y

i

j L

�

i

(1) j

� 1

= j L

�

(1) j

� 1

(6.32)
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Since the attraction domain D is di�eomorphic to S � R

1

then the Reidemei ster

torsion � ( D ; E ) = � ( S ; E ) b y the simple homotop y in v ariance of the Reidemei ster

torsion. No w from (6.29), (6.30), (6.31), (6.32) w e ha v e:

� ( D ; E ) = � ( S = @ N ; E ) = � ( N ; E ) � �

� 1

( N ; @ N = S ; E ) =

= � ( N ; E ) � � ( N ; E

�

)

( � 1)

n +1

= j L (1) j

� 1

� j L

�

(1) j

( � 1)

n

Supp ose no w that the system(6.11) on the manifold N is a nonsingular almost

Morse-Smale system. This means that (6.11) has �nitely man y h yp erb olic prime

p erio dic orbits 
 and no other c hain-recurren t p oin ts. Ov er the orbit 
 lies a strong

unstable bundle E

u

( 
 ) of some dimension u ( 
 ). Let � ( 
 ) b e +1 if E

u

is orien table

and � 1 if it is not. Let " ( 
 ) = ( � 1)

u ( 
 )

Corollary 28

� ( D ; E ) = � ( S = @ N ; E ) =

=

Y




j det( I � � ( 
 ) � �

E

( 
 )) j

" ( 
 )

� (

Y




j det( I � � ( 
 ) � �

�

E

( 
 )) j

" ( 
 )

)

( � 1)

n +1

Pr oof According to D.F ried [40] if J

i

is a prime h yp erb olic closed orbit 
 then

j L

i

(1) j

� 1

= j det ( I � � ( 
 ) � �

E

( 
 )) j

" ( 
 )

No w, the statemen t it follo ws from theorem 70.

6.5 In tegrable Hamiltonian systems and the Rei-

demeister torsion

Let M b e a four-dimensional smo oth symplectic manifold and the system (6.11) b e a

Hamiltonian system with a smo oth Hamiltonian H . In the Darb oux co ordinates suc h

system has the form:

dp

i

dt

=

@ H

@ q

i

(6.33)

dq

i

dt

=

@ H

@ p

i

:

As the Hamiltonian H is the in tegral of the system (6.33), then three-dimensional lev el

surface Q = [ H = const ] is in v arian t for the system (6.33). The surface Q is called the

iso energetic surface or the constan t -energy surface. Since M is orien table( as a sym-

plectic manifold), the surface Q is automatically orien table in all cases. Supp ose that

the system (6.33) is complete in tegrable (in Liouville's sense) on the surface Q . This

means, that there is the smo oth function f (the second in tegral), whic h is indep enden t

with H and for the P oisson brac k et [ H ; f ] = 0in the neigh b orho o d of Q . W e shall call

the in tegral f a Bott in tegral on the iso energetic surface Q , if its critical p oin ts form

critical nondegenerate smo oth submanifolds in Q .This means that Hessian d

2

f of the
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function f is nondegenerate on the planes normal to the critical submanifolds of the

function f . A.T. F omenk o [37 ] pro v ed that a Bott in tegral on compact nonsingular

iso energetic surface Q can ha v e only three t yp es of critical submanifolds: circles, tori,

Klein b ottles. The in v estigation of the concrete systems sho ws [37] that it is a t ypical

situation when the in tegral on Q is a Bott in tegral. In the classical in tegrable cases of

the solid b o dy mo v emen t( cases of the Ko v alevsk a y a, Gory ac hev-Chaplygin, Clebsc h,

Manak o v) the Bott in tegrals are a round Morse functions on the iso energetic surfaces.

The round Morse function is a Bott function all whose critical manifolds are circles.

Note that critical circles of f is a p erio dic solution of the system(6.33) and the n um b er

of this circles is �nite. Supp ose no w that the Bott in tegral f is a round Morse function

on the closed iso energetic surface Q . Let us recall the concept of the separatrix dia-

gram of the critical circle 
 for a Bott function f . Let x 2 
 b e an arbitrary p oin t and

N

X

( 
 ) b e a disc of small radius normal to 
 at x . The restriction of f to the N

X

( 
 )

is a normal Morse function with the critical p oin t x ha ving a certain index � = o; 1 ; 2 :

The separatrix of the critical p oin t x is the in tegral tra jectory of the �eld grad f ,

whic h is en tering or lea ving x . The union of all the separatrices en tering the p oin t x

giv es a disc of dimension � and is called the incoming separatrix diagram(disc). The

union of outgoing separatrices giv es a disc of additional dimension and is called the

outgoing separatrix diagram(disc). V aring the p oin t x and constructing the incoming

and outgoing separatrix discs for eac h p oin t x , w e obtain the incoming and outgoing

separatrix diagrams of circle 
 . Let u ( 
 ) b e the dimensi on of the outgoing separatrix

diagram of 
 , and � ( 
 ) b e +1 if this separatrix is orien table , and -1 if it is not. Let

" ( 
 ) = ( � 1)

u ( 
 )

. Supp ose that �

E

: �

1

( Q; p ) ! GL ( E

p

) is holonom y represen tation

for acyclic bundle E o v er Q ; E

p

is a �b er at p oin t p .

Theorem 71

� ( Q ; E ) =

Y




j det( I � � ( 
 ) � �

E

( 
 )) j

" ( 
 )

(6.34)

Pr oof As a Bott in tegral f on Q is a round Morse function then according to

Th urston [92] Q has a round handle decomp osition whose core circles are critical

circles of f . According to Asimo v [6] if Q has a round handle decomp osition then Q

has a nonsingular Morse-Smale 
o w whose closed orbits are exactly the core circles

of the round handles, i.e. critical circles 
 of f . Consider this nonsingular Morse-

Smale 
o w. F or a closed orbit 
 of suc h 
o w the dimension u ( 
 ) of unstable manifold

W

u

( 
 ) is exactly the dimension of the outgoing separatrix diagram of 
 as critical

circle of f . One can c ho ose as isolating blo c k B for 
 to b e a bundle o v er S

1

with

�b er F a simplicial disc so that F

�

=

I

u

� I

s

; u = u ( 
 ) ; s = 4 � u ( 
 ), and F \ b

�

�

=

@ I

u

� I

s

� F . By collapsing I

s

to a p oin t one can pro duce a simple homotop y

equiv alence of ( B ; b

�

) to ( X




; @ X




) where X




is the unstable disc bundle o v er 
 .

Giv e Q its Smale �ltration b y compact submanifolds Q

i

of top dimension so that

Q

i

� intQ

i +1

; Q

0

= ; ; Q

i

= Q for large i , 
o w is transv erse in w ard on @ Q

i

and

Q

i +1

� Q

i

is an isolating neigh b orho o d for a h yp erb olic closed orbit 
 .Then ( Q

i +1

; Q

i

)

has the same homotop y t yp e as ( X




; @ X




) and b y prop erties of the Reidemei ster

torsion [40] one �nds:

� ( Q ; E ) =

Y

i

� ( Q

i +1

; Q

i

; E ) =

Y




� ( X




; @ X




; E ) =
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=

Y




j det( I � � ( 
 ) � �

E

( 
 )) j

" ( 
 )

:
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