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Geometry in Color PerceptionAbhay Ashtekar1;3 Alejandro Corichi1;2 and Monica Pierri11 Center for Gravitational Physics and GeometryDepartment of Physics, Penn State,University Park, PA 16802-6300, USA2 Instituto de Ciencias NuclearesUniversidad Nacional Aut�onoma de M�exicoA. Postal 70-543, M�exico D.F. 04510, M�exico3 Erwin Schr�odinger International Institute for Mathematical SciencesBoltzmanngasse 9, A-1090 Vienna, AustriaAbstractSince the days of Newton, the space C of colors perceived by a normal hu-man eye has been known to be three-dimensional. It was recognized as one ofthe earliest examples of a manifold by Riemann, and its structure was furtheranalyzed by Maxwell, Helmholtz, Schr�odinger and others. In this note wegive an elementary introduction to the geometry of this space. In the spiritof mathematical physics, we construct a simple model of color perception andderive from it qualitative features of C. The model has an important limita-tion; it ignores brain interventions which can be important. The discussion isaimed at advanced undergraduate or beginning post-graduate students.
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I. INTRODUCTIONOf the �ve human senses, only two can be excited essentially instantaneously by signalsfrom distant sources: hearing and sight. In both cases, signals propagate as waves. It isnot an accident therefore that we have television but not its equivalent in the realm ofsmell, taste or touch. Smell for example, propagates by di�usion, a slow process which isdi�cult to control, while taste and touch require immediate contact with the source of thesignal. There is, however, a rather fundamental di�erence also between hearing and sight.Hearing occurs because sound excites cells in the cochlear tube of the inner ear and eachlittle longitudinal section of the tube is sensitive to a di�erent frequency. Consequently, weare capable of distinguishing a very large class of `sound pro�les'. Thus, the space of soundsthat human beings are capable of hearing has a very large dimension, which, for all practicalpurposes, can be taken to be in�nite. This is in striking contrast with sight. It turns outthat the space of colors that human beings are capable of seeing is only three dimensional!The subject of color has a long and distinguished history and some of the most creativemathematicians, physicists and philosophers have devoted years of study to unravel itsmysteries.1As is the case with so many fascinating discoveries, here too the road begins withNewton [1]. It was he who �rst realized that distinct intensity (or spectral) distributionsI(�) of light are often indistinguishable to the human eye. In the modern terminology, heconcluded that a perceived color is an equivalence class fI(�)g of spectral distributions andthen went on to argue that, while the space of all spectral distributions I(�) is in�nitedimensional, the space C of perceived colors fI(�)g is only three-dimensional. A centurylater, in 1802 Thomas Young [2] made the bold conjecture that the origin of this three-dimensionality may lie in the property that color sensation is caused by absorption of lightby three di�erent pigments in the human retina. It took another century and a half tode�nitively con�rm this conjecture experimentally [3]!In the meantime, in 1853 Grassmann [4,5] gave a clean mathematical formulation ofNewton's ideas. The following year, Riemann gave his epoch making inaugural address inG�ottingen, in which he laid down the foundations of di�erential geometry. During this lec-ture, he singled out the physical space in which we live and the space of perceived colorsas possible examples of `curved spaces' of three dimensions [6]. The �rst of these has beenquoted often in the context of general relativity. However, perhaps it is the second that con-stitutes a more immediate example, as far as our common experience is concerned. Maxwellsharpened these notions and then used them in 1861 to explicitly demonstrate that colorphotography was possible, despite the fact that the photographic emulsions themselves wereblack and white. The method of his demonstration supported Young's hypothesis. Aboutthe same time, Helmholtz was interested in our perception of both sound and color and madesigni�cant contributions to both areas. In particular, in 1891, he suggested [7] a form of themetric on the space C of perceived colors which determines the `distance' between any two1For example, the chemist John Dalton, the poet Johann Wolfgang von Goethe, and philosophersJohn Locke and Arthur Schopenhauer all had theories of color of their own. Ludwig Wittgenstein'slast work was Remarks on Colour. 2



colors, i.e., how far or close an average human subject perceives the two colors to be. A littlelater, Schr�odinger devoted several years to the study of colors. Indeed, this was one of hisprimary scienti�c preoccupations during his Vienna years. In 1920, he proposed another,`improved' form of the metric [8]. Since then, there have been several other attempts atimprovements, perhaps the most notable being that of Stiles [9].The aim of this contribution is to present a simple physical model of color perceptionand derive from it the geometric structure of C in a systematic, pedagogical fashion. Inthe spirit of this volume, the account is addressed to advanced undergraduate or beginningpost-graduate students and assumes only a rudimentary knowledge of di�erential geometry.Historically, the basic, geometric structure of C was discovered slowly, using simple ex-periments on human subjects. In the spirit of mathematical physics, one can therefore ask ifthis well-known structure can be derived systematically from �rst principles, knowing onlyadsorption coe�cients of cones in the human eye that are now known. We will see that theanswer is in the a�rmative. This derivation is a simple example of a phenomenological appli-cation of di�erential geometry; one which is qualitatively similar to but signi�cantly simplerthan the more well-known applications to, e.g., cosmology where one uses the observed largescale homogeneity of the universe to severely constrain its geometry. We should emphasizethat this is not meant to be a scholarly account. In particular, we will use terminologywhich should be intuitively obvious to mathematical physicists, even though it occasionallydi�ers from that used in the scholarly literature, decreed by the International Commissionon Illumination. (For example, what we call `perceived color' is called `psycho-physical color'in the standard lore.)The structure of the paper is as follows. Section II contains the main mathematicaldiscussion. The model we discuss is very simple, based only on physical {rather than psycho-physical{ aspects of color perception. It ignores the intervention of the brain which in factplays an important role in certain aspects of color perception. These limitations are discussedin section III. II. GEOMETRYThis section is divided in to three parts. In the �rst, we outline the procedure by whichearly researchers in the �eld arrived at a qualitative picture (�gure 1) of the space C ofperceived colors. In the second part, we will show how one can derive this structure in astraightforward fashion starting from the qualitative features of the experimentally observedadsorption curves. In the third, we discuss the Riemannian geometry of this space.A. PhenomenologyThe key experimental technique used to unravel the structure of the space of perceivedcolors was quite simple: Mix and match. More precisely, mixtures of spectral distributionsI(�) were exposed to the a large number of human subjects who were asked to commenton whether they perceived the same color or di�erent, and, if di�erent, how `close' or `far'these colors seemed to be. From the resulting data, qualitative features of the space C ofperceived colors could be deduced. 3



First, let us consider the so-called spectral colors, i.e., those spectral distributions whichcan not be further decomposed by a prism or a grating. In the idealized description, in thiscase, we have I(�) = k�(�; �0) (2.1)for some constant k and a �xed wave-length �0, and, in a more realistic description,I(�) = k ( 1� ; if �0 � �2 < � < �0 + �20; otherwise (2.2)for some � << 1. It is an observed fact that each spectral color is perceived as distinctand a mixture of two spectral colors produces a new color; spectral colors can not be mixedto obtain another spectral color. Furthermore, binary mixtures of spectral colors su�ce toproduce all observed colors. That is, any color produced by mixing three or more spectralcolors can also be produced by mixing a (di�erent, in general) pair of spectral colors. Finally,the space of spectral colors can be parametrized by two numbers, the wave-length �0 whichtakes values in the visual range and the intensity k. It is thus a two-dimensional space.The second important feature of C is that it has an underlying convex-linear structure.To see this, let us �rst introduce some notation. Denote by I the space of all spectraldistributions, I := fI(�) : (�1; 1) �! R ; I(�) � 0:g (2.3)where for notational simplicity we have normalized the spectrum of visible light to lie inthe interval (�1; 1). Because I(�) are required to be non-negative, I is not a vector space.However, if In(�) are elements of I, the for all constants an � 0, P anIn(�) also belong to Iif n runs over a �nite range. (In particular, if I1(�) and I2(�) belong to I, so does the `line'joining them, aI1(�) + (1 � a)I2(�) where 0 � a � 1.) That is, I an in�nite-dimensional,convex sub-space of the vector space consisting of all functions on the interval (�1; 1). Sincedistinct spectral intensities can be perceived as the same color, there is a (in fact, huge!)projection P : P : I �! C (2.4)Let us denote by c the image of the spectral distribution I(�). There is an obvious equiva-lence relation � de�ned on I given by: I(�) � I 0(�) () P (I) = P (I 0). Thus, we have a1 � 1 relation between these equivalence classes and perceived colors: fI(�)g � c. Spectraldistributions I(�) which belong to the same equivalence class, c, are called metamers (of thecolor c). Now, observations show that the projection map P has a key property: it preserveslinearity. More precisely, for each integer n, suppose that the spectral distributions In(�)and I 0n(�) are metamers, i.e., fIn(�)g = fI 0n(�)g. Then, their linear combinations are alsometamers (of a di�erent color):fIn(�)g = fI 0n(�)g =) fXn anIn(�)g = fXn anI 0n(�)g (2.5)for all non-negative coe�cients an. Therefore, the space C of perceived colors inherits fromI the structure of a convex-linear space. 4
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FIG. 1. The general structure of the space C is shown. The Spectral cone together with thePurple plane are the boundary of the convex set C. The axes are not drawn at `right angles' becausethere is no metric to de�ne the notion of orthogonality.By putting together the observations of the last two paragraphs, one can conclude thatthe spectral colors constitute a boundary of C. Since the boundary is two-dimensional, thespace C is a 3-dimensional convex-linear space. This underlying mathematical structure isreminiscent of the structure of states (i.e. density matrices) in quantum mechanics. Thespace of all states is also convex-linear, the boundary consists of pure states and any mixedstate can be obtained by a superposition of pure states. In the present case, the spectralcolors are the analogs of pure states.Finally, let us consider the structure of the part of the boundary of C formed by spectralcolors. The boundary is parametrized by �0, the wave length of the spectral color and k theintensity. Hence, it is of interest to examine the one-dimensional curve made of all colors ofunit intensity (k = 1). It turns out that this curve is a closed loop; it is called the spectralloop.Figure 1 summarizes the qualitative structure of C that had been arrived at phenomeno-logically. C is the manifold with boundary that resembles a solid cone. It turns out that thecomplete boundary consists of a spectral cone and the purple plane. As one moves along thespectral loop, one runs through distinct spectral colors while motion along `radial' directioncorresponds only to change in the intensity of these colors. The purple plane consists ofthose colors which can be obtained by combining extreme violet and extreme red.B. Derivation of the structure of CLet us now see, in the spirit of mathematical physics, how the structure of C can bederived from �rst principles. 5



The experimental input will now consist only of the observed adsorption curves of thethree cones in the human eye, which are qualitatively sketched in �gure 2. All results of thissub-section will follow from this information.
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WAVELENGTHFIG. 2. The adsorption functions for the three eye cones. The actual domain, (380nm; 780nm)is normalized to the interval (�1; 1) for simplicity.Denote the three adsorption functions by Ai(�), i = 1; 2; 3. From physical considerations,it is obvious that, given an incident spectral distribution I(�), there are three `output' signalsci, one for each cone, given by ci := Z 1�1 d� I(�)Ai(�) (2.6)sent to the brain. Therefore, if we ignore potential complications in the brain itself {theseare discussed in Sec. III{ we can characterize each perceived color by the three numbers,ci. Thus, in the simplest mathematical model, we have a precise formula for the projectionmap P (of (2.4)) which maps the in�nite dimensional space of spectral distributions to thethree dimensional space of perceived colors:P [I(�)] = ci : (2.7)We will use this map to recover the structure of the space of colors depicted in �gure 1,obtained in Sec II.A from several phenomenological inputs.First of all, it is obvious that the space C is three dimensional. Next, since we nowhave the explicit form of the projection map, we study its properties. It is obvious that themap is convex-linear, i.e. satis�es (2.5). Note that this is now a derived property, not anindependent phenomenological input that it was in Sec. IIA. Thus, we have shown that Chas a natural convex-linear structure.Next, the space is endowed with a natural `radial' vector �eld. To see this, note that,since the space of spectral distributions, I, is naturally embedded in the vector space ofall functions on the interval (�1; 1), it has a natural radial vector �eld. Motions along theintegral curves of this vector �eld correspond to spectral distributions which have the same6



pro�le except for an overall multiplicative factor. This vector �eld naturally projects to avector �eld Ba on C. This is the brightness vector �eld and its components in the naturalchart ci are given by Bi = ci. The integral curves of this vector �eld are rays through theorigin and, as the name suggests, points that lie on any one ray represent colors which areall the same except for brightness.Finally, let us look at spectral colors, i.e., (idealized) spectral distributions (2.1). Becauseof the brightness vector �eld, the structure of this sub-set can be understood entirely interms of the structure of the spectral curve, i.e., colors corresponding to incident intensitiesI(�) = �(�; �0). Since these colors correspond to coordinates ci = Ai(�0), the spectral curvec(�0), parametrized by �0 is given simply byci(�o) = Ai(�0) (2.8)in the natural chart. Some of the elementary properties of the spectral curve now followimmediately from the form of the adsorption functions (i.e., �gure 2). To see this, let usembed C in R3 (without a speci�c metric) as in �gure 1. Let us begin at the origin, ci = 0,the totally black color corresponding to the incident intensity I(�) = 0, and follow thespectral curve as � increases from �1 to 1. If we move a little bit, only the �rst set of conesis excited, whence only A1 is non-zero, i.e., for a �nite interval, the spectral curve c(�0) istangential to the c1-axis. Physically, this part of the spectral curve corresponds to the redend of the spectrum. As we continue to move, we reach the value of � at which the functionA2 starts taking values di�erent from zero. The curve c(�0) then lies in the (c1; c2) plane.The curve c(�0) departs that plane when A3 stops being zero, and it goes in to the `octant'de�ned by the vectors @=@ci with positive coe�cients. Thus, c(�0) traces a convex curveand then hits the (c2; c3) plane; it then goes to the axis c3 and �nally reaches back the pointO. Since the �nal segment lies in the (c2; c3) plane, the spectral curve has a discontinuityat the origin. Thus, we conclude:1. The starting point and the end point of the curve coincide: c(�0 = �1) = c(�0 = 1) =O. Thus, the spectral curve is indeed a loop.2. The derivative of the curve at the origin O is discontinuous:dc(�0)d�0 ������1 6= dc(�0)d�0 �����1 (2.9)3. The two-surface generated by rays starting from O and passing through points on thespectral loop {the spectral cone{ is a boundary of a 3-dimensional convex set.Thus, detailed properties of the spectral curve that had previously been arrived at phe-nomenologically from a large number of facts can be readily derived in our model. (Inciden-tally, Newton did not realize that the spectral curve passes through the origin. This fact aswell as the discontinuity at the origin was however well-known by Schr�odinger's time.)Finally, let us `explain' the origin of the purple plane. Consider incident intensity pro�lesI(�) whose support is the union of the extreme red part of the spectrum (i.e., on wave-lengths where only A1 6= 0) and the extreme violet (i.e., wave-lengths where only A3 6= 0).7



The corresponding colors lie in the c1-c2 plane and �ll it. This is the purple plane whichconstitutes a part of the boundary of C. Note that the c2-c3-plane or the c1-c2 plane doesnot constitute an analogous boundary because the form of the overlap of the A2 adsorptioncurve with the A1 and the A3 curves implies that most points on these planes do not lie inthe image of the map P of (2.7).Let us summarize. The basic assumption of the model is simply that the output signalfrom the retina to the brain be given by the overlap integrals of the incident intensity and thethree adsorption functions. This assumption is well-motivated since the spectral distributionI(�) represents the 
ux of energy per unit wave-length, per unit solid angle that is incidenton the eye and the adsorption coe�cients Ai(�) physically represent the fraction of theincident energy that is absorbed by the ith set of cones at the wavelength �. The modelis `compact' in the sense that this is the only assumption. From it, one can systematicallyderive that the structure of the space of perceived colors is that of �gure 1, i.e., is the onethat had been put together slowly from diverse phenomenological inputs. The model is ofcourse a drastically simpli�ed version of reality since it ignores the role played by the rodsin the retina and, more importantly, mechanisms in the brain. However, such idealizationsare in the best tradition of theoretical physics and it is pleasing that the model is capableof providing complete insight in to the qualitative features of the manifold structure of C.C. Riemannian StructureWe can now turn to the next key question: that of �nding a physical metric on the spaceC. We can all tell if the two colors are close to one another or far apart and the mathematicalphysics problem is that of introducing a positive de�nite metric gab on C which correctlycaptures this perception. Thus, what we mean by a physical metric is a metric tensor whichproperly encodes the notion of `distance between colors' as perceived by an average humansubject. The underlying (but often implicit) assumption of researchers in this �eld, goingback at least to Helmholtz [7] and Schr�odinger [8], appears to be that there is indeed aunique physical metric on C. Whether this is indeed the case is not entirely clear to us. For,it may not be possible to make a su�cient number of experiments to pin down the metrictensor uniquely. Certainly, an average human subject does not have a direct perception thatthe distance between a pair of colors c1 and c2 is, say, twice the distance between anotherpair, c2 and c3, even when the three colors are reasonably close to one another (so that issuessuch as `geodesic crossings' do not arise). Therefore, if the metric can indeed be singled outuniquely, it would have to be via a series of a su�cient number of indirect experiments.What is clear is that experiments can be made to constrain the form of the possible metrics.In this section, we will provide an illustration. More precisely, we will see that there doexist experiments that show that C is equipped with an additional structure, which in turnprovides a handle on the form of allowable metrics. Note that this requires the use a newexperimental input i.e., in addition to the form of the three adsorption coe�cients used sofar.Recall that there is a well-de�ned vector �eld Ba on C, the brightness vector �eld whoseintegral curves are the `radial lines' in C. The idea is to experimentally probe its propertieswhich are tied to the physical metric on C. More precisely, let us try to gain control on8



some of the properties of the unknown metric by seeking directions which are orthogonal toBa. Fix an arbitrary color c in C. It lies on an integral curve ` of Ba. Look at a `nearby'integral curve `0, consider colors which lie on it and compare them to the original color c.Choose from all points on `0 the point c0 that seems `closest' to c. Then, one can say thatc and c0 have the same brightness. Repeat this procedure for all integral curves that areclose to `. When carried out by a large sample of human subjects with `normal' vision,this experiment provides a two-dimensional `
at' passing through c, along which brightnessis constant for the average human subject. Along each integral curve of Ba, by contrast,it is only the brightness that changes. Thus, through each point c in C, there is a two-
atwhich is orthogonal to the brightness vector �eld. Within experimental errors, these 
atsare `integrable'. That is, through each point c of C there passes a two-dimensional surfacewhich is everywhere orthogonal to the brightness vector �eld Ba. Thus we have a foliation ofC and hence we can introduce a brightness function B whose level surfaces are given by thefoliation. A priori, the function B is not unique since we can replace it by any function f(B)of B. However, we can remove this arbitrariness by tying the function B with the vector�eld Ba. We will make the simplest choice Ba@aB = 1, i.e., that the brightness function Bis the a�ne parameter along the integral curves of the brightness vector �eld Ba.
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FIG. 3. The color c0 is the point on `0 that seems closest to the �xed c. The surface of constantbrightness B = const is formed from such colors.Let us restate the argument in a slightly di�erent way. The manifold C is equipped with avector �eld Ba. The experiments indicate that the allowable metrics gab should be such thatthe co-vector �eld Ba := gabBa is hypersurface orthogonal: B[a @b Bc] = 0. Note that themetric is essential in the formulation of this condition because the notion of hypersurfaceorthogonality refers to co-vector �elds and not to vector �elds. This condition is thus arestriction on the permissible metrics. 9



This new structure tells us that the metric gab has the following form:gab = qab +N2 @aB @bB (2.10)where qab is the intrinsic metric (or projection operator) on the two-manifolds of constantbrightness and N2 = gabBaBb is the squared-norm of the vector �eld Ba. Thus, while ageneral metric on C has six arbitrary components, the allowable metrics have only four; threein qab and one in N . (In the relativity terminology, the 'shift vector' is zero.) Furthermore,since the constant brightness surfaces are two-dimensional and have trivial topology, qab isin fact conformally 
at.There is a mathematically natural metric on C with respect to which Ba is hypersurfaceorthogonal as required. However, it is not clear to us that the brightness level surfacesdetermined by that metric are physically correct. Nonetheless, as an illustration, we willnow sketch how this metric arises. This discussion will also bring out an interesting featureof the manifold C.In Sec. II B we provided the explicit expression (2.7) of the projection operator Pfrom the space I of intensities to the space C of perceived colors. Let us consider I as aconvex-linear sub-space of the Hilbert space H = L2([�1; 1]; d�), i.e., space of (real-valued)square-integrable functions on the interval (�1; 1). This space is obviously equipped with apositive de�nite metric, the inner-products being given by:< f1; f2 >= Z 1�1 d� f1(�)f2(�) : (2.11)The adsorption functions Ai(�), in particular, belong to H. Denote by S the three di-mensional subspace of H spanned by the Ai(�). The projection map (2.7) can be triviallyextended to all of H. For notational simplicity, we will denote the extension also by P . Itis obvious from the explicit expression of this map that the image of H under it is a three-dimensional vector space, which we will denote by V . It is straightforward to verify that themap P is an isomorphism between S and V . Note that C is a convex-linear sub-space of V .Denote by S+ the convex-linear sub-space of S obtained by projecting to S the convex-linearspace I of all spectral distributions. (This is a Hilbert-space projection within H.) Then,the image under P of S+ is precisely C. Since P is an isomorphism between S and V , it isin particular an isomorphism between S+ and C. We will use this isomorphism to identifythe two spaces. Thus, not only is there a projection from I to C, there is also an embeddingof C (on to S+ and therefore) in to H. But since S+ is a real, smooth sub-manifold of H, itinherits from H a positive de�nite, smooth metric. Hence C is equipped with a metric goab.This is a natural metric at least from a mathematical point of view because the L2-normfeatures also in the projection map (2.7).Finally, let us discuss hypersurface orthogonality of Ba. The radial vector �eld is hy-persurface orthogonal everywhere on H (except at the origin), and hence also on any �nitedimensional sub-space, such as S, thereof. Restricted to S+, this is precisely the brightnessvector �eld Ba. Thus, the positive-de�nite metric goab induced on C from H does have therequired property that goabBb is hypersurface orthogonal.This particular metric goab on C is 
at. However, the natural coordinates, ci do notprovide a Cartesian chart for this 
at metric because the adsorption functions Ai(�) are10



not mutually orthogonal in the L2-norm. But the components of goab in the chart ci can bewritten down readily once the L2-inner products of the Ai(�) are known. The latter can beestimated analytically rather easily by, for example, approximating the Ai(�) by Gaussians.Indeed, in this approximation, S can be thought of as the linear span of three quantummechanical coherent states and calculations simplify considerably because of the availablemathematical machinery associated with coherent states.Finally, as explained in the Introduction, several other metrics have been proposed in theliterature. However, they are invariably written in coordinates which are rather unnaturalfrom the point of adsorption coe�cients (and hence our simple model). It would take toolong to explain the meaning of these coordinates here. Furthermore, none of the availablemetrics have a de�nitive status. Therefore, we will refrain from discussing them here. Wewish to emphasize, however, that the problem of �nding the complete description of thephysical metric(s) on C is extremely interesting from a practical viewpoint; its solutionwould be regarded as a major breakthrough with applications to a variety of industriesincluding �lm, photography and color television.III. DISCUSSIONIn mathematical physics, one generally begins by constructing simpli�ed models in whichthe actual physical complications of the system under consideration are stripped down toa bare minimum |the oft-quoted example is that of a `spherical cow'. Such a strategy isgenerally essential because the model has to be su�ciently simple to be amenable to mathe-matical analysis. Furthermore, if these assumptions are physically well-motivated, the modelgenerally leads to results which are correct at least qualitatively. Further improvements canbe often made in increments by treating the ignored complications as perturbations.We have proceeded in this spirit. Our basic assumption is that the essential featuresof perceived colors are all captured in the three adsorption coe�cients Ai(�), whence theperceived colors are completely characterized by the three numbers ci of (2.6). In the �rstapproximation, this assumption is physically reasonable because ci are the overlap integralsof the function I(�) representing the incident energy 
ux per unit wavelength and functionsAi(�) representing the fraction of the incident energy absorbed by the i-th cones. That is,ci are a good measure of the signal that is sent to the brain.However, as indicated already, our model fails to incorporate two important features:i) role of the rods in the retina which also contribute to the signal; and, more importantly,ii) signal processing in the brain itself. The role of rods is to enhance the shades of grey andthey are therefore important in processing information that is received when the illuminationis poor, e.g. in the evening and at night. In color perception which occurs in brightlyilluminated environments, therefore, it seems safe to ignore their role. The role played bythe brain, of course, is much more complex. However, these complexities seem not to becritical for `normal human subjects' and under `normal viewing conditions'. That is, in thiscase, there appears to be a strong correlation between the �nal perception of the color andthe input signal to the brain, coded in the three numbers ci. This assertion is supportedby the fact that our simple mathematical model reproduced all the general features of Cdescribed in �gure 1. Further support for the model comes from color blindness. Most color11



blind people can see some colors but not all. In terms of the model, they have only two typesof cones rather than all three. Their space of perceived colors is thus only two dimensional.A very small fraction perceive no colors at all. They have only one type of cones and sotheir space of colors is only one dimensional. All this is in agreement with observations.Nonetheless, it is important to remember that color perception is in fact a `psycho-physical' phenomenon while the model treats it simply as a physical phenomenon. Thus,it is quite incomplete. What does it miss? Here is a simple example. Let us consider anapple. Under normal illuminations {e.g., in reasonably bright sunlight{ the model workswell. Under these `normal' conditions, the spectral distribution I(�) re
ected by the appleis highly peaked around red, whence, according to the model only c1 is signi�cant and we doindeed perceive it as being red. However, the apple can be illuminated by arti�cial light andthen the re
ected intensity I(�) can be quite di�erent. So, our model would now predict thatall three ci should be non-zero and hence we should perceive quite a di�erent color. This doesnot happen for a large set of illuminations; an average human subject continues to perceivea red apple! This is because the brain now performs further calculations to re-interpret theincoming signal. Such re-interpretations are essential for our survival which requires thatwe should be capable of recognizing the `sameness' of the object even when it is illuminatedquite di�erently. There are dozens of day to day examples in which the brain interferesnon-trivially to make the model completely inadequate. Snow, in particular, looks whiteeven when we are walking in a pine forest, although now it in fact re
ects predominantlygreen light. Similarly, for a large class of illuminations, a patch color can seem to be greenin certain surroundings but pale grey when looked at in isolation. A sheet of paper appearswhite in both bright day light and in a windowless o�ce even though the amount of lightre
ected from a dark grey sheet in daylight is much more than that re
ected by the 'white'sheet in a windowless o�ce. In each case, the brain has absorbed not just the three inputsci but a whole range of other `relevant' information to produce a �nal color perception. Bynow, neurologists even know the place in the cortex which responds to color as opposed towavelengths. It is a pea-sized region, called V4, which is distinct from another region V1 thatresponds to speci�c wave-lengths, or, in terms of our model, to the three ci.A striking example of this inadequacy of our purely physical model was seen recently.It is described by Oliver Sacks in his poignant essay The case of the colorblind painter [10].This is a story of a successful artist who had been painting for over 40 years. In 1986, hehad a minor car accident. He su�ered a concussion, but recovered rather quickly except forone thing: he lost his color vision! Detailed examination showed that his retina {with allits three types of cones{ were in tact and functioning normally. So, his brain was receivingthe color signals as before; the space of colors received in the brain continued to be three-dimensional. However, the space of actually perceived colors was now only one dimensional!Examination showed that the whole brunt of damage to the cortex from the accident wasborne precisely by the V4 area.To summarize, our simple model works well when we study colors in isolation, e.g., whena uniform �eld of color is presented to the average eye on a black background. In the `realworld' however factors such as illumination, the state of adaptation of the visual system andneighboring stimuli in the visual �eld cause the brain to intervene and remove correlationsbetween the input signal (the three ci) and the actual color perception. These interventionsare incredibly fascinating processes. But they also seem to be among the most complex12



ones. It will probably take a long time before such processes can be successfully coded inthe mathematical models of color perception.There is another fascinating problem that has attracted considerable attention: the roleof color perception in the evolution of species. One might have naively thought that colorperception becomes more and more sophisticated as the species become more advanced inevolutionary terms. Surprisingly, this appears not to be the case! The space of perceivedcolors of a frog, for example, is four dimensional |their eyes have four types of cones. Couldit be that there is actually an anti-correlation between the number of colors perceived andplace of the species in the evolutionary ladder? Again, the answer is in the negative! Whilethe dimension is four for frogs and three for humans, it is zero for most mammals. Thus,most mammals, including the big cats which are such excellent hunters, are color blind.Naively, one might have thought that, because they have to hunt in diverse environments,evolutionary forces would have endowed them with a large dimensional color space. Thisis simply not the case. While there do exist interesting attempts to understand the role ofevolution and natural selection in color perception (see, e.g., [11]), this is still a largely openissue.Acknowledgments This work was supported in part by the NSF grant PHY 95-14240,by the Eberly Research funds of The Pennsylvania State University and by DGAPA of theUniversidad Nacional Aut�onoma de M�exico
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