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IntroductionIn this paper we investigate the quantization of the gauged (G=G) WZWmodel in the generalized momentum representation. The consideration isinspired by the study of (two-dimensional) Yang-Mills and BF-theories inthe momentum representation [1].The problem of quantization of gauge theories in the momentum repre-sentation has been attracting attention for a long time [2].1 While in theconnection representation the idea of gauge invariance may be implementedin a simple way 	(Ag) = 	(A) ; (1)we get a nontrivial behaviour of the quantum wave functions under gaugetransformations in the momentum representation. Indeed, one can apply thefollowing simple argument. The wave functional in the momentum represen-tation may be thought of as a functional Fourier transformation of the wavefunctional in the connection representation (1):	(E) = Z DA exp�i Z trEiAi� 	(A) : (2)Taking into account the behaviour of A and E under gauge transformations,Agi = g�1Aig + g�1@ig ;Egi = g�1Eig ; (3)we derive 	(Eg) = eiR trEi@igg�1	(E) : (4)We conclude that the wave functional in the momentum representation is notinvariant with respect to gauge transformations. Instead, it gains a simplephase factor �(E; g), which is of the form�(E; g) = Z trEi@igg�1: (5)The in�nitesimal version of the same phase factor,�(E; �) = Z trEi@i� ; (6)1The authors are grateful to Prof. R.Jackiw for drawing their attention to this paperand for making them know about the scienti�c content of his letter to Prof. D. Amati.1



corresponds to the action of the gauge algebra.It is easy to verify that � satis�es the following equation�(E; gh) = �(E; g) + �(Eg; h) : (7)This property assures that the composition of two gauge transformations (4)with gauge parameters g and h is the same as a gauge transformation witha parameter gh. Equation (7) is usually referred to as a cocycle condition.It establishes the fact that � is a one-cocycle of the (in�nite dimensional)gauge group. A one-cocycle is said to be trivial, if�(E; g) = ~�(Eg)� ~�(E) (8)for some ~�. In this case the gauge invariance of the wave function may berestored by the rede�nition ~	(E) = e�i~�(E)	(E): (9)An in�nitesimal cocycle �(E; �) is trivial if it can be represented as afunction of the commutator [�; E]:�(E; �) = ~�([�; E]): (10)It is easy to see that the cocycle (6) is nontrivial. Indeed, let us choose bothE and � having only one nonzero component Ea and �a (in the Lie algebra).Then the commutator in (10) is always equal to zero, whereas the expression(6) is still nontrivial. As a consequence, also the gauge group cocycle (5) isnontrivial.On the other hand, on some restricted space of values of the �eld E thecocycle may become trivial (generically if we admit nonlocal expressions for~�). This is important to mention as one may rewrite the (integrated) Gausslaw (4) as a triviality condition on the cocycle: Let us parametrize 	 as	(E) := exp i~�(E), which is possible whenever 	 6= 0, and insert this ex-pression into (4). The result is precisely (8) with � � R trEi@igg�1.2 In fact,e.g. in two dimensions the wave functions of the momentum representation2More accurately, one obtains (8) only mod 2�. But anyway this modi�cation of (8)is quite natural in view of the origin of the cocycle within (4). Alternatively one mightregard also a multiplicative cocycle � = exp(i�) right from the outset, cf. Appendix A.2



are supported on some conjugacy classes E(x) = g(x)E0 g�1(x) with speci�cvalues of E0. But away from these speci�c conjugacy classes, and in partic-ular in the original, unrestricted space of values for E, the general argumentof the cocycle (8) being nontrivial applies. More details on this issue may befound in Appendix A.It is worth mentioning that in the Chern-Simons theory a cocycle appearsin the connection representation as well:	(Ag) = ei�(A;g)	(A): (11)The cocycle �(A; g) is ususally called Wess-Zumino action [4]. It is intimatelyrelated to the theory of anomalies [5].Recently, a cocycle of type (5) has been observed in two-dimensional BF-and YM-theories. In this paper we consider the somewhat more complicatedexample of the gauged WZW (GWZW) model for a semi-simple Lie group.Like the BF theory, it is a two-dimensional topological �eld theory [6] (for adetailed account see [7]). It has a connection one-form (gauge �eld) as one ofits dynamical variables and possesses the usual gauge symmetry. However,there is a complication which makes the analysis di�erent from the pattern(4). In the GWZW model the variable which is conjugate to the gauge �eld,and which shall be denoted by g in the following, takes values in a Lie group Ginstead of a linear space. So, we get a sort of curved momentum space. Wecalculate the cocyle �GWZW which governs the gauge dependence of wavefunctions in a g-representation and �nd that it di�ers from the standardexpression (5). We argue that while the cocycle (5) corresponds to a Liegroup G, our cocycle is related to its quantum deformation Gq. In the courseof the analysis we �nd that the GWZW model belongs to the class of Poisson�-models recently discovered in [3]. This theory provides a technical tool forthe evaluation of the cocycle �GWZW .Let us brie
y characterize the content of each section. In Section 1 wedevelop the Hamiltonian formulation of the GWZW model, �nd canonicallyconjugate variables, and write down the gauge invariance equation for thewave functional in the g-representation.Section 2 is devoted to the description of Poisson �-models. A two-dimensional topological �-model of this class is de�ned by �xing a Poissonbracket on the target space. Using the Hamiltonian formulation (the topologyof the space-time being a torus or cylinder), we prove that the GWZW model3



is equivalent to a certain Poisson �-model coupled to a `topological' term S�that has support of measure zero on the target space of the �eld theory. Thetarget space of the (coupled) Poisson �-model is the Lie group G. We startfrom the GWZW action, evaluate the Poisson structure on G and discoverits relation to the theory of Quantum Groups. The origin of the term S� isconsidered in details in Appendix B.In Section 3 we solve the gauge invariance equation and �nd the gaugedependence of the GWZW wave functional in the g-representation. Thisprovides a new cocycle �GWZW . Calculations are performed for the Poisson�-model without the singular term. In Appendix C we reconsider the problemin the presence of the topological term. It is shown that in the case ofG = SU(2) at most one quantum state is a�ected. We compare the resultswith other approaches [20], [7].In some �nal remarks we conjecture that the Poisson �-model coupled toS� gives an alternative formulation of the GWZW model valid for a Riemannsurface of arbitrary genus. We comment on the new relation between theWZW model and Quantum Groups which emerges as a by-product of ourconsideration.1 Hamiltonian Formulation of GWZWModelThe WZW theory is de�ned by the actionWZW (g) = k8� Z tr @�gg�1@�gg�1 d2x+ k12� Z tr d�1(dgg�1)3 ; (12)where the �elds g take values in some semi-simple Lie group G and indices� are raised with the standard Minkowski metric. The case of a Euclideanmetric may be treated in the same fashion. Some remarks concerning thesecond term in (12) may be found in Appenidx B.The simplest way to gauge the global symmetry transformations g !lgl�1 is to introduce a gauge �eld h taking its values in the gauge group; theaction GWZW (h; g) = WZW (hgh�1) (13)is then invariant under the local transformations g ! lgl�1; h! hl�1. Withthe celebrated Polyakov-Wigmann formula and a� := h�1@�h, where @� =4



@o � @1, GWZW can be brought into the standard formGWZW (g; a+; a�) = WZW (g)++ k4� R tr[a+@�gg�1 � a�g�1@+g � a+ga�g�1 + a+a�] d2x : (14)In the course of our construction of GWZW a � a+dx+ + a�dx� has beensubject to the zero curvature condition da + a2 � 0. This condition resultsalso from the equations of motion arising from (14). So, further on we treata� as unconstrained �elds (taking their values in the Lie algebra of the chosengauge group).In order to �nd a Hamiltonian formulation of the GWZW model, we �rstbring (14) into �rst order form. To this end we introduce an auxiliary �eldp(x) into the action by the replacement ( _g � @0g)k8� ( _gg�1 + a+ � ga�g�1)2 ! p( _gg�1 + a+ � ga�g�1)� 2�k p2 : (15)As p enters the action quadratically, it may be eliminated always by meansof its equations of motion so as to reproduce the original action (14). In thefunctional integral approach this corresponds to performing the Gaussianintegral over p.Now the action (14) may be seen to take the form (with @g � @1g)GWZW (g; p; a�) = k12� Z trd�1(dgg�1)3 + Z d2x tr(p _gg�1 ��a� "g�1pg � p+ k4� (g�1@g + @gg�1)#� (16)�p@gg�1 � k8� (a+ � a� � 4�k p + @gg�1)2) :This is already linear in time derivatives. After the simple shift of variablesa+ ! ~a+ � a+ � a� � 4�k p + @gg�1 (17)the last term is seen to completely decouple from the rest of the action.Therefore one can exclude it from the action without loss of information.We can again employ the argument about integration over ~a+ (or also a+ in5



(16)). So we have introduced one extra variable p and now one variable isfound to drop out from the formalism.After ~a+ is excluded, the rest of formula (16) provides the Hamiltonianformulation of the model. The �rst two terms play the role of a symplecticpotential, giving rise to the symplectic form3
field = tr I "dpdgg�1 +  p + k4�@gg�1!�dgg�1�2# dx1 : (18)Here d is interpreted as an exterior derivative on the phase space. It isinteresting to note that the nonlocal term in (16) gives a local contributionto the symplectic form on the phase space. The third term, which includesa�, represents a constraint:g�1pg � p+ k4� �g�1@g + @gg�1� � 0: (19)The variable a� is a Lagrange multiplier and the constraint is nothing butthe Gauss law of the GWZW model. It is a nice exercise to check with thehelp of (18) that the constraints (19) are �rst class and that they generatethe gauge transformations. Equation (19) implies tr �g�1pg + k4� g�1@g�2 �tr(p� k4�@gg�1)2 and hence tr[p@gg�1] � 0: (20)This permits to eliminate the Hamiltonian in (16) in agreement with the factthat the model (14) is topological.Being a Hamiltonian formulation of the GWZW model, the form (16) isnot quite satisfactory, if one wants to solve the Gauss law equation (19). Wetherefore apply here some trick usually referred to as bosonization [8, 9]. Themain idea is to substitute the Gauss decomposition for the matrix g into theGWZW action: g = g�1# g" ; (21)where g# is lower triangular, g" is upper triangular, and both of them areelements of the complexi�cation of G. (Note, however, that we do not com-plexify the target space G here, but only use complex coordiantes g", g# on3Cf. also Appendix C. 6



it). If the diagonal parts of g# and g" are taken to be inverse to each other,this splitting is unique up to sign ambiguities in the evaluation of squareroots. Analogously any element of the Lie algebra G corresponding to G maybe split into upper and lower triangular parts according toY = Y# + Y" ; (Y#)d = (Y")d = 12Yd ; (22)where a subscript d is used to denote the diagonal parts of the correspondingmatrices.Observe that the three-form tr(dgg�1)3 may be rewritten in terms of g"and g# as follows:! = k12� tr[(dgg�1)3] = d " k4� tr(dg#g�1# ^ dg"g�1" )# +$: (23)Here $ is a three-form on G supported at the lower dimensional subset ofG which does not admit the Gauss decomposition. Now we can rewrite thetopological Wess-Zumino term asWZ(g) = k12� tr Z d�1(dgg�1)3 = k4� tr Z dg#g�1# ^ dg"g�1" + k12� Z d�1$:(24)In this way we removed the symbol d�1 in the �rst term of the right handside. The topological term S� = k12� Z d�1$ (25)is considered in details in Appendix B. In contrast with the conventional WZterm the new topological term (25) in
uences the equations of motion onlyon some lower dimensional subset of the target space.Let us return to the action of the GWZW model. We make the substitu-tion (21) and introduce a new momentum variable� = �" +�# = g#pg�1# � k4� �@g"g�1" + @g#g�1# � : (26)Rescaling a� according to � := k2�a�, we now may rewrite the GWZW actionin the form GWZW (g;�; �) = SP(g;�; �) + S�(g); (27)7



where S� has been introduced in (25) and SP is given bySP(g;�; �)= R d2x tr n� �@0g"g�1" � @0g#g�1# �++� hg�1" @1g" � g�1# @1g# + 2�k �g�1" �g" � g�1# �g#�io : (28)In the further consideration we systematically disregard the topological termS�. In Appendix C we prove that if we take (25) into account, the resultschange only for wave functions having support on those adjoint orbits in G(one in the case of G = SU(2)) on which the Gauss decomposition breaksdown.For the formulation of a quantum theory in the g-representation, themomentum � should be replaced by some derivative operator on the group.The �rst term in (28) represents the symplectic potential on the phase spaceand suggests the ansatzg ! g ; �! �i(g" ��g" � g# ��g# ) : (29)At this point some remark on the notational convention is in order: OnGL(N) coordinates are given by the entries gij of the matrix representing anelement g 2 GL(N). The corresponding basis in the tangent space may bearranged into matrix form via ��g!ij � ��(gji) : (30)With this convention the entries of g @@g are seen to be the right translationinvariant vector �elds on GL(N). Given a subgroup G of GL(N) the tracecan be used to project the translation invariant derivatives from GL(N) toG. In more explicit terms, given an element Y of the Lie algebra of G,a right translation invariant derivative on G is de�ned by tr Y g @@g . Thematrix valued derivatives in this paper are to be understood in this sense.In particular, (29) means that the quantum operator associated to tr Y� isgiven by tr Y�! �i tr  Y"g" ��g" � Y#g# ��g#! : (31)With this interpretation it is straightforward to prove that commutators ofthe quantum operators de�ned in (29) reproduce the Poisson algebra of the8



corresponding classical observables, as de�ned by the symplectic potentialterm in (28).Let us look for the wave functionals of the GWZW model in the g-representation. This means that we must solve the equation(g�1" @1g" � g�1# @1g#)	(g"; g#) =2�ik  g�1# (g# ��g# � g" ��g" )g# � g�1" (g# ��g# � g" ��g" )g"!	(g"; g#) (32)for 	 being a wave functional; the functional derivatives are understood toact on 	 only (but not on everything to their right). The problem is clearlyformulated, but at �rst sight it is not evident how to solve equation (32). Tosimplify it we introduce another parametrization of the matrix g:g = h�1g0h: (33)Here g0 is diagonal and h is de�ned up to an arbitrary diagonal matrix whichmay be multiplied from the left. The part of the operator (32) which includesfunctional derivatives simpli�es dramatically in terms of h. One can rewriteequation (32) as g�1" @1g" � g�1# @1g# + 2�ik ��hh!	[g0; h] = 0; (34)where g"; g# are determined implicitely as functions of h and g0 viag�1# g" = h�1g0h : (35)We discuss the interpretation of equations (32) and (34) in Section 2 andsolve them e�ciently in Section 3.2 Gauged WZW as a Poisson �-ModelThe Gauss law equations of the previous section may be naturally acquiredin the theory of Poisson �-models. We start with a short description of thistype of topological �-model.The name Poisson �-model originates from the fact that its target spaceN is a Poisson manifold, i.e. N carries a Poisson structure P. We denote9



coordinates on the two-dimensional world-sheet M by x�; � = 1; 2 and co-ordinates on the target space N by X i; i = 1; : : : ; n. A Poisson bracketf � ; � g on N is de�ned by specifying its value for some coordinate functions:fX i;Xjg = P ij(X). Equivalently the Poisson structure may be representedby a bivector P = 12P ij(X) @@X i ^ @@Xj : (36)In terms of this tensor the Jacobi identity for f � ; � g becomesP li@Pjk@X l + P lk @P ij@X l + P lj @Pki@X l = 0 : (37)For nondegenerate P the notion of a Poisson manifold coincides with that ofa symplectic manifold. In general, however, P need not be nondegenerate.In the world-sheet picture our dynamical variables are the X i's and a�eld A which is a one-form in both world-sheet and target space. In localcoordinates A may be represented asA = Ai�dX i ^ dx�: (38)The topological action of the Poisson �-model consists of two terms, whichwe write in coordinates:SP(X;A) = ZM  Ai� @X i@x� + 12P ijAi�Aj�! dx� ^ dx� : (39)Here A and X are understood as functions on the world-sheet. Both termsin (39) are two-forms with respect to the world-sheet. Thus, they may beintegrated overM . The action (39) is obviously invariant with respect to dif-feomorphisms of the world-sheet. It is also invariant under di�eomorphismsof the target space which preserve the Poisson tensor. Equations of motionfor the �elds X and A are @�X i + P ijAj� = 0 ;@�Ai� � @�Ai� � @Pjk@X i Aj�Ak� = 0 : (40)Here @� is the derivative with respect to x� on the world-sheet.10



Let us remark that the two-dimensional BF theory may be interpretedas a Poisson �-model. Indeed, if one chooses a Lie algebra with structureconstants f ij k as the target space N and uses the natural Poisson bracketfX i;Xjg = f ij kXk; (41)one reproduces the action of the BF theoryBF (X;A) = ZM trX(dA+A2): (42)In the traditional notation X is replaced by B and the curvature dA + A2of the gauge �eld is denoted by F . The class of Poisson �-models includesalso nontrivial examples of two-dimensional theories of gravity (for detailssee [10, 3]).We argue that the gauged WZWmodel is equivalent to a Poisson �-modelcoupled to the term (25). The target space is the group G, parametrized byg" and g#. The (1; 1)-form A is identi�ed readily from (28):A = � �dg"g�1" � dg#g�1# � ^ dx1 � � �g�1" dg" � g�1# dg#� ^ dx0 : (43)Here we have interpreted the terms linear in � and �.Then the part of the action quadratic in � and � directly determines thePoisson structure. In our formulation of the general Poisson �-model (39)the indices i; � of A correspond to a coordinate basis dX i in T �N and dx�in T �M . In such a formulation we simply have to replace Ai� by @@Xi inthe quadratic part of the action to obtain the Poisson bivector (36) as the'coe�cient' of the volume-form dx� ^ dx�. Each of the matrix-valued one-forms dg"g�1" �dg#g�1# and g�1" dg"� g�1# dg# in the present expression (43) forA, however, represents a non-holonomic basis in the cotangent bundle of thetarget space G. In such a case the corresponding components of A, i.e. �and � in our notation, have to be replaced by the respective dual derivativematrices. Applying this simple recipe to the quadratic part of (28), we �ndthe Poisson bivector on G:�! (g" @@g" � g# @@g# ) ; �! ( @@g"g" � @@g#g#)) P = 4�k tr � @@g"g" � @@g#g#�^�g�1" (g# @@g# � g" @@g" )g" � g�1# (g# @@g# � g" @@g" )g#� : (44)11



Using the parametrization (33, 35), this expression can be formally simpli�edto P = 4�k tr  @@g"g" � @@g# g#! ^ @@hh : (45)For means of completeness we should check now that this bivector ful�lls theJacobi identity (37). In our context the simplest way to do so is to recall thatthe constraints of the GWZW model are �rst class; this su�ces, because onecan show that the constraints of any action of the form (39) are �rst classexactly i� P ij obeys (37). Certainly one can verify the Jacobi identity also bysome direct calculation and in fact this is done implicitely when establishing(47) and (50) below.The above Poisson bracket on G requires further comment. For thispurpose it is useful to introduce some new object. We always assume thatthe group G is realized as a subgroup in the group of n by n matrices. Thenthe following matrix r acting in Cn 
 Cn is important for us:r = 12Xi hi 
 hi +X� t�� 
 t�: (46)Here hi and hi are generators of dual bases in the Cartan subalgebra, t� andt�� are positive and negative roots, respectively. The matrix r is usuallycalled classical r-matrix. It satis�es the classical Yang-Baxter equation inthe triple tensor product which reads[r12; r13] + [r12; r23] + [r13; r23] = 0: (47)Here r12 = r 
 1 is embedded in the product of the �rst two spaces and soon. An important property of the r-matrix is the followingtr1;2rA1B2 = tr A"B# + 12 tr AdBd ; (48)where the trace in the left hand side is evaluated in the tensor product oftwo spaces and A1 � A
 1 ; B2 � 1 
B : (49)Now we are ready to represent the bracket (44) in a more managebleway. As the most natural coordinates on the group are matrix elements, weare interested in Poisson brackets of entries of g" and g#. Using shorthand12



notations (49) and the de�nition of the r-matrix, we arrive at the followingelegant result fg1"; g2"g = 4�k [r; g1"g2"] ;fg1#; g2#g = 4�k [r; g1#g2#] ; (50)fg1#; g2"g = 4�k [r; g1#g2"] :We omit the calculation which leads to (50), as it is rather lengthy butstraightforward. Each equation in (50) provides a Poisson bracket betweenany matrix element of the matrix with superscript 1 with any matrix elementof the matrix with superscript 2. In order to clarify this statement, we rewritethe �rst equation in components:fgij" ; gkl" g = 4�k (ri~ik~kg~ij" g~kl" � gi~j" gk~l" r~jj~ll ): (51)Here summation over the indices with tilde in the right hand side is under-stood. The remaining equations of (50) can be rewritten in the same fashion.The formulae (50) de�ne the Poisson bracket only on the subset of the groupG which admits the Gauss decomposition (21). One can easily recover thePoisson brackets of matrix elements of the original matrix g. We leave thisas an exercise to the reader. The result may be presented in tensor notation:fg1; g2g = 4�k [g1rg2 + g2r0g1 � r0g1g2 � g1g2r]: (52)Here r0 is obtained from r by exchanging the two copies of the Lie algebra:r0 = 12Xi hi 
 hi +X� t� 
 t��: (53)The Poisson bracket (52) is quadratic in matrix elements of g and obviouslysmooth. This means that the bracket (50) which has been de�ned only on thepart of the group G where the Gauss decomposition is applicable, may nowbe continued smoothly to the whole group. E.g. for the case of G = SU(2) itis straightforward to establish that the righthand side of (52), and thus alsothe smoothly continued Poisson tensor P, vanishes at antidiagonal matrices13



g 2 SU(2). The latter represent precisely the one-dimensional submanifold ofSU(2) where a decomposition (21) for g does not exist. It is worth mentioningthat the bracket (52) appeared �rst in [11] within the framework of the theoryof Poisson-Lie groups.The group G equipped with the Poisson bracket (52) may be used asa target space of the Poisson �-model. We have just proved that in theHamiltonian formulation (geometry of the world-sheet is torus or cylinder)this Poisson �-model coupled to the topological term (25) coincides with thegauged WZW model.3 Solving the Gauss Law EquationThis section is devoted to the quantization of Poisson �-models. More ex-actly, we are interested in the Hilbert space of such a model in the Hamilto-nian picture. This implies that we need a distinguished time direction on theworld-sheet and thus we are dealing with a cylinder. The remarkable prop-erty of Poisson �-models is that the problem of �nding the Hilbert spacein this two-dimensional �eld theory may be actually reduced to a quantummechanical problem. This has been realized in [3] and here we give only ashort account of the argument4.It follows form (39) that in the Hamiltonian formulation the variables X iand Ai1 are canonically conjugate to each other (this changes slightly whenthe Poisson �-model is coupled to the term S�, see Appendix C). In the X-representation of the quantum theory the X i act as multiplicative operatorsand the Ai1 act as functional derivativesAi1 = i ��X i : (54)The components Ai0 enter the action linearly. They are naturally inter-preted as Lagrange multipliers. The corresponding constraints look asGi � @1X i + P ij(X)Aj1 � 0 : (55)Combining (54) and (55), one obtains an equation for the wave functional in4But cf. also Apppendix C. 14



the X-representation @1X i + iP ij(X) ��Xj !	[X] = 0 : (56)Equations (32) and (34) are particular cases of this equation. In order tosolve (56), we �rst turn to a family of �nite dimensional systems on thetarget space N de�ned by the Poisson structure P.As the target space of a Poisson �-model carries a Poisson bracket, itmay be considered as the starting point of a quantization problem. Namely,one can consider the target space as the phase space of a �nite dimensionalHamiltonian system, which one may try to quantize. The main obstructionon this way is that the Poisson bracket P may be degenerate. This meansthat if we select some point in the target space and then move it by means ofall possible Hamiltonians, we still do not cover the whole target space withtrajectories but rather stay on some surface S � N . The simplest exampleof such a situation is a three-dimensional space N = IR3 with the Poissonbracket fX i;Xjg = �ijkXk : (57)This Poisson bracket describes a three-dimensional angular momentum andit is well-known that the square of the lengthR2 :=Xi (X i)2 (58)commutes with each of the X i. So, R2 cannot be changed by means ofHamiltonian 
ows and the surfaces S are two-dimensional spheres.If the Poisson bracket P is degenerate, we cannot use N as a phasespace. However, if we restrict to some surface S (these surfaces are alsocalled symplectic leaves), the Poisson bracket becomes nondegenerate andone can try to carry out the quantization program. In the functional integralapproach we are interested in the exponent exp(iA) of the classical action A,being the main ingredient of the quantization scheme. In order to constructthe classical action A, we invert the matrix of Poisson brackets (restricted tosome particular surface S) and obtain a symplectic two-form
 = 12
ijdX i ^ dXj ;Xk 
ikPjk = �ji : (59)15



As a consequence of the Jacobi identity the form 
 is closedd
 = 0 (60)and we can look for a one-form � which solves the equationd� = 
 : (61)If 
 belongs to some nontrivial cohomology class, � � pdq does not existglobally. Still the expression	[X] := exp�i Z d�1
� (62)makes sense, if the cohomology class of 
 is integral, i.e. ifI� 
 = 2�n ; n 2 Z (63)for all two-cycles � � S; in this case A = R d�1
 is de�ned mod 2� and (62)is one-valued (cf. also (64) below). Alternatively to the functional integralapproach we might use the machinery of geometric quantization [12] to ob-tain condition (63): Within the approach of geometric quantization it is awell-known fact that a Hamiltonian system (S;
) may be quantized consis-tently only if the symplectic form 
 belongs to an integral cohomolgy classof S. In the example of two-dimensional spheres in the three-dimensionaltarget space considered above the requirement of the symplectic leaf to bequantizable, obtained in any of the two approaches suggested above, impliesthat the radius R of the sphere is either integer or half-integer (for moredetails confer [13, 12]). This is a manifestation of the elementary fact that athree-dimensional spin has to be either integer or half-integer.After this excursion into Hamiltonian mechanics we return to equation(56). It is possible to show that formula (62) provides a solution of equation(56). Moreover, any solution of (56) can be represented as a linear combina-tion of expressions (62) corresponding to di�erent integral symplectic leaves[3]. Let us explain this in more detail. The wave functional 	[X] of the �eldtheory depends on n functions X i on the circle. They de�ne a parametrizedclosed trajectory (loop) in the target space N . Now it is a more or lessimmediate consequence of (56) that the quantum constraints of the �eld16



theory restrict the support of 	 to trajectories (loops) X(x1) which lie com-pletely within a symplectic leaf S (just use coordinates X i in the target spaceadapted to the foliation of N into symplectic leaves). A further analysis, re-capitulated in part in Appendix C within the more general framework of aPoisson �-model coupled to a topological term, shows that these leaves haveto be quantizable and that admissible quantum states are indeed all of theform (62) or a superposition of such functionals. In the case that S is simplyconnected, (62) may be rewritten more explicitely as:	[X] / exp(iA(X)) ; A(X) = Z� 
 (mod 2�) ; (64)where the two-dimensional surface � is bounded by the closed path X(x1)lying in some quantizable leaf S.5 As 
 belongs to an integral cohomologyclass (by the choice of S), (64) is a globally well-de�ned functional of X(x1).As stated already before any such a functional solves the quantum constraints(56) and, vice versa, any solution to the latter has to be a superposition ofstates (64). On the other hand (62) or (64) may be also reinterpreted asexponentiated point particle action. x1 then is the 'time-parameter' of thetrajectory X(x1), which one requires to be periodic in time.So we obtain the following picture for the relation between the Poisson�-model and �nite dimensional quantum mechanics: In order to obtain theHilbert space of the �-model on the cylinder, one may regard the targetspace as a phase space of a dynamical system. This space splits into a setof surfaces on which the Poisson bracket is nondegenerate, creating a familyof �nite dimensional systems. Some of these systems are quantizable in thesense that the cohomology class of the symplectic form is integral. To eachquantum system generated in this way corresponds a linearly independentvector in the Hilbert space H of the �-model. In the case that the respective(quantizable) symplectic leaf S is not simply connected, however, there is alinearly independent vector in H for any element of �1(S). This idea maybe successfully checked for BF theories in two dimensions (for more detailsconfer [3]).Now we apply the machinery of this section to the GWZW model. First,we should look at the surfaces S in the group G where the restriction of the5In the language of Apendix C the de�nition (64) corresponds to the choice of a constant(point-like) 'loop of reference' for 	0. 17



Poisson bracket (50) is nondegenerate. For generic leaves this problem hasbeen solved in [11]. In order to make P nondegenerate, one should restrictto some conjugacy class in the groupg = h�1g0h : (65)Each conjugacy class may be used as the phase space of a Hamiltonian sys-tem. However, in the case of G = SU(2) we found that the Poisson bracketvanishes on the subset of antidiagonal matrices. Hence, any antidiagonal ma-trix represents a zero-dimensional symplectic leaf in G = SU(2). So, someexceptional conjugacy classes may further split into families of symplecticleaves. This occurs precisely where the Gauss decomposition does not hold.The form 
 on a generic orbit characterized by g0 has been recentlyevaluated in [14] (a presentation more adapted to the physical audience canbe found in [15]) and has the form
 = k4� tr hh�1dh ^ (g�1" dg" � g�1# dg#)i ; (66)where g", g#, and h are related through (35). The corresponding point particleaction or phase factor of the quantum states, respectively, isAGWZW (g) = k4� Z d�1tr hh�1dh ^ (g�1" dg" � g�1# dg#)i : (67)As outlined above quantum states are assigned only to integral symplec-tic leaves. In Appendix C the corresponding integrality condition (63) isevalutated explicitly for the example of G = SU(2).The exceptional conjugacy classes require some special attention. Fromthe point of view of the pure Poisson �-model there corresponds a quantumstate to any integral symplectic leaf which the respective conjugacy classmay contain. For the case of SU(2), e.g., there is one exceptional (two-dimensional) conjugacy class (65) characterized by tr g = 0. It containsthe one-dimensional submanifold C of antidiagonal matrices in SU(2). Anypoint of C is a zero-dimensional symplectic leaf and, because zero-dimensionalleaves are always quantizable, one would be left with a whole bunch of statescorresponding to this exceptional conjugacy class.However, we know that in order to describe the GWZW model in fullgenerality, we need to add the topological term S� to the pure Poisson �-part of the action. Also, appropriate boundary conditions of A have to be18



taken into account at the part of G where the Gauss decomposition breaksdown. Whereas S� and these boundary conditions may be seen to be irrele-vant for the quantum states corresponding to generic conjugacy classes, theydecisively change the picture at the exceptional ones. E.g. for G = SU(2)the net result is that there corresponds only one or even no quantum stateto the exceptional conjugacy class, depending on whether k is even or odd,respectively. Further details on this may be found in Appendix C.From (67) it is straightforward to evaluate the cocycle �GWZW whichcontrols the behaviour of the wave functional with respect to gauge transfor-mations. E.g., for the case of in�nitesimal transformations�g = �[�; g] ; �h = h� (68)the new gauge cocycle looks as:�GWZW (g; �) = k4� Z tr � (g�1" dg" � g�1# dg#) : (69)An integrand of this type has been studied in the framework of Poisson-Liegroup theory [16]. However, the gauge algebra interpretation is new.In order to check that the cocycle �GWZW is nontrivial, it is convenientto use the same trick as we applied in Introduction. Indeed, choose both gand � to be diagonal. Then any trivial cocycle vanishes but (69) is not equalto zero for generic diagonal g and �.DiscussionLet us brie
y recollect and discuss the results of the paper. Using the Hamil-tonian formulation we have proved that the GWZW model is equivalent toa Poisson �-model coupled to the topological term S�:GWZW (g;A) = SP(g;A) + S�(g): (70)It is natural to conjecture that this equivalence holds true for a surface ofarbitrary genus. Let us mention that originally the GWZW is formulated as aWitten type topological �eld theory. This means that the action includes thekinetic term and explicitly depends on the world-sheet metric. Then one canuse some supersymmetry to prove that in fact the terms including the world-sheet metric do not in
uence physical correlators. The Poisson �-model19



provides a Schwarz type formulation of the same theory. The righthand sideof (70) is expressed in terms of di�erential forms exclusively and does notinclude any metric from the very beginning.At the moment the GWZW model is solved in many ways whereas thegeneral Poisson �-model has not been investigated much. Applying variousmethods which work for the GWZW to Poisson �-models, one can hope toachieve two goals. First, one can select the methods which work in a moregeneral framework and, hence, which are more reliable. This is especiallyimportant when one deals with functional integrals. The other ambitiousprogram is to solve an arbitrary Poisson �-model coupled to a topologicalterm explicitly. Solution should include an evaluation of the partition func-tion and topological correlators in terms of the data of the target space. Inthis respect an experience of the GWZW model may be very useful.Another issue which deserves some comment is the relation betweenQuantum Groups and WZWmodels. This issue has been much studied in theliterature [18]. The picture of the quantum symmetry in WZW models maybe described in short as follows. Separating left-moving and right-movingsectors of the model we add some �nite number of degrees of freedom tothe system. The Quantum Group symmetry is a gauge symmetry acting onthe left- and right-movers. The physical �elds are invariants of the Quan-tum Group action. Usually one can choose some special boundary conditionswhen separating the sectors in order to make the Quantum Group symmetrytransparent.Let us compare this picture to the considerations of the present paper.The gauged WZW model appears to be equivalent to some Poisson �-modelwith gauge group G as target space. We derive the Poisson bracket (52)directly from the GWZW action. This bracket is quite remarkable. Quan-tizing the bracket (52), one gets the generating relations of the QuantumGroup [17]. We have found that the gauge dependence of the wave function-als of the GWZW model is described by the classical action de�ned on thesymplectic leaves. This type of action for the bracket (52) has been consid-ered in [15]. It is proved there that such an action possesses a symmetrywith respect to the Quantum Group. So, con�rming our expectations, theQuantum Group governs the non-physical gauge degrees of freedom of theGWZW model. The new element of the picture is that we do not have tointroduce any new variables or choose speci�c boundary conditions in orderto discover the Quantum Group structure. Let us remark that the treatment20



may look somewhat more natural for GWZW than for the original WZWmodel. The reason is that GWZW may be viewed as a chiral theory fromthe very beginning.6 The only choice which we make is the way how webosonize the WZW action. We conclude that the Quantum Group degrees offreedom are introduced by bosonization. It would be interesting to explorethis idea from a more mathematical point of view.AppendicesA Gauge Cocycles and Integral Coadjoint OrbitsHere we study in details the one-cocycle�(E; g) = I tr E@gg�1dx (A.1)of the loop group LG, which plays the role of the gauge group on the circle.Along with the additive cocycle � we consider a multiplicative cocycle�(E; g) = exp(i�(E; g)) : (A.2)The counterparts of the cocycle and coboundary conditions in the multiplica-tive setting are �(E; g1g2) = �(Eg1; g2)�(E; g1) ; (A.3)�(E; g) = ~�(Eg)~�(E)�1 : (A.4)Let us observe that one can consistently restrict the region of de�nitionof E from the loop algebra lG to any subspace invariant with respect to theaction of the gauge group by conjugations. Let us choose such a subset inthe form E = h(x)�1E0h(x) (A.5)for E0 being a constant diagonal matrix. For �xed x equation (A.5) de�nesa conjugacy class in the algebra G (coadjoint orbit).6We are grateful to K.Gawedzki for this remark.21



The diagonal matrix E0 may be decomposed using a basis of fundamentalweights wi in the Cartan subalgebra:E0 =Xi Ei0wi: (A.6)In the case of compact groups the cocycle � is trivial if and only if all coe�-cients Ei0 are integer. To demonstrate this, let us present the explicit solutionfor ~�. It is given by ~� = exp�i I tr E0@hh�1dx� : (A.7)It is easy to check that (A.7) provides a solution of the coboundary problem.It is less evident that (A.7) is well-de�ned. The group element h(x) is de�nedby E(x) only up to an arbitrary diagonal left multiplier. When coe�cientsin (A.6) are integral, this multiplier does not in
uence (A.7).For non-compact groups, though, (A.7) may turn out to be well-de�nedeven for continuously varying choices of E0.To establish contact with the presentation in the main text, one mayobserve that the additive coboundary (generically not well-de�ned)~� = I tr E0@hh�1dx (A.8)may be reformulated in terms of the (well-de�ned) Kirillov form on the coad-joint orbit, 
 = tr E0(dhh�1)2 = 12 tr dE ^ h�1dh ; (A.9)as ~� = Z�
 ; @� = E(x) : (A.10)The ambiguity in the choice of � does not in
uence the multiplicative cocycle~�, i� the Kirillov form is integral, i.e. i� 
 satis�es (63) .For compact groups the integrality condition (63) on 
 coincides withthe before-mentioned condition on the Ei0. If (63) is ful�lled with n = 0 notonly the multiplicative but also the additive cocycle � becomes trivial. Thisoccurs, e.g., in the non-compact case G = sl(2; IR)).It is worth mentioning that (A.8) is the action for a quantum mechanicalsystem with the phase space being a coadjoint orbit. We consider a similar22



system in Section 3. There the quantum mechanical phase space is a conju-gacy class in the group and the analogue of the Kirillov form (A.9) is (66),the Kirillov form of the Quantum Group.We conclude that for certain restricted subspaces of the loop algebra thecocycle �(E; g) may become trivial. In two dimensions the wave functionalsin the momentum representation are supported on these special subspaces.The corresponding coboundary ~� governs the gauge dependence of the wavefunctionals: 	 = ~�	0 (A.11)for 	0 being a gauge independent distribution with support on loops in in-tegral coadjoint orbits.Let us stress again that the triviality condition (A.4) is actually an inte-grated form of the Gauss law (as shown in the introduction). Then (A.11)provides a universal solution of the Gauss law. In the example which weconsidered in this Appendix we observe a new phenomenon in the theoryof gauge cocycles. A nontrivial cocycle may shrink its support in order tobecome trivial and produce a physical wave functional. This may lead (asin the example of 2D YM theory with compact gauge group) to a discretespectrum in the momentum representation.B Topological Term for G = SU(2)The topological Wess-Zumino term in the WZW model is usually representedin the form WZ(g) = k12� tr Z� d�1(dgg�1)3: (B.1)The integration is formally performed over the two-dimensional surface �.(Here � is the image of the worldsheetM under the map g(x) fromM ! G).The symbol d�1 is understood in the following way. One chooses a three-dimensional submanifold B in the group G so that @B = �. The integrationover � is replaced by an integration over B:WZ(g) = k12� tr ZB(dgg�1)3: (B.2)The de�nition (B.2) is ambiguous as B may be chosen in many ways. Thepossible ambiguity in the de�nition of WZ(g) is an intergral over the union23



of two possible B's:�WZ(g) = k12� tr(ZB0(dgg�1)3 � ZB00(dgg�1)3) == k12� tr ZB0[ �B00(dgg�1)3 : (B.3)Here we denote by �B00 the manifold B 00 with opposite orientation. Let usrestrict our consideration to the case of G = SU(2). The only nontrivialthree-dimensional cycle in SU(2) is the group itself. It implies that theintegral (B.3) is always proportional with some integer coe�cient to thenormalization integral I = k12� tr ZG(dgg�1)3 = 2�k : (B.4)Here we used the fact that the volume of the group SU(2) with respect to theform tr(dgg�1)3 is equal to 24�2. This calculation explains why one shouldchoose integer values of the coupling constant k. In this case the Wess-Zumino termWZ(g) is de�ned modulo 2� and its exponent exp(iWZ(g)) iswell-de�ned.Usually WZ(g) is referred to as a topological term because the de�ningthree-form tr(dgg�1)3 on the group G is closed and belongs to a nontrivialcohomology class. This implies that the integral (B.1) does not change whenwe �x � and vary B in a smooth way. Choosing the proper coe�cientk=12�, k 2 N , we get a three-form which belongs to an integer cohomologyclass. As we have seen this ensures that exp(iWZ(g)) is preserved even by atopologically nontrivial change of B.So the fact that the three-form! = k12� tr(dgg�1)3is closed and belongs to integer cohomology of G makes the action WZ(g)well-de�ned. However, it is not true that WZ(g) is de�ned already by thecohomology class of !. If we choose some other representative in the sameclass (as, e.g., $ in Eq. (B.10) below), we get a new topological term, whichis well-de�ned for the same reason as WZ(g). In fact, the new action willdi�er from WZ(g). The reason is that the integral (B.2) is de�ned over the24



manifold with a boundary and, hence, it is not de�ned by the cohomologyclass of the integrand. It depends on the representative as well.Now we are prepared to introduce a new topological term for the WZWmodel. As it was explained in Section 1, we use the Gauss decomposition forthe group element g: g = g�1# g" : (B.5)Observe that the Gauss decomposition is not applicable for some elementsin SU(2). The Gauss components g#; g" do not exist on the subset of antidi-agonal unitary matrices. In a parametrizationg = 0@ z p1� z�z ei��p1 � z�z e�i� �z 1A ; z 2 C; jzj � 1; � 2 [0; 2�)(B.6)these elements are given by z = 0. They form a circle C parametrized by �.We can apply the Gauss decomposition on the rest of the group in orderto remove the symbol d�1 from the topological term !. Indeed, consider atwo-form 
 = k4� tr (dg#g�1# ^ dg"g�1" ) (B.7)on the compliment of C. It is easy to verify the relationd
 = 13!: (B.8)Here we have used the fact thattr(dg#g�1# )3 = tr(dg"g")3 = 0; (B.9)which holds since the diagonal parts of (dMM�1)m vanish for any triangularmatrix M if m � 2.We established equation (B.8) on the part of the group G which admitsthe Gauss decomposition. It is easy to see that this equation cannot holdtrue on all of G. Indeed, the lefthand side is represented by the exact formd
 whereas the righthand side belongs to a nontrivial cohomology class. Inorder to improve (B.8), we introduce a correction to it:d
 = 13(! �$): (B.10)25



This equation is to be understood in a distributional sense: The three-form$is supported on C. Moreover it is closed and belongs to the same cohomologyclass as !.To determine $ for G = SU(2), we return to the parametrization (B.6).In these coordinates (B.7) takes the form
 = i �zdz � zd�z � 2dzz ! d� : (B.11)Multiplying 
 by test one-forms, the resulting three-forms are integrable onG. So 
 is a regular distribution and therefore the derivative d
 is also well-de�ned. Using d(dz=z) = ��(Re(z))�(Im(z))dzd�z =: �2�i�(C), where �(C)has been introduced to denote the delta-two-form supported on the criticalcircle C, we obtain $ = 12��(C)d�: (B.12)Let us conclude that the topological Wess-Zumino term may be replacedby the sum of a local term and a topological term supported on the set C ofantidiagonal matrices:WZ(g) = k4� tr Z�(dg#g�1# ^ dg"g�1" ) + S�(g);S�(g) = k12� ZB$ = k ZB �(C)d�: (B.13)The new topological term S�(g) depends exclusively on the positions of thepoints where � intersects C. In particular, it vanishes if � belongs to thepart of the group which admits the Gauss decomposition.In Section 2 we showed that the local term of (B.13) �ts nicely into theformalism of Poisson �-models. Coupling of such a model to the topologicalterm S� is the subject of Appendix C.C Poisson �-model coupled to a Topological Term andQuantum States for SU(2)-GWZWWithin this last Appendix we pursue the following three goals: First weinvestigate the change of a Poisson �-modelSP(X;A) = ZM  Ai� @X i@x� + 12P ijAi�Aj�! dx� ^ dx� (C.1)26



under the addition of a topological term:S(X;A) = SP(X;A) + Stop(X) : (C.2)Here Stop(X) is supposed to be given by some closed three-form !top,Stop(X) = ZB !top ; @B = Image M ; (C.3)of (generically) nontrivial cohomology on the target space N of the model (cf.also Appendix B). To not spoil the symmetries of (C.1), we further require!top to be invariant under any transformation generated by vector �elds ofthe form P ij@j. We will focus especially on the change in the Hamiltoniansturcture that is induced by (C.3).Next we will specify the considerations to the GWZW model. In themain text and the previous Appendix we have shown that the (Hamilto-nian) GWZW action (16) may be rewritten identically in the form (C.2)with !top = $. However, an additional complication arises due to the factthat the matrix-valued one-form� � �i dX i := g�1" dg" � g�1# dg# ; (C.4)which we used in the identi�cation (43) for A, becomes singular at the partof G where the Gauss decomposition breaks down. The singular behaviourof A has to be taken into account in the variation for the �eld equations, ifwe want to describe the GWZW model by means of (C.2) globally. We willshow that the bulk of the quantum states obtained in the main text remainsunchanged by these modi�cations. The considerations change only for statesthat have support on loops lying on exceptional conjugacy classes in G.Finally we will make the considerations more explicit for G = SU(2) andcompare the resulting picture to the literature.In the classical Hamiltonian formulation the term (C.3) contributes onlyinto a change of the symplectic structure of the �eld theory. With!top = 16 !(top)ijk dX i ^ dXj ^ dXk (C.5)the symplectic structure takes the form
field(X;A) = IS1 dAi1(x1) ^ dX i(x1)dx1 + 
fieldtop (C.6)27



with the extra piece
fieldtop = 12 IS1 !(top)ijk (X(x1)) @1X i(x1) dXj(x1) ^ dXk(x1) dx1: (C.7)Note that as (resp. if) !top is non-trivial in cohomology on the target space,
field becomes non-trivial as well, i.e. globally there will not exist any sym-plectic potential �field such that 
field = d�field.In the case N = G and !top := $ the symplectic forms (C.6) and (18)in the main text coincide. Actually Ai1(x1) and X i(x1) are Darboux co-ordinates of the symplectic form 
field of the GWZW model. As 
fieldhas non-trivial cohomology such Darboux coordinates cannot exist globally.The situation may be compared to the one of a sphere with standard sym-plectic form 
 = sin#d# ^ d'; trying to extend the local Darboux coor-dinates cos# and ' as far as possible, one �nds (again in a distributionalsense) 
 = d (cos #d') + 2��2('southpole') � 2��2('northpole'). Here weused d(d') = Ppoles 2��2(pole), resulting from the breakdown of d' as acoordinate di�erential at the poles while it still remains a regular one-formin a distributional sense. By the way, one may infer eq. (18) also from(C.6,C.7): Just replace the coordinate basis dX i by the left-invariant basisdgg�1 and note that d(pdgg�1) = dpdgg�1 + p(dgg�1)2 has to be substitutedfor d(Ai1dX i) = dAi1dX i.The classical Gauss law (55), on the other hand, remains unaltered bythe addition of a term (C.3) to the action. Indeed the constraints Gi � 0emerge as the coe�cient of Ai0 within the action S = SP + S� and S� doesnot depend on A.Now let us turn to the quantum theory of the coupled model (C.2). Againwe go into an X-representation. In general 'wave functions' may be regardedas sections of a line bundle, the curvature of which is the symplectic form[12]. In the case that this line bundle is trivial, i.e. when the symplecticform 
field allows for a global symplectic potential, one may choose a globalnon-vanishing section in the bundle. The relative coe�cient of any othersection with respect to the chosen one is then a function, the wave function	[X]. This procedure is called trivialization of the line bundle. In the caseof prominent interest for us in which !top and (thus) 
field belong to somenon-trivial cohomology class the quantum line bundle over the loop spacewill be non-trivial [19]. Sections may be represented by functions 	[X] thenonly within some local charts. 28



The X i may still be represented as multiplicative operators. However,the change in the symplectic structure implies that one cannot represent Ai1as the derivative operators (54) any more. Indeed the modi�cation 
fieldtoppreserves commutativity of the X i as well as the commutation relations be-tween the Ai1 and the X i; however, the Ai1 do not commute among eachother any longer. The net result of the change in the symplectic structure isthat we have to add some X-dependent piece to the operator representationof Ai1: Ai1 = i ��X i + #fieldi (X): (C.8)The new quantity #fieldi is a symplectic potential to the non-trivial part 
fieldtopof the symplectic form, i.e.#fieldtop = I #fieldi dX i(x1)dx1 (C.9)is a solution to the equation
fieldtop = d#fieldtop (locally) : (C.10)#fieldtop is not unique and may be chosen in many ways. If !top belongs to atrivial cohomology class, (C.10) may be solved globally. Any choice for #fieldithen corresponds to the choice of a trivialization of this line bundle. If, on theother hand, !top belongs to some nontrivial cohomology class, we can speakabout a solution to (C.10) only locally. Still any choice of a local potential#fieldtop corresponds to a local trivialization of the quantum line bundle withinsome chart. Within the latter, quantum states may be represented again asordinary functions 	[X] on the loop space and (C.8) gives the correspondingoperator reprensentation of Ai1.Let us �nally write down the new quantum Gauss law. Within a localchart on the loop space it takes the form:i �@X i + P ij#fieldj �	 = P ij ��Xj	 : (C.11)For non-singular forms #fieldtop these constraints yield a restriction to function-als with support on loops lying entirely within some symplectic leaf again.(This holds true also for a singular #fieldj , as long as its contraction with29



the Poisson tensor P ij vanishes). To see this, just use the �rst k coordi-nates X i to parametrize the symplectic leaves in any considered region ofN . Then (C.11) yields @X i	 = 0 for i = 1; :::; k. So, strictly speaking, thephysical wave functionals will be distributions that restrict the loops to lieentirely within symplectic leaves. The remaining n�k equations (C.11) thendetermine the form of 	 on each leaf.Let us show this for trivial cohomology of the de�ning three-form in (C.3),i.e. for the special case that !top = d#top (C.12)globally on N . Then #fieldj = #(top)jk (X(x1)) @1Xk(x1) globally on the phasespace. To �nd the form of 	 on a given symplectic leaf S, we multiply (C.11)for i = k+1; ::: ; n by 
li from the left (cf. Eq. (59)). The resulting equationcan be integrated easily to yield:	 = 	0 exp�i Z d�1(
 + #top)� (C.13)where 	0 is an integration constant, which, however, may depend on the cho-sen symplectic leaf (and, if S is not simply connected, also on the homotopyclass of the argument loop of 	). 	0 may be regarded as the evaluation of 	on some reference loop on S and the phase is determined by the integrationof the two-form 
+ #top over a two-surface that is enclosed between the ref-erence loop and the argument loop of 	. Independence of the choice of thechosen two-surface requires, e.g. for a simply connected S:I� 
 + #top = 2�n ; n 2 Z ; (C.14)for all two-cycles � 2 S. This generalizes the integrality condition (63),which corresponds to #top � 0. (C.14) is a well-formulated condition, as theinvariance requirement for (C.3) under the symmetries of (C.1) may be seento imply that the restriction of #top onto any symplectic leaf must be a closedtwo-form (while, certainly, #top will not be closed in general on all of N).For a truely topological term (C.3) equation (C.12) holds only locally.Still (C.13) provides the local solution to the quantum constraints (C.11) inthe space of loops on S. However, as the form #top is not de�ned globallyon S in general, the global integrability for (C.11) does not have the simple30



form (C.14). Instead the use of various charts in the line bundle over theloop space will be unavoidable to determine integrability of (C.11) on a leafand thus the existence of a quantum state located on that leaf. We will notstudy this problem in full generality here further. Rather we will restrict ourattention to the GWZW model in the following.Everything that has been written above applies to the GWZWmodel, too,except for one small change: Actually, the correct Gauss law for GWZW isnot Gi � 0, but �iGi � 0 ; (C.15)where the matrix-valued coe�cients �i have been de�ned in (C.4). To seethis, we recall that the constraints of the GWZW model, given �rst in Eq.(19), result from a variation for � / a� within the action. According to(43) Ai0 di�ers from (the components of) � by Ai0 = tr ��i. So the correctGWZW Gauss law (19) may be rewritten as (C.15). For loops inside theGauss-decomposable region of G this is equivalent to the old form of theconstraints Gi = 0, since on that part of G the di�erence corresponds merelyto a change of basis in T �G. However, as � becomes singular at that lowerdimensional part of G where the Gauss decomposition breaks down, theconstraints (C.15) have somewhat di�erent implications than Gi = 0 in thatregion.This consideration applies also to the quantum constraints; we have tomultiply (C.11) by �i from the left. The result is��i@X i + �iP ij#fieldj �	+ i�iP ij ��Xj	 = 0 ; (C.16)or, equivalently, g�1" @1g" � g�1# @1g# + �iP ij#fieldj + 2�ik ��hh!	[g0; h] = 0 : (C.17)The part �iP ij#fieldj , which may be rewritten also as the insertion of thevector �eld (2�=k)(�=�h)h into the one-form #fieldtop = #field� , is the new con-tribution from S� that has been dropped in the derivation of (34).It is not di�cult to see that for loops that lie at least partially outsideexceptional conjugacy classes ('critical region') in G one may solve (56) in-stead of (C.16) or (C.17). Indeed close to any part of the loop outside the31



critical region we may use (C.11) as the quantum constraint, because (C.4)is invertible in that part of G. But as argued above this restricts the loop tolie entirely within a symplectic leaf outside the critical region in G. For suchloops now we may always choose#fieldi � 0 ; (C.18)as 
field� vanishes on that part of the phase space. This justi�es that in themain text we dropped the contributions from S� (as well as the multiplicativefactor �i) and restricted our attention to the solution of (56). Also we hadnot to think of a non-trivial quantum line bundle in this way. The mainpart of the states could be obtained within one local trivialization of the linebundle, given by (C.18).What has to be considered separately only are possible states that havesupport on loops lying entirely within the critical region of G. In this casethe full quantum constraints (C.16) have to be taken into account. It is alsoin this region of G, furthermore, where the notion of symplectic leaves andconjugacy classes do not coincide. From (C.17) we learn that it is preciselythe modi�cations of (56) that restore the adjoint transformations as symme-tries on the quantum level. � diverges precisely where P vanishes so as togive rise to the �nite contibution (�=�h)h in (C.17). As a result there willcorrespond at most one quantum state to an exceptional conjugacy class,even if the respective orbit splits into several (possibly in part integrable)symplectic leaves.Let us now specify our considerations to G = SU(2). In particular wewant to determine all quantum states within our approach. For this pur-pose let us �rst consider the splitting of SU(2) � S3 into conjugacy classes.Parametrizing conjugacy classes by (cf. also (B.6))12tr g = Re(z) =: cos � = const ; � 2 [0; �] ; (C.19)we �nd that, topologically speaking, these orbits are two-spheres for � 2(0; �) and points for � = 0; � $ z = �1. Only one of the conjugacy classesis 'exceptional'; it corresponds to � = �=2 $ trg = 0. Parametrizing thiscritical S2 by polar coordinates � and # := arccos Im(z), the part C of SU(2)on which the Gauss decomposition is not applicable is identi�ed with theequator # = �=2 of this two-sphere. 32



So the picture we obtain is that N = S3 is foliated into two-spheresexcept for its 'poles' z = �1. The 'equator' of the three-sphere, itself anS2, is what we called an exceptional conjugacy class. The equator C � S1of this S2 is precisely the subset of N = G where the Gauss decompositionbreaks down and, correspondingly, where the support of !top = $ lies. Theexceptional conjugacy class splits into several symplectic leaves: the Northernpart of the S2, its Southern part, and the points of the equator C, where Pvanishes. According to our general considerations above, this splitting is,however, irrelevant; there will correspond at most one quantum state to theexceptional conjugacy class.On the other hand there corresponds precisely one quantum state to anyintegral (non-exceptional) conjugacy class, as all of these orbits are simplyconnected. So let us evaluate the integrality condition (63) for the non-exceptional conjugacy classes in SU(2). From (66) we �nd that in the coor-dinates (B.6) 
 = ik2� dzz ^ d� : (C.20)In the parametrization (C.19) for the adjoint orbits this yields for the integralof 
 over the respective two-spheresZS2 
 = ( 2k� ; � 2 [0; �=2)2k(� � �) ; � 2 (�=2; �] (C.21)Here we have taken into account that the imaginary part Im(z) of z runsonly from � sin � to + sin � since jzj � 1.For the critical orbit at � = �=2 the symplectic volume (C.21) becomesill-de�ned. This comes as no surprise. Here obviously the choice (C.18)does not apply for all loops on the critical conjugacy class. Still the correctintegrability condition may be guessed from a simple limiting procedure:From (C.21) we obtain lim�!�=2 ZS2 
 = k�: (C.22)It is plausible to assume that the critical orbit will carry a quantum state,i� again (C.22) is an integer multiple of 2� (cf. Eq. (63)).In fact, one can prove that this is indeed correct. To do so one mightuse two charts in the quantum line bundle. First (C.18), which works for all33



loops that do not intersect the equator C of the critical conjugacy class. Andsecond,#� := k2� �1z + i� dz ^ d� �! #fieldi = k2� �1z + i� (dz @1�� @1z d�) :(C.23)This second chart is applicable to all loops on the critical conjugacy class thatdo not touch its 'pole' z = �i. The solution to the full quantum constraints(C.16) has again the form (C.13) within the respective domain of de�nitionof the two charts. Now one might regard the value of the wave functional inboth charts for two small loops close to the pole z = �i, one of which withwinding number one around this pole, the other one with winding numberzero. In the �rst chart continuity of the wave function implies that thewave functional will have basically the same value for both loops. In thesecond chart the two loops are separated from each other by a two-surfacethat encloses basically all of the critical S2 (since in this chart the �rst loopmay not be transformed into the second one through the pole z = �i, butinstead one has to move through the other pole z = i); this gives a relativephase factor of the wave functions in this chart that may be determined bymeans of (C.13). The corresponding phase need, however, not be a multipleof 2�. Instead, the result of chart two has to coincide with the result of chartone only after taking into account the transition fucntions between the twocharts. (Note that both loops lie in both charts). In fact, for the �rst loopone picks up a nontrivial contribution to the integrality condition from there.Further details shall be left to the reader. In any case the result coincideswith the one obtained from the limit above. So one �nds that there exists aquantum state with support on the critical orbit � = �=2 for even values ofk and no such a state for odd values of k.Let us remark here that in the latter case all 'physical' quantum states,i.e. all states in the kernel of the quantum constraints, may be describedwithin just one chart of the quantum line bundle (as e.g. by (C.18)). So, therestriction to physical states may yield the originally non-trivial quantumline bundle of a coupled model (C.2) to become e�ectively trivial.Summing up the results for G = SU(2), we conclude that the integralorbits (i.e. the orbits allowing for nontrivial quantum states of the SU(2)-GWZW model) are given by � = n�=k, n = 0; 1; :::k.Now we want to compare this result with the current literature. Aco-34
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