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0 AND THE DIRAC OPERATOR.

KLAUS GANSBERGER

ABSTRACT.

In the present paper, we prove an abstract functional analytic criterion for an
elliptic linear partial differential operator acting on a domain in R™ to have com-
pact resolvent. This is applied to the -Neumann problem in weighted L2-spaces
on C™ to obtain necessary and sufficient conditions for existence and compactness
of the J-Neumann operator for a class of weight functions that is more general
than the ones considered in the literature up to now. As another application, we
give some embedding Theorems for certain weighted Sobolev spaces. Moreover,
we point out the relationship between the d-Laplacian and the Dirac operator in
real dimension two and prove a non-compactness result for its resolvent.

1. INTRODUCTION.

The subject of the present paper is the 9-Neumann problem in weighted L?-spaces
on C". The weighted -Neumann operator is the inverse of the weighted com-
plex Laplacian, see Section 2 for the precise Definitions. For background on the
0-Neumann problem, we refer the reader to [4], [10] and [7].

The weighted J-equation is one of the fundamental tools in complex analysis, for
various applications see e.g. [18]. Weighted problems also arise naturally when
studying the unweighted one: In the case of complete pseudoconvex Hartogs do-
mains it is known for instance, that the 0-Neumann problem can be reduced to a
corresponding weighted problem on the base domain, see [3], [21].

For the case of weighted spaces on C" it is known that studying the d-Neumann
problem is equivalent to studying certain Schrodinger operators (or Witten Lapla-
cians in the complex higher dimensional case) on R?", which comes from the absence
of boundary conditions, see [8], [14] and the discussion in Section 2.

The class of weight functions ® we are working with is the following. Let .A2%(C")
be the Bergman space of entire functions that are square-integrable with respect to
the weight ¢. Define the set

® = {p € PSH(C") N C®(C") | dim A > 1}.

Assuming the existence of an integrable holomorphic function is reasonable from the
complex analysis point of view. By a result in [11] (see also Section 2), smoothness
of the weight function is no restriction. The class ® is more general than the ones
considered before: In [8], M. Christ imposes a doubling condition on Ay as well
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as the condition fB Ayp > O for some fixed § > 0 and all balls with radius 1. An
approximation Theorem for doubling measures (Theorem 14 in [22]) combined with
Proposition 4.2 shows that in this case the Bergman space will even be infinite
dimensional. Confer also Propostion 1.10 in [8]. Similar arguments show the same
for the classes of weights in [14], [23] and [11].

2. PRELIMINARIES.

Let C™ be the n-dimensional complex Euclidian space and for z € C" denote the co-
ordinates by z = (21, ..., 2,). We will often use the identification C" ~ R*" without
pointing it out in particular, denoting the coordinates in R?" by (21,1, -, Tn,Yn)-
Let ¢ : C" — R be a plurisubharmonic and smooth weight function. Define the
space

P9 =€ =T [ 1P dp< o),

where 1 is the Lebesgue measure. By Lemma 2.3 in [11], assuming smoothness
of the weight function is no loss of generality when considering the 0-Neumann
problem. Similarly define L(o 1H(C", ), the space of (0, 1)-forms with coefficients in

L*(C", p) and L}, 4 (C", ), the space of (0,2)-forms with coefficients in L?(C™, ¢).
The weighted inner product in L*(C", ¢) is defined to be

<fag>so = o fg e % dp

and the norm || f||2 = (f, f),. Let A2(C") be the Bergman space of entire functions

belonging to L?(C", ). The d-operator on (0, ¢)-forms with coefficients in C§°(C"),
i.e., the space of smooth functions with compact support, is given by

5(2 lCLJdEJ) ZZ/ ande/\dZJ,

J

where Z/ means that the sum is only taken over strictly increasing multi-indices J.
We shall work with the maximal closure of this operator, which we again denote by
0. Consider the weighted 0-complex

LZ((C ;) —_ L?o,l)«c ;%) —_ L%o,z)«c ,$),

=% =¥
9y 9y

where 5:; is the adjoint operator to 0 with respect to the weighted inner product.
The complex Laplacian on (0, 1)-forms is defined as

Ly == %Z + 5:;5,
where the symbol [, is again to be understood as the maximal closure of the

operator initially defined on forms with coefficients in C5°. The weighted 9-Neumann
operator IV, is — if it exists — the bounded inverse of [,.

In the case of weighted spaces over C" there is a connection to spectral theory, see

[15], [14] and also [8]. Let D, := e~¥9,e¥, where we added a subscript to indicate
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the form-level on which the operator is acting. Then D, is a closed densely defined
operator on L?(C") and we denote its L*-adjoint by EZ. The D-Laplacians Elg] 0
and D&O’l) are defined to be Dfpo’o) = Eiﬁl and Dg] D= EIET + EZEQ, respectively.

If one denotes by
D¢
M pum—
v <azj8§k)jk

the complex Hessian of ¢ and defines its action on (0,1)-forms g = Z?Zl g;dz; to be

n 2
M,g = dz
& Z 048@ 9542k
j,k=1
one can write the expression for DEOO Y in the more elegant way
(2.1) O0Y =0 © Id +2M,,

see [14] for the computation. This kind of operator is called a Witten Laplacian.
Defining the magnetic Schrodinger operator A, acting on L?*(R?")

n o 0o\’ o 0o\’
2.2 A, =— 2 i 9 _,9%
22 ’ Z((&Cﬁzayj) +(0y]~ 23%) ’

J=1
we also notice that
(2.3) 4000 = A, — Agp,

. . . 2 2 .
where A means the ordinary “negative” Laplacian, A = 377 | % + 88—y2. A Pauli
J J

operator is a special kind of a Schrodinger operator — for Pauli operators, the electric
potential and the magnetic field coincide up to the sign. The precise Definition in
real dimension two is

0 > /a ?
2.4 Py=———iA — | = —iA + B
20 o= (g - ititen) - (4 - i) £ B
where 94 94
B =—2_=1
(z,9) =5 oy
By Pj([j ) we mean the Pauli operator obtained by taking A; = —¢,. and Ay = ¢,;.

Consequently, we have 4D<(p070) = Z?Zl PY and in complex dimension one, 4D<(p0’1) =

P.. Note that with this Definition, the magnetic potentials A; in general depend
on all variables z;, 1 < k < n.

Let £ be the space of bounded linear operators on Li(@”). For a closed, densely
defined operator A on Li we define the resolvent set of A to be

p(A):={\AeC:(A-))""teg}

To be more precise, A € p(A) if and only if (A — X) : dom(A) — L2 is bijective
and its inverse is bounded. By the Closed Graph Theorem, it suffices to check that
A — X is bijective. The complement of the resolvent set is the spectrum

(2.5) a(A) =C\p(A)

of A. The essential spectrum of A, o.ss(A), is the set of all A € o(A) such that A— A

is not a Fredholm operator. The discrete spectrum o4(A) of A is the complement
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04(A) = 0(A) \ 0ess(A). Note that o, is not necessarily a closed set. With these
Definitions, a point in the discrete spectrum corresponds to an isolated eigenvalue
with finite multiplicity. A point in the essential spectrum is either an eigenvalue of
infinite multiplicity, an accumulation point of eigenvalues or a point in the interior
of o(A), the so-called continuous spectrum. To give an example, for a compact
operator A it always holds 0 € o¢s5(A).

The function

Ra:p(A) = & A= (A=N)""

is the resolvent of A. We say that the operator A has compact resolvent, if there
is some A € p(A) such that the resolvent R4()\) is a compact operator. By the
so-called first resolvent identity

Ra(A) — Ra(N) = (A= XN)Ra(A)Ra(N)

for all A\, N € p(A), it follows that in this case the resolvent R4(\) is compact for any
A € p(A). This is also equivalent to the statements oes(A) = 0 or o(A) = g4(A).
The interested reader can find more details in any introductory book on spectral
theory, see for instance [27] or [16].

It is essentially contained in [14], that N, is a compact operator if and only if

Dg) D has compact resolvent, confer also [15]. Similarly it can be shown that N,

is bounded if and only if Dg)’l) is strictly positive, i.e., there is € > 0 such that
(@O Yy, u) > elu, u) for all u € dom(OP).

3. SOME FUNCTIONAL ANALYSIS.

Let us start by taking a closer look at our operators.

Lemma 3.1. The kernel of the Schrodinger operator 4L, (©0.0) = A, — Ay consists

exactly of those L*(C™)-functions of the form u = fe™%, where f s holomorphic.

Proof. We have 41:!(0 0= — 4D, D;. Soif D(OO f =0forsome f € dom(D(OO ), then
DD, f =0, hence also | Dy f||> = 0 and the kernels of 0% * and D; coincide. But
since Dy = e~¥0;e?, the statement is obviously true for D, so the Lemma follows.

U
Lemma 3.2. Let u= fe ¥ € L*(C"). Then

n

4[:’50()’0)“ - Z [(fa:g:vy + fyjyj) - 2(50953' - Z'(,Dyj) (f% + ifyj” e””

J=1



Proof. The proof is a straight forward computation:

n O 2 o 2
Ap(fe ) =— Z [(87 +i90yj> + (@ - i@za‘)

(fe™)

J

== (ai + wyj> (fas 2 + fou,e ? +ifipye )
=1 N
— Z (i - igpx.) (fy,e % = foye? —ifoye?)
]:1 ay] J J J J

= - Z (fl’jl'j + fyjyj) 6_80 - 2(9036] - Z'QOyj) (fiU] + ifyj> 6_Lp + Aspfe_(p
j=1

U
Lemma 3.3. Let u = fe % € Cg°(C"). Then

2
e 2?du

n

O =3 [

J=1

of
0z,

Proof. It obviously suffices to do the calculation in one variable. By Lemma 3.2,
we have

- _9fdp
- _8f a _
= _A QLpd _4 de ‘

Since f has compact support, we can integrate the second term by parts and the

Lemma follows from 4%{; = A.

O
The following Lemma gives a functional analytic characterization of precompact sets

in weighted Lebesgue spaces.

Lemma 3.4. Let Q C R" and A be a bounded subset of L*(Q,¢). Then A is
precompact if and only if the following two conditions hold:

(1) for all ¢ > 0 and all " CC 2 there exists 0 > 0 such that

|7nf = fllzre) < ¢

for each h € R™ with |h| < 0 and all f € A, where 7, f(x) = f(z + h).
(2) for all € > 0 there exists Q. CC € such that

I fllz2@0ep) <€

for each f € A.

For the proof we refer to [1], Theorem 2.32. See also [6], Corollaire IV.26.
The next Proposition is a reformulation of Lemma 3.4 and will be the basic tool
in proofing our results. A variant of it fitted to the 0-Neumann problem already

appeared in [13]. One should also compare the Main Theorem in [19].
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Proposition 3.5. Let T' be a linear partial differental operator acting on dom(T),
which is closed, densely defined and elliptic in the interior of 2. Let T3 be its adjoint
in L*(Q,¢) and set P =T;T.
Then the follwing are equivalent:
(1) P has compact resolvent.
(2) The ingection j, of dom(T') equipped with the graph norm u — || Tul|, into
L2(2, ) is compact.
(3) Let L be the unit ball in dom(T') with the graph norm. Then for all ¢ > 0
there is Q. CC § such that ||ul| 20, < € for allu € L.
(4) There is a smooth function A, such that A\ — oo for z — 0Q and

(Pui), = | AuPe dy
Q
for all w € dom(P).

Proof. Let P! be the inverse of P and let j, be the injection of dom(T) into
L*(Q,¢). We first show that P~' = j, o j%. For all u,v € dom(P) it holds
<u)U>Lp = <u7jcpv>90 = <]:;u7 U)qu
and on the other hand
(u,v), = (PP u,v), = (TP u, Tv), = (P u,v) g,
Hence, P! = J, as an operator to dom(T') and consequently P~! = j, o Jp as an
operator to L*(€, ¢). This proves the equivalence of (1) and (2).

Now we show (2) = (3) = (4) = (2). Suppose that the injection j, is
compact. Hence £ is precompact in L?(€, ), thus (2) = (3) by Lemma 3.4.

If (3) holds, then by linearity of T for all ¢ > 0 there is 2. CC €, such that
ull 20, < €llullr for all u € dom(T'). Thus for all u € dom(T):

/ lu|?e™*du < / 1-|ulfe™*?dy + / 2 |ul?e”*dy + / 4 - |luPe*du+ ...
0 2\0y Q,\0 05\

-

1
8

ool

%
< 2 [|ull7-

Hence it is clear that one can find a smooth function A tending to infinity at the
boundary of €2 such that

(Pusu), = lulf = [ AuPedy
Q

for all u € dom(P).

Finally suppose that (4) holds and let £ > 0 be given. Choose M such that 1/M < e
and Q); CC Q such that A > M on Q\ Q). Since by positivity of P we can without
loss of generality assume A > 0 on 2, we have for all u € dom(P)

A
fully < [ fuPe s [ ke
Qnr \Qpm

<llullZ2@p.) + ellullz,

which implies compactness of the embedding since dom(P) is dense in dom(7T') and
”'”%2(33,@) is strictly weaker than ||.||% by Garding’s inequality combined with the
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Rellich — Kondrachov Theorem.

O

Remark. This generalizes the Main Theorem in [19], where the same result was
proven for Schrodinger operators with electric potentials that are semibounded from
below.

If C5°(Q) is a core in the form domain, one can push the analogy to [19] even further
by also adding the bottom of the spectrum of the Dirichlet realization to the picture.
This is, P has compact resolvent if and only if the lowest eigenvalue of the Dirichlet
realization of P in Q\ K tends to infinity for j — oo, for any sequence of compact
sets K; exhausting (2. Note that if 2 = R", then C§° is always a core.

Remark. The Proposition holds in particular for 7 = 9 @ 52 and P = T7T =
%; + 5;5. In this case, dom(T) = dom(d) N dom@;).

4. ON THE DIMENSION OF THE SPACE A?(C")

In this Section we present a result due to I. Shigekawa ([25], Lemma 3.4) which will
be useful to determine wether a weight function belongs to the class ®. We can give
a simplified version of the proof, avoiding arguments involving Kahler manifolds and
even yielding a slightly sharper result by also making a density statement, see [24].
First we prepare the following Lemma.

Lemma 4.1. Let g(z) = log(1 + K|z — £|?) and K > 0. Then for all w € C" it
holds

K - K )
(1+ Kz - Z az]az Wk = 14+ K|z — §|2‘“"
Proof. Without loss of generality we can assume ¢ = 0. Differentiating, we find
&9 o KZam o Ko
02,;0Zy, (14222 14 K|z|?
K
:(1 + K|2?)2 ((1+K’Z‘ )0k —KZ]Zk)
and hence
0%g K
— ww, = —————((1 + K|zH)|w|? — K|{w, 2)|?).
- 0z;0Zy, 37k (1+K|z|2)2(( |2[%)w] K >|)

This last line makes the statement of the Lemma immediate.

O

Proposition 4.2. Let ¢ be a weight function of class C* on C™ and denote by \i(2)
the lowest eigenvalue of the complex Hessian of p. Suppose that it holds
(4.1) lim |z|*A1(2) = oo.

2| =00
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Then the weighted Bergman space .A?O(C”) is dense in H(C™), the space of entire
functions, in the topology of uniform convergence on compact sets. In particular
dim .Ai = 00.

Proof. By assumption on A (z), there exist R > 0 and s > —2 such that A\;(z) > |z|°
for all |z| > R. So we can find € > 0 such that A\ (z) — |Z|+_E > 0 on the complement
of a compact set. According to Lemma 4.1

)

. 9%(log(1 + |]) L
— wWg, > —————|w|
D S L (R
hence we can choose an integer N large enough for
1
U(2) = p(2) = 12" + Nlog(1 + |[)
to be a plurisubharmonic function. By Theorem 4.4.4. in [18], the space
A={f:feH(C")and 3K st. / F(1L+ |22) K e dp < o0}
Cn

is dense in H(C"). Hence it suffices to show A C A2. To this end choose any f € A
and note that

|f|2ef<p(z)d)\ _ |f‘Qef\Ilfs%|Z\E+N10g(1+|z|2)du
Ccn Ccn
— — —|z|E 2
= [ |fPO+ [P e (1 [z e dp
Ccn

—|z|E 2 _ _
Ssug{(lJr!ZIQ)K*Ne A }/ [P+ [2?) e dp
zeCr Cn

<00,

since (1 + |z[2)K+Ne~:/¢* is a bounded function.
U

Remark. Note that we do not assume plurisubharmonicity of the weight function
in Proposition 4.2.

5. COMPACTNESS.

Theorem 5.1. Suppose that 4Dg)’0) = A, — Ay acting on L*(C") has compact

resolgznt. Then Ai = {0}. In particular, DES’O) has non-compact resolvent for all
p € d.

Proof. Combining Proposition 3.5 with Lemma 3.3, compactness of the resolvent

of Dfpo 0) implies
4 E /
j=17¢"

2
e 2Pdu 2/ N fPe 2 du
(Cn

8

of
0z,




for some function A with A — oo as |z| — oo and all f € C5°(C™). Without loss of
generality we can assume that A > ¢ > 0, since the resolvent of D&O’O) is in particular
bounded, which is equivalent to (Dg)’o)f, f) > el fl]? for all f € dom(Dg)’O)).

Let {xr}ren be a family of smooth cut-off functions which are identically one on
Bg, supported in Br,; and have uniformly bounded first order derivatives. In fact,
we can assume that sup |[Vxg(z)| < 2. Now let h # 0 be an entire function. Then
xrh € C3°(C™) and by assumption we have

2 - IXr
s / ey |
7=1

supp(VXR)

2
e dy > / ANxrh|?e”*dpu,

supp(XR)

since h is holomorphic. Using the assumption on the derivatives of x g, we have

8 / |n|?e"*2dy > /)\\XRhFez“odu > 5/ |h|?e™*?du > § > 0,
Bry1\Br Br B

yielding that

=3 [ Ibee o
RGN]BR+1\IBR

can not be finite.

U

Theorem 5.2. Let ¢ € ®. Then A, acting on L*(C™) has compact resolvent if and
only if Np — o0.

Proof. Since A, > Ay in the sense of self-adjoint operators, Ay — oo is
sufficient for compactness of the resolvent by Proposition 3.5 or general well-known
facts about Schrodinger operators, see for instance [19].

Suppose conversely that A, has compact resolvent. By Lemma 3.3 and Proposition
3.5, there is a function A such that A — oo for |z| — oo and

B =13 [

for all uw € Cg°. Without loss of generality we can assume A to be the best possible
of all such functions, i.e., A(z) = sup A(z), where the supremum is taken over all
smooth functions A such that A, > A. Thus, A is at least measurable and since
Ay, > Ap, we have A > Agp a.e. in particular.

Suppose now that there is a set F of positive measure such that A > Ay a.e. on E.
This set must contain an open set U and by possibly shrinking U we can assume
that there is ¢ > 0 such that A — Ag > ¢ a.e. on U. Then

oy Rk

DYy

Jj=1

2
eZSOd/L—i-/ A<p|u|2e2“”du2/ Nul?e™**du
o cr

o
0z,

2
e Pdu > / (A — Ap)|ufPe **dy > 5/ lu|?e™2?dy
n U

and similarly to the proof of Theorem 7?7, we deduce that dim A;f, = 0 which con-
tradicts our assumption ¢ € ®. Hence Ay = X a.e. and in particular Ay — oo for

O



Remark. Note that our arguments heavily rely on the quite special form of our
operator. For general Schrodinger operators, the connection between the magnetic
field and compactness of the resolvent is much more involved. Cf. the examples in
[19] and see in particular Theorem 1.2 in [20].

Note that it is also crucial that there is no boundary in our situation to be able to
choose the gradients of the cut-off funtions uniformly bounded.

Remark. In complex dimension one, the Theorem states that if ¢ € ®, N, is
compact on L?*(C,y) if and only if Ay — oo. This should be compared with
Theorem 1.3 of [23], where it is proved that if Ay defines a doubling measure,
compactness of N, is equivalent to

Pp(2)” = A dp — o0
B(z,1)

for |z| — oo. In that case, ¢ can be regularized, see Theorem 14 in [22]. If Ay
is doubling, then there is a smooth function ¢ such that |p —¢| < C and Ay ~
piz ~ p%. We have ¢ € ® by Proposition 4.2. So in case that Ay is doubling and
" >
p;l % N, then Afp can not contain a non-trivial entire function.
Corollary 5.3. Suppose that n =1, ¢ € ® and that N, is a bounded operator on
L*(C, ). Then dim A% = oo.

Proof. If N, is bounded, then there is ¢ > 0 such that (A, f, f) > || f]]* for all
[ € dom(A,). By the same arguments as in the proof of Theorem 5.2, this implies
that Ay > . Thus it remains to use Proposition 4.2.

O

Corollary 5.4. Suppose that ¢ € ® and suppose that the 0-Neumann operator N,
is compact on L*(C™,¢). Then Ap — oo for |z] — oc.

Proof. Since ¢ is plurisubharmonic, all eigenvalues of the complex Hessian are
positive. Thus we can estimate M, in (2.1) by its trace:

1
0,1 0,0
Ooeb < (Dfp >+§A¢) ®Id <20, @ Id.

If N, is compact, Dfpm) has compact resolvent, hence also A,. Thus the Corollary
follows from Theorem 5.2.

O

Remark. For plurisubharmonic weight functions, Ay is of the same order as the
largest eigenvalue \,, of the complex Hessian. So Corollary 5.4 gives a necessary
condition for compactness of N, on A,, which should be compared with sufficent
conditions on the lowest eigenvalue A;, see [14], [11] and [12]. From there it is
known, that the 0-Neumann operator N,, is compact if \; — oo for |z| — co. This
now follows also easily from Proposition 3.5, since O, = (9 + 5:;)(5 + 5;)* and
O, > M, > A; in the sense of selfadjoint operators.

Remark. Let \{, ..., \, denote the eigenvalues of the complex Hessian of ¢ ordered
increasingly. Suppose there is a smooth form f = ) fidz) such that M,f = \; f
and suppose that f; € A?O are holomorphic. Then, if N, is compact, necessarily
A;j — oo for |z] — co. This can be proven similarly to Theorem 5.2.

10



6. WEIGHTED SOBOLEV SPACES.

As another application of Proposition 5.2, we revisit in this Section notions of
weighted Sobolev spaces, which appeared in [5] and were used in [11] to show com-
pactness results for the 9-Neumann operator. Confer also [12], Section 4.

Definition 6.1. Denote the coordinates in R™ by (z1,...,x,). Let

Hy(R") :={f € L*(R", ) : % € L*(C", ) for 1 < j <n},

with the norm

of
8ZL’j

n 2
AT, = 1115+ :
j=1 ¢
The main result of this Section is the following.
Theorem 6.2. The injection H(R") — L*(R™, ) is never compact.

Proof. By Proposition 5.2, this injection is compact if and only if there is a
function A such that A — oo for x| — oo and

2L

for all f € C3°(R™). Similarly to the proof of Theorem 5.1, this forces 1 ¢ LZ(R™).
But on the other hand it was shown in [2], Theorem 3.3, that 1 € LZ(R") is a
necessary condition for compactness of this embedding.

2
= [ NfPd
Rn

O

Definition 6.3. For j =1,...,n let
0 Op
X, = — 9%
J (9!13]' al'j
and define
HY (R, 0, V) = {f € L*(R", ) : X;f € L*(R", ) for 1 <j <n},

with norm
A2 w0 = IFI2 + D IXGFI2
j=1

Let moreover HY(R™, ¢, V) be the closure of C5°(R™) under the norm defined above.

Theorem 6.4. Suppose that the weighted O-Neumann operator N, is compact on
L*(Q,¢). Then HY(Q,p, V) is compactly embedded in L*(Q, ).

Proof. Let us first consider the complex one-dimensional case. Then, compactness
of N, implies compactness of the resolvent of DD". Thus by Proposition 3.5, there
is a function A such that A — oo for z — 902 and

[ Adn < [ 107 ppdn= |

11

2

af 9y

0z 0z




for all f € Cg°. Hence, by triangle inequality, also

/ A f 2y < / (X0 P + 1 Xaf P)dp,
Q Q

which shows compactness of the embedding Hy (€2, p, Vi) — L*(Q, ¢) for Q C C.

In higher dimension, compactness of N, on the level of (0, 1)-forms implies by stan-
dard arguments compactness of the -Neumann operator on (0, n)-forms. There,
one easily checks in complete analogy to the one-dimensional case that compactness

implies
[ AP < [ S15; 1P
0 Qi
0

where D; = e ¥o-e’. So the conclusion follows as before.
J

O
Remark. For any domain €2 C R”, one can characterize compactness of the in-
jection W"P(Q2) — LP(2) in terms of capacity, see Theorem 6.19 in [1]. Setting
v = 0 and combining this with the Theorem, one gets necessary conditions on €2 for
compactness of the unweighted 0-Neumann operator on unbounded domains.

7. DECOUPLED WEIGHT FUNCTIONS.

Proposition 7.1. Let n > 2 and let p : C* — RT be a plurisubharmonic decoupled
weight function, i.e., of the form

p(z) = Z ©i(25)-

Suppose that p; € ® for some j € {1,...,n}. Then the 0-Neumann operator acting
on L*(C", ) is not compact.

Proof. It was shown in [14], Section 6, that for decoupled weights compactness
of the canonical solution operator to 0 implies compactness of the resolvents of the
Pauli operators

o 0o\’ o 0o\
pY— (= ;) () A
+ (8xl Z&y;) (ayz —H@xl iz, i)

for all 1 <1 < n. The reason is that in this case Dg)’l) acts diagonally on (0, 1)-forms,
each component Sy of the diagonal being
§.= Y PO 4 P
7k
and that the operators Pj(tl ) act separately in each variable, cf. also [15]. By assump-
tion ¢; € ® and by Theorem 5.1, PY has non-compact resolvent, which proves the
Proposition.

U
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Corollary 7.2. Suppose that ¢(z) is plurisubharmonic and of the form

©(2) = p1(21) + pa(22) + @3(23, .. -, 2n).
Suppose furthermore that o € ®. Then N, is not compact.

Proof. By the assumed form of ¢(z), an easy computation shows that

1
Dfao’l) (U1d§1> = Z (Pj_l) + P£2) -+ Alpg — A(pg) uldil.
Hence compactness of IV, implies compactness of the resolvent of PP since the
operators are acting in each variable separately. So the Corollary follows from
Theorem 5.1.

O

8. THE DIRAC OPERATOR.

In mathematical physics, the Dirac equation describes the behavior of a “free” rel-
ativistic particle, see e.g. [26]. In the real two dimensional case, the Dirac operator
D acting on L*(R?) @& L*(R?) is defined by

(8.1) D=o (—z% - Al(x,y)) + 09 (—z% — Ag(:c,y)) ,

where the standard choice of the matrices o; is

(8.2) 01:((1) é) and 02:(? _OZ)

There is also a notion of the Dirac operator in real dimension three, see e.g. [17]. It
is conjectured that in real dimension two, the Dirac operator never admits a compact
resolvent, cf. [9], [17]. The main result of [17] is the following: Let

me(x) = Y_ [0°B(z)] and  m'(x) =1+ my(z).

lal=qg—1

Suppose that there exists a sequence of pairwise disjoint balls each one of radius
greater than 1, such that

(8.3) mei1(x) < Cm'(x)

holds on the union of these balls. Then the Dirac operator has non-compact resol-
vent.

Note that this condition is for instance satisfied, if the magnetic potentials are poly-
nomials.

Our condition does not make assumptions on the derivatives of the magnetic field,
but on its structure and growth. The reader can easily convince himself that there
are function satisfying the assumptions of Theorem 8.1 but not (8.3) and vice versa.

Theorem 8.1. Suppose that the magnetic field

0A 0A
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is of the form B = Ay for some function . Suppose furthermore that there is an
entire function, which is square-integrable with respect to the weight e=2¢. Then the
Dirac operator has non-compact resolvent.

Remark. Note that one can always solve Poisson’s equation to find such a function
. By Proposition 4.2, the assumption of the Theorem is for instance satisfied if
B(x,y) > (z*+y?*) 2. Note also that the case |B(z,y)| — 0 is covered by the result
in [17].

Proof of Theorem 8.1. Suppose that D has compact resolvent. Then also D? has,
since

M —1)t=D—i) ' (D+q)"
It is a standard fact that for the square of the Dirac operator it holds

P, 0
2 _ (1+
o (% 9)
This implies that both P, have compact resolvent, which contradicts our assumption
by Theorem 5.1.

O
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