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ON THE BERGMAN REPRESENTATIVE COORDINATES

ZYWOMIR DINEW

ABSTRACT. We study the set where the so-called Bergman representative co-
ordinates (or Bergman functions) form an immersion. We provide an estimate
of the size of a maximal geodesic ball with respect to the Bergman metric,
contained in this set. By concrete examples we show that these estimates are
the best possible.

0. INTRODUCTION

Bergman representative coordinates were introduced by Bergman in [2] as a tool
in his program of generalizing the Riemann mapping theorem to C",n > 1. Their
usefulness is based (among others) on the fact that biholomorphic mappings become
linear when represented in these coordinates (See e.g., [12]).

It is hard to work with these coordinates mainly because they are not defined
globally even in the domain case, nevertheless some remarkable results were ob-
tained by using them. Lu Qi-Keng [17] proved that any domain with complete
Bergman metric of constant negative holomorphic sectional curvature is biholo-
morphic to the unit ball in C".

The so-called Bergman representative coordinates, respective to a point zy are:

n 5 0 K 7C
wi(z) = ;T (Zo)a_grj log ﬁ&%’

where K (z,¢) is the Bergman kernel of the domain Q and T7(z) is the inverse

. . 2
matrix of the matrix (T5(20))ij=1.n = (#82,‘ log K(z,z)) |Z:ZO (we refer

ij=1..n
to section 1 for all the definitions). ’
Looking at the definition one immediately comes upon two issues: Are the above
expressions well defined? Are they indeed coordinates?
Clearly in a small neighborhood of the point zy the answers to both questions

O(wi,..,wy) . . . .
D) |amzy is the identity matrix.

Concerning the first question, one immediately sees that the only possible ob-
struction which may appear is that K(z,{) may have zeros. This is the reason for
which studying zeros of the Bergman kernel attracted so much interest. Domains
for which the Bergman kernel is zero-free are known as domains satisfying the Lu
Qi-Keng conjecture or just Lu Qi-Keng domains. From nowadays perspective it is
known that virtually all (in a sense, see [5]) domains are not Lu Qi-Keng domains.
On the other hand it is clear that for fixed zg (as is in our case) the zero set of

are affirmative since
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the Bergman kernel will be an analytic set and hence w; are well defined almost
everywhere (on an open dense subset) in . This topological information is one of
the main ingredients in the Lu Qi-Keng’s argument [17]. On the other hand for
many geometric problems just topological information on the domain of definition
(since one already knows that there is no hope to define the coordinates globally in
general, but a local definition is at hand) is not enough. One would like to know
whether there are subdomains Q/, of these domains of definition, which are related
not to the topology but to the geometry of 2. In particular one would like to know
"how small” these neighborhoods of zy in which w; are well defined must be, can
one control them in a reasonable way (e.g., with dependence on the geometry of 2)
when the point zq is perturbed?

Even if well defined, the representative coordinates would have been useless if
they do not yield a basis of local vector-fields, i.e.,

£0

O(wi, .., wy)
8(21, ..,Zn)

should hold in a prescribed neighborhood of zy. Although these conditions still fail
to yield “coordinates” in the broad sense (since one does not have the injectivity
of the mapping z — (w1, ws, ..., wy,)!), this information will do for the purposes of
this article.

Quite unexpectedly it occurs that the functions w; are well defined in a geo-
desic ball of radius that does not depend not only on the choice of zy, but is also
independent of 2. Thus we have

(0.1) det

Theorem 0.1. Let Q cC C" be a bounded domain equipped with the Bergman
metric. For any zyp € Q The Bergman kernel K(z,zy) does not vanish in the
geodesic ball {z € Q : distq(z,20) < §}.

Here the geodesic distance is with respect to the Riemannian metric yielded
by the (Kéhlerian) Bergman metric. We note that Teorem0.1 is just a matter of
looking from a different viewpoint at known facts.

Concerning the problem of linear independency it comes out that (0.1) is satisfied
in a geodesic ball of radius that depends only on the Ricci curvature of the Bergman
metric.

Theorem 0.2. Let Q cC C" be a bounded domain equipped with the Bergman
metric. Let ¢ € (—oo,n + 1) be a global lower bound of the Ricci curvature of the
Bergman metric. For any zy € € the mapping

2 — (w1(2), wa(2)..., wn(2))"

is an immersion in the geodesic ball {z € Q : distq(z, 20) < Nﬁ}

The lower bound c is defined as usually as a constant for which Ric;; — cT}; is a
positive definite matrix.

In the theorem above we assumed that the Ricci curvature is bounded below.
This is not the case in general, see [7] and [20]. Note that the Ricci curvature
is the same as the sectional, holomorphic sectional and Gaussian curvature, when
the dimension is 1. Moreover, the example from [7], after delicate smoothing of
the boundary, where the annuli overlap, shows that even so strong assumptions
as being bounded smooth and strictly pseudoconvex except at a single point (at
which both smoothness and strict pseudoconvexity fail), which is a peak point
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for any reasonable algebra of holomorphic functions, are not enough to guarantee
boundedness of the Ricci curvature.

On the other hand for C? (see [10]) strictly pseudoconvex domains or for domains
of finite type in C2 (this fact is not stated explicitly in the literature, for nontan-
gential approach see [13]) one has a global lower bound for the Ricci curvature of
the Bergman metric.

Nevertheless, for any bounded domain €2 we have the following local substitute
for Theorem 0.2.

Theorem 0.3. Let Q cC C" be a bounded domain equipped with the Bergman
Ricij(z)Xin

metric. Let U C 1 be an open set for which  inf T ()X, X,

zeU
XeC™\{0}

> c. For any

zo € Q the mapping
z—= (w1(2)7w2(2’)...,wn(2))t

is an immersion in the set UN{z € Q: distq(z, z) < Nﬁ}

The proofs of both Theorem 0.1 and Theorem 0.2 are quite similar and consist
of using the Kobayashi construction (see [11]) of an imbedding in the infinite di-
mensional projective space and in the second case the target is also the projective
space, however one uses an imbedding due to Lu Qi-Keng (see[16]) in the infinite
dimensional Grassmannian, and the Pliicker imbedding afterwards.

It is also of interest whether the estimates in Theorem 0.1 and Theorem 0.2 are
optimal (whether the radii of the geodesic balls are the maximal possible). From
the point of view of Riemannian geometry the generic optimality of the radius
in Theorem 0.1 would mean that the Kobayashi embedding, restricted to a real
submanifold of € is totally geodesic and that the cut-locus of 2 lies outside {z €
QO : disto(z,20) < §}. Especially the first condition is very restrictive and hence
one would expect that the radius estimate is not optimal. In spite of this we prove

Theorem 0.4. For any € > 0 there exists a bounded domain Q. such that there
exists zg € Q¢ for which K(z,zy) has a zero in the geodesic ball

™

{z € Q. : distq_(z,20) < 5

+e}.

Concerning Theorem 0.2 the radius is not optimal since the theorem takes into
account the minimum and not the actual value of the Ricci curvature. However if
the right metric is assumed then a result of optimality does also hold

Theorem 0.5. For any € > 0 there exists a bounded domain Q. such that there
exists zg € Q. for which z — (w1 (2),wa(z), .., w,(2))" fails to be an immersion in

the whole geodesic ball {z € Q. : dista_(2,20) < § + €}
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also to thank professor Takeo Ohsawa for turning my attention to hyperelliptic
Riemann surfaces and professor Sigi Fu for pointing out the case of domains of
finite type in C2.
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1. THE CASE OF A BOUNDED DOMAIN IN C"

In this section  will be a bounded domain in C". Let ¢ = {¢p, ¥1, p2...} be an
orthonormal basis of the Hilbert space O N L?(9) of square-integrable holomorphic
functions on 2. The Bergman kernel of Q, K(z,w) = Kq(z,w) is defined as follows

(L1) K(zw) = pilz)pw
=0

With this kernel one associates a differential (1, 1)-form,

(1.2) V-1 Z z)dz; N dZ; = V=1 Z

3,j=1

82182'] log K (2, z)dz; A\ dZ;

In our setting this form will be everywhere positive definite and moreover one
easily sees that it is a Kahler form with global potential. The associated metric

Z? j=1 TijdzidZ; is called the Bergman metric and the square of the length of a

vector X measured in this metric at the point z € €2 is

(1.3) 32(z,X) = B3(2,X) : Z

,j=1
for any vector X € C". One defines the length of a piecewise C! curve
7:[0,1] 5t —~(t) €,

as

1
(14) ()= [ e o)
and the Bergman distance between two points z,w € 2
(1.5) distq(z,w) := inf{f(y) : v is a piecewise C* curve s.t. v(0) = z,7(1) = w}.

The Bergman distance is indeed a distance and hence endows €2 with the structure
of a metric space.
Further let g(z) := det(7};(2))i,j=1..n. Recall that

(1.6) V- Z Ricg;(2)dz; Ndzj := —v/— Z 9205 8 log g(z)dz; A dZ;

1,]1 ’L]—

is the Ricci form of the Bergman metric and let
(1.7)

\/—Z dz,/\dz]:—\/_z<n+1 S(2) +

1,7=1 3,j=1

2

6Zi85j

log g(z)) dz; A dz;.

It follows that this form is also positive definite (see e.g., [16]) in our setting and
Kéhler, with Kéhler potential log (K (z,z)""'g(z)). Slightly different construction
was assumed in [9]. As above one defines the square of the length of a vector
52(27)(), the length of a curve Z(’y) and distance dfstg(z,w) with respect to this
new Kahler metric.
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1.1. The Kobayashi embedding. The Kobayashi embedding is the holomorphic
embedding of the domain {2 into the projective space over the Hilbert space dual of
the Hilbert space L? N O(Q) which is naturally identified with the infinite dimen-
sional projective space CP>°. The construction goes as follows. Fix an orthonormal
basis ¢ = {0, 1, Pa.--}, p; € L2 N O(Q). The Kobayashi embedding is the map-
ping ¢k, defined by

23 2 = 1kop(2) = [(po(2), 01(2), 2(2), ...)] € CP*,

where the above notation is with respect to the homogeneous coordinates in CP>°.
One easily sees that

(1.8) tiop(2) = [{0, K (., 2)) L2 (o]-

What makes this construction so important is the fact that the embedding is
isometric in the sense that the pullback ¢}, ,wrs of the standard Fubini-Study
metric on CP*° is exactly the Bergman metric of . This combined with the
formula for the distance on the projective space gives one the following inequality
(see [4] or [3] and Proposition 4.1.6 therein):

Kzl
v K(z,2)K (20, 20)

It is clear that equality need not hold in (1.9).
Once one has (1.9), Theorem 0.1 follows easily, since arccos 0 = 7

(1.9) distq(z, zg) > arccos

1.2. The Lu Qi-Keng embedding. The Lu Qi-Keng embedding is in some way
similar to the Kobayashi embedding however the target manifold is different.
It is defined as

dp1 9¢0 dpa 9¢0 dpa 9p1
®o 0z1 Y1 0z1 ©o 0z1 ©2 0z1 ®1 D21 ©2 D21

N>z — : : : € F(n, 00),
Op1 9¢o Op2 9¢0 Op2 9p1

P08z, ~ Ploz, ¥058z, — P28z, ¥loz, ~ 25,
the infinite-dimensional Grassmanian of n-dimensional complex linear subspaces.
Here [-] is the class with respect to the following equivalency relation: Two n X oo
matrices A and B of rank n (representing n-dimensional subspaces) are equivalent
if and only if there exists a nonsingular n x n matrix C, such that A = CB.
It is implicitly assumed that if
P11 P12 .
_ . . 2 .
(1.10) p= : .|| €F(n,00), then Z'pii| < 00,7 = 1l..n.
Pn1 Pn2 i=1

It is proved in [16] that the pullback of the Fubini-Study metric of the Grassmanian
(OFs) which can be seen as the metric associated to the form

Tr((I, +2ZZ*) Yz NI+ Z*Z)"1dz*),
in local coordinates Z of the Grassmannian is
(1.11) LZW(Z;FS =(n+ l)Tg — Ric;3,

where Ric is the Ricci tensor of the Bergman metric (and hence coincides with

5(0)).
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One has that wgrg is itself the pullback via the Pliicker embedding of wrg in
CP>,

(1.12) OFs = UpjzWFS-

This is almost immediate generalization of the finite-dimensional case, however
the author was unable to find this result in the literature and hence a proof is
provided below. For the finite-dimensional Grassmannian this is done in [14], Satz
7.

Without loss of generality (by a transitivity argument) one can assume that
p € F(n, 00) lies in the subset of F(n,co) for which the matrix representing p,

pP11 P12 P11 P12
: : , for p = : L )
Prn1 Pn2 - Pn1 Pn2
P11 Pin
has the property that exactly the first n X n minor, is nonsingular.
Pn1- " Dnn
In fact every matrix representing the class p will have the required property. Let
211 R12 P11 Pin - Pin+1  Pin+2
7 : = R . .
2l Zna - Pl Dan Prntl  Prnt2

Then the matrix obtained by pairing the blocks (I, Z) represents p, moreover a

representative of this type is unique. One says that Z is the local coordinate of p
1 -+ 0 0

in the neighborhood of : Lo
0 --- 1 0

The Pliicker embedding sends the vector space spanned by the vectors vy, ..., v, €
C® into the element [v1 A -+ Av,] € P(A" C™) = CP*°, where P(A™ C*) is the
projectivization of A™ C*°.

In local coordinates this reads

— [(e1 + z11€n41 + z12€n42 + - )A
F(n,00)

A(ez + za1€n11 + 222€nt2 + -+ ) Ao Aen + Zni€ni1 + Zn2enya + - ) pan o>y =

Z1j1 "7 Rl

61/\"‘/\6n+ g det --. ej1+n/\"'/\ejn+n ,
(31,325 dn)# Zon i e 2
(—n+1,—(n—1)+1,...,0) nj1 Njn
Z1—n " 210
where we assume I =1,

Zn—n " Zn0
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The isomorphism of P(A™C*) with CP> is realized by enumerating lexico-
graphically
€s = €ji(s)4n N Eja(s)4n N N Ejy(s)4n
Because €y = e1 A ... A e, the local coordinate of the image of p in CP* will be

o0 Fja(s) " Fln(s)
Z det AP €s.
T i) i)

The Fubini-Study metric wrs is the metric associated to 99 log(1 + WW*), for
W = (wy,ws, ...), the local coordinate of w = [(1, w1, ws, ...)], the line with direction
€0+ D aoy Wsés in C.

The metric at the image point of (I,,, Z) is associated to

2
B 0o lel(s) e len(s)
00 log l—l-z det )
s=1

Znji(s) " Fngn(s)

which by the Cauchy-Binet formula equals 90 log det(I 4+ ZZ*) (there is no problem
with convergence here, by the assumption (1.10)).

We use the well known expressions for the derivative of the determinant and the
inverse matrix (all the notations are to be understood in the obvious sense).

ddet A = det ATH(A™'0A)
0A™ =AY (9A)A™!

det(I + Z2Z*)Tr((I, + 227) " 8 (I, + 227))

00log(det(I + ZZ*)) =0 et + 227 =

OTr((In + 22" 2dZ*) = Tr(— (I + 22°) " (0 (I + 22°7)) (I, + 22") " zdZ*+
(I, + 22°) " dzdz) = Tr((L, + 22°) " dZ(I — 2* (I, + 22°) " Z)dz")).
What remains is to show that
[— 2 (I, + 22" Z=(I+2"2)""
Multiplying with I 4+ Z*Z gives one

(=2 (I, + 22 DI+ 2°Z) =1+ 2°Z — 2" (I + 227 ' (Z + 22°Z) =

[+2°2 -2 (I, + 22°) (I, + 222 =1+ 2°2 - 2°Z = I,
hence
Tr(I, +ZZ*)YdZ NI+ Z*Z)"'dZ* = 00 logdet(I + ZZ*),
which proves (1.12).
Now combining (1.12) and (1.11) one has
(1.13) (n+ 1)T;; — Ricgj = L ol prawWFs-

And hence tpy; © Lru,, is an isometric embedding of §2 with the metric B to CP°
with the Fubini-Study metric. Now using the formula for the geodesic distance in
CP* one obtains, like (1.9), our main inequality
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dist(z,¢) >
arccos |(¢Pui © tLup(2)) (4P © tLup ()" _
(o712 g (N (er1a 2 g G (0712 © g ) e = g O
det ( K(z,¢)? -, log K(2,¢))
(1.14) arccos ( 910G, 8< )1,]:1..71

VAet(K(z, 2)°T;5(2))ij=1..n det(K(, O)?T;5())ij=1..n

In the expression for w; the term T7(z) is introduced for the sake of normal-
ization and is irrelevant when it comes to linear independency. Hence

2 — (w1(2), wa(2)..., wn(2))

is an immerison exactly when

z— ilOgK(27C) ilogK(z’C) ilogK(Z’o t
T EK(G Q) sy 0 T KGO ey 0T K (G 0) sy

is an immersion. The determinant of the Jacobian of the latter expression is
(1.15)

o 0 K(z,() ( 0? )
det — log = det =log K(2,C)|c=z, .
<32i ¢ K(C,Q) |g_z0> el 0z;0G; (e ij=1.n

Comparing (1.14) and (1.15) one notices that the zero-sets of the determinants
are the same, with possible difference of the singular loci. Hence for fixed zy the

nearest point z for which w = 0 must satisfy

(1.16) dist(z, z) > arccos 0 = g

Theorems 0.2 and 0.3 follow.

We note that the same conclusion can be obtained by directly calculating the
distance on the Grassmanian, however this is technically involved, see [1] for a
sketch in the finite-dimensional case.

Remark 1.1. Let W, denote the set {z € Q: K(z,20) = 0} and W, denote the

set {z € Q : det (K(z,zo) 5 ag log K(z,()|c= ZO) =0}. If n > 1 one has
~ Zi i,j=1..n
that W, C W,,.

Proof. Tt follows by a simple calculation that

2
det (K(z7 20)? 92,0,
06

0? 0
det <K(Z7ZO)62'—85K(Z,<)<_ZO — aK(Z,Zo)—_
106 7

When z € W, this reduces to

9
det <8—ziK(zvz°)6_<}K(z’o'4_z°) et

log K (2 c>.g_z0) -

i,j=1..n

since the matrix is of rank 1. O
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2. THE MANIFOLD CASE

The essential difference between the manifold and the domain cases is that there
do not exist coordinates in the large. Moreover in the compact case there are no
nonconstant holomorphic functions. Therefore one has to modify the construction
of the Bergman kernel and to employ forms of top degree instead of functions.

Let M be a n- dimensional complex manifold. The space of top degree holomor-
phic forms is denoted by H®(M, Kj;), which can also be viewed as the space of
global holomorphic sections of the canonical bundle Kj; over M. One can restrict
to the space H(OQ) (M, Ky ) = HO(M, Kpr) N L2(M, K)y) of square-integrable global
holomorphic forms of top degree, i.e.,

HYy (M, Kyr) = {f € HOM, Kyp) : \/—_1/ fAF < oo},
M

Now H ?2)(M , Kpr) can be equipped with an inner product

n2
0L Kw) 3 fg— V=T [ fagec,
This inner product turns H (02)(M , K5r) into a (possibly finite dimensional) Hilbert
space. Note that if M is compact Hy) (M, Kr) = HO(M, Kyy) and Hpy) (M, Kir) is
finitely-dimensional. Let ¢ = {¢q, ©1, p2...} be an orthonormal basis of H&) (M, Kyy).
The Bergman kernel form is
K=Y ¢;Ng;
j>0
In local coordinates one can write.
K(z,¢) = K*(2,()dz1 Adza A .. Adzy ANdli A Ca A .. A dCy,

where K*(z,() is a function which is defined only locally. The (1, 1)- differential
form

(2.1) 00log K*(z, 2)

is however globally defined, which can be easily seen by expressing K(z,() in dif-
ferent local coordinates.

One says that that the manifold M has a Bergman metric if the form (2.1) is
globally strictly positive. In such a case the Bergman metric is the metric associated

0 (2.1). One can therefore define T};(z2), B(z, X), distrr(z, w), Ric;z, B(z,X), and
dista (z,w) like in the previous section with the constraints that K* is defined only
locally and X must be taken from the tangent space to M at z.

Suppose now that M carries a Bergman metric. Having the starred counterparts
of functions in C" one sees that the representative coordinates can also be defined
at least locally. We take an open cover {U;} of M subordinate to local coordinate
charts. Let zg € U; be fixed. After probably shrinking we can arrange the sets
U; x Uy to cover M x Uy and in every U; x Uy, K(z,() can be expressed by

K(z,¢) = K{j,(2,Q)dz1 A .. Adzp AdCy A . A dy.

In U; x Uy NU; x Uy the change of coordinates (z, () (20)i) (2(2), () yields

A(Z2(2)1, -, 2(2)n)
8(21, eey Zn)

Ky, (2(2), ) = K7, (2,0)
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For every s € {1..n} one has

e (S ACENS

Hence the expressions

EE 2D _ D
8(2«'1,--727;) > B aé_'sl gKU]‘( 7C)

- k 0 Ky ; (Z7 C)
wy(z) = T (20) — log —Zi-"2>2 JI=1.n
() ; RS xrs il
glue up to global functions. As in the C" case the only obstruction that can appear
is that Ky, (z, z0) may be zero for some z (this is clearly independent of the set U,
the representation will be zero for every U;, z € Uj).

We remark that representative coordinates for the Bergman metric on manifolds
were previously studied in [6], however there the Bergman kernel function instead of
the Bergman kernel form was used. This substantially limited the range of assumed
manifolds, for example every compact manifold was excluded from consideration.

From now on the convention will be that f* is the local coefficient of the form
f(z) = f*(2)dz ANdza A .. Ndzy,.

Unlike the situation in C"*, M does not obviously possess Bergman metric. The
necessary and sufficient conditions for M to have a Bergman metric are the follow-
ing:

e For every z € M there exists f € H(Oz) (M, Kpr) such that f*(2) # 0 (condition
A.1in [11]).

e For every z € M and for every nonzero vector X in the complex tangent space
at z there exists g € H?Q)(M7 Kr) such that g*(z) = 0 and X (¢g*)(z) # 0 (condition
A2 in [11]).

The later condition is clearly equivalent to

For every z € M and for a basis X;,7 = 1..n of the complex tangent space at z
there exist g; € Hy) (M, Kp) such that g;(2) = 0 and X;(g;)(2) # 0.

These conditions are hard to check for an abstract complex manifold, however one
immediately sees that a necessary condition for M to have a Bergman metric is that
the (n,0)- Hodge number h™9(M) (or geometric genus) satisfies h™0(M) > n + 1.

It turns out (see [11]) that A.1 and A.2 are also necessary and sufficient conditions
for txo,, to be an immersion (A.1 solely is necessary and sufficient for the Kobayashi
mapping to be well defined), whereas for an injection one needs another condition
(A.31in [11]):

e For every two points z,zg € M there exists h € H?Q)(M7 Kjr) such that
h(z) =0 and h(z) # 0.

In order to carry the Lu Qi-Keng construction on manifolds, one first has to
check that ¢z, does not depend on local holomorphic coordinate changes (this
is not completely obvious, since there are partial derivatives in the expression of

LLuyp)-
Let

;= ;(2)dz A NdZ, = @) (2(2))Jac <%> dz1 N .. ANdzy,

Now

v L OpE(2 ., 095(2)
o3 () 220 ()20
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m=1 m=1 Zm
Hence
J Dz k Dz, Sjé.kn
9z 0%y
~ 0 0 I ~
AN I I T O NG
Jac & : (pj (Z) 82 k:( ) aé s=1..n
0%, ... 0% ° 5 sk
Ozn Ozn
62:1 ... azn
) 0z 0z
and the classes of these matrices coincide since Jac (%) oo, is non-
8%, . 0in
0z1 Ozn
singular.

Fix now local coordinates in a neighborhood of z € M. A careful analysis of [16]
gives that the necessary and sufficient conditions for ¢r, ., to be well defined are

o For every z € M there exists f € H?Q)(M, Kr) such that f*(z) # 0 (the same
as condition A.1).

e For every z € M there exist f1,.., f, € H?Q)(M, Kr) such that ff(z) =0,i=

off ... o
Oz 0z1

l.nand | : . is non-singular at z (condition B.1)
off fp

Ozn T Bz,
The necessary and sufficient condition for ¢, to be an immersion, in addition

to A.1 and B.1, is
e For every z € M there exist g1,..,gnm+1 € H(OQ)(M7 Kyr) (some of them
2

probably 0) such that g (z) = 0,i = 1..M, dgf =0,i = 1.2t the point

2 2
2
1 .
z and the n x W matrix
2 * 2 %
gy g3 0%g3 0%g3 O Inengn) O S
021021 T 02,021 021021 T 0zn, 021 T 021021 T 02,021
2 2 %
a"‘g; azg;f 3257; 32g§ g gn(n;rl) 9 gn(n;l)
0210zn e 02,02, 0210zn e 02p0zn e 0210zn e 02,02n

has rank n at z (condition B.2)

Finally the necessary and sufficient condition for ¢y, , to be an injection is

e For every pair of distinct points z,w € M with fixed local coordinates in
neighborhoods of z and w and for every nonsingular n X n matrix (pij)i’ j=1..n there
exist f,g € H&)(M, Kr) such that
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9g* ofr v 09" RN
(rofe-reile >) # s (@5 w0 =g ) 3w )
as vectors i.e., the vector with i-th component - the left hand side is not equal to
the vector with ¢-th component- the expression on the right hand side. For some ¢

the components may however be equal. (condition B.3)

Proposition 2.1. Let M be a complex manifold of dimension n > 1 for which the
Lu Qi-Keng mapping is well defined and the Kobayashi mapping is an injection.
Then the Lu Qi-Keng mapping is also an injection.

Proof. Fix the points z,w € M and the matrix (pi;)ij=1.». It is enough to find
f and g satisfying B.3. Consider the condition B.1 at z. There must be a non-

of, afy
singular 2 x 2 minor (gfa g;n>, p # q, 7 # s of the matrix in condition B.1.
Bzz 8z{i . .
One can find (complex) constants A, B such that Ag];” (2) + B%(z) = 0 and
Agf (2 )+B L(z) = 1. Let f = Af, + Bfy. It is clear that f*(z) = 0 and

g£ (2) =0, gz ( ) =1. For f*(w) there are two possibilities.
In case f* ( ) # 0 one can find (by condition A.2, following from B.1) g €
H?Z)(M, Ky) such that g*(w) = 0 and X (g*)(w) # 0 where X = (py1,Dr2, s Prn )L

The left hand side of the expression in condition B.3 is 0 for ¢ = r and the left hand

side becomes
D ni (W) g, (w) = £ (@)X (g")(w) # 0.
j=1

In case f*(w) = 0 one can find (by condition A.3) g € H°(M, Ky;) such that
g*(w) =0 and ¢g*(z) # 0. So

FOTEE) -5 (P () = () £ 0.

And

pr( W (w) - "5 w) = Zw-o
O

The simplest example of a manifold for which the Kobayashi mapping is an im-
mersion almost everywhere and not allowing the Lu Qi-Keng mapping is a compact
Riemann surface of genus 2 (That the Kobayashi construction is an immersion out-
side the Weierstrass points follows by [15]. Note that there “Bergman metric” is
different from our notion of Bergman metric. On the other hand every compact
Riemann surface of genus 2 is necessarily hyperelliptic and hence the Kobayashi
mapping is not a global immersion). The generic non-hyperelliptic compact Rie-
mann surface of genus 3 is an example of a manifold for which the Kobayashi
mapping is a global immersion, however the Lu Qi-Keng mapping fails to be an
immersion exactly at the 24 Weierstrass points.

Now we see that Theorems 0.1,0.2 and 0.3 hold also for complex manifolds un-
der the assumption that the Kobayashi (respectively Lu Qi-Keng) mapping is an
immersion.



REPRESENTATIVE COORDINATES 13

Proposition 2.2. Let M be a compact complex manifold admitting the Bergman
metric. Then diamM > g where the diameter is taken with respect to the Bergman
metric.

Proof. Fix a point zg € M if diamM < 7 then M is contained in the geodesic ball
{z € M : disty(z,20) < 5} and hence by Theorem 0.1 w; is a globally defined
nonconstant holomorphic function which clearly can not exist. (Il

3. EXAMPLES

It was Skwarczyniski (see[19]) that first observed that for some domains K (z, ()
has zeros, namely he proved that this is the case for the circular annulus
Po={zeC:r<|z|<l},r<e?
Later Rosenthal (see [18]) extended this result for all nondegenerate annuli by using
different method. Although technically complicated the case of a planar annulus is
still the easiest to study. What follows is essentially a more detailed study of the
analysis in [19]. Recall that the Bergman kernel of P, is

(3.1) K0 =———+ 12(

r2+2i 2
—— 3 T T2 |
—r¥ 4 20)" (1= ()
Fix a positive € << 1. From now on we restrict the range of  to the values for
which all the following three inequalities hold simultaneously

7z log(r?)

1
2 — 2
(3.3) ‘rlog(r2)‘ <,
2
T
A4 — 2,
(3.4) T2 <°¢

It is easy to see that all these are satisfied by all sufficiently small 7.
For the special choice
1 -1

Toe0?)] " (14 o)v/log(d)]|

(3.1) becomes
B 1+e¢ ! i r2+2 N 2
F—log%ﬂ) log(r? (_r2+2j + %)2 (1 _ 7«2]’%)2
(14-€) log(r?) (14-¢€) log(r?)

One of course has to check that r < |z|,|¢] < 1, for sufficiently small r, to ensure
that this special pair of points belongs to the annulus. This is obvious. Now
consequently using the negativity of log(r), (3.3) and (3.4) one has

(3.5) —

1+5 712 722 (1 + )2 (log(r?))? N r2 -

(1—r2*t2(1+¢)lo _2j 1 ?
= ) log(r2))? (1 P ))

o0

,12 2; (1+¢) €2+T2j):

1+5
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1+e 1 1 7r?

+ (e’ + D)+ — (4o +1) <

—e+ ((14+e)2(e2+ 1)+ 1)e?
™
Clearly this is negative for sufficiently small €.
Similarly for the special choice
1 ¢ = -1
[log(r2)[ " (1 —¢)y/Tlog(rA)]’

which is also good for small r, (3.1) becomes

(3.6)

r2+2j r2i

1—
€ 712 + 5 | =

T log(r?) - 2
() 1B (- 4 ) (17 ot

27

R i P - ) log(r?)? r

2+2] e)log(r )
. 1
— r2+2i(1 — £) log(r2))? (1 - rzjw)

1—c¢ 1 70

T (1= eat)

1—e 1 (1-¢)?
— +_ ok
@ T(1—e+¢e?)

2
by (3.2). Now expanding into Taylor series gives one (1j;f12> =1-222+o0(2?),

hence our expression is approximately

—9s2
e-2” 0.
77
for sufficiently small e.
So K(z,() is real for z = ﬁ and ¢ from the interval
og(r

~1 1 ]
(1—)y/Tlog(r?)|" (1+ £)y/[log(r?)]

and has different sign on the endpoints of this interval. Therefore it must have a
zero there.

To compute the Bergman distance between z and ¢ one has to find the Bergman
metric first

0?log K(z,2)  K(z,2)11K(z,2) — K(z,z)lK(z,z)i.

3.7 2(2) = =
(87) F) 020% K(z,z)?
Since this expression is invariant under rotations it will be enough to compute
B(z), for z = ﬁ € R, cclose to 1 or —1. The expressions involved in formula
c og(r

(3.7) are
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1 > r2t27 r2i
K(z,2) = ———~ + gt - + :
(=,2) w27z log(r?) j;o ((—r2+2J + 22)2 (1— rgjzz)z
1 e 22 t27 ordiz
K(z,2)1= =505+ 7 — - + :
( )1 7TZ2Z],Og(r2) = (—T2+2J + 25)3 (1 - T2JZE)3

1 o 2r2+2i% wrdiz
K(sz)i:ﬁJrﬂflz - 4 , : 3+ —
7wzz° log(r?) (—r2+2 4 27) (1—1r2izz)

1 o0 6r2t2i 5% 2p2+25
K s 1= ——"—"—""+7—"—""%"C -1 ( -
(z 2)11 ﬂ_(zz)z 10g(7‘2) +m z:: (77,2+2j + 25)4 (—r2+2j + z?)B—l—

67%7 27 2r4 )
(1- r2j22)4 (1- r2jz2)3
The expressions seem complicated, however almost every summand in the series
above is negligible. To show this one proceeds similarly as in (3.5), (3.6).

D
A B 1
g <c\/10g<r2>)

ArB
3.8 = <
o (—TB _ %)F (cy/[log(r?)[)P—2F (1 + clog(r?)rB)*)
c2 log(r?
ArB
(ey/Tlog(r?)[)P—2F (1 — 2e)F" |
when B > 0.

The other terms are estimated by

D/
A/T'B/ S S ’
/I Tog(r2)] - A'rB

1 E 1 L 1 2 v 1— & £
+r c?log(r?) ¢ | Og(’l" )| ( 02)

Now because 72 log(r)F tends to zero for positive B and arbitrary E one can
employ either of the estimates (3.2),(3.3) and finally come with estimate of the sort
H|r|¢. The only exception is clearly when B or B’ = 0 i.e., j = 0, so adding up
one gets a geometric power control on the series.

Now

) 1 2 1 ?+1
. 7 _o . +0(C) = +0(C),
(c\/| log(r?)] ¢/ log(r2)|> L (1 + m)z "

! L ¢ \/Tog(17)]
K =K : _ Vgl oo
<6¢| log(r?)] " ¢/ logv?))l . e

2 4 log(r?
K< — . —— ) - ;- ) o) =
o Vo8 ) (14 ko) 7

(3.9)
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_2—ctlog(r?)
N 7r
where the convention is o(C') = o(const).
Finally (3.7) becomes

5= (¢ + 1+ 0(C))(2 — ctlog(r?) + o(C)) — (¢*/|1og(r?)| + o(C))?
N (> +140(C))? '
The path which approximates the distance is as follows. First one joins ¢ with the

oint —=L— via a linear segment. Then this point is joined with z = ——
] & P ) Tog(r2)]

+ o(C),

via the half-circle .

V[ log(r?)|
The segment will be denoted by v; and the half-circle by 7.

The geodesics of the Bergman metric in the annulus are classified in [8] and one
easily sees that our path is not a geodesic, however the integral distance over it is
a close enough approximation.

The integrals that one has to assume are

_ [ o
o= [ aenn | o) a

[0,1] 3t — elm=m)

1
0
= [ snen | G20
0
_ _1 _ . . .
Let ¢ = T € [1 —e,1+ ¢]. The parametrization of v; will be
-1

[0,1] 3¢ — .
(s +1(1 = 5))y/|log(r?)]

After straightforward computations one obtains

[ im oa(0) %@)’ i =

r—0+ ot

1 A
— 1|4/ ——==dt
| b=y

where ¢ = s +¢(1 — s). Now since |s — 1| < € and since the integral is clearly finite
we conclude that
lim lim I; =0.
e—0t r—0t
b L) = [ 1 O
Jim 1) = [ Tim 30| G2

In this case ¢ =1, § is constant on 7 and equals

(t)‘ dt

\/(2 +0(C))(2 ~log(r?) + o(C)) — (V/[log(r?)| + o(C))*

(2+0(C))?
Further % = —mie(™ ™)1 ——L_hence
[log(r?)]
o 2(2 — log(r2)) + log(r2) 1 T
) | == (t)| ~ 2
Blr2(1) | ()‘ 7T\/ 4 [log(r?)] 2’
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when r — 0.
Now the Bergman distance between z and ¢ when r — 0 is bounded between 3
by Theorem 0.1 and I; + Iz and hence also tends to 5. This proves Theorem 0.4.

Now we provide the example proving Theorem 0.5. As above we study the
circular annulus P,. To prove non-immersivity, following (1.14) and (1.15) one has

to localize the zeros of det K?(z,() 8’225 log K (z,(), that is to say - of

02 0 0

(310) K(AC)W&K(Z’C)_ &K(zvg)a_gK(z,C)

Fix 0 < £ << 1. Using arguments similar to 3.8,3.9 one can consider only the terms
not containing an r to a positive power in the expansions of the above objects. That
is to say

1 1 1 1
(8:11) K(z0) ~ 7 2Clog(r?) T (1—2()2
9 o1 1
(3.12) @K(Z’ O~ 7 22( log(r2) T (1—20)3
0 1 1 1 2z
(3.13) a?‘K(Z’ 0~ 7 22 log(r?) * 7 (1= 20)3
(3.14) 02 K(2.0) ~ 1 1 1 62C 1 2

o 22(2log(r2) + T (1—2()* + T (1—20)3’

1
Vs 204

where £ is an independent of r complex variable presumably

020¢

of course for a suitable choice of z and (. In our case we fix { to be

e —

P == e mos]

very close to 1.
Plugging these values in the expressions (3.11),(3.12),(3.13),(3.14), one sees that

the dominant term in (3.11) will be £ —L— je., 1 L z — L, when

(1-20)2’

' ,

l_e\/\zlogw%\)
r — 0. Both summands in both expressions (3.12) and (3.13) have the same
asymptotic behavior ~ —£225L__ —; (). Finally in (3.14) the first and the last terms

V/1og(r2)]|
are dominating, summing up to
262 1 2 2 — 262
_5S 4 - N )
7r 7r m

3
1— — &
( s\/zlogwn)
Back to expression (3.10) one sees that it can be written as F(z,¢) + G(z,(),
where

1 1 1 1 1 2
F ) = - = —— 5= + — =

0 = 2 =2 | e ]
and G(z, () is the sum of all the other expressions. By taking £ on a circle of radius
€ around 1 one sees that

lim
r—0t

> 0,

F( ; 1 >| _ ’2252
£¢/121og(r?)]" ¥/]210g(r2)] m
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whereas

lim

r—0+

o comemr vmmm)|
£3/1210g(r2)|” /1210g(r2)]

By Rouché’s theorem

2
K(2.0) e (5:0) = 5L K (2. 2K

(ng)‘ ) ¢ ) s
z= L (=
& V/12108(r2)] V12108(r2)]

as a holomorphic function of £, has the same number of zeros in {z : |z — 1| < &} as

F(Z7C)‘

C=

zZ=
s\/\zlogw)\ |21og<r2>|

provided that 7 is sufficiently small. Now solving

2 = 2
(1~ i)
one can check that
(14 1iv3)e3 n 1—2\/_\/ 9208+\/_\/W
\/12 9icS + /3v/—27c16 — 4cT%) c?2V/18
where ¢ = /|21og(r2)] is a solution of this equation, which lies in {z : |z — 1| < &}

for sufficiently small r.
Next we sketch the rest of the proof without going into the (very technical)

calculational details. Once localized, the zeros of 8‘9 3¢ log K(z,() are joined by a

path 41 U 72, 41 being the linear segment joining z with the point W
og(r
in the proof of Theorem0.4 the integral distance over 7; with respect to the metric

B(., o) tends to 0 when r — 0 and € — 0. Now 45 will be the arc

1 .
0,15t — ——— 5,
v/ [21og(r?)]

Again we use the fact that B is constant in the first variable along this arc, by

conformal invariance. It is therefore enough to compute the metric tensor of 5 only

at the point m = ¥2(1). Recall that

i B 2 2 2 )
Fc.x) = [28<8CK<<7<> + 500t 8 acacK“’O] by
and hence one has to compute
2 92
oz [ (€.0P 5eae k(60| =
2 0
ozt [K(6 052 K(6.6) — KGR (6,6)] =
(3 15) K(CaC)lK(CaC)IK(CaC)llK(Cvc)ii . (C C)llK(C C)ii
' D? D

K(Ca C)K(Cv C)iK(C7 C)ITTK(<7 C)ll + K(C’ C)K(<7 C)IK(Cv C)lliK(Cv C)ii _
D2 D2
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K(CaC)2K(CaC)1iiK(<7<)111 (C C)K(C,C) 111
D2 D ’
where the denominator D = K((,¢)K (¢, ()17 — K(¢,()1K(¢,¢)1. We first obtain
the asymptotic of D. Much of the analysis from (3.11) (3. 4) can be repeated to
show that

KGO

K(¢,¢)1 = K(¢, ()1, tends to 0 faster than ————=
| log(r?)|

K(¢, O

The change of sign from =~ % to ~ % is due to the absence of 4 in the value
of z=(. Hence D — %.
Similarly it can be shown that

>—A\
=H»:>

K¢, On = K(¢, O ~ =

™

4 4 2
K(C.Oui = K(C O ~ _M

K(¢, Q11 =~ M

This gives one that only the last two terms in the expression (3.15) are relevant
in the asymptotic behavior of the metric tensor 8 which is

8v2/|log(r?)|

(1)2 (—4¥2)%/|log(r)] 1
7r 2 T s
~— (i)2 + £y =2y/|log(r?)|.
w2 s
Now %% (t) = m gt (—%m’). Finally the integral distance over s

with respect to 3 is

(316) /\/ 72 ) i) /\/\[ [tog () \210g(r2)|z 2’
);

when r — 0. Now by (1.16), the estimate of the distance over 4; and (3.16
has that dist(z,() — %, which establishes the claim.

one
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