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COMBINATORIAL BASES OF MODULES FOR AFFINE LIE
ALGEBRA B{"

MIRKO PRIMC

ABSTRACT. In this paper we construct bases of standard modules L(A) for

affine Lie algebra of type Bél) consisting of semi-infinite monomials. The
main technical ingredient is a construction of monomial bases for Feigin-
Stoyanovsky’s subspaces W (A) of L(A) by using simple currents and inter-
twining operators in vertex operator algebra theory. By coincidence W (kAo)

for Bél) and the standard module L(kAg) for Agl) have the same presentation
P/Z, so our main theorem provides a new proof of linear independence of

monomial bases of Agl)-modules L(kAo).

1. INTRODUCTION

B.L. Feigin and A.V. Stoyanovsky gave in [FS] a construction of bases of stan-

dard modules L(A) for affine Lie algebra g of type Agl) consisting of semi-infinite
monomials. In [P1] such a construction was given for all standard modules for affine

Lie algebras of type AﬁP, and it turned out that basis elements are closely related to
(k,n + 1)-admissible configurations — combinatorial objects introduced and stud-
ied in a series of papers [FJLMM]-[FJMMT]. On the other side, for any classical
simple Lie algebra g such bases are constructed in [P2] for basic modules L(Ap).
In a proof of linear independence a crystal base character formula [KKMMNN] is
used, but it was not clear “why” this proof works and how such approach could
be extended to higher level standard modules. A new understanding came from
the works of G. Georgiev [G] and S. Capparelli, J. Lepowsky and A. Milas [CLM1]
and [CLM2] based on a general idea of J. Lepowsky to use intertwining vertex
operators to build bases of standard modules and obtain Rogers-Ramanujan-type
recursions for their graded dimensions. Their way of using intertwining operators
inspired simpler proof of linear independence for AV in [P3] and new constructions
for ALY in [T] and Dil) in [Ba]. In this paper we use Capparelli-Lepowsky-Milas’
approach to extend the construction in [P2] to all standard modules L(A) for affine
Lie algebra g of type Bél), and, along the way, we obtain a presentation theorem for
Feigin-Stoyanovsky’s subspaces and a new proof of linear independence of monomial
bases of Agl)—modules L(kAo) constructed in [MP1], [MP2] and [FKLMM]. The un-
derlying structure of Feigin-Stoyanovsky’s subspaces is parallel to the structure of
principal subspaces studied, for example, in [G], [Cal], [CalLM] and [AKS].

2000 Mathematics Subject Classification. Primary 17B67; Secondary 17B69, 05A19.
Partially supported by the Ministry of Science and Technology of the Republic of Croatia,
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2 MIRKO PRIMC

Let g be a simple complex Lie algebra of type Ba, let h be a Cartan subalgebra

of g and
g=9g-1+0+ o
a Z-grading of g such that h C go. We fix a basis of g; consisting of root vectors
denoted as
XT2,T0,T2 -
Let g = g®C[t,t~!]+Cc+Cd be the associated affine Lie algebra with the canonical
central element c. For z € g and n € Z we write z(n) = z ® t". Then for integral
dominant weight
A= koAO + ]{11A1 + k‘gAQ

of level k = kg + k1 + k2 a basis of standard module L(A) can be parametrized with
semi-infinite monomials

(11 J]z2(=@@e(=5)wa(—5)", ¢ =bj=a;=0 for —j<0,
JEL
with quasi-periodic tail
(..., Coony bop, oy, C_opn_1, b_op_1, G_2,-1, -..)
= (..., k1, ko, k1, ko, ko, ko, ...)

for n > 0, satisfying for all j € Z the so called difference conditions
Cjt1 T bjp1 + ¢ <k,
bjy1 +aji1r+c; <K,

aj+1+c;+b; <k,

aj+1+bj+a; <k

(1.2)

This is the Corollary 8.2 of Theorem 8.1. The main technical ingredient in a proof
is a construction of monomial bases for Feigin-Stoyanovsky’s subspaces defined as
W(A) = U(@1)oa C L(A),
where g; = g1 ®C[t,t~!] and v, is a highest weight vector in L(A). By Theorem 3.1
the constructed basis for level k subspace W(A) consists of finite monomials of the
form (1.1) with —j < —1, satisfying difference conditions (1.2) and the so called

initial conditions
a; < ko, bi+ar <ko+ky and c;+by < ko+ ko
Another consequence of this result is Theorem 9.1 which gives a presentation
W(A) =2 P/Iy,

where P is a polynomial algebra Clza(j),zo(j), z2(j) | j < —1] and Z, is the ideal
generated by the set of polynomials

U Ve (X ). a0i)
n<—k—1

Jiyedep1<—1
Jitetjepi=n

U{$2(—1)k°+1} U Ul(go) - wo(—1)rotr+1,
(From Theorems 9.1 and 10.1 we see that Feigin-Stoyanovsky’s subspace W (kAg)

for Bél) and the standard module L(kAg) for A(ll) have the same presentation P/Z,
so Theorem 3.1 provides a new proof of linear independence of monomial bases of
Agl)—modules L(kAy), originally proved by different methods in [MP1], [MP2] and
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[FKLMM]. Due to this coincidence E. Feigin’s fermionic formula [F] for A(ll)—module
L(kAp) is also a character formula of Feigin-Stoyanovsky’s subspace W (kAg) for
BY.

As it was already said, in our construction we use simple currents and inter-
twining operators for vertex operator algebra L(A() associated with the affine Lie
algebra g at level 1. To be more precise, we use results in [DLM] and [L2] to see
the existence of level 1 “simple current operators”

L(ho) £ LA L L(Ag),  L(A2) 1 L(Ay)

which are linear bijections with the crucial property
(1.3) z(n)w] = [wlz(n+1) forall z(n) € gi.

(From [L1] we have fusion rules

i (L(ASWL}(A@) -t e (L<A2L>(A1L)<Az>) -

from which we deduce that there are coefficients [w»] and [ws] of intertwining oper-
ators

L(Ae) B2 L(A0) B2 nAy), wny B oy, B2 s walun =0,

[w2]

L(Ao) 2 L(As) ¥ LAy, wa, Y2 wn ¥ un,, walua, =0

which commute with the action of g;. We consider higher level standard modules
as submodules of tensor products of level 1 modules

L(A) € L(Ag)®% @ L(A1)®* @ L(Ag)®*2.

Behind all combinatorial properties of our construction seems to be relation (5.3)
for [w]va, written in terms of tensor products of level 1 highest weight vectors as

] (o © o @ o)
k k k
(1.4) = ([w]vag) ™ @ (wloa ) ® @ ((wlva,) =™
= Caa(~1)Fao(-D)aa(-1)F (05 @ oEh o).

In particular, it is this relation that for level 1 modules makes the use of crystal
base character formula [KKMMNN] in [P2] possible.

Very roughly speaking, we prove linear independence by induction on degree of
basis elements in two steps: for monomial vectors x(m)va, which appear with non-
trivial coefficients ¢, # 0 in a linear combination Y ¢ x(m)va = 0, we first use in-
tertwining operators x(m)vy — x(m)vas to be able to apply formula (1.4) to vectors
x(m)vpr and get a combination of monomial vectors of the form 3 c x(n’)[w]vpr.
Then, as a second step, we commute [w] to the left and, by using (1.3) and induc-
tion hypothesis, we get that ¢, equals zero—a contradiction. Of course, the actual
argument is a bit more complicated and, as in [Ba], we have to use two basis ele-
ments of 4-dimensional spinor g-module on the top of L(A3) and the corresponding
coefficients [wo] and [ws] of intertwining operators.

A part of this paper was written while I was a member of the Erwin Schrodinger
Institute in Vienna in February of 2009. I would like to thank J. Schwermer for his
hospitality.
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2. AFFINE LIE ALGEBRA OF TYPE Bél)

Let g be a complex simple Lie algebra of type B3 and let h be a Cartan subalgebra
of g. The corresponding root system R may be realized in R? with the canonical
basis €1,€2 as

R= {:l:(Sl — 82), :|:(€1 + 52)} U {:l:81, :i:&‘g}.

We fix simple roots a; = €1 — €5 and as = g5 and denote by w; = €1 and wy =
%(51 + €2) the corresponding fundamental weights. Note that § = e + ¢35 is the
maximal root. Set

I'={e1 —eqg,e1,61 +e2}.
Denote by (-, ) the normalized Killing form such that (6, 8) = 2, where we identify
h = bh* via (-, ). We fix

W =wi =€&1.

Then we have a(w) = {a,w) and

I'={a€R|aw)=1}
Obviously we have a Z-grading g = g_1 + go + g1 for

g():b+ Z ga:h'f'(cxm"_(cxfazv g4+1 = Z Ja-
a(w)=0 aexl
Clearly g; is an irreducible 3-dimensional gg-module. We shall briefly write
2=¢c1—¢€9, O0=¢€1, 2=¢1+¢9
so that T' = {2,0,2}, a notation as in [P2] and [Ba]. For each root « fix a root
vector x,. For a = 2,0,2 we shall write respectively x, as
€T2,T0, T2

These vectors form a basis of gg-module g .

Denote by g the affine Lie algebra of type Bél)

g=JJeet"+Cc+Cd
ne”Z

associated to g,

with the canonical central element ¢ and the degree element d such that [d, z ®t"] =
nr®tt. Set

go=[Jo®t",  f<o=]]o®t"+Cec+Cd
n<0 n<0

Let ap, a; and az be simple roots of g with the root subspaces g_g ® t, go, ® t°
and g,, ® t° respectively, and let Ag, A; and Ay be the corresponding fundamental
weights of g (cf. [K]). We write

z(n)=zt"

for z € g and n € Z and denote by x(z) =Y ., x(n)z" "' a formal Laurent series
in formal variable z. For

do=[Joo@t"+Cec+Cd, gur=[Jom@t"
neL neZ
we have Z-grading § = g_1 + go + g1 In particular, g; is a commutative Lie
subalgebra of g with a basis

T = {z5(n), z0(n),z2(n) | n € Z} = {z,(n) | v € T,n € Z}.
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On I" we use linear order

=R xe(n—1) < 22(n) < zo(n) < 22(n) < z2(n+1) <....

3. FEIGIN-STOYANOVSKY’S SUBSPACES W (A)

Denote by L(A) a standard g-module with a dominant integral highest weight
A = koMo + k1A + kaAs,
ko, k1, ko € Zy. Throughout the paper we denote by k = A(c) the level of g-module
L(A),
k=ko+ki+ke
(cf. [K]). For each fundamental g-module L(A;) fix a highest weight vector wvy,.
By complete reducibility of tensor products of standard modules, for level k£ > 1
we have
L(A) C L(Ag)®™ @ L(A1)®* @ L(Ay)®k2
with a highest weight vector
A = v, @ U @R,
Later on we shall also realize L(A) in a symmetric algebra
L(A) € S*(L(Ao) ® L(A1) & L(A2)),  wa = vovRlof?.
We set dvp = 0. Then L(A) is Z-graded by the degree operator d,
LA =LA+ LA)_1+L(A)—2+...,

and we say that g-module L(A)g = U(g)vy is the “top” of L(A). The top of L(Ag)
is trivial g-module Cu,,, the top of L(A;) is 5-dimensional vector representation
L(wq) and the top of L(As) is 4-dimensional spinor g-module L(ws).

For each integral dominant A we have a Feigin-Stoyanovsky’s subspace

W(A) = U(a1)oa € L(A).

Denote by 7: {zy(—j) | v € T',j > 1} — Z; a “colored partition” for which a
finite number of “parts” z,(—j) (of degree j and color ) appear m(z~(—j)) times,
and denote by

a(m) = [[ s (=)™ € U@r) = S(@)
the corresponding monomials. We can identify 7 with a sequence
ay, bla C1, a2, an C2, ...

with finitely many non-zero terms a; = m(z2(—j5)), b; = m(xo(—j)), ¢; = w(x2(—J))
and

2(m) = ... wa(=5) T wo(—) 2 (=))Y ... w2(=1)wo(—1) " za(~1)" .

For monomial z(7) we say that z(m)vya € W(A) is a monomial vector. The main
result of this paper is the following:
Theorem 3.1. The set of monomial vectors x(mw)va satisfying difference conditions
cj+1+bjp1 +c¢; <k,
bjt1+aj41+c; <k,

aj41+cj+b; <k,

aj+1+b;+a; <k

(3.1)
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for all j > 1, and initial conditions
(3.2) a1 < ko, br+ay <ko+ka, c1+br <ko+ ko,
is a basis of level k Feigin-Stoyanovsky’s subspace W(A).

4. DIFFERENCE CONDITIONS AND INITIAL CONDITIONS

By Poincaré-Birkhoff-Witt theorem we have a spanning set of monomial vectors
x(m)va in Feigin-Stoyanovsky’s level k subspace W(A). To reduce this spanning
set to a basis described in Theorem 3.1 we use vertex operator algebra relations

zo(2)F Tt =Y S @(h) - xwolirer) | 2T =0 on L(A)

n€Z \Jji1++jr+1=n

and it’s consequences U (go) - 2¢(2)*T! = 0, where - denotes the adjoint action of gg
on g;. This is a (2k + 1)-dimensional go-module of relations which hold on W (A),
and coefficients of such relations are (infinite) sums

ch )=0 on W(A).

By choosing a proper order on the set of monomials, for each sum we can determine
the smallest term (), the so called leading term, which can be replaced on W (A)
by a sum of higher (bigger) terms. The list of leading terms is

wo(—j — D) ag(—j — D)y (=§), o+ b +¢ =k +1,

wo(—j = 1)V we(—j = ) aa(=4)9, b1 +aji+¢ =k +1,
wo(—j —1)* ”’13:2( 7)o (— J)b7 aj+1+cj+b; =k+1,
wo(—j = V)% wo(—5) o (=5)",  aji1 +bj+a;=k+1

for all j > 1. So by induction we see that W (A) is spanned by monomial vectors
x(m)va which don’t have factors of the form (4.1), i.e., by monomial vectors which
satisfy difference conditions (3.1) (for details of this argument see [LP], [MP2], [P2]
or [FKLMM]).

(4.1)

Lemma 4.1. xza(—1)va, = 2o(—1)va, = z2(—1)va, = 0.
Proof. For a € R denote by sly(a) C g a Lie subalgebra generated with x, and
T_o and by

512 Hslg )@t"+Cc+CdCg

nez

denote the corresponding affine Lie algebra of type Agl). Note that for level one
g-module V' the restriction to ;lg(oz) is level one representation if « is a long root,
and it is level two representation if a is a short root. Also note that U(sly(a))uy,
is a standard Agl)-module and that its sls(«)-submodule on the top is a submodule
of 5-dimensional vector representation for Bs.

In the case o = e1 —e5 = 2 we have level one representation on U (sla(a))vy, with
2-dimensional sl3(«)-module on the top, so it must be the standard Agl)—module
L(A1). Hence @z, —c, (—1)vp, = 0. Similarly z,(—1)va, = 0 for o = €1 +2. On the
other hand in the case o = &1 we have level two representation on U (sly(a))vy, with

3-dimensional sl3(«)-module on the top, so it must be the standard A(ll)—module
L(2A;). Hence again z,(—1)vp, = 0. O
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Lemma 4.2. We have

(1) @o(=D)aza(=1)va, = w2(=1)a2(=1)va, =0,

(2) o(=Dz2(=1)va, = za(—1)zo(=1)va, =0,

(3) z2(—1)z2(—1)va, = Cxo(—1)xzo(—1)va, for some C # 0,
(4) wo(—1)3vp, = 0.

Proof. Note that ., (j)va, = 0 for all j > 0, so the relation z-(z)*> = 0 on L(Ao)
for a long root v implies

2 (—1)2vp, = (24 (=1) 2 (=1) + 22 (—2)2+(0) + 22 (—=3) 2~ (1) +...) VA, =0
and (1) follows. Since z.,(0)va, = z_.,(0)va, = 0, the action of z.,(0) or z_.,(0)
on (1) gives relations (2) and (3). Since for level one g-module V' the restriction to

sly(«) is level two representation if « is a short root, on L(Ag) we have a relation
7o(2)3 = 0 and (4) follows. O

We fix vectors wp = vp, and wa with weights
Wy = %(51 +e) and wp = %(61 —£9)

in the 4-dimensional spinor g-module on the top of L(Az). By using arguments as
above we obtain the following:
Lemma 4.3. We have

(1) z2(—1l)va, =0 and za(—1)we =0,

(2) zp(=1)z2(=1)va, = 22(=1)z0(=1)vA, = Zo(=1)T0(=1)UA, = 0.
Lemma 4.4. The set of monomial vectors x(m)va satisfying difference conditions
(3.1) and initial conditions (3.2) span W (A).
Proof. We have already mentioned how the relation x4(2)¥*! = 0 on level k stan-
dard module L(A) leads to a spanning set of monomial vectors satisfying differ-
ence conditions (3.1). By following an idea from [T] we reduce the problem of
initial conditions for level k£ Feigin-Stoyanovsky’s subspace to a problem of differ-
ence conditions for level ¥ < k Feigin-Stoyanovsky’s subspace: we shall consider
g-submodules in tensor products

L(Ag)®* @ L(A2)®" and  L(A1)®" @ (L(Ag)®™ ® L(Ag)®*2)
of levels k' = ko + ko and k = ko + k1 + ko generated by highest weight vectors
k" ®v®k2 and vAlcl ® ( ®ko ®U®k2> .
Assume that for
w(m) = wa(—1) " wo(—1)" wp(~1)"
the monomial vector z(m)va does not satisfy initial conditions (3.2)
a; < ko, bi+ar <ko+ks, c1+b <ko+ ko

By the above lemmas

ra(—1)vp, =0, zo(—1)vp, =0, z2(—1)%vp, =0,
so in the case when a; > kg we have that the vector

ra(=1) (0§ @ 0§ @ o) = (-1 (58 (D, ) 0 )

equals zero and we may omit it from our spanning set of monomial vectors.
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Now assume that the monomial vector x(m)va does not satisfy initial conditions
because
K" =b1 + a1 > ko + ka.
Then we have a relation
2o(2)"T =0 on  L(koAo + k2A2) C L(Ag)®* @ L(Ag)®*2,
and by the adjoint action of (z_.,)" we get
20(2)7 @2(2)™ 4 -+ - 4 Cupr T2(2) @0(2) z2(2) + - =0
with a; < t. The coefficient of z° gives us a relation
R=ao(=1)"ay(=1)" + - + ¢,y 22(—1)"@(—1)"22(-1)" + -+ =0
on L(koAo + kaAs). The coefficient R is an infinite sum with the leading term
(4.2) zo(—1)P129 (1),

In R we have monomials of the form ., (j1) ...z, (jrr) with ji +---+jrr = =k,
so either j; = -+ = jp» = —1 or we have j; > 0 for some s. Hence Lemma 4.1 and

xy(j)upa, =0 forall ve€T, >0 and i=0,1,2
imply
Roy = R (058 @ (o5 @ ofl?)) = o @ R (o5 @ o) =0,
Since the monomial (4.2) is the leading term of the relation Rvy = 0, we can express
zo(—1)"129(—1)" 0y
as a combination of higher monomial vectors and we may omit it from the spanning

set. In a similar way we argue in the case when ¢y + b1 > kg + ko. ([l

5. SIMPLE CURRENT OPERATORS

Recall that we have fixed a cominimal weight w = wy; = 1 € hh. We shall use
simple current operators [w] on level 1 modules, i.e. linear bijections

L(Ao) ¥ L(h) 2 L(hg),  L(A2) D L(Ao)

such that
To(2)[w] = [w]2°@ay(z) forall aeR

or, written by components,
(5.1) To(n)[w] = W]za(n + a(w)) forall a€ R, neZ.

It is easy to see that, up to a scalar multiple, linear bijection [w] between two
irreducible modules is uniquely determined by (5.1). Such a map

[w]: L(A) — L(A)
can be interpreted in terms of simple currents as the identity map
id: L(A) — L(A)

for which the target vector space L(A) is endowed the structure of L(A’) with vertex
operators

Yooan(,z2) = Y (A(w, 2)-,2) with A(w,z) =2%exp— (Z w(n)(—z)”/n)

n>0
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(cf. [DLM] and [L2]).
We fix vy, = 1 in the vertex operator algebra L(Ag). Then we have
Lemma 5.1. With properly normalized vy, and z2
(1) [wlvag = va,,
(2) [wlva, = za(=1)z2(=1)va,-
Proof. (1) For level k standard g-module L(A) the new module structure Y7,/ (+, 2)
=Yrn)(Aw, 2)-, 2) gives
h(0)[w]vp = [w](R(0) + (w, h)k)vy for h€B.
In particular, [w]va, is a weight vector with level 1 weight Ay = A9+ (w, -). Relation
(5.1) gives
2_g(1)[w]vp, = [w]r—o(1 — O(w))va, = [W]x_g(0)vp, =0 and
Za, (0)[w]va, = [W]Za, (04 a;j(w))va, = [wW]Ea, (6i1)va, =0 for i=1,2.
Hence [w]va, is a highest weight vector and L(Aj) = L(Aq).
(2) Like in (1) we first see that [w] 'zo(—1)za(—1)vys, is a weight vector with
weight Aq. By using (5.1) and Lemma 4.2 we obtain
z_g(1)[w] " za(~Dza(~Lva, = W]~ z_p(2)az(~1)z2(~1)va, = 0,
oy (0)w] " wa(=1)z2(=1)va, = [W] ™ 20, (~1)a2(~1)22(~1)va, =0,
Taz (0)w] a2 (= 1)za(~1)va, = [W] ™ 20,y (0)z2(—1)a2(~1)vp, = 0.
Hence (2) holds and L(A}) = L(Ag). O

Lemma 5.2. With properly normalized [w], wy and xg, x2
(1) [wlva, = zo(=1)va, = z2(=1)wy,
(2) [wlwy = zo(=1)wy = z3(=1)va,.
Proof. (1) As in the proof of previous lemma we see that [w] ™ zo(—1)vy, is a weight
vector with weight As. By using (5.1) and Lemma 4.3 we obtain
z_g(1)[w] ™ zo(~Lva, = W]~ z—p(2)a0(~1)va, = 0,
Za, (0)[w] " 2o (~1va, = (W] wa, (~1)zo(~1)va, =0,
Loy (0)[&)]_11‘0(—1)’0/\2 = [w]_lxa2 (0)$0(—1)UA2 =0.
Hence, with a proper normalization, [w] 'zo(—1)va, = va,. The second equality
follows from Lemma 4.3 because
0=2_0,(0)0=2_4,(0)z2(—1)va, = C'xo(—1)va, + C"zo(—1)wy

for some C’,C"" # 0.

(2) The first equality follows from (1) by using the fact that wsy is proportional
t0 T_q,(0)va, and the fact that _,,(0) commutes with [w]. The second equality
follows from Lemma 4.3. g

We define a linear bijection [w] on the tensor product of k fundamental modules
as
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It is clear that relation (5.1) holds for [w] = [w] ® - - - ® [w]. In particular,
(5.2) zy(n)w] = [wlzy(n+1) for yeT.
If we set ut(z(n +1)) = p(z,(n)), then for monomials relation (5.2) reads as

Lemma 5.3. z(u)w] = [w]z(u™).

Remark 5.4. For z(p) = [[24(n)™ ™ we have x(ut) = [[2(n + 1)™ ™ s0
we may say that z(u™) is obtained from a monomial x(u) by “shifting degrees of
factors” xo(n) — x,(n+1). Later on we shall also use a notation pP(x(n+p)) =
p(x(n)) for any for p € Z, and we shall write p*? when we want to emphasize the
shift of degrees of factors.

(From Lemmas 5.1, 5.2, 4.1, 4.2 and 4.3 we have
] (v50 @ ol @ o)

= ([Wlvao)*™ @ (Wloa,)*™ © ([wloa,)®™

(5.3) — o0 @ (ag(— l)zQ(il)vAU)(@kl o (Io(il)v[\z)@m

= Cﬂﬁg(—l)klxo(—l)k%g(—l)kl ( ®ko g v%kl ® U®k2> .
For
(5.4) A =koAo+ kiA1 + kaAy set A" = kiAo + ko1 + kaAs.

Then (5.3) and Lemma 5.3 imply

Proposition 5.5.  [w]: L(A) — L(A*) and [w]: W(A) - W(A*).

This proposition and a construction in [DLM] and [L2] show that
wl=we -

is a simple current operator for level k standard modules. Later on we shall need
the following:

Lemma 5.6. For elements h of the Cartan subalgebra by, and the Virasoro algebra
element L(0), on level k standard modules we have

(1) [w]™™h[w]™ =h+ (w,h)k  for all n €Z, and

(2) [WwWTLO)[w"=L0O0)+nw+ % <w w)k  forall neZ.
Proof. As it was already said, we can view [ | as the identity map on L(A) — L(A),
where the target space is given a new module structure L(A’) with a vertex operator

Yian(,2) = Yo (Aw, 2)- 2), Aw,z) =z exp— (Z w(n)(—z)‘"/n) .
n>0
Then L(0)[w] is a coefficient of 272 in the vertex operator
Yoo (L(=2)1,2) = Yo (A(w, 2) L(=2)1, 2),
and only three terms in
Alw,2) =1— (W1)(=2) " +w@)(=2)72/2+...) + & (D) (=2) " +...) ...
give a contribution to this coefficient
LOW] = ] (LO) +w + 3 (w,w)k).

Now (2) follows by induction. Relation (1) is proved in a similar way. O
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6. COEFFICIENTS OF LEVEL 1 INTERTWINING OPERATORS

Let V be a vertex operator algebra and let Wy, W5 and W3 be three V-modules.

Then an intertwining operator ) of type (WZVI%) is a formal series

Y(w,z) = Z wpz "L w e W,
neQ
with coefficients
wy, € Hom (Wy, W3) for neQ

such that “all the defining properties of a module action that make sense hold” (see
[FHL]). In particular, for v € V we have a commutator formula

VjWy — WpV; = Z (Z) (VW) j—i

i>0

)

which we shall use. The vector space of all intertwining operators of type (Wl W

is denoted by I (WYV%Q) and its dimension is called a fusion rule. We have

W N Ws Yoy W
WaW,) — \Wawy)  \wawy)

where for V-module M we denote by M’ the contragredient module (see [FHL]). If
W1 is irreducible V-module, W5 a simple current module and W3 a tensor product
of Wi and Ws, then by Lemma 2.3 in [L1] the fusion dimI(WYV{iVQ) is one.

Lemma 6.1. Let g be an affine Lie algebra and L(kAg) a vacuum level k standard
g-module. Let Vi, Vo and V3 be irreducible modules for vertex operator algebra
V = L(kAo). Let Y # 0 be an intertwining operator of type (Vﬁ@), let W be the
top of Vi and v # 0 a vector on the top of Vo. Then there is m € Q such that the
top of V3 is a g-module

U(g){wmv | w € W}.

Proof. By Proposition 11.9 in [DL] we have Y(w, z)v # 0 for w # 0 and, from the
definition of intertwining operators, w,v = 0 for all n large enough. Let

m =max{n € Q | w,v # 0 for some w € W}.
Then we have a nonzero subspace
{wpv | we W} C V.
For z; = z(j) in g we have a commutator formula
J
Lj W — WinTj = Z (z) (W) et j—i
>0
which for j > 0 implies
J
zj (W) = Wy xjv + Z (Z) (W) mgj—i¥ = (W)t =0
i>0

because v and w are vectors on the top of modules and m is maximal such that
wy, v can be nonzero. Since

U(g<o{wmv |we W} C V3
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is an g-invariant subspace of irreducible g-module V3, the space {w,v | w € W}
must be a subspace of the top of V3 and the lemma, follows. O

Proposition 6.2. With a proper normalization of intertwining operators of types

(L(AQL)(AQL)mo)) and (L(AS(AE)(AQ))

there are coefficients [wo] and [wa],

[wa] [wa] [w2]

L(ho) ¥ p(an) Y2 L(Ay), wa, ¥ s, X s, (walun =0,

L(Ao) ¥2 £(an) B LAy, wn, “2 wp B2 uy,, waJon, = 0,

which commute with the action of g1.

Proof. Since L(A2) is L(Ag)-module we have

<L<A2L>(A2L)<Ao>> - (L(A(S(AZL)mz))

and the space of intertwining operators of this type is 1-dimensional. Since L(A;) is
a simple current module such that the tensor product of L(A1) and L(Asg) is L(A3)
(see [L1], [L2] or [DLM]), and since both L(A;1) and L(Asg) are self-dual, we have

(L<A2L>(A1L)<A2>> - <L<A2L>(A2L)<A1>)

and the space of intertwining operators of this type is 1-dimensional.

Let Y # 0 be an intertwining operator of type (L(AZIS(AQL)(AD)) and v = vy, on
the top of L(Ag). By Lemma 6.1 there is a vector w on the top of L(A3) and an
integer m such that w,,v is proportional to va,. It is clear that w is proportional to
v, and we denote by [ws] = w,, the corresponding coefficient of the formal series
Y(va,, z). Obviously for proper normalization of w we have

[wQ}UAo = UpA,-

On the other hand, if we take w = wy and the corresponding coefficient [wy] = wy,
of the formal series Y(wy, z), with proper normalization we have

[wa]va, = wa.

Now let Y # 0 be an intertwining operator of type (L(AQL)(AIL)(AQ)) and v = vy,
on the top of L(Az). By Lemma 6.1 there is a vector w on the top of L(Az) and an
integer m such that vector w,,v generates the irreducible 5-dimensional g-module
on the top of L(A;). Since the top of L(A3) is 4-dimensional spinor g-module,
h-weight vectors of the form w,,v can have weights

%(51—52)4-%(614-52), —%(51—52)4-%(514-52), —%(514-62)4-%(51-5-52)-

In the first case w is proportional to wy and wy,v = Cvy, for some scalar C' # 0.
Vectors in the second and third case can be transformed to the vector w),v = Cuy,
in the first case by acting with Lie algebra g elements z., _., and x., respectively.
So if we take w = wy and the corresponding coefficient [wy] = w, of the formal
series J(ws, z) with proper normalization, we have

[walva, = v1.
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Inspection of h-weights in 5-dimensional g-module on the top of L(A;1) shows that
[we]wg = 0. In a similar way we see that for w = vy, and the properly normalized
corresponding coefficient [wa] = wy, of the formal series Y(va,, z) we have

[wolwy = vp, and [wa]va, =0.

In each of the above cases [ws] and [ws] are coefficients of Y(w, z) with w such
that

z(i)w =20 forall zegp, i>0.

Hence the commutation relations for intertwining operators imply

2(§) W — Wz (§) = (Z) (2(i)w)myj_i =0 forall z(j) € §i.

i>0

7. PROOF OF LINEAR INDEPENDENCE
By Lemma 4.4 the set of monomial vectors
a(myon = ... w2(=5)xo(—f)" w2 (=5)Y ... w2(=1) " wo(—1)" 22 (~1)" v

satisfying difference conditions (3.1) and initial conditions (3.2) spans W(A). We
prove linear independence of this set by induction on degree

—n=Y —j-m(ay(=) = = (lay + 1by + les + -+ + jaj + jb; + je; + ...
el j=>1
of monomials z(r), considering in a proof all level k¥ modules simultaneously. In

the proof we shall briefly write DC for difference conditions (3.1) and IC for initial
conditions (3.2).

Step 1. The idea of proof is illustrated most clearly in a proof of linear independence
of vectors

x(m)vga,
of degree —n. As induction hypothesis we assume that vectors z(u)vga, of degree
> —n are linearly independent. Assume that

(7.1) Z crx(m)vga, = 0.

By Lemma 5.1 we have vy, = [w]va, and hence vgp, = [w]vga,. By Lemma 5.3

> era(mvia, = Y exa(m)wlvka, = [W] > cxa(m)vra,

and injectivity of [w] implies

(7.2) > cxa(r T )vpa, = 0.

Monomials «(7) in (7.1) satisfy difference conditions, so obviously “shifted by de-
gree” monomials z(7") in (7.2) satisfy difference conditions as well. Monomials
x(m) in (7.1) satisfy initial conditions for kAj, i.e., contain no part of the form
Zo(—1). But then monomials z(71) in (7.2) contain parts of the form z,(—j),
J > 1, and hence satisfy initial conditions for kAg. Since monomials z(7) in (7.2)
have degrees > —n, the induction hypothesis implies that all ¢, = 0. Hence we
proved linear independence of monomial basis vectors for W (kA1) of degree —n.
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Step 2. For A = (c1,b;1,a1) write
2(~1)* = za(—1) "o (—1) " wa(—1)",
Later on it will be convenient to write a monomial z(u) as a product
o xy (=) wo (=) wa(—5) . we (1) wo(—1) 2o (= 1)® = (pg)z(—1)A%.
We define a partial order on the set of level k integral dominant weights:
N = kiAo + KiA1 + khAs < A = koo + k1 Ay + kol

if and only if
k6 S kOa
ko + kb < ko + ko.
Clearly kA; is the smallest element and kA is the largest element in the set of level
k integral dominant weights.

Now we proceed with a proof of linear independence. We assume that vectors
x(p)var of degree > —n satisfying DC and IC are linearly independent for some set
of A’ > kA;. Let A be a minimal level k integral weight for which we need to prove
linear independence of monomial vectors of degree > —n satisfying DC and IC. Let

(7.3) Zcﬂx(ﬂ')v/\ =0.
Assume that ¢, # 0 for some z(u) = x(u2)x(—1)"# for
A, = (c1,b1,a1), a1 < ko,

and we assume that a; is the smallest such. Since [ws]: L(Ag) — L(Az), we have
the operator
1®a1 ® [w2]®(ko—a1) ® 19 (k2+k1) . L(A) N L(A/)7

®ko ®k2 ®Fk1 ®ay ®(k2+ko—ay) Rk
Yo ® e ® VA, 77 Vs ® U, ® YA,

which commutes with the action of g;. Note that A > A’ so that we may use the
induction hypothesis for corresponding monomial vectors. If we apply this operator
on the sum (7.3) we get

(7.4) Z cax(m)vpy = 0.
By Lemmas 4.1, 4.3, 4.2 we have xo(—1)vs, = 0, 2o(—1)vp, = 0, 29(—1)%vy, = 0,
so for any monomial z(7) = x(7")x2(—1)* with a > a; we have
z(m)op = z(7')wa(—1)° (vf\@oal ® Uf\i(kﬁko_al) ® vf?f“) =0.
On the other hand, vectors like z(p)vas besides DC satisfy IC as well, i.e.,
a1 <ki=a1, bi+a <kj+ky=Fko+ks, c14+b <k{+ky=ko+ ko,

so by induction hypothesis the coefficient ¢, in linear combination (7.4) must be
zero — a contradiction.
So in (7.3) we need to consider only monomials with a; = ko, i.e., monomials of
the form
= x(r')za(—1)k0.
Assume that ¢, # 0 for some z(u) = x(u2)x(—1)"# for

A, = (c1,b1,a1), a1 =ko, bi+ar <ko+ky, c1+b1 <ko+ ko

a(m)



COMBINATORIAL BASES OF B{" MODULES 15

Since [wa]: L(A2) — L(A1), we have the operator
1®(k0+k2*1) ® [WZ] ® 1®k1 . L(A) N L(A/),
U?\?O’fo ® ’U%ka ® ,U;(\i’lkl — ,U;(\@Oko ® ,U;Q\@Q(kz—l) ® U;(?l(kl-i'l)

which commutes with the action of g;. Note that A > A’ so that we may use the
induction hypothesis for corresponding monomial vectors. If we apply this operator
on the sum (7.3) we get

(7.5) Z cax(m)vpy = 0.
By Lemmas 4.1, 4.3, 4.2 we have xzo(—1)vy, = 0, xo(—1)vp, = 0, 29(—1)%vy, = 0,
so for any monomial z(7) = z(7")z2(—1)* we have

JC(TF)’UA/ = m(ﬁ/)m2(_1)ko (U%:?O ® ,U%Q(kz—l) ® v%](k1+1))

= Cu(r') ((mz(_l)mo)@ko 2D g v%(klﬂ))

1

for some C # 0. If for such x(7) = x(m2)2z(—1)*~ we have
by +a1 =ko+ky or ci+b=ky+ ko,

then by Lemma 4.3 we have z3(—1)%va, = z2(—1)zo(—1)va, = z0(—1)%vp, = 0
and by Lemma 4.2 we have x2(—1)xo(—1)va, = 0, so in either case at least one of
xo(—1) or z2(—1) must act on one copy of va,. Hence by Lemma 4.1 for such ()
it must be
x(m)vpa = 0.

So in (7.5) we have only vectors like z(u)vys which besides DC satisfy IC as well,
and by induction hypothesis the coefficient ¢, in linear combination (7.5) must be
zero — a contradiction.

Remark 7.1. For the rest of the proof it will be convenient to realize L(A) of level
k in a k™ component of a symmetric algebra

L(A) c S¥(V), V = L(Ag) ® L(A1) © L(As).

Operator [w] = S([w]) acts as “a group element” on S(V). On the other hand,
operators A and B on'V in Lemmas 7.2 and 7.3 below act as derivations on S(V).

Step 3. By the previous step in the linear combination (7.3) we need to consider
only monomials z(7) = z(m)2(—1)4" with a; = ko for A, = (c1,b1,a;) and

bi+ar =ko+ky or cy+by=ko+ka.

Assume first we have a monomial vector x(m)va such that a3 = kg and by + a1 =
ko + ko and ¢ + by < kg + k2. This implies that

(76) ay = k‘o, bl = k‘g, C1 S k‘o.
As above, Lemmas 4.1, 4.3 and 4.2 imply that
(=) = wa(=1)7 o (=1) a5 (— 1) (K 0ful)
= Cap(=1)" (vh: (@o(~on,)* (@2(~1)ua, ) )
= C" ! (w0(—1)va, )" (w2 (= 1)va )"0~ (wa(~1)wa(~1)va,) ™.
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Let A: V — V be a linear operator
Alrag) = [wal: L(Ao) — L(A2),  Alraners) =0,

and let A act as a derivation on S(V'). By Proposition 6.2 derivation A commutes
with the action of g; on the symmetric algebra S(V). Note that Ava, = [we]va, =
wy by Proposition 6.2 and xa(—1)wy = 0 by Lemma 4.3, so A(za(—1)z2(—1)vp,) =
0. Hence by Lemmas 5.1 and 5.2 we have

ARo=e1g(—1)Any,

= C" vt (2o(—1)va, )™ (wa(~1)wp)™ ™ (22(—1)z2(~1)vp,)™

= C" ([Woag)™ ([w]va, )™ ([wlva, )~ ([w]va, )™

= "] (v okzel0g)

=C" W] (Uit jk\?;ko clvf\11> .

Since A commutes with the action of g; we have

AFo=e1p(m)op = x(me) Az(—1)7 vy
= C"a(m)l] (vhokr o)
= " W) (vhy ok 070
= O [w]x(7) )var

for some C” # 0. It is clear that “truncated and shifted by degree” monomial
x(m5) satisfies DC, and IC for (7 )vss reads

as < ki =k—bi—ay, botas <kit+kotko—ci, cotby <kit+kotko—ci =k—cy.
But these are just three difference condition relations which hold for x(m)va:
as+by+a1 <k, bytar+ci <k, co+by+c <k
Hence we have proved the following:
Lemma 7.2. In the case when (7.6) holds monomial vector
2w Jonr = (€ [u]) 7 AR
satisfies difference conditions (3.1) and initial conditions (3.2).

Assume now that we have a monomial vector z(w)va such that a; = ko and
b1 + a1 < kg + kg and ¢ + by = kg + ko. This implies that

(77) a; = ko, b1 S ]{32, c1 + b1 = ko + k'g.
Like before, Lemmas 4.1, 4.3 and 4.2 imply that
:L'(fl)A"UA

= o~ 1) (1) (1) (vt ozl
2o(=1) (R R ™" (wo(—Doa,)" (@2(~1)ua,)* )

C
= C' v (w2(=1)va, ) " (o (—1)va, )™ (z2(—1)aa(—1)va,) "
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By Lemmas 5.1 and 5.2 we further have
z(=1)A7 vy
= O ([wloag)™ ([wlwz) =~ ([Wlva, )™ ([w]va, )™
=C' W] (Ui;wSQ_blvil2vf\‘)l> )

Hence we have

z(m)vp = x(ma)z(—1)A vy

ki, ka—bi, b1,k
= C' z(m3)[w] (vAgwgz lvA12vA‘i)
ki, ka—b1 b1, k
= C' [w]z(n]) (vAthz lvAlszf;) .
Let B: V — V be a linear operator

Blpay) = [w2]: L(A2) — L(A1),  Blragera,) =0,

and let B act as a derivation on S(V'). By Proposition 6.2 derivation B commutes
with the action of g1 on the symmetric algebra S(V) and Bwy = [wa]ws = va, and
Buy, = [w2]va, = 0. Hence

BF2=b1. vﬁlow?_blvf\gvﬁ‘i — C" oy =C" vf\;v/’i‘fh_blvz;.
Lemma 7.3. In the case when (7.7) holds monomial vector
z(n )oar = BF2701(C"C" [w]) L (n)ua
satisfies difference conditions (3.1) and initial conditions (5.2).

Proof. Tt is clear that “truncated and shifted by degree” monomial z (7)) satisfies
DC, and IC for x(75 )vss reads

az < ki =k—c1—by, bataz <ki+by, cotby < ki+by = ki+kot+ko—cy = k—cy.
But these are just three difference condition relations which hold for x(m)va:
as+c1+b1 <k, bytar+ci <k, co+bs+c <k
O

Now we proceed with the proof of linear independence. As already noted, in the
linear combination (7.3) we need to consider only

o c b k k1, k2 ko
0= g C. cibray - - T2(—1)Pxo(—1) o (—1)" (”A1”A2”A0>
a1:k0
bi+ai=ko+ka>ci1+b1
or
a1:k0

bi+a1<ko+ka=c1+b1

= 3 Cucabaky - ma(=1) mo(=1) s (1% (o1 okl
c1<ko

Y Cabake e @a(=1)7wo(=1) (1) (vht 2ok ).
b1<ks
c1+bi=ko+k2

Note that in the first sum we have vectors of the form

(7.8)  wlma) (v (ro(—1)un,) 2 (2= 1)ung) 0 (g~ D~ T)en,) )
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for kg —c1 = 1,..., ko, and that in the second sum we have vectors of the form
(79)  alma) (v (ra(= Dm0 (o~ 1)on, ) (ra(~1)a(~T)ea,)*
for ko — by =0,...,ke. In particular in (7.8) we see a factor

(mg(—l)vAo)kO_cl (r2(—1)z2(—1)vp,)* for ¢ =0,...,k —1

and in (7.9) we see a factor (x2(—1)z2(—1)va,)*. Hence the operator A* will anni-
hilate all these terms except ones with ¢; = 0 and the action on linear combination
(7.3) gives

0 = Ako Z crz(m)va = [w] Z crC" (3 Yupr.
Ar=(0,k2,ko)

Now Lemma 7.2 and the induction hypothesis imply that ¢, = 0 whenever A, =
(0, k2, ko). In turn this implies that in the first sum of (7.3) it is enough to consider
vectors (7.8) for ¢; = 1,..., kg — 1. Then we apply operator A*~1 which will anni-
hilate all these terms except ones with ¢; = 1 and the action on linear combination
(7.3) gives

0 = Ako Z crx(m)vy = [W] z exC" x(m Yo

Ar=(1,k2,ko)

Now Lemma 7.2 and the induction hypothesis imply that ¢, = 0 whenever A, =
(1, ko, ko). By proceeding in this way we see that all the coefficients ¢, = C._¢,p,q,
for ¢; < kg in the first sum are equal to zero.

So we are left with the second sum

(7.10) Zcﬂx(ﬂ)v,\ = [w] Z cxC' x(m) (Uizw?_blv?\;vﬁ‘i) =0.
b1 <k2
c1+bi=ko+k2

This implies

b o dn k1 ka—bi b1 ko)
(7.11) > O x(ﬂg)(vAtwgz IUAZUA?)—Q
b1 <k2
c1+bi=ko+k2

In (7.11) we see factors
wgrl)lv?@? for b =0,...,ks.

The operator B* will annihilate all these terms except ones with b; = 0 and the
action on linear combination (7.11) gives

Z e C'C" (1) (vf\tvf\fkrl’lvf\;) =0.
b1=0
c1+bi=ko+ka

Now Lemma 7.3 and the induction hypothesis imply that ¢, = 0 whenever A, =
(ko + k2,0, ko). In turn this implies that in (7.11) it is enough to consider vectors
for by = 1,...,ko. So next we apply B*~! and conclude that ¢, = 0 whenever
Ar = (ko+ ke — 1,1, ko). By proceeding in this way we see that all the coefficients
¢x in the second sum (7.10) are equal to zero and our proof of linear independence
is complete.
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8. BASES CONSISTING OF SEMI-INFINITE MONOMIALS

In (54) we have set A* = kle + ]{301\1 + k‘QAQ for A= koAO + k‘lAl + kQAQ.
Note that A** = A. The relation (5.3) applied twice together with Lemma 5.3 gives

w)os = [w]? (vERe @ v @ oFl)

N S R C AR S T

= C"y(=2)P o (~2) 2 (-2) ] (0500 @ o @ ufE?)

— Ca(=2)Pa0(~2) 2 aa(~2) " my(—1) w0 (—1) 2 aa(~1) 00,
for some C = C) # 0. If we set

2(ka) = 72(~2)F 20 (2 a(~2) P 2y (1) mg (—1) = (~1)k,
then (8.1) reads
(8.2) [w]?va = Crz(kp)vp.
This relation and Lemma 5.3 imply
[w]?: L(A) — L(A) and [w]?: W(A) — W(A).

Theorem 8.1. Let L(A), be a weight subspace of a level k standard Bél)—module

L(A). Then there exists an integer mg such that for any fized m < mg the set of
vectors

W™ a(m)us € L(A),
such that monomial vectors x(m)vy € W(A) satisfy difference conditions (3.1) and
initial conditions (3.2) is a basis of L(A),. Moreover, for two choices of my, ma <
mg the corresponding two bases are connected by a multiple of identity matriz.

Proof. As in [P2] we define a “Weyl group translation” operator
o = expT_q(l)expza(—1) expr_a(1) expza(0) expx—q(0) exp zq(0)

for properly normalized root vectors z, and x_,. Then on a standard module L(A)
we have y

catty(f)eqt = (1) ay(j = ~(a¥))
for all roots . Let

(8.3) €= €c,—c,€c,Ccitey-
Then (8.3) and (5.1) imply
(8.4) 629&7(]’)@*2 =2z,(j F6) and [W]G:ciﬂ,(j)[w]*(j =2,(j F6)

for all v € I'. As in the proofs of Lemmas 5.1 and 5.2 we see that Cvp is invariant
for e?[w] =%, so (8.4) implies

e? = C[w]® forsome C #0.
By the proof of Proposition 5.2 in [P2] vectors of the form
emx(m)va € L(A),

span L(A), for a given small enough m, so by Theorem 3.1 monomial vectors
satisfying DC and IC will form a basis. Note that by Lemma 5.3 and (8.2)

WPz (mon = WP Pe(n ) w]Pon = Calw" Va(r=?)e(ka)oa
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and the monomial vector x(m)v, satisfies DC and IC if and only if the monomial
vector x(m~2)xz(kp)va satisfies DC and IC. We can iterate this process

W™z (r)oy = - = C3 WP Da(r (kD) z(ka)va = - . . .
Hence bases obtained for different m; and msy are connected with a multiple of

identity matrix. O

In the level & = 1 case linear independence in this theorem is proved in [P2] for
the basic representation L(Ag) by writing basis elements as semi-infinite monomi-

als and then “counting” them by using crystal base character formula [KKMMNN].

)

Such semi-infinite monomials interpretation is possible for all standard Bél -modules,

like in [F'S] for Agl): for fixed A and m € Z set

}—2m

Vom = [w VA

For big enough m > 0 basis elements of the given L(A), can be rewritten as
(8.5) [w] 2"z (m)va = z(7 T2 ™) w] "2 us = 2(7T )0,
By iterating (8.2) and Lemma 5.3 we get
Vg = CAJ:(HXQ(mH))v,m,l = CIQ\x(KIJ{Q(mH))x(mXQ(mH))v,m,g =...,
so basis vector (8.5) is proportional to
m(ﬂ+2m)x(nx2(m+l))v_m_1 and z(7r+2m)x(nx2(m+1))x(nj{z(m+2))v_m_2.

We could say that “on the limit” v_o, = limy,_oo v_p—p our basis vector (8.5) is
“proportional” to a semi-infinite monomial
x(7r+2m)x(lij\_2(m+1))x(HXQ(m+2))x(/{j\_z(m+3)) Vo
In particular, v_,, is represented by a semi-infinite quasi-periodic monomial
29(2m)F1 20 (2m)*2 25 (2m) M 29 (2m 4 1)*0xg(2m + 1)"229(2m 4 1)k
9 (2m 4 2)1 a0 (2m + 2)F2 9 (2m + 2)M1 2y (2m + 3)F0xo(2m + 3)F2wy(2m + 3)F0

and we can determine its h-weight and degree by using Lemma 5.6. Hence we have:

Corollary 8.2. We can parametrize a basis of level k standard Bél)—module L(A),
A = Aoko + A1 ky + Agks, k=ko+ ki + ko,
with semi-infinite monomials
Hxg(—j)cfxo(—j)bjmg(—j)“j ) ¢;=bj=a;=0 for —j<0,
jEz
with quasi-periodic tail
(..., C_an, b_an, G_opn, C_opn_1, b_op_1, G_op_1, -..)
= (..., k1, ko, k1, ko, ko, ko, ...)
for n >0, satisfying for all j € Z difference conditions
Cjt+1 +bjp1 +c; <k,
bjt1+aji1+c¢; <k,
aj+1+c;+b; <k,
aj+1+b;+a; <k
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Note that for semi-infinite monomials the initial conditions are built in the form
of quasi-periodic tail and the difference conditions.

9. PRESENTATION OF W(A)
Theorem 9.1. Let A = k()AO + klAl + k2A2 and k = k(] + kl + kQ. Let

P = Clrz(j), zo(4), 22(4) | J < —1]

and let Ty be the ideal in the polynomial algebra P generated by the set of polyno-

mials
U U(go) - ( Z z2(j1) - --sz(jk+1)>

n<—k—1 JiseesJrp1<—1
Jittikp1=n

Utea(=1)" 1 U(go) - aa(—1)kothet1,
where - denotes the adjoint action of go on P. Then as vector spaces
W(A) = P/ZA.
Proof. Since P C S(g1) = U(g1), we have a linear map
f:P—->W(A), f:z(r)— z(m)v,.
Since z(j)va = 0 for x € gy and j > 0, relations U(go) - z¢(2)*™! = 0 on L(A) imply
U U(g()) . ( Z $2(j1)...$2(jk+1)) Ckerf.
n<—k—1 Jiyeodk+1<—1
Jittik+1=n
(From the proof of Lemma 4.4 we see that
{za(=1)M*1} U U(go) - wo(—=1)"+"+1 C ker f.
Hence we have a surjective linear map
g: P/Ix — W(A).
On the quotient P/Z5 we have relations
U(go) - ( Z xQ(jl)...xQ(ij)) =0 forall n<—-k-1
JiseensJl+1<—1
Jit+ikr1=n
and
Zg(—l)kOJrl =0 and U(go) '$2(—1)k0+k2+1 =0.

As in the proof of Lemma 4.4 we see that monomials z(r) € P satisfying DC
and IC span the quotient P/Z,. Since g maps this spanning set to a basis of
W(A), monomials z(w) € P satisfying DC and IC are a basis of P/Zx and g is an
isomorphism. ([l
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)

10. LINEAR INDEPENDENCE OF MONOMIAL BASES OF STANDARD Agl -MODULES

Let now g = sl(2,C) with the standard basis e, h, f. Then we have monomial
bases of standard g-modules constructed in [MP1], [MP2] and [FKLMM]:

For integral dominant A = koAg + k1A of level k = ko + k1 the set of finite
monomial vectors

(10.1) a(moa = ... f(=§)h(=)"e(=5)% ... F(=1)h(=1)"e(=1)" f(0)®va
satisfying difference conditions
¢it1+bjp1 ¢ <k,
bjt1+aj11+¢ <k,
aj1+ ¢ —|—bj <k,
ajy1+bj+a; <k
for all 5 > 0, and initial conditions a1 < ko and co < ki, is a basis of standard
g-module L(A).
The proof of spanning uses the relation e(z) = 0 in a usual way, and there
are two different proofs of linear independence in the works cited above. Here
we give another proof of linear independence of bases (10.1) for vacuum standard

modules L(kAg) based on coincidence of presentation given by Theorem 9.1 and
the following:

k+1

Theorem 10.1. Let k be a positive integer. Let
P =C[f(4),h(5),e() | J < -1
and let Iyp, be the ideal in the polynomial algebra P generated by polynomials

U v@-( X el elirn)

n<—k—1 Jiyenjep1<—1
Jittik41=n

(here - denotes the adjoint action of g on P). Then as Z-graded vector spaces and
g-modules
L(kAO) = P/IkA0~

Proof. As in [MP2], let
N(kAo) = U(8) ®u(gso) Cora,

be a vacuum level k generalized Verma g-module and view it as a vertex operator
algebra. The maximal submodule N!(kAg) is generated by the singular vector
e(—l)k“vk,\o. Let R be a vector space spanned by all coefficients r, of vertex
operators

Y(r2) =Y re re R=U(g)-e(—1) oy,
nez

Then R is a loop g-module and N!(kAg) = RN(kAg) (see Chapter 3 in [MP2]).
Hence we have

L(kAo) = N(kAo)/RN (kAo),
N(kAo) = U(g<o),
N'(kAo) 2 UG<o) @D U@ D el elir)),

n<—k—1 Jiyenjkp1<—1
J1it+Ik+1=n
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and the theorem follows by passing from the filtered enveloping algebra U(g<o) to
the symmetric algebra P = S(g<o) (cf. Ch. IIT §2 n°4 Proposition 2 in [Bo]). O

(From Theorems 9.1 and 10.1 we se that W (kAy) for Bél) and L(kAg) for Agl)
have the same presentation P/Z, so Theorem 3.1 implies linear independence of

bases (10.1) for standard Agl)—modules L(kAy).
Due to this coincidence E. Feigin’s fermionic formula [F] for Agl)-module L(kAo)

is also a character formula of Feigin-Stoyanovsky’s subspace W (kAg) for Bél).
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