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Abstract

This paper is concerned with (weakly) pseudoconvex real analytic
hypersurfaces in C". We are motivated by the study of local boundary
regularity of the 9-Neumann problem. Subelliptic estimates in a neigh-
borhood of a point P in the boundary (which imply regularity) are con-
trolled by ideals of germs of real analytic functions I'(P), ..., 1"~ 1(P).
These ideals have the property that a subelliptic estimate holds for
(p, q)-forms in a neighborhood of P if and only if 1 € I9(P). The
geometrical meaning of this is that 1 € I9(P) if and only if there is
a neighborhood of P such that there does not exist a g-dimensional
complex analytic manifold contained in the intersection of this neigh-
borhood. Here we present a method to construct these manifolds ex-
plicitly. That is, if 1 ¢ I9(P) then in every neighborhood of P we give
an explicit construction of such a manifold. This result is part of a
program to give a more precise understanding of regularity in terms of
various norms. The techniques should also be useful in the study of
other systems of partial differential equations.

Introduction

Complex analysis on a domain £ C C", from the point of view of partial
differential equations, is basically the study of the Cauchy-Riemann equa-
tions on ). In particular the study of the inhomogeneous Cauchy-Riemann
equations J¢ = «, where ¢ is orthogonal to the nullspace of 0, leads to the
O-Neumann problem. There are a number of excellent sources which include
a detailed exposition of the 9-Neumann problem, for example [CS] and [S].

In case 2 is bounded, pseudoconvex, and has a smooth boundary an im-
portant question is local regularity on the boundary. This can be formulated
as follows. Suppose that P € b2, where b} denotes the boundary of €2, and
that U is a neighborhood of P such that the restriction of a (p,¢)-form «
to UNQ is in C®°(U N Q). The question is: when is ¢ € C*°(U N Q)? This
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problem is open, however it has been solved for a large class of domains. In
particular, it is completely solved in the case when U N b} is real analytic
(see [K1]). In general, local regularity for (p, ¢)-forms does not hold if there
exists a complex analytic g-dimensional variety W C U N bS). The result in
the case when U N b2 is real analytic is that local regularity holds for (p, q)-
forms if and only if there does not exist any complex analytic gq-dimensional
variety W C U N bQ. To prove this result we need subelliptic estimates
which we describe below.

Let Q@ C C" be a bounded domain with a smooth boundary. By a

smooth boundary we mean that the boundary of 2, denoted by bf2, has a
neighborhood U on which there is a function r € C*°(U) with dr # 0 and
r=0on bQ. If P € bQ we denote by Tp°(b) the space;

Tp°(bQ2) = {L € T"(C") | L(r)|p = 0}.

The Levi form at P is the quadratic form on T}D’O(bQ), denoted by Lp,
defined by:

(1) EP(L, I/) =< (857“)}),[//\[7 >,

where L, L' € T IID’O(bQ). Using Cartan’s identity the Levi form can also be
given by

(2) EP(L7L/> =< [L7I_’/]7 (a?“)p >,

where [L,L'] = LL' — L'L. We choose r so that r < 0 in U N . The
domain b2 is pseudoconvex if Lp is positive semidefinite for each P € bS).
We denote by AP the space (p, q)-forms on © which are in C*(Q). We
denote by 0 : C®(Q) — A%! the operator defined by < df, L >= L(f).
The induced operator on forms is also denoted by 9 : AP4 — AP+ The
Ly-adjoint of O denoted by 0*. The domain of 0* intersected with C*°(Q)
is denoted by DP9, so that 9* : DP9 — AP4~! where

(3) 'Dp’q:{QDE.Ap’q ’ g0|_57“|bQ=0},

where L denotes the interior product. On DP? we define the “energy form”
Q by

(4) Q. 1) = (9, 0) + (9", I*).

If P € bQ) we say that a subelliptic estimate for (p, q)-forms holds at P if
there exists a neighborhood U of P and positive constants € and C such
that

() lell2 < CQ(p, ¢),



for all p € DP1.

The estimate (5) for ¢ = % was first proved, for strongly pseudoconvex
domains (i.e. when the Levi form is positive definite), by C. B. Morrey
(see [M]). In that case (5) is used (see [K1]) to prove existence and local
regularity for the O-Neumann problem on strongly pseudoconvex domains.
L. Nirenberg and I (see [KN]) proved that if (5) holds at P € b2 for some
€ > 0 then the 9-Neumann problem is locally regular in a neighborhood of
P. The local regularity of the d-Neumann problem has many applications
(see [CS] and [S]), including the study of the Bergmann kernel, holomorphic

mappings, etc.

The key to understanding (5) at P € b€ is the analysis of the maximum
order of contact of germs of complex analytic varieties at P to Q). In
dimension 2 it suffices to consider only non-singular varieties, necessary and
sufficient conditions for (5) are given in [K2] and [G]. In higher dimensions
singular varieties enter the picture and the problem is much more difficult.
J. P. D’Angelo discovered (see [D’A]) that if the maximum order of contact
(called the D’Angelo type) at P is finite then it is finite at all points in a
neighborhood of P. Using this result D. Catlin (see [C2]) solved the problem
completely by proving the remarkable result that (5) holds at P if and only
if the D’Angelo type at P is finite.

This problem has been studied in [K3] using ideals of subelliptic multi-
pliers. These are defined as follows.

Definition 1 Suppose that €2 € C" is a bounded pseudoconvex domain with
a C* boundary and that P € bQ) then a subelliptic multiplier for (p,q)-
forms on Q at P is a germ of a C*° function f at P such that there exists
a neighborhood U of P and positive constants € and C' such that

(6) Ifel? < CQp, ),

for all p € DPINC>®(UNQ). We denote by IPI(P,Q) the set of all f with
the above property.

Remark: ZP9(P, () is independent of ¢, that is ZP4(P, Q) = T%9(P, ) for
all p. We will write Z(P, ) instead of ZP4(P, Q).

Obviously (5) holds for some neighborhood of P € bQ if and only if
1 € ZP9(P, ). The proof in [K3]| is based on a construction, recalled below,



of an ascending sequence of ideals contained in Z4(P, 2). In case the defining
function r is real analytic in a neighborhood of P it is shown that if 1 is not
in any ideal in this sequence then there exists a manifold of holomorphic
dimension ¢ in b. Then, using a result of Diederich and Fornaess (see
[DF]), it is shown that the existence of such manifolds in bS is equivalent to
the existence of complex analytic manifolds in bS2. Different proofs of the
result of Diederich and Fornaess were given by Bedford and Fornaess (see
[BF]) and by Siu (see [Si]). Here we present an explicit construction of these
manifolds.

The main theorem

In this section we will formulate the main theorem. First, we will con-
struct the sequence of ideals mentioned above.

In [K3] it is shown that the set Z9(P,2) has the following properties:
1. Z9(P,Q) is an ideal over C°.

2. T9(P,Q) = ¥/Z4(P,Q), where for any ideal S of germs of functions v/S,
the real radical of S, is defined to be the ideal consisting of all g such that
there exists an m € Z* and an f € S with |g|™ < |f].

3. r and the coefficients of Or A Or A (90r)" 7 are in (P, ().

4. If f1,..., f; are in T9(P,Q) = {/Z}(P, Q) then the coeficients of
Oft A== NOf; ANOr Adr A (00r)"=977 are in T9(P, Q).

If S is a set of forms we will denote by coeff S the ideal generated by
the coefficients of the forms in S with respect to a holomorphic system of
coordinates. Note that this ideal is independent of the coordinates used.

Definition: If fi,..., f; are are germs of '™ functions at P € b2 we denote
by AL(P, f1,..., f;) the set of germs of C*° functions at P defined by:

AYP, f1,..., f;) = coeff{Ofs A...Of; ANOr AOr A (99r) 977},

Set

I{(P) = H\Q/(r, coeff{Or A Or A (00r)"—1})
and, inductively for k£ > 1

1Py =}ty (P, (AP fr... 1))
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where the union is taken over all j-tuples of elements in I}, (P), with

1 <j<n—gq. Then I}(P) C I {(P) and we define the ideal

1(p) = JIi(p)
Then clearly I9(P) C Z9(P,2) hence (5) holds if 1 € I9(P).
The following definition is used to formulate the main result.

Definition: Let V C b{) be a real analytic variety. Then bS2 is V-convex
if whenever P € V is a regular point and L € T};O(bQ) is transversal to
T5°(V) then £(L,L) > 0.

The main result of this paper is the following.

Main Theorem: Let ) C C™ be a domain with a smooth boundary b2
and Py € bQ) and assume that bQ) is V(I9(F))-convex, where V(I9(P,))
denotes the variety of I9(Fy). Then 1 ¢ I%(P) if and only if in every
neighborhood U of P, there exists a g-dimesional complex analytic variety
WcUun V(Iq(Po)), so that, in particular, W C U N b82.

Remarks:

1. In the general case when b2 is V(19(Pp))-convexity does not hold the
theorem is still true but the argument is much more complicated and
will be presented in a more general context in a future paper.

2. In the important case when dimV([4(FPy)) = n — 1, there are no
transversal (1,0) vectors therefore bQ2 is V(I(Fy))-convex.

First we will prove that the existence of such a W implies that 1 ¢ [9(Fp),
that is:

Necessity: if in every neighborhood U of Py there exists a ¢-dimesional
complex analytic variety W C U N b2 then 1 ¢ I9(FPp). Since the condition
1 € I(Py) is open it will suffice to show that if P € W is a regular point of
W then 1 ¢ I9(P). Let {z1,...,2,} be holomorphic coordinates with origin
at Py. Let U be a neighborhood of P so that all points in U N W are regular
points of W. Let L be a (1,0) vectorfield tangent to W. Then L = > Ci%

with L(r) = 0 when 7 = 0. Since CT(W) = T*°(W) @& T%(W) we obtain,



applying (2), £(L,L) =< [L, L],0r >= 0 on W. Since L is semi-definite on
b} the (¢ satisfy the following system of equations on U N W

n
> =0
=1
and
n
> razGi =0,
=1

for j = 1,...,n. Since W is g-dimensional these equations have ¢ linearly
independent solutions on W and hence, by Cramer’s rule, the coefficients of
Or AOr A (00r)"~? vanish on W. Therefore the elements I{(P) vanish on W
so that if f € I7(P) then L(f) =0 on W. Thus the ( satisfy the additional
equations

L(f) =) ¢ =0,
i=1

on W for each f € I{(P). Hence, adjoining these equations to the above
system, we conclude that all elements of I3(P) vanish on W. Proceeding
inductively we see that for each k all elements of I}/(P) vanish on W and
therefore 1 ¢ I9(P) completing the proof.

Remark: Note that if there is a g-dimensional manifold W C b2 then
the above implies that for each P € W we have 1 ¢ I9(P) and hence
W C V(II(F)).

From now on we will deal only with germs of real analytic functions
(more precisely complex value functions whose real and imaginary parts are
real analytic), thus in each of the ideals defined above we will consider only
the germs of real analytic functions. We will abuse notation and denote
by Il(P) and I%(P) the ideals consisting only of real analytic functions
contained in the corresponding ideals defined above.

Definition: If [ is an ideal of germs of real analytic functions at P then
the Zariski tangent space at P is defined by

Z0N) ={LeTy’ | L(f)=0if feI}.

If V. C b is a germ of a real analytic variety at Py and if P € V then the
Zariski tangent space to V' at P is defined by

250V = 25°(T(V)).



We denote by VZ(P) and by V?(P) the varieties V(I}}(P)) and V(I(P)),
respectively. Then from the above definitions we obtain the following lemma
(see [K3)).

Lemma 1 If P € V}!(Py) then P € quH(PO) if and only if
dim(Z5°(I}(Po)) NNp) > ¢,
where Np is the null space of the Levi form defined by
Np ={LeTp’(bQ) | Lp(L,L)=0}.

Then we have:
dim(Z5°(I(Po)) N Np) > q.

The following lemma is easily proved with a slight modification of the
proof of necessity given above.

Lemma 2 IfV C b2 is a germ of real analytic variety at Py and if there
exists a sequence {P,} of reqular points of V. which converges to Py such
that for each P, has a neighborhood U, with dimT};O(VﬂUl,) NNp = q then
1¢ IP(R).

To prove the theorem we have to find W C 2. We know that if such a
W exists then W C V(I%(P)), when P € W. To each f € I9(P) we will asso-
ciate a holomorphic function Hp[f], defined below, such that Hp[f](P) =0
and Hp[f] vanishes on any complex manifold that contains P and is con-

tained in {@Q € C" | f(Q) = 0}.

Definition: If f is a real analytic function in a neighborhood of P € C" we
define the holomorphic function Hp[f] by

Hplf] = 3 L DEF(P)(= — P

Note that Hp[f] does not depend on the choice of coordinates, it is char-
acterized as the unique holomorphic function h with the property that
DShlp = D2 f|p, for all a = (aq,...,ap).

Remark: If W is a complex analytic manifold on which a real analytic
function f vanishes and if P € W then Hp[f]| vanishes on W. This is true



because: if a complex curve through P contained in W is parametrized
by t — 2(t) = (21(t),...,2n(t)) with t € {C | |t| < 1}, 2(0) = P, and
f(2(t)) =0forallt € {C| |¢t| < 1} then

D" f(2(t))lo = D" Hplf](2()]o =0,
for all m. Hence Hp[f](2(t)) =0 for all t € {C | |¢t| < 1}.

The first step in the proof of the theorem is to define a subset A C
Vi(Py) with Py € A. We will prove that if U is any neighborhood of P
and if P € U N A then there exists a complex analytic manifold W with
P e W c VY{P) C b2 with dimW = q. A is defined as follows. Let
J1,---,9N be generators of I9(Fp).

1. Ay = UnregVi(Py), where regV?(Py) are the regular points of
VI(Py).

2. Ay = {P' € A such that there exists a neighborhood U’ Cc U’ C U
of P" such that U’ NregV4(Pp) is a real analytic manifold}.

3. A3 = {P’ € Aj such that dim(U' NregVI(Py)) is maximal}.

4. Ay = {P' € A3 such that there exists a neighborhood U” c U" c U’
of P’ with dim(Tllg’/O(U” NregVi(FR)) = dim(T}D’B(U” NregVi(F)) for all
P" e U " NregVi(Py)}.

5. A= {P" € A4 such that there exists a neighborhood U"” c U" c U"
of P" with dim(T s> (U" \VU(Py) \Npr)) = dim (T (U" NV 9(Py) N\ Npm))
for all P € U" NregVi(Fy)}.

Fix P € A and abusing notation we will denote the neighborhood U"’
corresponding to P by U. We will assume that ¢ is as large as possible, so
that

(7) 1 ¢ I9(Py) but 1 € I (R).

Set m = dz’mT};o(Vq(Po). Then, from lemma 2, it follows that ¢ =
dim(TH°(V(Py) N Np).

By a coherence theorem for ideals of real analytic functions (see [N])
the ideal I9(P) is generated by elements of I9(P)). Hence there exist

fmt1s -y fn € I9(Pp) such that Ofp+1A,...,AOf, # 0 in a neighborhood
of P. Without loss of generality, we assume that f, = r and that the



fm+1, .-+ fno1 are real. Let zq, ..., z, be coordinates with origin at P such
that:

1. zi=Hp(f;) fori=m+1,...,n.

Then %,...,% is a basis of T};’O(Vq(Po). Then by replacing the
Z1,-..,2n and the fi41,..., fn—1 by appropriate linear combinations we
obtain:

2. 72,2, (0) = Nidij for 4,5 = 1,...,n — 1. Since in a neighborhood U of
P the rank of the Levi form on TM°(U N V%(Py)) N Np is constant and since
1e IqH(PO) we have Ay = --- =X, =0and \; >0 when ¢ +1 <1 < m.
From V9(P)-convexiy it follows that A\; >0 when m+1<:<n—1.

Note that fi,;(0) = d;; for I = m + 1,...,n. Furthermore, 0 f;(0) =
09r(0) = 0 when |af > 1.

We define new holomorphic coordinates {ws,...,w,} on a small neigh-
borhood U’ of P by
w; = zj, if1<i<gqgandi=nmn;
820z 7(0 , ,
ijZjJr%jZaeAaiﬁr()zo‘, if g+1<j<m,

where A is the set of all @ = ay ...y, such that a1 =--- =, = 0. It is
important to note here the following.

Note: The sum above can be taken only over |a| > 2 since r,,5,(0) = 0
when 1 <1 <gq.

The main theorem will be proved by showing that if W is the ¢g-dimensional
complex manifold W defined by

W={QeU | wi(Q) =0, wheng+1<i<n}

then W C V% C Q2. That is, we will show if f € I? then we have
f(wi,...,wg,0,...,0) =0. This will be established by proving that:

(8) 505F(0) =0,
when «, 5 € A. To prove (8) it will suffice to prove
(9) 5057(0) =0,

when o, € A, since (9) implies that W C bQ and hence, by a previous
remark W C V4,

The first step towards proving (9) is:



Lemma 3 :
(10) 8381@].7“(0) = agawjr(o) =0

when a € A and g+ 1< 75 <m.

Proof: Expanding r in a Taylor series in the z and Z coorditates we get:

r(z) = Zwagaﬁ r(0)2*z°
n—1 1
= 2Re(z,) +ij|zj|2+2}ze(z —020:,7(0)2"%

|ae|>0

+ ) ,ﬁ,aaaﬁ()zazﬁ

la|>0,]5|>0

expressing the z’s in terms of the w’s we have

z; = w;, if1<i<qandi=n;
882 . .
2% =W~ 5 Laea ()wa, if g+1<j<m,

then, with ¢ + 1 < j < m, we obtain

80‘82 r( o
)\j|zj|2 = Tz]z] |wj /\ Z J |2
J acA
0905,
= —2Re(z %wo‘w]) Z)\ lw; |
aGA ’ m—+1

20z,7(0) 5, 4
+ 3 L E O o2

acA ]

substituting this in the above expansion of r it follows that the coefficients
of the w*w; and the w*w; vanish when o € A and ¢+ 1 < j < m, which
proves (10).

From now on we will fix P. Then, to simplify notation, we will write I¢
and VY instead of [9(P) and V4(P), respectively.

Definitions:
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1. R, is the ideal of germs of functions at 0 generated by {83‘,8537"} with
B €A and |a|+ |8] < T.

2. I? is the ideal of germs of functions at 0 generated by {9292 19} with
B € A and |a|+ |B] < 7. (This is the ideal I9(P), it should not be confused
with the previously defined I#(P).)

3. If D is an ideal of germs of real analytic functions at 0 and if o, 3 € A
then we set

Dr= Y 020D,

lal+|B|I<T
m
~ 0
DT—H— Z P T
j=q+1 7
n—1
= 0
DT—H - a— T
j=m+1 wj
D= > 99D,
o <7
and
Dy = ) %D
ol <7

4. My is the ideal of germs of functions at 0 which vanish at 0.

Remarks:
1. Note that {Iq,IiI,RQ,ﬁQ,ﬁQ,R[T},R[;—], (7%1)[7_], (7%1)[7—_]), I[qT], I[({F]} C My,
and ry,m; € Mo when i # j.

2. If g € I then g is a combination of the dfj, hence I7 = (frt1,-- -, fa)1
so that if 7 > 1 then If = (frntt1, .. fa)r

Suppose that U is a sufficiently small neighborhood of 0 so that there
is a basis of T°(U N bQ) consisting of the vector fields L1, ..., L,_1 on U
such that:

1. If Q € UNVY then Ly|q, ..., Lm|q is a basis of T5,"(V9).

2. If Q € UN VY then Lylg, ..., Lglg is a basis of T,,"(U) N N.
3. Lilo = 8%1_!0, fori=1,...,n—1.

11



Renumbering and taking appropriate linear combinations we have:

0 50 )
11 L = i 9 i 0
( ) 8’U}i+,z a’@wj+,z b‘&wj
J=q+1 J=m+1
fori=1,...,q,
0 .0
12 L; = ¢ —
( ) 8wi+j;rl law]‘

fori=q+1,...,m, and
0 Tw; O

Li=— —
(13) o

Tw, OWp,

fori=m+1,...,n—1.

Definition: Let A, B, and C be ideals generated by the {a?} with1 <i<g
and ¢+ 1 < j < m, the {b/} with1 <i < gand m+1 < j <mn, and the

{C‘Z} with g+ 1 <i<mand i+ 1< j <n, respectively.

Remark: Note that A+ B+ C C M.

Lemma 4 With the notation given above

(14) B[T] C Mo+ A[T_l],

(15) B, =17, m0d<M0 + ,47_1>,
and

<16) a%agb? € RT+1 + Mo + AT_I-
(17) D202 € Rysr + Mo + R

with1 <i<gq,q+1<h<m, and|a|+ |8 =T.

12



Proof: Fori=1,...,q we have:
m ) n )
LZ(fl) = flwi + Z agfle + Z bgfle
J=q+1 Jj=m+1

hence L;(f1) € (f1), where (f;) denotes the ideal generated by f;. Then
fIbh =~ fiy,  mod(Mo(A+ B)).

Since fi,,, # 0 we obtain

B = IFT+1] mod(./\/lo(.Am + B[T]) + Aoy + B[T_l})

after applying 05 and taking the ideals generated when {o € A | |a| < 7},
{i|1<i<gq},and {{|m+1<1<n}. Then (14) follows by induction. A
similar argument gives (15) and since f,, = r we obtain (16). To prove (17)
consider

n
Lp(r) =ry, + Z cirwk.
k=q+1

Since Lp(r) = 0 on 7 = 0 we have Ly(r) € (r). We can solve the above for
¢y, because ry, # 0, and obtain

CZ € 7@1 + Mo']:?,l.

Then, by differentiating 7 times and by induction we obtain (17) concluding
the proof of the lemma.

Lemma 5 : Then we have for 7 > 1:

(18) Rrio C Mo+ Rr+ Ar1 + Arq,
and
(19) By C Mo+ Rrp1 + Ary + Ary.

13



Proof: Let L in TH°(U N bQ) whose restriction to U NV is in TH(U N
V) NN). Then L(L,L) >0 on UNbQ and L(L,L) =0 on U N V4. Hence
LyL(L,L) =0 on UNVY So that if L ="1(,L; we have

LiL(L, L) Z LiL(Liy L)GC =0
i,j=1

on UNV4. Hence LipL(L;, L;j) =0 on UNVYso that LyL(L;, Lj) € 17 for
i=1,...,qand k=m+1,...,n — 1. The Levi form £(L;, L) is given by

m

— T .

(20) [:(LZ,Lk> = Twiu-,k — TwiU_Jn —rzi}k -+ E iju-}kag
wn j—q+1

J wk
- g Tw CLl + E Tw; wk

Jj= q+1 Wn j=m+1

.

J g q

E rijnbl mod(I?).
j=m+1 Wn,

Since L; is in the null space of the Levi form on V7 we have £(L;, Li)=0
on V7 and hence £(L;, L) € I9. Then

(21) éQCIq‘i‘él‘i‘Mo.A‘i‘B.

Applying 05 and summing over {a € A | |a| < 7}, we obtain
(R1)jri1] C I + (R1) ) + MoAp + Ap—q) + By

then from (14) we obtain

(22) (Rl)[ﬂ-l] C Mo+ -A[T—l]

by induction. Next, since 7y, (0) = Apdjr with Ay > 0, we solve (20) for
b¥ and then using (16) we get

BCI‘?—I—R1+7:€2+M0(A+B).

Then .
B CII+Rry1 +Rrpo + Mo+ Ar_1.

From (15) we get
BT C BT—l + RT+1 + 7%74,_2 + MO + AT—l*

14



hence we obtain

(23) BT C RT_H + 7é7+2 + MO + .A7—_1.
Now
m
(24) LILi, L) = Tww,+ Y (ruys,al +rws,a?)
h=q+1
n—1 B
+ Z (Twhwjb? +Twiwhbh)
h=m+1

mod((b},b7) + AA+ AB + BA+ BB).
Hence, solving (24) for 7,4, we get
Ry CIT+ Mo(A+ A+ B+B).
Then applying Ly to £(L;, L;) in (24) we have LyL(L;, L;) € I9 and solving
for ru,w;w, Wwe obtain
Ry C 194 Mo(Ar + A + B +By) + A+ A+ B+ B+ R
Then

Rris C Mo+ Reg1 + Ar + A + By + Br.

Using (23) and its conjugate, we obtain (18) after substituting 7 — 1 for
7. Then (19) follows from (18) and (23), thus concluding the proof of the
lemma.

Lemma 6 The ideals A, R, and R satisfy the following.

(25) A[T] C My
and
(26) Ar C Mo+ Rr + Ry

Proof: If 1 <i < gand g+ 1< h <m then we have L(L;,Ly) =0 on V4
so that £(L;, Lp) € I? and

n m
(27) L(Liy L) = Tww, + Z rwﬂf}k5§+ Z kaﬂ)ha?
k=q+1 k=q+1
n

- Z Twgan 0F + (A + B)C.
k=m+1
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Since when ¢+1 < k < m we have ry, 4, 7 0 we solve (27) for a¥ and obtain

a* € I1+ R+ Ry + MoRa.
Applying 02 with |a| < 7 and recalling that I [qT | C M and that (8) implies
that (731)[7+1} C My, we get

.Am C Mo+ R[T] + (7%1)[7.].

Then (22) implies
A[T] C Mo+ R[T] + ./4[7-_2]

then, since R(;] C Mo, this proves (25) by induction. Next we get
A‘r C Ig + RT + 7€T+2 + MO,]?/T+2 + 7é7+1-
From (15) and (18) we get
-/47' C MO + RT + 7~€'T+2 + AT*Z + ZT*Q'

Hence ~
./47' C MO + RT + RT+2 + AT—Z + A7'72

and by induction we prove (26).

To finish the proof of the proposition we still have to prove that R, C
Mo and that R, € My. We p_roceed as follows. For 1 < 4,5 < ¢ and
g+ 1<h<mwehave L,L(L;, Lj) € I? and hence, from (24) we obtain

Pwgwyw, € 17+ Mo (A1 + A1+ B+ Bi) + A+ A+ B+ B+ Ry
Thus with |o| + |8 <7+ 3 and 8 # 0 we obtain

83585-17” e I+ My (A7—+1 + 7174_1 + Byl + Eq—+1)
+A; + A+ By + B + Rris

Then applying (15), (19), (26), and (25) we get
Rry3 C Mo+ Ry + Rrta
and thus by induction we get

R7—+3 C MO + RT.

16



Consider £(L;, Lj) with 1 < 4,5 < ¢ then £(L;, L;) € I? and from (24) we
get
~ 9 ~
Ro C RaA+RaB + > (b)) C Ri + RoA+ RaoB.
i=1
Hence
R7—+2 (- R7—+1 + MO + A’T—l + B’T—l)

then, by induction, we get R,y2 C My. Combing all the above we conclude
that all the ideals mentioned are contained in M. In particular If C Mo,
therefore W C V7 which completes the proof of the theorem.
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