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Abstract

The algebraic structure and the spectral properties of a special class of multicom-
ponent NLS equations, related to the symmetric spaces of BD.I-type are analyzed.
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1 Introduction
The nonlinear Schrédinger equation
i + quo +2lql°¢ =0, g =qla,t) (1)

has natural multi-component generalizations. The first multi-component NLS type model
with applications to physics is so-called vector NLS equation (Manakov model) [38, 2]:

U1 (ZE7 t)
iVi+ Ve +2|[V|[Pv =0, v= : . (2)
vp(x,t)
Here v is an n-component vector and || - || is the (standard) Euclidean norm.

Later on, the applications of the differential geometric and Lie algebraic methods to
soliton type equations had lead to the discovery of a close relationship between the multi-
component (matrix) NLS equations and the homogeneous and symmetric spaces [12].
It was shown that the integrable MNLS type models have Lax representation with the
generalized Zakharov—-Shabat system as the Lax operator:

Lz, b)) = z% Q) = M)t ) = 0, (3)
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where J is a constant element of the Cartan subalgebra h C g of the simple Lie algebra
g and Q(z,t) = [J,Q(z,t)] € g/h. In other words Q(z,t) belongs to the co-adjoint orbit
M of g passing through J. The Hermitian symmetric spaces, compatible with the NLS
dispersion law, are labeled by the Cartan classification: A.III, C.I, D.IIT and BD.I (all
others are listed, e.g. in [32]).

The choice of J determines the dimension of M ; which can be viewed as the phase
space of the relevant nonlinear evolution equations (NLEE). It is is equal to the number
of roots of g such that a(J) # 0. Taking into account that if « is a root, then and —« is
also a root of g then dim M is always even.

The interpretation of the ISM as a generalized Fourier transforms and the expansion
over the so-called “squared” solutions (see [14] for regular and [20, 22] for non-regular J)
are based on the spectral theory for Lax operators in the form (3). This allow one to study
all the fundamental properties of the corresponding NLEE’s: i) the description of the class
of NLEE related to a given Lax operator L(\) and solvable by the ISM; ii) derivation of
the infinite family of integrals of motion; and iii) their hierarchy of Hamiltonian structures.

Since the Lax operator (3) takes values in a simple Lie algebra g, the choice of the
representation of g is crucial for the spectral theory of L()A). Our aim in this paper is to
explore the spectral theory of the Lax operator in the form (3) for different fundamental
representations of the underlying simple Lie algebra g. Special attention will be payed
to the adjoint representation, which gives the expansion over the so-called “squared”
solutions. Furthermore, based on examples, related to orthogonal simple Lie algebras (of
B, and D, type, in the Cartan classification), the spectral properties of the Lax operator
in the spinor representations of such algebras are discussed. The results are demonstrated
on examples related to low-rank orthogonal Lie algebras.

The paper is organised as follows: In Section 2, we give some preliminaries about
MNLS type equations over symmetric spaces, their Lax representation, direct scattering
problem, scattering data, dressing factors and soliton solutions, in addition to some alge-
braic notations. In Section 3 we describe the spectral properties of the Lax operator in
the typical representation for BD.I symmetric spaces and the effect of the dressing on the
scattering data. In Section 4 we describe the spectral decomposition of the Lax operator
in the adjoint representation: the expansions over the “squared” solutions and the gener-
ating (recursion) operator. In the next Section 5 we study the spectral properties of the
same Lax operator on the spinor representation: starting with the algebraic structure of
the Gauss factors for the scattering matrix, associated to L()), the dressing factors, etc.
The matrix realisations of both adjoint and spinor representations for By ~ so(5, C) and
B; ~ 50(7,C) are presented in Appendices A, B and C.

2 Preliminaries

We start with some basic facts about the MNLS type models, related to BD.I symmetric
spaces. Here we will present all result in the typical representation of the corresponding
Lie algebra g ~ B,., B,. These models admit a Lax representation in the form:

Lip(z,t, \) = i0,0 + (Q(x,t) — AJ)(z,t, A) = 0. (4)
M(z,t, ) = i0pp + (Vo(z,t) + A\Vi(z, t) — N2I)p(x,t, \) = 0, (5)
Vi(z,t) = Q(x,t), Vo(z,t) = iad Jlg + % [ad le,Q(x,t)] : (6)



Here, in general, J is an element of the corresponding Cartan subalgebra b and Q(x,t) is
an off-diagonal matrix, taking values in a simple Lie algebra g. In the case of symmetric
spaces, the corresponding Cartan involution provides a grading in g: g = go & g1, where
go is the subalgebra of all elements of g commuting with J.

For symmetric spaces of BD.I type, the potential has the form:

04" 0
Q=17 0 s07], J = diag(1,0,...0,—1). (7)
0 pTSO 0
For n = 2r+1 the n-component vectors ¢ and g have the form ¢ = (q1, ..., ¢, 0, Gr, - - -, q1)7,

7= (p1,--PrsP0sPrs---,p1)" ), while the matrix sy = Sén) enters in the definition of
so(n): X € so(n), X + S{XTS =0, where

n+1
S(()n) - Z(_l)SHEs(,TQH—s' ®)
s=1
For n = 2r the n-component vectors ¢ and p have the form ¢ = (q1,..., ¢ ..., q1)7,
ﬁ: (p]_, vy Pry Dy e v 7pT)T) and
S5 = 2B+ B ) ®)

s=1

With this definition of ortho%onality the Cartan subalgebra generators are represented
by diagonal matrices. By Eég above we mean n X n matrix whose matrix elements are
(B$)i; = 0565.

Let us comment briefly on the algebraic structure of the Lax pair, which is related to
the symmetric space SO(n+2)/(SO(n) x SO(2)). The element of the Cartan subalgebra
J, which is dual to e; € E" allows us to introduce a grading in it: g = go © g1 which
satisfies:

[X17X2] € do, [Xlayi] S g1, D/laYQ] S do, (10)

for any choice of the elements X, Xy € go and Y1,Y5 € g1. The grading splits the set
of positive roots of so(n) into two subsets AT = AJ U A where Aj contains all the
positive roots of g which are orthogonal to ey, i.e. (a,e;) = 0; the roots in 3 € A satisfy
(B,e1) = 1. For more details see the appendix below and [32].

The Lax pair can be considered in any representation of so(n), then the potential @
will take the form:

Qz,t) = Z (Ga(, ) Ea + pa(z,t)E ) . (11)
aEAi"

Next we introduce n-component ‘vectors’ formed by the Weyl generators of so(n + 2)

corresponding to the roots in Af:

Eit = (E:t(61—€2)7 s Ezl:(€1—€r)7 E:I:617 Ei(€1+€r)7 sy E:I:(e1+€2))7 (12)
for n = 2r +1 and
lgli = (Ei(81—62)7 e 7E:|:(61—er)7 E:t(e1+er)7 cee 7E:t(81+82))7 (13)
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for n = 2r. Then the generic form of the potentials Q(z,t) related to these type of
symmetric spaces can be written as sum of two ”"scalar” products

Q(,t) = (gl t) - E7) + (bl 1) - Ey). (14)
In terms of these notations the generic MNLS type equations connected to BD.I.
acquire the form

G + Goa + 2(4,0)7 — (T, 50q) 500 = 0,

R, T, ~ (15)
Pt — Prx — Q(Q7mp =+ (pa Soﬁ)soq = 07

The Hamiltonian for the MNLS equations (15) with the “canonical” reduction p = eq*,
e = 1 imposed, is given by:

Hynis = / dx ((ax(fa 8xq_:k) - e(q_’, q )2 + 5(@ soq_')(q_i, SOQ_;)) ) (16)

[e.0]

2.1 Direct Scattering Problem for L

The starting point for solving the direct and the inverse scattering problem (ISP) for L
are the so-called Jost solutions, which are defined by their asymptotics (see, e.g. [18] and
the references therein):

lim ¢(z,t, \)e™* =1, lim (2, t,\)e® =1 (17)
and the scattering matrix T(\,t) = ¢ ~'¢(x,t, ). The special choice of J and the fact

that the Jost solutions and the scattering matrix take values in the group SO(n + 2) we
can use the following block-matrix structure of T'(\, ?)

mi —b T o m;y b T
T\t)=| bt Ty —s0B™ |, TA\t)= | =Bt Tw sib |, (18)
¢ B™Tsy my cf —b"Tsy m7y

where b*(\, t) and BE()\,t) are n-component vectors, Tay(A) and m*(\) are n x n block
matrices, and mi (\), ¢i-()\) are scalar functions. Such parametrization is compatible with
the generalized Gauss decompositions of T'(\).

With this notations we introduce the generalized Gauss factors of T'(\) as follows:

T(\t)=T; DSt =TFD;57, (19)
) 1 0 0 ) 15T ¢
Y = c(PHET) = pr 1L 0, Tf= e(=77E) = 0 1o —sop |,
o s 1 0 0 1
) 1 7—:—1—,T Cll’_ B 1 0 0
St=e™F) 0 1 st |, S;=eTE)=| -7 1 0],
00 1 ot =T 1
mf{ 0 0 1/my 0 0
Df=1[1 0 mj 0 : D; = 0 m, 0 |, (20)
0 0 1/mf 0 0 my



” 1 / 1 . .
Cldz = —(ﬁd:’TSOp_d:), Cl’i = §(T$’TSOT$) (21)

2
where
B B L B B b y
p == T = = T =1
my my my my
my m{ m{ my
_ T _ —+ T =+ +_ SET . = - T =
o =—(p"s0p)=—"(T""s7"), o =—7"(0"sp")=—"7(7"5T),
2 2 2 2
by ="2_p, bt 2 B+, Bt = =22 bt B~ =220,
my my my my
[L+—m+—b+b_T M_—m_—SOB+B TSO
> omf 2 2my

These notations satisfy a number of relations which ensure that both T'(\) and its
inverse T'(\) belong to the corresponding orthogonal group SO(n+2) and that T'(A\)T'(\) =
1. Some of them take the form:

mfml_ -+ (g_, §+) —+ CTCI_ = ]_, g+§_T —+ TQQSOT%;SO + Sog_g+TSO = ]]_,
omic; — b Tsgb™ =0, omict — BH 5Bt =0, (23)
mybt — Ty Bt — soB~¢f =0, miB~ —Thb —sebTe; =0.

Important tools for reducing the ISP to a Riemann-Hilbert problem (RHP) are the
fundamental analytic solution (FAS) x*(z,¢, A). Their construction is based on the gen-
eralized Gauss decomposition of T'(\, t), see [43, 14, 16]:

X (2,8, 0) = (2,8, N)ST(t, N) = (2, t, \VTT (¢, \) D (N). (24)

More precisely, this construction ensures that £ (z, \) = x=(z, \)e*/* are analytic func-
tions of A for A € C,. Here Sf, TJi upper- and lower- block-triangular matrices, while
DZ(\) are block-diagonal matrices with the same block structure as T'(\, t) above. Skip-
ping the details, we give here the explicit expressions of the Gauss factors in terms of the
matrix elements of T'(\,t)

SHA) = exp (£(FE N0 - BE)), T N) = exp (F(57(0 1) BF))

where
i Bt 5 5
my my my my
and o oL
bto=T b—utT
Ty = mjJ — Ta =my — %0 - 807
2m] 2m; (26)
~ . 806_5+T50 ~ . é+§_T
Ty = m, — Ty = —
22 = My me ) 22 = My omy )



If Q(x,t) evolves according to (15) then the scattering matrix and its elements satisfy
the following linear evolution equations

db*

b dB* dmif
dt

+ A2bE(t \) = ' + AN2BE(t\) =
(t,A) =0, Zdt (t,4) =0, Zdt

dmi

=0, 7 T 0,

(27)
so the block-diagonal matrices D*(\) can be considered as generating functionals of the
integrals of motion. The fact that all (2r — 1)? matrix elements of mi(\) for A € Cy
generate integrals of motion reflect the superintegrability of the model and are due to the
degeneracy of the dispersion law of (15). We remind that D7 ()\) allow analytic extension
for A € C. and that their zeroes and poles determine the discrete eigenvalues of L.

2.2 Riemann-Hilbert Problem and Minimal Set of Scattering
Data for L

The FAS for real A are linearly related
X+(l‘7ta )‘) = X_(:L‘ata )‘)GO,J()‘7t)7 GO,J(/\vt) = g;(/\,t)Sj()\,t) (28)

One can rewrite eq. (28) in an equivalent form for the FAS £ (z,t,\) = x*(z, ¢, \)e*/®
which satisfy the equation:

+
Qe ) AL @ N =0, Jm e =1 (20)
Then these FAS satisfy
(@ t,N) =& (2,6, NGy, A1), Gulx,\t) =e "Gy (A 1) (30)

Obviously the sewing function G;(z, A, t) is uniquely determined by the Gauss factors
SE(\,t). Equation (30) is a Riemann-Hilbert problem (RHP) in multiplicative form.
Since the Lax operator has no discrete eigenvalues, det £*(x, \) have no zeroes for A € C).
and £*(z, \) are regular solutions of the RHP. As it is well known the regular solution
£E(x, N) of the RHP is uniquely determined.

Given the solutions £*(z,¢, \) one recovers Q(z,t) via the formula

Qa.t) = lim A (J = EJE (@, 1, 1)) = [, &(a)], (31)

which is obtained from eq. (29) taking the limit A — oco. By & (x) above we have denoted
&1(z) = limy oo A(&(x, \) — 11).

If the potential Q(z,t) is such that the Lax operator L has no discrete eigenvalues,
then the minimal set of scattering data is given one of the sets ¥;, 1 = 1,2

Ti={pt(\t), po(Nt), aeAf, XeR},

32
T ={r (M), 7o (A1), a€Af, MeR} (32)

Any of these sets determines uniquely the scattering matrix T'(\, t) and the corresponding
potential Q(z,t). For more details, we refer to [18, 11, 43] and references therein.



Most of the known examples of MNLS on symmetric spaces are obtained after imposing
the reduction:

2

=1

Q(z,t) = Ko 'Q'(w,t) Ky, Ko = exp (”—Z > B+ ej)Hj> : (33

i = Koq;, Ko = diag (Kop2, - - ., Koni111)

or in components pi = €1€q;. As a consequence the corresponding MNLS takes the form:
i+ G + 2(7, Ko@) G — (T, 500)S0K0q" = 0. (34)

The scattering data are restricted by 5= (X, t) = Kop™*(\,t) and 7= (\,t) = Ko7 H* (A, t).
If all ¢; = 1 then the reduction becomes the “canonical” one: Q(z,t) = Q'(x,t) and
p-(At) = pt*(\t) and 7~ (N, t) = T\, 1).

2.3 Dressing Factors and Soliton Solutions

The main goal of the dressing method [23, 33, 24, 31, 15] is, starting from a known
solutions xg (¢, A) of Lo()\) with potential Q(g)(z,t) to construct new singular solutions
Xi(z,t,A) of L with a potential Q(z,t) with two additinal singularities located at
prescribed positions Af; the reduction 7 = ¢* ensures that A\ = (A\)*. It is related to
the regular one by a dressing factor u(zx,t, \)

X (@A) = u(z, g (2,6, uZ (V). ue(A) = Tim u(z, ) (35)
Note that u_(\) is a block-diagonal matrix. The dressing factor u(z, A) must satisfy the

equation
i0,u + Q) (x)u — uQoy(x) — A[J,u(z, A)] =0, (36)

and the normalization condition limy . u(xz,\) = 1. The construction of u(z,\) €
SO(n + 2) is based on an appropriate anzatz specifying explicitly the form of its A-
dependence (see [44, 31] and the references therein). Here we will consider a special
choice of dressing factors:

w(z,A) =1+ (elh) = DP() + ((%) - 1) Pla),  P=SPTS, )= 5— i
(37)

where P(x) and P(x) are mutually orthogonal projectors with rank 1. More specifically

we have
e ) m(e, )
Pl t) = e, 0)

where (m(z, 1) = (mol(xg (2, A7) and [n(z, 1)) = x (2 X )lno); (mol and o) ave
(constant) polarization vectors [23]. Taking the limit A — oo in eq. (36) we get that

Q(l)(xvt) - Q(O)(x>t) = (>‘1_ - )‘—1'_)[‘]’ P(Qf,t) - F(.ﬁﬁ,t)]

Below we assume that ) = 0 and impose Z, reduction condition

(38)

KQK™' =qQ, K = diag (€1, €2, 1, €2, €1). (39)
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This in its turn leads to A\ = p &4 and |m,) = K|n,)*. As a result we get

a7 (1) = =2iv (Pig(w, t) + (=1)*Pr o, 1)) | (40)

where k = n + 3 — k. For more details on the soliton solutions satisfying the standard
reduction Q(xz,t) = Q(x,t) see [28, 33, 35, 24, 31, 22].
The effect of the dressing on the scattering data (22) is as follows:

bt 1 B-

—A+ _ — —.\-i— —_ — — )\ ——

1 —mf —CO\) Po > P1 —mf c(N)po @)
b 1 . Bt o

7_-’1+ - mi‘,— - C(/\)FJ, 7—1 - ml_ = C(/\)TO .

Applying N times the dressing method, one gets a Lax operator with N pars of pre-
scribed discrete eigenvalues )\ji, j=1,...,N. The minimal sets of scattering data for the
“dressed” Lax operator contains in addition the discrete eigenvalues /\f, j=1,...,N and
the corresponding reflection /transmission coefficient at these points:

= {pd N0, o (N 1), p55(1), 01 ,(), A7 aeAf, AeR, j=1,...,N},
Ty = {75 (N t), 70 (M 1), 755(t), 7o (t),/\;-IE a€lAf, NeR, j=1,...,N}L

’ a?]

(42)

3 Resolvent and spectral decompositions in the typ-
ical representation of g ~ B,

Here we first formulate the interrelation between the ‘naked’ and dressed FAS. We will use
these relations to determine the order of pole singularities of the resolvent which of course
will influence the contribution of the discrete spectrum to the completeness relation.

We first start with the simplest and more general case of the generalized Zakharov-
Shabat system in which all eigenvalues of J are different. Then we discuss the additional
construction necessary to treat cases when J has vanishing and/or equal eigenvalues.

3.1 The effect of dressing on the scattering data

Let us first determine the effect of dressing on the Jost solutions with the simplest dressing
factor uy(z, A). In what follows below we denote the Jost solutions corresponding to the
regular solutions of RHP by (2, A) and the dressed one by ¢ (x, A). In order to preserve
the definition in eq. (17) we put:

,lvz)l (l’, )‘) = Uy (l’, )\)Tﬁo(% /\)ﬁ'l,-l-()‘)v ¢1(l‘7 /\) = u1($7 /\)QSO(I" )‘)ﬂl,— ()‘)7 (43)
where uy 4(2,A) = lim, 1o ui(z,A). We will also use the fact that wu; 4 (\) are z-

independent elements belonging to the Cartan subgroup of g. For the typical repre-
sentation of so(2r + 1) and for the case only two singularities A\f are added we have:

u(z,\) = exp (Inc;(N) (P — P1)) ,

U17+()\) =1 + (Cl(>\) — 1)E11 + (ﬁ — 1) En+2,n+27

i (A) = 1+ (e1(A) = 1) Enyonss + (ﬁ _ 1) B,

u £ (A) =exp(£lne(N)J),

(44)
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Then from eq. (24) we get:
Xit(xa )‘) =w (.T, )‘)X(:)t<x7 )‘)al,— (/\)7 (45)

As a consequence we find that

Ti(A) = w4+ (M) To(N)tg,—(N), Dy (A) = w14 (A)Do(N)a,— (M), (46)

SEN) = ur- SN (), TEQ) = u s N To(Wiie 1 (),

One can repeat the dressing procedure N times by using dressing factor:
U(LE,)\) :uN(.Q?,)\)UN_l(Z’,)\)Ul(ﬂf,)\), (47)

Note that the projector Py of the k-th dressing factor has the form of (38) but the a-
dependence of the polarization vectors is determined by the k — 1 dressed FAS:

Xf(xv >‘) = uk(x> )‘)uk—l(xv )‘) T Uy (33, A)X(:)t(xv )\)’&17_()\) o 'ﬁk:—l,—()‘)ak’,— ()‘)7

up(z, \) = 1 + (c(A) — 1) Pi(x) + (Ck()\) — 1) Pi(x), P = So—ngSO’ (48)
A o e ) )
= Pl = G @)’ (19)
(e, 8)] = (mogl @A) e )) = X (0 A o)

and (mg | and |ng ) are (constant) polarization vectors

Using eq. (51) and assuming that all A\; € C4 are different we can treat the general
case of RHP with 2N singular points. The corresponding relations between the ‘naked’
and dressed FAS are;

TO) = u-(NT(Vi-(V), D) = ur(\)Do(Wi- (M) 0
ST = u-(N)So(N)a-(N), TE(N) = uy (N To (Vg (),
where
1
uy(A) =1+ (c(A) — 1) Eyy + (ﬁ - 1) Eniania,
u-(A) = 1+ (c(A) = 1) Bnyonta + (le) - 1) Eu, (51)
up(X) =exp (£lne(N)J), (V) =[] a).
In components eqgs. (50) give:
) = miyME), () =
oy = 21, r) = e (), (52
A = TOJF()\) T, =c(A)Ty
) = T T) =N (),



and m;5 (A) = my,(N).
In what follows we will need the residues of u(z, \)x& (z, ) and its inverse X3 (z, A)a(x, \)
at A = \i respectively. From eqs. (48) and (49) we get:

Ae = AOx (@)

w(e N (o, 0) = )+ O AT,

A=A\
- )\'i‘ — )\ X_v(k) T L —
u(z, \)xo (7, ) = a Y k_>)\_ ) +X ’(k)(x) + O =Ay),
k (53)
A A Ao = AT (z) )
Vi, 3) ~ L : k_)i\(+ (@) 370+ 0x - X0,
k
N ) M =2 )W (z) ) _
o it ) = DR ) 00— ),
k
where X 5
XO() = un (@ D) - e (2 D) Poxyy (2 AL,
X (z) = un(z, Ak uea (w, )‘lz)PkX(_kfl)(w’ Ae ) (54)
W (1) = X ey (@ A )t (2, N -+ (2, A) Py
0 (@) = X (@A s (2, A5) - i (2, Ap) P

These results will be used below to find the residues of the resolvent at A = )\f.

3.2 Spectral decompositions for the generalized Zakharov-Shabat
system: sl(n)-case

The FAS are the basic tool in constructing the spectral theory of the corresponding Lax
operator. For the generic Lax operators related to the sl(n) algebras:

- OXgen
Lygen =1 3i + (Qgen() — AJgen) Xgen (2, A) = 0, (Qgen)js() =0, (55)
this theory is well developed, see [43, 19, 14, 17]. In the generic case all eigenvalues of
Joen = diag (J1, Jo, ..., Jpyo) are different and nonvanishing:
Ji>Je> o> e > 0> Jipr > > Jpgo, tr Jgen = 0. (56)

The Jost solutions ©gen(z, A), Pgen(x, ), the scattering matrix Tye,(A) and the FAS
Xien(, ) are introduced by [41, 43] (see also [14, 17, 18, 19, 22]):

lim  ¢gen (2, \)eileenth — | lim gen (7, A)e/zn™ = 11,
Tgen(/\) = I/Jg_e;(x7 A)ngen(xa /\) (57)
X;ten(mv >‘) = d)gen(x? )‘)SgienO‘)’ Xgan<$7 )‘) = ¢gen(~r7 )‘>Tg:'e:>n()‘)D§en(>‘)v
where S, (A), T;5,(A) and DF | (A) are the factors in the Gauss decompositions of Tyen (A):
Teen(N) = Tean M) Dgen NS (N) = T (M) Dgen (V) Sgen (). (58)
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More specifically Sjt (A) and Tt (A) (resp. So.,(A\) and T, ()\)) are upper (resp. lower)

gen gen gen gen

triangular matrices whose diagonal elements are equal to 1. The diagonal matrices Dy, (A)

and D, (A) allow analytic extension in the upper and lower half planes respectively.

The dressing factors ug(z, A) are the simplest possible ones [43]:

Ukgen (T, A) = 1+ (X)) = DPu(),  Ujgen (@A) = 1+ ( - 1> Bi(x),  (59)

Ck()\)

where the rank-1 projectors Py (z) are expressed through the regular solutions analogously
to eqs. (47)-(49) with i (z, A{) replaced by X(jfgen(x, )

The relations between the dressed and ‘naked’ scattering data are the same like in eq.
(46) only now the asymptotic values ugen.+ (M) are different. Assuming that all projectors
P, have rank 1 we get:

tgeniz(A) =TTy Ukgent V), Ugeniz (V) = 1+ (ce(A) = 1) P, (60)
P, =E Py = Ep, pr, (61)

Sk,ySk

where sy, (resp. py) labels the position of the first (resp. the last) nonvanishing component
of the polarization vector |ng ).
Using the FAS we introduce the resolvent Rgen(A) of Lge, in the form:

RunNf ) = [ " Renle 0 N ). (62)

—00

The kernel Rgyen(z,y,A) of the resolvent is given by:

RI (x,y,\) for A € C*
— gen\*"» &> )
Rgen(,y, A) { Rg’en(x,y, A) for A e C, (63)
where
+ .+ + At
Rgen($7 Y, )\) = j:ZXgen(x7 >\)® (Q? - y)Xgen(y7 )\)7 (64)

OF(2) = 0(F2)y — (£2)(1 — M), Iy = Z E,

Theorem 3.1 Let Q(x) be a potential of L which falls off fast enough for x — ‘oo and
the corresponding RHP has a finite number of simple singularities at the points )\j[ e Cg,
i.€. Xaen(,A) have simple poles and zeroes at )\jc. Then

1. R= (x,y,\) is an analytic function of X for X € Ci having pole singularities at
Aoe Cy;
] J

2. Rgen(m, y, A) is a kernel of a bounded integral operator for Tm A # 0;

3. Rgen(z,y, \) is uniformly bounded function for A\ € R and provides a kernel of an
unbounded integral operator,
4. RE (z,y,\) satisfy the equation:

gen

Lyen(N) Rogn (9, A) = 116(2 — y). (65)
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T+ 00

Figure 1: The contours 7+ = R U vi.

Skipping the details (see [17]) we formulate the completeness relation for the eigen-
functions of the Lax operator Lg.,. It is derived by applying the contour integration
method (see e.g. [29, 1]) to the integral:

1 1 _
3gen(xa y) = % j{ d)\R;n(ZL', Ys /\) - 2— f d/\Rgen(CL’, Y, /\)7 (66)
Y+

mi J,
where the contours v are shown on the Figure 1 and has the form:
The explicit form of the dressing factors ugen(, A) makes it obvious that the kernel of

the resolvent has only simple poles at A = Af. Therefore the final form of the completeness
relation for the Jost solutions of Ly, takes the form [17]:

"1
iz —y) Z a_ESS
s=1 %

] ko n
1 S ] S|— A~ [s]|—
= % dA {Z |X£;e]r—f(x7 )‘)><X[g(;r—1i_(y7 >‘)| - Z |XL5<JI1 (ZL’, )‘)><X[go!n (y7 /\)|} (67)

—00 s=1 s=ko+1

N
+ Z (Res R*(z,y) + Res R‘(m,y)) :
— \ =27 A=A
7j=1 J J
It is easy to check that the residues in (67) can be expressed by the properly normalized
eigenfunctions of L, corresponding to the eigenvalues )\ji [17].

Thus we conclude that the continuous spectrum of L, has multiplicity n and fills up
the whole real axis R of the complex A-plane; the discrete eigenvalues of Lge, constructed
using the dressing factors ugen(x, A) are simple and the resolvent kernel Rgen(z,y, A) has

poles of order one at A\ = )\ki.

3.3 Resolvent and spectral decompositions for BD.I-type Lax
operators

In our case J has n vanishing eigenvalues which makes the problem more difficult.

12



We can rewrite the Lax operator in the form:

0
z—aXI + 7" Xo = M,
Z% +q X1+ soqx-1 =0, (68)
x

Ox—1
5 + ¢ sox0 = Ax—1,
i

?

where we have split the eigenfunction x(x,A) of L into three according to the natural

block-matrix structure compatible with J: x(x, \) = (Xl; X2, x,l)T. Note that the equa-
tion for Yy can not be treated as eigenvalue equations; they can be formally integrated
with:

To(@A) = Tos + i / dy (71 + S0dX-1) (69)

which eventually casts the Lax operator into the following integro-differential system with
non-degenerate A dependence.

0 * . .
S i (@) [y @+ s (04) =

aX1

a: (70)
or +iqt(z)s 0/ dy (7" x1 + So@x-1) (¥, ) = —Ax—1,

Similarly we can treat the operator which is adjoint to L whose FAS x(z, \) are the
inverse to x(x,\), i.e. x(z,A\) = x~'(x,\). Splitting each of the rows of Y(z,\) into
components as follows x(x, A\) = (X1, Xo, X—1) We get:

aXl 2
AL — —k o )\/\ — 0
ax (Xan ) X1 )
a_' A~ —»]L 71
Z——qu — X-19"80 = 0, (71)
ox
OX_

1 5 .
— —Ax-1=0
¢ or (Xo, 509) X-1 ;
Again the equation for )AZO can be formally integrated with:
Tl 0) = R +1 [ dy (a0 V7 (0) + X1 V7 (0)50) (72

Now we get the following integro-differential system with non-degenerate A\ dependence.

i [y (G0l V@ )0 @) + a0V )50 (@) + M = 0
(73

o _i/x dy (1(y, N(@ W)s0d(@)) + %1 (4, V(@ (1), d(x))) — A%t =0,

Now we are ready to generalize the standard approach to the case of BD.I-type Lax
operators.
The kernel R(z,y, A) of the resolvent is given by:

R*(x,y,\) for A € CT,

R(xayﬂ A) = { R_(x’y’ )\) for A € C_a (74)

13



where

R*(z,y,\) = £ix ™ (2, )0 (z — )X~ (y, A), (75)
0% (2) = 0(F2) By — 0(£2)(1 — Eyy),

The completeness relation for the eigenfunctions of the Lax operator L is derived by
applying the contour integration method (see e.g. [29, 1]) to the integral:

1 1
3,($7 y) = 2—7'('Z f d)‘HlR+(x7 Y, >‘) - 2— % d)\HlR_ (l’, Y, )‘)7 (76)
v+

i J,

where the contours 74 are shown on the Figure 1 and II; = Ey; + E, 19 ,42. Using egs.
(53) and (54) we are able to check that the kernel of the resolvent has poles of second
order at A = )\f. Therefore the completeness relation takes the form:

1 = ~ n+2]— ~[n+2]—
(e~ 9) = 5 [ AL {0 (R (0 ) = It (o DY 0 V1)

N
+2iS " { Res R*(z,y,\) + Res R (z,y,\) 5.
%;{Ag’% (7,9, 0) + Res B~ (z.y )}

(77)
where

Res RE(z,y,\) = £(\; — A0 <X+’(k) (2)x " (y) + X+’(k)(x)f<+’(k)(y)> (78)
A=A

In other words the continuous spectrum of L has multiplicity 2 and fills up the whole
real axis R of the complex A-plane; the discrete eigenvalues of L constructed using the

dressing factors u(z, A) (51) lead to second order poles of resolvent kernel Rgen(,y, A) at
A= AE.

4 Resolvent and spectral decompositions in the ad-
joint representation of g ~ B,

The simplest realization of L in the adjoint representation is to make use of the adjoint
action of Q(z) — AJ on g:

8€ad

ox

Log€aqg =1 + [Q(x) — AMag, €aalx, N)] = 0. (79)
Note that the eigenfunctions of L.q take values in the Lie algebra g. They are known
also as the ‘squared solutions’ of L and appear in a natural way in the analysis of the
transform from the potential Q(z,t) to the scattering data of L, [1]; see also [14, 17] and
the numerous references therein.

The idea for the interpretation of the ISM as a generalized Fourier transform was
launched in [1]. It is based on the Wronskian relations which allow one to maps the
potential Q(z,t) onto the minimal sets of scattering data T;. These ideas have been
generalized also to the symmetric spaces, see [14, 25, 22] and the references therein.

14



The ‘squared solutions’ that play the role of generalized exponentials are determined
by the FAS and the Cartan-Weyl basis of the corresponding algebra as follows. First we
introduce:

€ aa(,A) = XTEL X (2, A), (z,\) = xTH;x*(x, ), (80)

] ad
where x*(z,\) are the FAS of L and E,, H; form the Cartan-Weyl basis of g. Next
we note that in the adjoint representation Joq- = ad ;- = [J,-] has kernel. Just like in
the previous Section we have to project out that kernel, i.e. we need to introduce the
projector:

;X =ad;'ad ; X, (81)

for any X € g. In particular, choosing g ~ so(2r + 1) and J as in eq. (4) we find that the
potential ) provides a generic element of the image of 7;, i.e. 7;Q = Q.

Next, the analysis of the Wronskian relations allows one to introduce two sets of
squared solutions:

=m0 (@, B (2,0), 87 = m(x (@ N E_axF (2, )),  a€Af. (82)

We remind that the set A; contains all roots of so(r + 1) for which a(J) # 0.
Let us introduce the sets of ‘squared solutions’:

(U} ={¥}.U{¥}q, {P}={P} U{P}a, (83)
(W}, = {\Il:(as, A, ¥ (z,\), i<r, M€ ]R} ,

{‘I’}dE{‘I’Ej(I% W), W), ‘i’a;j(“")}N7 0

j=1
{®}.={®F (z,)), ®.(z,)), i<r, AeR},
- B . N (85)
CHESCANEIE SHONE SO Sl
where the subscripts ‘¢’ and ‘d’ refer to the continuous and discrete spectrum of L.
Each of the above two sets are complete sets of functions in the space of allowed
potentials. This fact van be proved by applying the contour integration method to the

integral
1 . 1
Ja(z,y) = oy ]i ANG ™ (x,y, \) — 2—7{ dNG™ (x,y, N), (86)

),

where the Green function is defined by:

Gi(:v v, A) = Gy (z,y, M0y — z) — G5 (z,y, \Nb(z — y),

(z,y, A Z ‘I’ (,\) ® q)i oy A),
acAf
(87)
Gy(z,y,\) = > ®L(v,)) @ ¥r( +Zhi T, \) @ b (y, ),
a€AQUAT j=1

h’j:(xv >‘) = Xi(x7 )‘)ij(i(xa )\)7
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Skipping the details we give the result [25, 27]:

o= lor =+ [~ NG (3:3) = G (a9 3)

[e.e]

N (88)
— 2 Z(ij(x,y) + G (2, y)),
where
Moy = Y (Ba®F_o— E_o® Ey), (89)
Gl,ji(l‘,y) = Z <\Iliaj( ) ® (I)$0U< )+ lI’iaJ( ) ® (i)ia;j(y))' (90)

aEAT

4.1 Expansion over the ‘squared solutions’

The completeness relation of the ‘squared solutions’ allows one to expand any function
over the ‘squared solutions’

Using the Wronskian relations one can derive the expansions over the ‘squared so-
lutions’ of two important functions. Skipping the calculational details we formulate the
results [25]. The expansion of Q(z) over the systems {®*} and {¥*} takes the form:

Qz) = 1/ AN DY (TR (2, A) = 70 (V@ (2, 0)

s
anA+
(91)
+2Z > (@l (@) + T @, (2)
k=1 a€A+
Q) === [T (AN L (¥ ()
a€AT (92)
_22 Z paj‘]:l—aj +pa]\I’ ([E)),
k=1 aEA+
The next expansion is of ad ;'6Q(z) over the systems {®*} and {¥*}:
ad ;'0Q(z) = iﬂ/ dA D (07 (NRL (2, A) + 67, (NP, (2, N))
a€AT (93)
+Z > (W) — W, (2) |
k= 1046AJr
ad;laQ(x)zzi/ dA D (Sps (VT (2, 0) + 0p (V)T (x, )
a€A] (94)
+Z > (@) = Wiy (@)
k= 1a€A+
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where

5W:i:taj(x) 6)\ji7(;tj(1)ia]( )+5T (I)ia]( ) (95)
Wi, 5 (x) = ONEpE Wo,(w) + 0pE, Wk, () (96)

and (I)icx]( ) = (Pia(x’ )‘j:)? (pia;j(x) = ak@ia('r’ /\)|)\:)\;.t‘

The expansions (91), (92) is another way to establish the one-to-one correspondence
between @(x) and each of the minimal sets of scattering data T; and Ty (32). Likewise
the expansions (93), (94) establish the one-to-one correspondence between the variation
of the potential 6Q(x) and the variations of the scattering data 6J; and 075.

The expansions (93), (94) have a special particular case when one considers the class
of variations of Q(x,t) due to the evolution in ¢. Then

oQ

5Q(,t) = Q(r,t +6t) = Q(a.t) = =6t + (0)(61)°) (97)

Assuming that 0t is small and keeping only the first order terms in ¢ we get the expansions
for ad ;'Q;. They are obtained from (93), (94) by replacing §p (\) and 675 (\) by 9;pE(A)
and 9;p=(N).

4.2 The generating operators

To complete the analogy between the standard Fourier transform and the expansions over
the ‘squared solutions’ we need the analogs of the operator Dy = —id/dxz. The operator

Dy is the one for which e* is an eigenfunction: Dye*® = X\e**. Therefore it is natural
to introduce the generating operators Ay through:
(A+ - )‘)‘Ili_a(xa )‘) = Oa (A-‘r - )\) _(.T )\) = (A-‘r >\ )‘I’ia](ﬂj) - Oa (98)
(- NN =0, (AN A =0, (A, — AD)RE (x) =0
where the generating operators Ay are given by:
1 dX z
AcX(z) =ady (i —+11Q(@), [ dy[Qy), X(y)]| ) (99)
+oo
The rest of the squared solutions are not eigenfunctions of neither A, nor A_:
+ W~ g
(A )\+) —a]( ) ‘Il—a]<x) (A+ - )\] )‘Iloz;j(’x) - lea;j(x)7 (100)

(A— - /\+)(I)zr]< ) = @;C;j(x)7 (A— - /\]_)(I);,j(x) = ¢)a_;j(‘fl‘j)v

ie., ‘il:;j (x) and @Z;j(x) are adjoint eigenfunctions of A, and A_. This means that )\j[,
j=1,..., N are also the discrete eigenvalues of A but the corresponding eigenspaces of

Ay have double the dimensions of the ones of L; now they are spanned by both \IljFa ()

and \Ilm ;(r). Thus the sets {¥} and {®} are the complete sets of eigen- and adjoint
functions of Ay and A_.

Therefore the completeness relation (88) can be viewed as the spectral decompositions
of the recursion operators Ay. It is also obvious that the continuous spectrum of these
operators fills up the real axis R and has multiplicity 2n; theis discrete spectra consists
of the eigenvalues )\f and each of them has multiplicity 2.
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5 Resolvent and spectral decompositions in the spinor
representation of g ~ B,

Using the general theory one can calculate the explicit form of the Cartan-Weyl basis in
the spinor representations. In appendices B and C below we give the results for r = 2
and r = 3. Therefore in the spinor representation the Lax operators take the form:

gy,
Lugtbop = 10 - (Qup — Moy gl 1) = 0, (101)

where Qg (,t) and Jg, are 2" x 2" matrices of the form:

[(0gq 11, 0
Qsp— <q1‘0>7 JSp_Q(O _]12)) (102)

where the explicit form of g(z) for » = 2 and r = 3 is given by eqgs. (137) and (142)
below.

It is well known [5] that the spinor representations of so(2r + 1) are realized by sym-
plectic (resp. orthogonal) matrices if 7(r +1)/2 is odd (resp. even). Thus in what follows
we will view the spinor representations of so(2r + 1) as typical representations of sp(2")
(resp. so(2")) algebra. Combined with the corresponding value of Jg, (137) one can con-
clude that that the Lax operator Ly, for odd values of r(r + 1)/2 can be related to the
C.III-type symmetric spaces. The potential Qgs,(x) however is not a generic one; it may
be obtained from the generic potential as a special reduction, which picks up so(2r + 1)
as the subalgebra of sp(2"). Below we will construct an automorphism whose kernel will
pick up so(2r + 1) as a subalgebra of sp(2").

Similarly the Lax operator Ly, above for even values of r(r + 1)/2 can be related to
the so(2") algebra. The element Jg, (137) is characteristic for the D.III-type symmetric
spaces. The potential Qs,(x) may be obtained from the generic potential as a special
reduction, which picks up so(2r + 1) as the subalgebra of so(2").

The spectral problem (101) is technically more simple to treat. It has the form of
block-matrix AKNS which means that the corresponding Jost solutions and FAS are
determined as follows:

@Z)(ZE, )\) 3 e—i)\‘]m7 Qb(l’, )\) _)li e—i)\{]m7
at —b~
T = <b+ a” > (103)
U(z,A) = (U (2, M), ¥ (2, ), o(z,A) = (6" (z,A),0 (2, 1)),
X (@A) = (67 (2, A), ¥ (x, M), X (2, A) = (V7 (2,A), 0 (z, X)),

5.1 The Gauss factors in the spinor representation

The spectral theory of the Lax operators related to the symmetric spaces of C.III and
D.III types were developed in [20, 36]. What is different here is the special choice of
the rank and the additional reduction 7. which picks up the spinor representation of
so(2r + 1). In our considerations below we will assume that this reduction is applied.
So though all our 2" x 2" matrices are split into blocks of dimension 2"~! x 2"71  the
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corresponding group (resp. algebraic) elements belong to the (spinor representation of)
group SO(2r 4 1) (resp. algebra so(2r 4 1)). Thus we define the FAS of Ly, by:

Xap (@A) = (167), [97¢7)) (2,8) = d(2, M)SL(A) = thp(, )T, (A) Dy (M),

P » 104
e ) = (876, 167)) (1, 4) = 0l VS ) = vy NTH 00500,
where the block-triangular functions S, (A) and T'5, () are given by:
_(1d et (N o 1 0
S;;()‘) - (0 1 )7 Tsp()\)_ <b+d+()\) ]1>7
5500 = (_gpn ) = "¢ Y)
The matrices D3 () are block-diagonal and equal:
(A P
o= (ol ) Be= (S ) am

The supper scripts + here refer to their analyticity properties for A € C..

All factors S;;, T i and Dsip take values in the spinor representation of the group
SO(2r + 1) and are determined by the minimal sets of scattering data (42). Besides,
since:

Tip(N) = To (N DENSL () = TE (A D5 (VS (V),

Tip(\) = S DENT (A = S5\ Dy, (VT (V).

sp

(107)

+

p Tsj[p and Dsj; as generalized Gauss decompositions (see [32])

we can view the factors S
of Ty, (N) and its inverse.

From egs. (104), (105) one can derive:

XSJ;<£L', )‘) = Xs})(% )‘)GO,SP()‘)’ Xs;(a:? >‘) = X:p(l’a )‘)éO,SP()‘)’ (108)
1 T+ A 0+7t7 —77F
GO,SP()\) = (7_ 1 + 7_7_+) ) G[),sp()\) = ( I 1 ) (109)

valid for A € R. Below we introduce:
+ + iAJx

Strictly speaking it is X3 (,\) that allow analytic extension for A € C... They have also
another nice property, namely their asymptotic behavior for A — 400 is given by:

: +
Jim Xz, A) =1, (111)

Along with XZ5(z, X) we can use another set of FAS )N(Sf,(:v, A) = X5 (x, A)DS;, which
also satisfy eq. (111) due to the fact that:

lim D (A\) = 1. (112)

A—00
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The equations (108) and (109) can be written down as:

Xz, N) = X (2, M) Gep(z, N), AeR (113)
with
s —iAJz Nz 1+
Gop(m,A) = e Gy (Ne™™ Gop(N) = ( pﬁ r pﬂ ) (114)

Equations (113) combined with (111) are known as a Riemann-Hilbert problem (RHP)
with canonical normalization [13]. It has unique regular solution; the matrix-valued solu-
tions X, (2, A) and Xg, (2, A) of (113), (111) is called regular if det Xg,(z, A) does not
vanish for any A € Cy.

One can derive the following integral decomposition for Xsip(:r, A):

1 [ du z) K1 5(x)
X (z, A 14+ — —X, VK ( E JSP 115
sp(xv ) + 2 o L — A\ (ZC /jJ 1 :C /1’ — >\7 —\ ( )
N +
1 [ du X (@) Ko ()
A\ =1 — X K J5P ’ 116
N =1t g | et ) = 3 e (116)
+ + +
where X7 (r) = X5 (7, \j) and
A _ oA T 0 P;r iA; Jz A _ oA T 0 Tj+ ifJz
K j(x)=e (Tj_ 0 )¢ Ky j(x)=e b7 0 e . (117)

Equations (115), (116) can be viewed as a set of singular integral equations which are
equivalent to the RHP. For the MNLS these were first derived in [38].

Finally, the potential Q(x,t) can be recovered from the solutions X3 (z,\) of RHP
(113) with a canonical normalisation (111). Skipping the details, we provide here only
the final result:

Qup(w,t) = lim A(J = X5 (2, )X (@, V)]) = [/, Xa(2)]. (118)

where X (z) = im0 (Xep(z, A) — 1).

5.2 Definition and properties of R*(z,y, \)
The resolvent Ry,(A) of Ly, is again expressed through the FAS in the form:

where Ry, (z,y, A) are given by:

RE(2,y,\) for A € C*,

Ry (z,y,A) = {Rs—p(x’y’)\) for \ € C~, (120)

and

R () = i le VO -G, 0% = ("I 0
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5.3 The dressing factors in the spinor representation
The asymptotics of the dressing factor for x — 400 are:

uy =exp (Inc;(N)Jsp) , (122)

(el 0 (1) /ellg 0
“*‘( 0 1/y/eilly )’ U=-= 0 Vel ) (123)

Thus the asymptotics of the projectors P and P in the spinor representation are
projectors of rank 27!, Since the dynamics of the MNLS does not change the rank of
the projectors we conclude that the dressing factor in the spinor representation must be
of the form:

u(z, \) = exp (% Iney(N) (P — P1)> =+ (A Pi(z,t) +

where

Pi(z,t)  (124)

1
c1(A)
dressing factors of such form with non-rational dependence on A were considered for the
first time in by Ivanov [33] for the MNLS related to symplectic algebras. Here we see that
such construction can be used also for the orthogonal algebras.

However when it comes to analyze the relations between the ‘naked’ and the dressed
scattering matrices and their Gauss factors we get integer powers of ¢;(\). Indeed, for
the simplest case when the dressing procedure is applied just once we have:

Tp(A) = 4 Tosp(N)u—(A), D3 (A) = 4 Dy, (Mu—(N), (125)
TEN) = i Ty (Nue (V). S50 = -5, (Mu- (V).
and as a consequence
1 _ _
a’:;)(/\) = ma’(—]’—,sp()\)’ a’sp<)\) = CiF (/\)a’O,sp(/\)7
PN = e ) = g ). (126)
1
Tt = iy Tan = cf (\)75, .
sp()\) CT()\) O,sp()\)7 sp()\) 1 ()\) O,Sp(A)

5.4 The spectral decompositions of Ly,

Again apply the contour integration method to the kernel Rsip and derive the following
completeness relation:

S =il = 5 [ {10 )& W) 0] = o )a V()]

N
+ Res RY(z,y) + Res R (x, ,
; <Mj+ (:9)+ Res B7( y))

(127)

The residues in (127) can be expressed by the properly normalized eigenfunctions of L,
corresponding to the eigenvalues )\;-t.

Thus we conclude that the continuous spectrum of Ly, fills up R and has multiplicity
2". The discrete eigenvalues )\f are simple poles of the resolvent.
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6 Conclusions

We have analyzed the spectral properties of the Lax operators related to three different
representations of g ~ B,: the typical, the adjoint and the spinor representation. In all
these cases the spectral properties such as: i) the multiplicity of the continuous spectra and
of the discrete eigenvalues; ii) the explicit form of the dressing factors; iii) the completeness
relations of the eigenfunctions are substantially different. However the minimal sets of
scattering data ¥; are provided by the same sets of functions, i.e. the sets T; are invariant
with respect to the choice of the representation of g.
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A The adjoint representations of so(5) and so(7)

The adjoint representations of all orthogonal algebras so(2r 4+ 1) and so(2r) are charac-
terized by the fundamental weight wy = e; + e5. By definition the corresponding weight
system is

., = AU{0},, (128)

where A is the root system of the algebra and {0} is a vanishing weight with multiplicity
r. We will order the weights in I',,, according to their scalar products with e;.

Let us consider in more detail the two special cases of so(2r+1) with r = 2 and r = 3.
For r = 2 the adjoint representation is 10-dimensional. Ordering the roots as mentioned
above we get:

AT ~{ej+eq, e1,e1—es}, Ay ~{ey, —es}, AT ~{—e1+eq,e1,—e1—es}, (129)

As a result the element J in the adjoint representation takes the form:

Ilg 0 O 0 Qad;lQ 0
Jad = 0 06 0 y Qad = Qad;?l 06 Qad;23 ) (130)
0 0 —1j 0 Qaasz O

Analogously for » = 3 the adjoint representation is 21-dimensional. Ordering the roots
as mentioned above we get:

AT ~{ei +ey,e1+e3,e1,e1 —e3,e1 — ea}, Ag ~ {es ez, —(ea £ e3)},

131
A7 ~{—e; +e9,—€; +e€3,61,—€1 — €3, —€1 — €3}, (131)
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As a result the element J in the adjoint representation takes the form:

ﬂ5 0 0 0 Qad;lQ 0
Jad = 00,7 O , Qad = | Qag21 011 Qaaps |, (132)
0 0 —1; 0 Qagzz 0

It is not difficult to write down the explicit form of Q).q but it will not be necessary. We
have used above a more compact realization of QQ.q as ad ¢.

B The spinor representation of so(5)

The highest weight and the weight system of so(5) are given by [32]. It is well known that
so(5) ~ sp(4) so the spinor representation of so(5) is realized through symplectic sp(4)

madtrices.
1 1

We =M = 5(61 +e2), Yo = 5(61 —e3), (133)
73 - _727 fy4 — _’YI.
The Cartan-Weyl basis of so(5) is given by
E61—62 = F2,Q = 8262a E€1+€2 = Fl,I = 82617
Eel - Fl,i - FQ,i = 861+627 Eeg = 1—\1,2 - F2,i - 8617627 (134)
1 1
H, = 5( 11+ T22), H,, = 5( 11— a29),
where k =5 — k and
Cip = [7) (0] 1<k<p<A4 (135)

By &+, above we have denoted the Weyl generators of sp(4). The Lax operator L in
the spinor representation of so(5) takes the form:

. 877Dsp

Lsp1/}sp =1 o + (Qsp - AJsp)wsp(L /\) =0, (136)

where Qg (2, ) and Jg, are 4 x 4 symplectic matrices of the form:

0 q 1 /1, 0 o 41
sp — 3 sp — & 3 7t = 9 1
Q={(g8) =y (F ) awn=(00 (137)

C The spinor representation of so(7).

The highest weight and the weight system of so(7) are given by [32]

1 1
W3E’71:§(61+62+63), 72=§(el+€2—63),
1
V3 = 5(61—62+€3), VY4 = 5(61—62—63)7 <138)
V5 = —7V4, Yo = —73, Yr = —72, 78 = —71-
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The Cartan-Weyl basis of so(7) is given by

E€1—€2 = 1—‘3,4_1 = 863+647 E62—63 == F2,3 == 862—637
Eel—eg - FZ,ZI - 862+647 Ee1+82 - Pl,é - 862+64;
E€1+€3 = Fl,g = 861+637 E62+63 == I_\1,4 - 8617647
Ee1 = FLZ; + F2,3 = 861+e4 + 862+637 E62 = F1,3 + F2,4 = 861—64 + 862—647
1
Ee, =T19-T34=E -, — Ecs—eu H,, = §(F1,1 + 190+ T335+T44),
1 1
H, = §(F1,1 + 190 — T35 —T44), H,, = §(F1,1 —Too+ T35 —T44),
B (139)
where £k =9 — k and
Tip = ) (0l = (D) (wl, 1<k <p<4, (140)
Tip = ) (wl + (1Pl (wl, 1<k <p<4,

Note that the typical representation of so(8) is also 8-dimensional. So by &+, above
we have denoted the Weyl generators of so(8). So we can also consider the spinor repre-
sentation of so(7) as an imbedding of so(7) into so(8). Such imbedding can be realized
by taking the average of the Cartan-Weyl basis of so(8) with respect to the Z, external
automorphism of so(8) (the mirror reflection) which changes €, <+ —¢4. In short the Lax
operator L in the spinor representation of so(7) take the form:

Ot
Lspwsp =1 &rp

where Qqp(2,t) and Jg, are 8 x 8 matrices of the form:

+ (Qsp — Asp)sp(, A) = 0, (141)

% ¢ g O
0 q 11, O 2 g 0 —q
sp — R JS = — s S[j‘7t = . 142
QP <q10) p 2(0 —ﬂ4) Q( ) ¢ 0 —q0 O ( )
0 -1 ¢ —qo

Our final remark here concerns the spinor representation with highest weight w = 3ws.
Then

3 1
[~ {§(i€1:|:62:|:€3),§<:|361:l:62:|:63)} (143)

The dimension of this representation is 8. The explicit form of the element J in this
representation is J = diag (%]1, %]1, —%]1, —%]1), i.e. all eigenvalues of J are non-vanishing.
The potential ) will have block-matrix structure compatible with the one of J.
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