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ON P AR TICLE TRAJECTORIES IN LINEAR W A TER W A VES

ANCA-V OICHIT A MA TIOC

Abstra ct. W e determine the phase p ortrait of a Hamiltonian system

of equations describing the motion of the particles in linear w ater w a v es.

The particles exp erience in eac h p erio d a forw ard drift whic h is minimal

on the �at b ed.

1. Intr oduction

The motion of w ater particles under the w a v es whic h adv ance across the

w ater is a v ery old problem. W atc hing the sea it is oft p ossible to trace a

w a v e as it propagates on the w ater's surface, but what one observ es tra v eling

across the sea is not the w ater but a w a v e pattern. The displacemen t of the

w ater particles induces a m uc h more rapid motion on the free surface w a v e, a

fact supp orted b y �eld evidence [17]. Due to the mathematical in tractabilit y

of the go v erning equations for w ater w a v es, the classical approac h [16, 19, 22]

to w ards explaining this asp ect of w ater w a v es consists in analysing the par-

ticle motion after linearisation of the go v erning equations. Within the linear

w ater w a v e theory , the ordinary di�eren tial equations system describing the

motion of the particles is nev ertheless nonlinear and explicit solution are

not a v ailable. In the �rst appro ximation of this nonlinear system, all par-

ticle paths are closed cf. [11, 14, 16, 17, 21, 22]. Supp ort for this conclusion

is giv en b y the only kno wn explicit solution with a non-�at free surface for

the go v erning equations in w ater of in�nite depth [12] solution for whic h all

particle paths are circles of diameters decreasing with the distance from the

free surface (see [3] and the discussion in [4, 13]). The conclusion seems to

b e supp orted b y exp erimen tal evidence: photographs [11, 21, 22] or mo vie

�lms [2] of small buo y an t particles in lab oratory w a v e tanks (see also the

commen ts in [15]). Ho w ev er, an analysis of the a v erage �o w of energy within

linear w ater w a v e theory (see [10, 14]) indicates that, due to the passage of

a p erio dic surface w a v e, the w ater particles in the �uid exp erience on a v er-

age a net displacemen t in the direction in whic h the w a v es are propagating,

termed Stok es drift (Stok es [23] noticed this feature for in�nitely deep w ater

and Ursell [25] examined it in w ater of �nite depth).

In this pap er w e sho w that for linear w ater w a v e no particle tra jectory is

closed, unless the free surface is �at. Eac h tra jectory in v olv es o v er a p erio d

a bac kw ard/forw ard mo v emen t of the particle, and the path is an elliptical

2000 Mathematics Subje ct Classi�c ation. 76B15, 34C25, 35Q35.

Key wor ds and phr ases. Linear w ater w a v es; P article tra jectory; Phase p ortrait.

1



2 A.-V. MA TIOC

arc (whic h degenerates on the �at b ed) but with a forw ard drift. This result

w as �rst obtained in [9]. W e obtain the same result but our analysis is more

precise and uses only elemen tary analysis metho ds. As in [9], w e sho wn that

within linear w ater w a v e theory , the particle paths are almost closed and the

more w e approac h the free surface, the more pronounced the deviation from

a closed orbit b ecomes, in agreemen t with Stok es' observ ation (see [23]). The

features encoun tered in the linear framew ork are con�rmed to hold also for

the go v erning equations b y a di�eren t approac h, see [5, 7].

The w ork is structured as follo ws: w e recall �rst the go v erning equations

for w ater w a v es and giv e the exact solutions of the linearised problem. Our

ma jor con tribution, in Section 3, is a precise analysis of the phase p ortrait

of a Hamiltonian system asso ciated to the particle motion. This is the k ey

p oin t in determining the tra jectories of the w ater particles.

2. Preliminaries

In this section w e recall the go v erning equations for w ater w a v es and w e

presen t their linearization (for a more detailed discussion w e refer to [14]).

2.1. The go v erning equations. W e consider a t w o-dimensional in viscid in-

compressible �uid in a constan t gra vitational �eld. T o describ e the w a v es

propagating on the w ater surface w e consider a cross section of the �o w that

is p erp endicular to the crest line with Cartesian co ordinates (x; y) , the y -

axis p oin ting v ertically up w ards and the x -axis b eing the direction of w a v e

propagation, while the origin lies on the �at b ed. Let (u(t; x; y ); v(t; x; y )) b e

the v elo cit y �eld of the �o w o v er the �at b ed y = 0 and let y = h0 + � (t; x )
b e the w ater's free surface. Here h0 > 0 is the mean w ater lev el.

Constan t densit y (homogeneit y) is a ph ysically reasonable assumption for

gra vit y w a v es [14], and it implies the equation of mass conserv ation

ux + uy = 0 : (2.1)

Under the assumption of in viscid �o w the equation of motion is Euler’s

equation

(
ut + uux + vuy = � Px

vt + uvx + vvy = � Py � g;
(2.2)

where P(t; x; y ) denotes the pressure and g is the gra vitational constan t of

acceleration. The free surface decouples the motion of the w ater from that

of the air, a fact that is expressed in [14] b y the dynamic b oundary condition

P = P0 on y = h0 + � (t; x ); (2.3)

if w e neglect surface tension, where P0 is the (constan t) atmospheric pres-

sure. Since the same particles alw a ys form the free surface, w e also ha v e the

kinematic b oundary condition

v = � t + u� x on y = h0 + � (t; x ): (2.4)
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Figure 1. A p erio dic w ater w a v e propagating o v er a �o w b ed

On the �at b ed w e ha v e the kinematic b oundary condition

v = 0 on y = 0 ; (2.5)

expressing the fact that the �o w is tangen t to the horizon tal b ed (or, equiv-

alen tly , that w ater cannot p enetrate the rigid b ed). Summarising, the go v-

erning equations for w ater w a v es are encompassed b y the nonlinear free-

b oundary problem

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ux + uy = 0 ;

ut + uux + vuy = � Px ;

vt + uvx + vvy = � Py � g;

P = P0 on y = h0 + � (t; x );

v = � t + u� x on y = h0 + � (t; x );

v = 0 on y = 0 :

(2.6)

In our discussion w e supp ose that at some distan t p oin t in the past a

disturbance of the �at surface of still w ater w as created and w e analyze the

subsequen t motion of the w ater. The balance b et w een the restoring gra vit y

force and the inertia of the system go v erns the ev olution of the mass of

w ater and our primary ob jectiv e is to understand the b eha viour of the w ater

particles b elo w the free surface.

An imp ortan t category of �o ws are those of zero v orticit y (irrotational

�o ws), c haracterized b y the additional assumption

uy = vx : (2.7)
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The v orticit y of a �o w, ! = uy � vx , measures the lo cal spin or rotation

of a �uid elemen t so that in irrotational �o ws the lo cal whirl is completely

absen t. Relation ( 2.7 ) ensures the existence of a v elo cit y p oten tial � (t; x; y )
de�ned up to a constan t via

� x = u; � y = v:

In view of ( 2.1 ), � is a harmonic function, i.e. (@2
x + @2

y )� = 0 so that the

metho ds of complex analysis b ecome a v ailable for the study of irrotational

�o ws.

Concerning the ph ysical relev ance of irrotational w ater �o ws, �eld evidence

indicates that for w a v es en tering a region of still w ater the assumption of

irrotational �o w is realistic [17]. Moreo v er, as a consequence of Kelvin's

circulation theorem [1], a w ater �o w that is irrotational initially has to b e

irrotational at all later times. It is th us reasonable to consider that w ater

motions starting from rest will remain irrotational at later times. Nonzero

v orticit y is the hallmark of the in teraction b et w een w a v es and non-uniform

curren ts cf. [8] and [9], for example tidal curren ts cf. [24].

2.2. Linear w ater w a v es. The problem ( 2.6 ) is nondimensionalised using a

t ypical w a v elength � and a t ypical amplitude of the w a v e a. W e de�ne the

set of nondimensional v ariables [14]

x 7! �x; y 7! h0y; t 7!
�

p
gh0

t;

u 7! u
p

gh0; v 7! v
h0

p
gh0

�
; � 7! a�

where, to a v oid new notations, w e ha v e used the same sym b ols for the non-

dimensional v ariables x; y; ; t; u; v; � on the righ t-hand side. Setting the con-

stan t w ater densit y � = 1 , the pressure in the new nondimensional v ariables

is

P = P0 + gh0(1 � y) + gh0p;

with the nondimensional pressure v ariable p measuring the deviation from

the h ydrostatic pressure distribution. W e obtain the follo wing b oundary

v alue problem in nondimensional v ariables

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ut + uux + vuy = � px ;

� 2(vt + uvx + vvy = � py ;

ux + vy = 0 ;

p = "� on y = 1 + "�;

v = "(� t + u� x ) on y = 1 + "�;

v = 0 on y = 0 ;

(2.8)
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where " = a=h0 is the amplitude parameter and � = h0=� is the shallo wness

parameter. W e observ e from the fourth and the �fth equations in ( 2.8 ) that,

on y = 1 + "� , b oth v and p are prop ortional to " . This is consisten t with

the fact that as " ! 0 w e m ust ha v e v ! 0 and p ! 0, and it leads to the

follo wing scaling of the non-dimensional v ariables

p 7! "p; (u; v) 7! " (u; v);

where w e a v oided again the in tro duction of a new notation. The problem

( 2.8 ) b ecomes

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ut + "(uux + vuy) = � px ;

� 2[vt + "(uvx + vvy)] = � py ;

ux + vy = 0 ;

p = � on y = 1 + "�;

v = � t + "u� x on y = 1 + "�;

v = 0 on y = 0 ;

(2.9)

The linearized problem is no w obtained b y letting " ! 0 in ( 2.9 ). W e obtain

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

ut = � px ;

� 2vt = � py ;

ux + vy = 0 ;

p = � on y = 1 ;

v = � t on y = 1 ;

v = 0 on y = 0 :

(2.10)

Lo oking for solutions of ( 2.10 ) represen ting w a v es tra v eling at sp eed c0 >
0, w e imp ose that all functions u; v; p and � ha v e an (x; t ) -dep endence in

the form of x � c0t . F urthermore, in seeking spatially p erio dic functions of

p erio d one, w e are led to the fundamen tal F ourier mo de A nsatz

� (x; t ) = cos[2� (x � c0t)]:

F or this sp eci�c � the problem ( 2.10 ) has the solution
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u(t; x; y ) = 2 �c 0�
cosh(2��y )
sinh(2�� )

cos[2� (x � c0t)];

v(t; x; y ) = 2 �c 0
sinh(2��y )
sinh(2�� )

sin[2� (x � c0t)];

p(t; x; y ) =
cosh(2��y )
cosh(2�� )

cos[2� (x � c0t)];

pro vided c2
0 = tanh(2 �� )=(2�� ): Returning to the original ph ysical v ariables,

w e p erform the c hange of v ariables

x 7!
x
�

; y 7!
y
h0

; t 7!
p

gh0

�
t;

u 7!
u

p
gh0

; v 7! v
�

h0
p

gh0
; � 7!

�
a

;

(the v ariables on the righ t-hand side b eing the ph ysical v ariables) to obtain

the linear w a v e solution

8
>>>>>>>>><

>>>>>>>>>:

� (t; x ) = "h 0 cos(kx � !t );

u(t; x; y ) = "!h 0
cosh(ky)
sinh(kh0)

cos(kx � !t );

v(t; x; y ) = "!h 0
sinh(ky)
sinh(kh0)

sin(kx � !t );

P(t; x; y ) = P0 + g(h0 � y) + "gh0
cosh(ky)
cosh(kh0)

cos(kx � !t );

(2.11)

of amplitude "h 0 > 0 and w a v elength � > 0; propagating o v er the �at b ed

y = 0 and with mean w ater lev el h0 > 0. Here

k =
2�
�

; ! =
p

gk tanh(kh0);

are the w a v en um b er, resp ectiv ely the frequency , and the disp ersion relation

c =
!
k

=

r
tanh(kh0)

k
determines the sp eed c of the linear w a v e. The p erio d of this w a v e is

T =
2�
!

=
2�

p
gk tanh(kh0)

:

3. P ar ticle trajectories

If (x(t); y(t)) is the particle b elo w the linear w a v e ( 2.11 ) then

dx
dt

= u;
dy
dt

= v;
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so that the motion of the particle is describ ed b y the system

8
><

>:

dx
dt

= M cosh(ky) cos[k(x � ct)];

dy
dt

= M sinh(ky) sin[k(x � ct)];
(3.1)

with initial data (x0; y0): W e denoted

M :=
"!h 0

sinh(kh0)
: (3.2)

The righ t-hand side of the di�eren tial system ( 3.1 ) is smo oth so that the

existence of a unique lo cal smo oth solution is ensured [20]. Also, since y is

b ounded, the righ t-hand side of ( 3.1 ) is b ounded and therefore this unique

solution is de�ned globally , i.e. for all t = 0 , cf. [20]. Without actually

solving ( 3.1 ) w e w ould lik e to displa y the principal features of the solution.

T o study the exact solutions to (3.1) it is con v enien t to re-write the system

in a mo ving frame with scaled indep enden t v ariables. The transformation

X = k(x � ct); Y = ky; (3.3)

maps ( 3.1 ) in to

8
><

>:

dX
dt

= kM cosh(Y ) cos(X );

dY
dt

= kM sinh(Y ) sin(X ):
(3.4)

Notice that in view of ( 3.2 )

kM = k
"!h 0

sinh(kh0)
= "!

kh0

sinh(kh0)
< kc = !; (3.5)

since s < sinh(s) for s > 0 while " < 1 within the framew ork of linear theory .

In order to determine the phase p ortrait, w e tak e in to consideration the

Hamiltonian structure of ( 3.4 ). Setting

H (X; Y ) = kM sinh(Y ) cos(X ) � kcY; (X; Y ) 2 R2; (3.6)

problem ( 3.4 ) re-writes

8
><

>:

dX
dt

= @Y H;

dY
dt

= � @X H:
(3.7)

Our goal is to determine the phase p ortrait corresp onding to ( 3.6 ). In [9] the

authors studied the phase p ortrait of ( 3.6 ) appro ximately , b y using Morse's

lemma. A precise analysis allo ws us in here to determine the phase p ortrait

of the Hamiltonian system of equations describing the motion of the particles

in linear w ater w a v es b y using only elemen tary metho ds.

Since H is constan t along the phase curv es of ( 3.6 ), our task is equiv alen t

to determining the lev el curv es H � 1(f � g) of H for all � 2 R: Ph ysically

relev an t is only the case when Y � 0: Moreo v er, since H is 2� � p erio dic in
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the X v ariable, @Y H is ev en in b oth v ariables X; Y; and @X H is o dd with

resp ects to the same v ariables, the phase p ortrait of ( 3.7 ) is determined b y

the lev el sets of the restriction H : [0; � ] � [0; 1 ) ! R:
Ob viously , H � 1(f 0g) � [0; � ] � f 0g: Since the lev el sets of H are disjoin t,

w e are left to determine to whic h lev el set of H the remaining p oin ts (X; Y ) ,

Y 6= 0 , b elong. F or con v enience, w e set

[0; � ] � (0; 1 ) := 


Let

P := ( X � ; Y� ) := (0 ; cosh� 1(c=M))

the solution of

r H = 0 in 
 ;

whic h is the unique stationary solution of ( 3.6 ) within 
 : Then P 2 H � 1(f � � g);
for some � � < 0: Indeed, H (P) < 0 is equiv alen t to

H (0; Y� ) < 0 , kM sinh(y� ) � kcY� < 0

, sinh(Y� ) <
c

M
Y� , sinh(Y� ) < cosh(Y� )Y� :

The function

h : [0; 1 ) ! (�1 ; 0]; h(Y ) = sinh( Y ) � cosh(Y )Y (3.8)

is bijectiv e and decreasing, since h0(Y ) = � sinh(Y )Y < 0; h(0) = 0 and

limY !1 h(Y ) = �1 : Hence, since Y� > 0; it follo ws that P 2 H � 1(f � � g)
for

� � := kM (sinh(Y� ) � cosh(Y� )Y� ): (3.9)

W e mak e no w a crucial observ ation. Let � 2 R b e giv en with H (X; Y ) = �
for some (X; Y ) 2 
 : In view of kM sinh(Y ) cos(Y ) � kcY = �; it m ust hold

that

X = f � (Y ) := arccos
�

� + kcY
kM sinh(Y )

�
;

with f � : D (f � ) � R ! [� 1; 1]: The de�nition domain D(f � ) of f � consists

of all the p oin ts Y > 0 whic h satisfy the inequalities

� 1 �
� + kcY

kM sinh(Y )
=: g� (Y ) � 1: (3.10)

Hence H � 1(f � g) \ 
 = Gf � ; with Gf � denoting the graph of f � :
W e are left to determine for whic h Y > 0 the relation ( 3.10 ) is v alid. A

simple calculation sho ws that

g0
� (Y ) =

kc h(Y ) � � cosh(Y )
kM sinh2(Y )

for all Y > 0, (3.11)

where h is the function de�ned b y the relation ( 3.8 ). The main result of this

pap er is the follo wing theorem:
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Theorem 3.1. L et � 2 R b e given. Ther e exists a function f � : D (f � ) �
(0; 1 ) ! R such that

H � 1(f � g) = Gf � for � 6= 0 ; and H � 1(f 0g) = Gf 0 [ ([0; � ] � f 0g):

Mor e pr e cisely,

(i ) If � � 0; then D(f � ) = [ Y (� ); 1 ) for some Y(� ) > 0: The function

f � : D (f � ) ! [0; �= 2) is bije ctive and incr e asing.

(ii ) F or � < 0; ther e exists a unique

eY(� ) > 0 such that

(a) If � < � � , then D(f � ) = [ eY (� ); 1 );

f � ( eY (� )) = �; and lim
Y !1

f � (Y ) = �= 2:

Mor e over, the minimum of f � is less �= 2:
(b) If � > � � , ther e exist p ositive r e al numb ers Yi (� ); i = 1 ; 2;

with

eY(� ) < Y1(� ) < Y2(� ) such that D(f � ) = [ eY (� ); Y1(� )] [
[Y2(� ); 1 ): The r estriction f � : [eY (� ); y1(� )] ! [0; � ] is bije ctive

with f ( eY (� )) = � .

A dditional ly, we have

(1) Y : [0; 1 ) ! [Y� ; 1 ) , wher e Y� < Y � ; is bije ctive and incr e asing.

(2) eY : (�1 ; 0) ! (0; 1 ) is bije ctive and de cr e asing.

(3) Y1 : (� � ; 0) ! (0; Y� ) is bije ctive and de cr e asing.

(4) Y2 : (� � ; 0) ! (Y� ; Y� ) is bije ctive and incr e asing.

A l l the functions mentione d ab ove ar e c ontinuous and smo oth in the interior

of their de�nition domain.

R emark 3.2 . Ha ving pro v ed Theorem 3.1 , the phase p ortrait is complete (see

Figure 2). The motion along the phase curv es is determined b y the fact that

� @X H (X; Y )) = kM sinh(Y ) sin(X ) > 0

pro vided X 2 (0; �= 2): The phase p ortrait also discloses that the stationary

solution (X � ; Y� ) is a saddle no de for ( 3.6 ). Solutions starting in (X 0; Y0) 2
Gf � �

are attracted b y (X � ; Y� ) pro vided Y0 < Y � : On the o der hand, if

Y0 > Y � they tend to in�nit y .

Pr o of of The or em 3.1 . Consider �rst the case � � 0: In view of h � 0; w e

obtain that g� is strictly decreasing. L'Hospital's rule sho ws that

lim
Y !1

g� (Y ) = 0 ; lim
Y ! 0

g� (Y ) =

(
1 ; � > 0;

c=M ; � = 0 ;

so that w e �nd a unique Y(� ) > 0 suc h that g� (Y (� )) = 1 : Let Y� := Y (0):
W e sho w �rst that the function Y : [0; 1 ) ! [Y� ; 1 ) is a strictly increasing

bijection. Indeed, g : (0; 1 ) � (0; 1 ) b e the function de�ned b y g(�; Y ) :=
g� (Y ): In view of

@Y g(�; Y (� )) =
kc h(Y (� )) � � cosh(Y )

kM sinh2(Y (� ))
< 0;
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0

�= 2

�

Y� Y�
Y

X

� �

Gf 0

Gf � �

Gf �
� > � �

Gf �
� < � �

Figure 2. Phase p ortrait in the mo ving frame

w e infer from the implicit function theorem that the map Y is smo oth in

(0; 1 ): Di�eren tiating the relation g(�; Y (� )) = 1 with resp ect to the v ari-

able � w e get

@� g(�; Y (� )) + @Y g(�; Y (� ))Y 0(� ) = 0 ;

and, in view of the previous relation and @� g(�; Y ) = 1 =(kM sinh(Y )) > 0,

w e get that Y 0(� ) > 0 for all � > 0: P articularly , w e obtain that Y 2
C([0; 1 )) ; and the desired assertion is immediate.

Consequen tly , g� (Y ) 2 [� 1; 1] if and only if Y 2 [Y (� ); 1 ); and

H � 1(f � g) \ 
 := f (f � (Y ); Y ) : Y 2 [Y (� ); 1 )g

for all � � 0: The function f � is strictly increasing and

f � (Y (� )) = 0 ; f 0
� (Y (� )) = 1 ; and lim

Y !1
f � (Y ) = �= 2:

W e determine no w a relation b et w een Y� and Y� : Recall that Y� is the

solution of the equation MY� � kM sinh(Y� ) = 0 ; whereas Y� solv es kc �
kM cosh(Y� ) = 0 : Hence, y� is exactly the p oin t where

[0; 1 ) 3 Y 7! � H (0; y) = kcY � kM sinh(Y )

c hanges monoton y . Since H (0; 0) = 0 and � H (0; Y� ) = � � � > 0; cf. ( 3.9 ),

it m ust hold that Y� > Y � :
Assume that g� : [Y (� ); 1 ) ! [0; 1] is con v ex. Then

g�

�
Y1 + Y2

2

�
�

g� (Y1) + g� (Y2)
2

;

for all Y1; Y2 � Y (� ): Since arccos is a decreasing function w e get

arccos
�

g�

�
Y1 + Y2

2

��
� arccos

�
g� (Y1) + g� (Y2)

2

�
;
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and since arccosj[0;1] is conca v e, w e conclude that

arccos
�

g�

�
Y1 + Y2

2

��
�

arccos(g� (Y1)) + arccos(g� (Y2))
2

;

so that f � = arccos� g� is conca v e.

Summarising, in order to pro v e that f � is conca v e w e are left to sho w that

g00
� � 0: T aking in to consideration the relation cosh2(Y ) � sinh2(Y ) = 1 , w e

ha v e

kM sinh3(Y )g00
� (Y )

= � + � cosh2(Y ) + kcY + kccosh(Y )(cosh(Y )Y � 2 sinh(Y )) � 0

pro vided Y � 2: Consequen tly , f � is a conca v e function on [maxf 2; Y (� )g; 1 )
and the graph of f � approac hes asymptotically the line X = �= 2 as Y ! 1 :
This pro v es assertion (i ) of the Theorem 3.1 .

W e are left to determine to whic h lev el set H � 1(f � g); � < 0; the p oin ts

in the remaining domain


 n (f (X; Y ) : Y� � Y < 1 and f 0(Y ) < X � � g [ [0; � ] � (0; Y� ))

b elong.

Th us, let � < 0: Notice that in this case

lim
Y ! 0

g� (Y ) = �1 and lim
Y !1

g� (Y ) = 0 :

W e claim that for eac h � � 0 there exists a unique Y(� ) � 0 suc h that

g0
� (Y (� )) = 0 ; that is

Mh (Y(� )) � � cosh(Y (� )) = 0 : (3.12)

T o pro v e this assertion, w e de�ne the smo oth mapping f : [0; 1 ) ! R b y

f (Y ) = kc h(Y ) � � cosh(Y ): Recall that f is exactly the n umerator of in

the expression ( 3.11 ). If � = 0 ; put simply Y(0) = 0 : F or negativ e � w e

compute

f 0(Y ) = � (kcY + � ) sinh(Y );

th us f 0(Y ) = 0 if and only if Y 2 f 0; � �= (kc)g: Moreo v er, f 0
is p ositiv e in

the in terv al de�ned b y these n um b ers, and negativ e on (� �= (kc); 1 ): The

maxim um of f; whic h is ac hiev ed at � �= (kc) is p ositiv e, since

f
�

�
�
kc

�
= kc

�
sinh

�
�

�
kc

�
+

�
kc

cosh
�

�
�
kc

��
� � cosh

�
�

�
kc

�

= � kc
�

sinh
�

�
�
kc

��
> 0:

Since f (0) = � � > 0 and limY !1 f (Y ) = �1 ; w e �nd a unique Y(� ) > 0
suc h that f (Y (� )) = 0 ; and w e are done. Let us stress that Y(� ) is exactly

the p oin t where g� attains its p ositiv e maxim um.
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Using the implicit function as w e did b efore, yields that Y : (�1 ; 0] !
[0; 1 ) is a con tin uous bijection, whic h is smo oth in the in terior of its de�ni-

tion domain. In view of ( 3.12 ) and

h(Y )
sinh(Y ) cosh(Y )

! Y ! l

(
0 ; l = 0 ;

0; ; l = 1 ;

w e obtain that

g� (Y (� )) =
c

M

�
h(Y (� ))

sinh(Y (� )) cosh(Y (� ))
+

Y (� )

sinh(Y (� ))

�

! � ! l

(
c=M ; l = 0 ;

0 ; l = �1 ;

Since

d
d�

�
� + kcY(� )

kM sinh(Y (� ))

�
=

1

kM sinh(Y (� ))
> 0

w e deduce that

(�1 ; 0] 3 � 7! g� (Y (� )) 2 (0; c=M]

is a con tin uous bijection. Hence, there exists a unique � � with g� � (Y (� � )) =
1; whic h means that

� � + kcY(� � ) � kM sinh(Y (� � )) = 0 : (3.13)

W e sho w no w that, in fact, Y(� � ) = Y� : Indeed, w e m ultiply the relation

( 3.13 ) b y cosh(Y (� � )) and, b y adding it to ( 3.12 ) ev aluated at � = � � ; w e

get

kc � kM cosh(Y (� � )) = 0 :

Consequen tly , Y(� � ) = Y� :
Lastly , giv en � < 0; let

eY(� ) denote the unique solution of the equation

g� (Y ) = � 1 within (0; 1 ): The function [(�1 ; 0) 3 � 7! eY (� ) 2 (0; 1 )] is,

in virtue of

eY(� ) < Y (� ); decreasing. Letting L := lim � ! 0 eY(� ) , w e obtain

from g� ( eY (� )) = � 1 when � ! 0 that L = 0 : A similar argumen t yields

that lim � ! 0 eY(� ) = 1 ; so that

eY is also on to.

W e sho w no w that � � = � � ; where � � is the constan t de�ned b y ( 3.9 ).

In view of g� � (Y (� � )) = 1 , the maxim um of g� � is 1, whence [eY (� � ); 1 )
is the maximal subset of (0; 1 ) for whic h ( 3.10 ) hold true when � = � � .

The function f � � : [eY (� � ); 1 ) ! [� �; � ] is a parametrisation of the lev el

set H � 1(f � � g); and since f � � (Y (� � )) = 0 , w e deduce that P = (0 ; Y� ) =
(0; Y (� � )) 2 H � 1(f � � g); whic h in turn leads to � � = � � :

Our analysis rev eals that for � > � � ; there exist precisely t w o p oin ts

Y1(� ) < Y2(� ) suc h that g� (Yi (� )) = 1 for i = 1 ; 2 and all � > � � : It is

not di�cult to see that Y1 : (� � ; 0) ! (0; Y� ) is a smo oth and decreasing

bijection. Moreo v er, Y2 : (� � ; 0) ! (Y� ; Y� ) is a smo oth and increasing

bijection. W e sho w only that lim � ! 0 Y2(� ) = Y� : The other assertions follo w
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similarly . Clearly , lim � ! 0 Y2(� ) := Y0 is �nite and p ositiv e. Letting � ! 0
in the relation g� (Y2(� )) = 1 ; w e obtain that

kMY0 � kM sinh(Y0) = 0 ;

th us Y0 = Y� :
Hence, if � > � � , w e ha v e that f � : [eY (� ); Y1(� )] [ [Y2(� ); 1 ) ! [� �; � ];

f � (Yi (� )) = 0 ; i = 1 ; 2; f � ( eY (� )) = � , limY !1 f � (Y ) = �= 2; and

f 0
� ( eY (� )) = f 0

� (Y1(� )) = � f 0
� (Y2(� )) = �1 :

Moreo v er, f � is decreasing on [eY (� ); Y1(� )] and increasing on [Y2(� ); 1 ) .

If � < � � ; then [eY (� ); 1 ) are all the solutions of ( 3.10 ) within (0; 1 ); th us

H � 1(f � g) ma y b e parametrised b y the mapping f � : [eY (� ); 1 ) ! (0; � ]: The

minim um of f � is less than �= 2 and limY !1 f � (Y ) = �= 2: This completes

the pro of of Theorem 3.1 . �

Kno wing the phase curv es (X (t); Y (t)) ; the particle tra jectories (x(t); y(t))
in the linear w a v e ( 2.11 ) are giv en, via ( 3.3 ), b y

x(t) =
X (t)

k
+ ct y(t) =

Y (t)
k

: (3.14)

The phase-plane analysis done in Theorem 3.1 rev eals that a necessary con-

dition for ( 3.4 ) to b e ph ysically realistic solution is that the w a v e pro�le is

lo cated underneath Y� , meaning that

kh0(1 + ") � Y� = cosh� 1
�

sinh(kh0)
"h 0k

�
: (3.15)

This restriction ensures that the particles do not lea v e the �uid domain.

Whence, a su�cien t condition for ( 2.11 ) to b e a realistic mo del of w ater w a v es

of a v erage depth h0 > 0 and w a v e n um b er k , is that the small amplitude

" > 0 satis�es

" � max
�

1;
sinh(kh0)

kh0 cosh(2kh0)

�
;

whic h giv es a quan titativ e meaning to the assumption " " < 1 is small."

W e describ e no w the tra jectory of the w ater particle (x0; y0) in the �uid.

Assume that the particle is lo cated initially at X (0) = x0=k = � and Y(0) =
y0=k � 0: The time � = � (Y0) needed for (X (0); Y (0)) to reac h the line

X = � � ful�lls (cf. [9]) � > 2�= (ck): In view of ( 3.1 ) and ( 3.3 ) w e kno w

that dx=dt > 0 as long as X (t) 2 (� �= 2; �= 2); and dx=dt < 0 for X (t) 2
(� �; � �= 2)[ (�= 2; � ); while dy=dt � 0 when X (t) 2 (0; � ) and dy=dt � 0 for

X (t) 2 (� �; 0) (equalit y holds i� y0 = 0 ). The particle attains therefore the

maxim um heigh t when X (t) = 0 ; i.e. t = �=2; and y(t) decreases afterw ards

to y0: Via ( 3.14 ),

x(� ) � x(0) =
X (� ) � X (0)

k
+ c� = �

2�
k

+ c� > 0; (3.16)

so that in time � the particle traces a lo op that fails to close up. There is a

small forw ard drift explicitly expressed b y ( 3.16 ) in terms of � and 2�= (ck);
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� � �0 �
2

� �
2

y1

y0

Figure 3. P article paths in the mo ving frame

Figure 4. P article tra jectory ab o v e the �at b ed

whic h is minimal on the �at b ed, cf. [9].

A c kno wledgmen t The w ork w as written while the author w as the holder of

an ESI-Junior Researc h F ello wship at the Erwin Sc hrö dinger Institute (ESI)

in Vienna.

References

[1] A cheson, D. J. : Elementary Fluid Dynamics , The Clarendon Press, Oxford Univ.

Press, New Y ork, 1990.

[2] Br yson, A. E. : W aves in Fluid , National Committee for Fluid Mec hanics Films,

Encyclop edia Britannica Educational Corp oration, 425 North Mic higan A v en ue,

Chicago, IL 60611.

[3] Const antin, A. : On the de ep water wave motion , J. Phys. A , 34 (2001), 1405�

1417.

[4] Const antin, A. : Edge waves along a sloping b e ach , Journal of Physics A , 34

(2001), 9723�9731.

[5] Const antin, A. : The tr aje ctories of p articles in Stokes waves , Inventiones Math-

ematic ae , 166 (2006), 523�535.

[6] Const antin, A. & Escher, J. : Symmetry of ste ady p erio dic surfac e water waves

with vorticity , J. Fluid Me ch. , 498 (2004), 171�181.

[7] Const antin, A. & Stra uss, W. : Pr essur e b ene ath a Stokes wave , Comm. Pur e

Appl. Math. , to app ear (DOI: 10.1002/cpa.20299).



ON P AR TICLE TRAJECTORIES IN LINEAR W A TER W A VES 15

[8] Const antin, A. & Stra uss, W. : Exact ste ady p erio dic water waves with vor-

ticity , Comm. Pur e Appl. Math. , 57 (2004), 481�527.

[9] Const antin, A. & Villari, G. : Particle tr aje ctories in line ar water waves , J.

math. �uid me ch. , 10 (2008), 1�18.

[10] Crapper, G. D. : Intr o duction to W ater W aves , Ellis Horw o o d Ltd., Chic hester,

1984.

[11] Debna th, L. : Nonline ar W ater waves , A cademic Press, Inc., Boston, MA, 1994.

[12] Gerstner, F. : The orie der W el len samt einer dar aus ab geleiteten The orie der

Deichpr o�le , A nn. Phys. , 2 (1809), 412�445.

[13] Henr y, D. : On Gerstner's water wave , J. Nonline ar Math. Phys., suppl. 2 , 15

(2008), 87�95.

[14] Johnson, R. S. : A Mo dern Intr o duction to the Mathematic al The ory of W ater

W aves , Cam bridge Univ. Press, Cam bridge, 1997.

[15] Kenyon, K. E. : Shal low water gr avity waves: a note on the p article orbits , J.

Oc e ano gr aphy , 52 (1996), 353�357.

[16] Lamb, J. : Hydr o dynamics , Cam bridge Univ. Press, Cam bridge, 1895.

[17] Lighthill, J. : W aves in Fluids , Cam bridge Univ. Press, Cam bridge, 1978.

[18] Longuet-Higgins, M. S. : The tr aje ctories of p articles in ste ep, symmetric gr avity

waves , J. Fluid Me ch. , 94 (1979) 497�517.

[19] Milne-Thomson, L. M. : The or etic al Hydr o dynamics , The Macmillan Co., Lon-

don, 1938.

[20] Sansone, G. & Conti, R. : Non-line ar Di�er ential e quations , The Macmillan

Co., New Y ork, 1964.

[21] Sommerfeld, A. : Me chanics of Deformable Bo dies , A cademic Press, Inc., Boston,

MA, 1950.

[22] Stoker, J. J. : W ater W aves. The Mathematic al The ory with Applic ations , In ter-

science Publ. Inc., New Y ork, 1957.

[23] Stokes, G. G. : On the the ory of oscil latory waves , T r ans. Cambridge Phil. So c. ,

8 (1847), 441-455.

[24] Teles d a Sil v a, A.F. & Peregrine, D. H. : Ste ep, ste ady surfac e waves on

water of �nite depth with c onstant vorticity , J. Fluid Me ch. , 195 (1988), 281�302.

[25] Ursell, F. : Mass tr ansp ort in gr avity waves , Pr o c. Cambridge Phil. So c. , 40

(1953), 145-150.

Institut für Angew andte Ma thema tik, Leibniz Universit ä t Hanno ver, Welfen-

gar ten 1, 30167 Hanno ver, Germany.

E-mail addr ess : matioca@ifam.uni-hannover.de


	1. Introduction
	2. Preliminaries
	2.1. The governing equations
	2.2. Linear water waves

	3. Particle trajectories

