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ON THE WEIGHTED 0-NEUMANN PROBLEM ON
UNBOUNDED DOMAINS.

KLAUS GANSBERGER

ABSTRACT.

Let © be an unbounded, pseudoconvex domain in C™ and let ¢ be a C?-weight
function plurisubharmonic on 2. We show both necessary and sufficient conditions
for existence and compactness of a weighted O-Neumann operator N, on the space
L%(Ll)(ﬂ, e~ %) in terms of the eigenvalues of the complex Hessian (0%¢/02;0%Z); k

of the weight. We also give some applications to the unweighted J-Neumann
problem on unbounded domains.

1. INTRODUCTION.

The subject of this paper is the weighted d-Neumann problem on pseudoconvex, un-
bounded domains. The weighted O-Neumann operator is the inverse of the weighted
complex Laplacian, which acts on (p,q)-forms that satisfy certain boundary condi-
tions, see Section 2 for the precise definitions. The weighted J0-equation is one of the
fundamental tools in complex analysis, see e.g. [14]. It also arises when studying
the unweighted problem: For instance in the case of complete pseudoconvex Har-
togs domains, the O-Neumann problem can be reduced to a corresponding weighted
problem on the base domain [2], [16]. A third motivation comes from the study of
three-dimensional, pseudoconvex, compact CR-manifolds, see [6].

The unweighted 0-Neumann problem on bounded domains has been intensively stud-
ied and is of interest in complex analysis for various reasons. For background on the
0-Neumann problem, we refer the reader to [3], [8] and [5].

One reason for the interest in this problem is that existence of a bounded 0-Neumann
operator implies solvability of the inhomogeneous d-equation with control of the
norm of the solution (a priori only in the L?-sense). The question of compactness
of N is of interest for its own right, see for instance [9] for a discussion. To mention
one of the most important reasons, compactness of N implies global regularity in
the sense of preservation of Sobolev spaces, see [15]. This in turn has consequences
for the extension behavior of biholomorphisms.

More recently, compactness is being studied not only as a property stronger than
global regularity, but also as one for which a characterization in terms of the bound-
ary should be possible, whereas global regularity seems to be too subtle and unstable
for this. Generally, compactness is believed to be more tractable than global regu-
larity.
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In [4], Catlin introduced his notion of Property (P), giving a sufficient condition for
compactness of N and thus for global regularity, which can be verified on a large
class of domains. A bounded, smooth domain €2 is said to satisfy Property (P), if

for each M € N there is a function \y; € C(2), such that 0 < Ay < 1 and for all
p €0 and all t € C"

"9y -
———(p)tjtx > M||t]]*.
McNeal gave a generalization — Property (P) — still implying compactness, see [18].
He replaced the uniform boundedness of the family by self-boundedness of the com-
plex gradient. A C2?-function f is said to have self-bounded complex gradient, if
there is a C' > 0 such that for all £ € C" and z € ()
2
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Jj=1

One can easily check that Property (P) always implies Property (P). There are some
cases known, in which Property (P) turns out to be also necessary for compactness
of N (see e.g. [10]), but in general it is not understood how much room there is

between compactness and Property (P) or between Property (P) and Property (P).

Few is known for the case of unbounded domains. Recent contributions to the O-
Neumann problem in weighted L2-spaces on C are [13] and [17]. Weighted spaces
on C" were considered in [13] and [12]. In the present paper we develop methods
used in [12] further which allows us to also treat unbounded pseudoconvex domains
with boundary.

The main result on existence is the following.

Theorem 1.1. Let Q be a smooth, pseudoconvezr, unbounded domain and denote
by A\, (2) the lowest eigenvalue of the complex Hessian (0*¢/0z;0%y),x of the weight
function. Suppose that

(1.1) liminf A\, > ¢

2€Q,|z|—o00
for some ¢ > 0. Then there exists a bounded -Neumann operator on L*(Q, ).

To formulate the sufficient condition for compactness, we need a notion of Property
(P) for unbounded domains. We shall use the following local version.

Definition 1.2. An unbounded, smooth domain satisfies Property (P), if the fol-
lowing holds: for any p € OS2 there is a neighborhood U, such that for each M € N

there is a function o, € PSH(U,) NC*(U,), with 0 < ¢y < 1 and Ay, ,, > M
on U, NOSY, where A > M denotes the lowest eigenvalue of the complexr Hessian

(0 0par/020%k) k-

If the domain is bounded, this Definition coincides with the original one of Catlin,
as it was stated above.

¥p,M

Theorem 1.3. Let Q be unbounded, smooth and pseudoconvex and suppose that
its boundary satisfies Property (P). Let A\,(2) denote the lowest eigenvalue of the
2



complex Hessian (0*¢0/02z;0Zy)x of the weight function. Suppose furthermore that

lim A (z) = 0.
|z|—00,2€Q (p( )
Then the weighted 0-Neumann operator N, exists and is a compact operator from

L7, 1(Q, ) into itself.

To also give a necessary condition, we prepare the following Definition taken from
[1].
Definition 1.4. We call a domain ) quasibounded if and only if

lim  dist(z,00) = 0.

2€Q, |z|—o0
Equivalently, § is quasibounded if and only if there is no r > 0 such that ) contains
a sequence of congruent pairwise disjoint balls with radius r.

Remark. Although a general quasibounded domain can be much more compli-
cated, one can typically think of such a domain to look like Q = {(z,w) € C?
|zw| < 1}. For further details on the notion of quasiboundedness, see [1], Chapter
6.

Theorem 1.5. Suppose that Q) is an unbounded but not quasibounded domain and
suppose that N, is a compact operator on L%O,l) (Q, ). Then for any sequence B(z;, 1)
of disjoint balls with fixed radius r contained in € it holds

lim IVip|? d) = oo.

=00 JB(z,r)

Remark. For the case 2 = C, it was shown in [13] that

lim (Ap)? d\ = o
o0 JB(a,r)
for any sequence (B(z;, r)); of disjoint balls with |z;| — oo is necessary and sufficient
for compactness if one assumes Ay € B,, a reverse Holder class. In fact, this condi-
tion is necessary for compactness for {2 = C", n > 1, and arbitrary plurisubharmonic
weight function ¢, as was shown in [11]. Both [13] and [11] apply spectral analytic
Theorems to prove that result. Note that for plurisubharmonic functions, Ay is
comparable to the largest eigenvalue A, of the complex Hessian (9%¢/0z;0Z); k-
Thus, one can think of f]B(ZM) Ay dX to be a regularized version of \,, and the con-
dition is one on the largest eigenvalue of the Hessian.
Theorem 1.5 is not as sharp as that (as Lemma 4.4 shows), but our proof is purely
analytic and avoids spectral theory of Schrodinger operators. In fact, for general
domains in C", n > 2, no connection to spectral theory can be established since the
boundary conditions for the operators are not compatible.
Marzo and Ortega-Cerdd showed in [17] under the condition that y = Ag dA defines
a doubling measure that
lim AN d\ = 00
=00 JB(z,m)
is equivalent to compactness of the canonical solution operator 5:;]\@ to 0in L*(C, ©).
This was done by carefully estimating the Bergman kernel.
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2. PRELIMINARIES.

Let © an unbounded pseudoconvex domain in C" with smooth boundary, i.e., there
is a smooth function r : C* — R such that Q = {z € C" | r(2) < 0} with |Vr| #0
on the set {r = 0} and

“ 9%r _

k=1
for all p € 0 and all t € T)'0Q. Let furthermore ¢ : © — R* be a plurisubhar-
monic weight function of class C? and define the space

L(Qg)={f:Q—C| / FPedr < oo},
Q

where A denotes the Lebesgue measure. Similarly define the space L%o;)(Q’ @) of
(0,1)-forms with coefficients in L?*(£2, ) and the space L%OQ)(Q,QO) of (0,2)-forms
with coefficients in L?(, ¢). Let

(f.9) = /Q fge* dx

denote the inner product and
I = [ 117 ax

the norm in L?(€), ¢). Defining the d-operator, we set on C°(€2), i.e. the space of
smooth functions with compact support in 2,

_ " Of _
j=1

Taking the maximal closure of this operator and still denoting it by 0, we turn 0
into a closed, densely defined operator on L%(, ¢). Moreover, it can be extended
to (0, g)-forms in the natural way by setting

= o
df = Z a—zjdzj A dZ
7,K
for f = Z‘ Kl=q frdZr. As a closed, densely defined operator, 0 possesses a Hilbert

space adjoint which we denote by 5;. For f =377, fjdz; € dom(g;) one has

r=-3 (a5 5)
7j=1

The complex Laplacian on (0, 1)-forms is defined to be
O, =00,+d,0.
This is a closed, selfadjoint and positive operator, which means that
(O.f, oy >0, for f e dom(Oy,).

The associated Dirichlet form is

Qu(f,9) = (0f.09) + (0, .0,9) 4,
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with form domain dom(d) N dom@;). The weighted d-Neumann operator on the
level of (0, 1)-forms, which we denote by N, is — if it exists — the bounded inverse of
O,. Note that we see by the same argument as in [12], Lemma 2.3, that existence and
compactness of N, is invariant under equivalent weights, where we call two weight
functions equivalent if the weighted L?-norms induced are equivalent. Thus without
loss of generality, we restrict ourselves from now on to smooth weight functions.

3. THE WEIGHTED PROBLEM.

To begin with, let us give the simple characterization of the domain of 5:; in the
weighted space L7, (2, ¢).

Proposition 3.1. Let f =) f;dz; € L(0 1)(9,@) and let v be a defining function
of Q with |Vr|*> =1 on 0Q. Then f € dom(0 S0) if and only if 377, fJ O — 0 on 00

as well as
. afj g 2
E - T f. L7(Q2, »).
j=1

Proof. Let a function f fulfilling the conditions be given and let (xg)ren be a
family of smooth cutoff functions identically one on Bg, the ball with radius R,
and supported in Bg,;. Suppose additionally that all first order derivatives of the
functions in this family are uniformly bounded by a constant M. Then for all
g € dom(9) we have via integration by parts

(XrfD9)s /Za (xrfie™®)g CD“"/XRZ]CJ—B_SDQ do
- Q/ Z 5 (anfie ) g

Now doing the limit R — oo, it is easily seen that
"0

sa§ _ o=

’ j=1 9z (fje )

So by assumption |(f,dg),| < C|g|, and thus f € dom(gz;). Conversely, for
fe dom@;) and any g € C3°(9),

(£, 99)0] < llgll, + Mlgllo [/l

©

(0,1, 9) =(f.09)s Z / e ¢d.

Since C°(Q) is dense in L*(, ¢), we get after integrating by parts that

:—ewzazj f€ (P



hence in particular e? > " (fie™®) € L2(Q). Doing the same calculation for

7=1 8z
general g € dom(a), integration by parts again yields

@.1.9), = (1.99), 6”"Zaz 9 / Z f]_e—wda

Thus by comparing the two expressions for ) o[, we see that the boundary integral
has to vanish for all g, which is the case if and only if " i1 f] o — () on 0.

0

The following Lemma generalizes a well-known density Lemma to unbounded do-
mains and is the first important technical step in our considerations.

Lemma 3.2. Let r be a defining function of Q0 such that |[Vr|> = 1 on 9Q and
suppose that 0$) is of class C**'. Then for any f € dom(9) N dom@;) there is
a sequence (f0), C Cé‘3071)(§) such that fO — f in the graph norm f — (|| f|2 +
10f11% + HE;fH?O)% and fO vanishes on Q\ By, as well as > f;l)% on O0f).

Zj

Proof. Keeping the notation from Lemma 3.1, we easily see by a direct computation
that x;f — f in the graph norm as [ — oo. Now using Lemma 4.3.2 in [5] for
each fixed [, the function x;f can be approximated by a sequence of functions with
the claimed smoothness properties, fulfilling the boundary condition and support in
B;.1. Thus the Lemma follows by choosing an appropriate diagonal sequence.

O

Proposition 3.3. (Kohn — Morrey formula) Let Q2 be of class C* and let r be a
defining function of Q such that |Vr|> =1 on Q. Then for any f = 2?21 f;dz; €
dom(9) N dom(g*)

~ [ P . -
jkz_l/azjaz Tae d)\+Z/ d)\+z /a o fifne #do
Q)

= HﬁfHZi + 10, 112

where o denotes the surface measure on 0S).

8Zk

Proof. Using Lemma 3.2, the Proposition follows from the Kohn — Morrey formula
on bounded domains by the Dominated Convergence Theorem.
See for instance [5], Proposition 4.3.1, for a proof in the bounded case.

From this identity we can immediately conclude Theorem 1.1.

Proof of Theorem 1.1. Since existence of N, is invariant under equivalent weights,
we can after possibly shrinking e without loss of generality assume that A, (z) > ¢ for

all z € Q. Since Q is pseudoconvex, Proposition 3.3 yields e[| f|l, < [|0f|2 + ng)fﬂi,
for all f € dom(d) N dom@:,), so N, is bounded.
U



4. WEIGHTED SOBOLEV SPACES

Similar to the case of bounded domains, our strategy to find a sufficient condition
for compactness of the weighted O-Neumann operator N, is to show a so-called com-
pactness estimate (see Proposition 5.1). To this end, we need a norm on L?(2, p)
that is strictly weaker than the weighted L?-norm. On bounded domains, one natu-
rally has the Sobolev norm ||.||_1, which is strictly weaker than the L?-norm by the
Rellich — Kondrachov Theorem. On unbounded domains, it is in general not true
that H'() embeds compactly into L?(€2). Thus we need an appropriate notion of a
weighted Sobolev space and a compact injection into L?(,¢). Similar Definitions
in fact already appeared before in [12].

Definition 4.1. Denote the coordinates in C* by (21,...,2n) = (T1,Y1, -+, Tn, Yn)-
For k € N let

H*(Q, ) :={f € L*(Q,¢) | Df € L*(2, ¢) for any |a] < k},

where D% = %, with the norm
11, = > ID°F1.
laf<k
Let moreover HY(S2, o) be the closure of C°(2) under the norm defined above.

Definition 4.2. For j=1,...,n let

0 dp 0 Op
X] B 8xj 3CL’J‘ and Y; N 8yj 3yj’

and define
HY(Q, 0, Vo) = {f € L*(Q,¢) | T*f € L*(Q, ), for any |a| <k},

where T = X{Y"? - - X02n=1Y %2n ith the norm

1R pwe = D 1D

|| <k
Similarly, define HE(Q, 0, V) to be the closure of C5°(Q) under the norm above.

Note that Xj is the formal adjoint of —% with respect to the weighted inner
J

product. It holds that X; = —% = —D,. The two norms defined above are related

in the following way.

Lemma 4.3. Let ¢ be a plurisubharmonic weight function. Then for any f €
Hy (9, Vo)
D) 1124 < 1126w
(2) D) 117 < 20 fIR g wpr where Dy = 5.
7



Proof. For any f € C3°(2) we have (X; + X7)f = — 22 f and (X5, X71f = —% .
Thus

IR =IFIE + DG AU+ 1Y5 F12)
j=1
=15+ D UXGAIE + 1YL 12) = (Ao f, e
j=1

<IAZ + DX A%+ 1Y5F12)
j=1

=[fli v
By density of C5°(Q), this holds for all f € Hj(2, ¢, V). Now if D; = 8%3-’ then

lw, FI5 = 1CX5 + X F15 < IXGFI5 + IXGFIE < 201£15 600
O

Remark. On bounded domains, these two Definitions coincide with the classical
Definition of a Sobolev space, if one assumes the weight function to be smooth on
Q. Even on unbounded domains, they are equivalent to the usual one if the weight
and its first order derivatives are bounded, in particular if the weight is zero. In this
sense, the Definitions 4.2 and 4.3 extend the common notion of a Sobolev space.
Moreover, HY¥(Q, 0, V) — HE(Q, ) continuously by Lemma 4.3 and thus also
Hy*(Q,¢) — Hy"(Q, ¢, Vi), where we use the convention to denote the dual space
of H§(Q,¢, V) by Hy* (2,0, Vo).

Lemma 4.4. Let Q be a domain in C* and let ¢ be a real-valued C*-function.
Suppose that x is a smooth function with compact support in 2. Then

/Agp Y2\ < CX/X2 |Vl2dA.
Q Q
Proof. In the proof of Lemma 4.3 we had the identity

(4.1) I£13 owp = IFIR + (D0f, Fe.
Thus, taking f = ye¥/?, we obtain

- 1 1
11 e =3 [ (b = 500+ by = o) 02
j=1
and
2 - 1 2 1 2
||f||1,<p - Z o |XCEJ + §X()OIB]’ + |ij + §X‘Py]| d>\
j=1

Since the integrand is real-valued, plugging this into (4.1) it follows by elementary
algebra that the difference ||f|3 , v, — IIfl7, equals

(B8 e =23 [ ((tx0) + (o x00,)) AN

which implies the Lemma by Cauchy — Schwarz inequality.
8
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Remark. Note that if ¢ has self-bounded complex gradient, then also a converse in-
equality is true. Self-boundedness of the gradient forces plurisubharmonicity, which
in turn implies

<C Zn: 62(’0_ (2) < nCAp(z).

Jk=1

Since ¢ is real—valued, the antiholomorphic derivatives can be controlled similarly
and one gets
/|Vg0|2 d\ < / A dA.
Q Q

Proposition 4.5. Suppose that the weight function satisfies

Qh‘n|1 (0]Vep(2)]* + Ap(2)) = +0o0  as well as
z€l),|z|—00

lim  (0|Ve(2)]* + Ap(2)) = +oo

2€Q,2—00
for some 0 € (0,1). Then the embedding of H} (2, ¢, Vi) into L*(2, ) is compact.
Proof. As noted above, for the vector fields X; and their formal adjoints X7 = _a%j

the following relations hold on C§°():
. O . 0%p
(X;+X)f = _8_x'j-f and [ X, X7|f = _8_3:32. 1
as well as
(X5, X510, Do = X511 = 1 £115,

1+ X)) FIE < X+ 1/IXG A5 + L+l XS FIE

for each € > 0, and similarly for the vector fields Y;. It follows that
(Vo)) + (L+€Dp(2)f, o < 2+e+1/) D (IXGFI2 + 1Y £112),
j=1

and since C5°(2) is dense in H} (€, ¢, V) by Definition, this inequality is valid for
all f e HNQ,p, V).
If (fi)r is a sequence in H} (S, p, Vi) converging weakly to 0, then (fi)z is also
bounded in L*(, ¢) and our assumption implies that we can find for any N € N a
smoothly bounded domain 2y CC €2 such that

U(z) = [Ve(2)]" + (L + ) Ap(z) > N
on 2\ Qy. Therefore we obtain

2
flPe e dh < | |felPe? d\+ P v g
N
Q Qn

2Ny
Co
< fellZ2p) +

Now the classical Rellich — Kondrachov Theorem asserts that the injection H'(Qy) —

L?*(Qy) is compact. Combined with our assumption, this shows that a subsequence

of (fx)x tends to 0 in L?(Q, ¢), which proves the Proposition.
9
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Remark. Note that one does not need plurisubharmonicity of the weight function
in the proof of the Proposition. If it is plurisubharmonic, one can of course drop 6.

Note also that interchanging the roles of X; and X7 in the proof gives a criterion
for compactness of the injection H}(2, ) < L*(,¢), since ||f||?{é(97¢) = [IflI2 +

S (IXG A2+ 11Y7 £112). We formulate this in the next Proposition.
Proposition 4.6. Suppose that the weight function satisfies
lim  (0|Ve(2)]? — Ap(z)) = +oo as well as

2€Q,|z|—o00

. 2 _
redim (OIVo(2)]” — Lp(2)) = +oo.

for some 0 € (0,1).Then the embedding of Hj (2, ) into L*(, @) is compact.

Remark. The two above conditions are not sharp, which is not surprising since they
do not take the geometry of the boundary into account. To see this, take ¢ = 0, so
both H} (€, ) and H} (€, ¢, V) coincide with the classical Sobolev space. But the
injection HJ(Q2) — L2*(Q) can be compact, if 2 is sufficiently thin at infinity. See
[1], Chapter 6 for various conditions.

5. COMPACTNESS IN THE WEIGHTED PROBLEM.

The following Proposition is a well-known characterization of compactness in the
0-Neumann problem on bounded domains. In fact, it can be proven verbatim as for
instance in [20] in our context.

Proposition 5.1. Suppose that ¢ is a plurisubharmonic weight function such that
a bounded O-Neumann operator N, exists and let ||| x be a norm on LZ(S2) strictly
weaker than ||.||,. Then the following are equivalent:

(1) The d-Neumann operator on the level of (0,1)-forms Ny, on L%O’I)(Q,gp) is
compact. B _
(2) The embedding of the space dom(0) ﬂdom(@i) provided with the graph norm

A a* 1. .
Fe (LANG +HNOFNZ + 10, £115)2 into LY, 1) (€2, ) is compact.
(3) For each ¢ > 0 there exists a constant C. > 0 such that

1£lle < (B + 19, £12)% + Cell 11 x

for all f € dom(0) N dom(ﬁz;).

To prove a first result on compactness of N,,, we will make use of Garding’s inequal-
ity, which we now reformulate to suit in our context.

Proposition 5.2. (Gdrding’s inequality) Let Q) be a smooth bounded domain.
Then for any f € HY(Q, @, V) with compact support in €,

11 o5 < C20) (1B + 1,12+ 112)
10



Proof. For the proof we refer the reader to [12], Propostion 4.3.
U

Following Catlin’s idea for showing a sufficient condition for compactness of the
O0-Neumann operator on bounded domains in [4], we prove the next Proposition.
Indeed, we can use the same proof with only minor modifications, which arise from
the fact that we are using a different norm.

Proposition 5.3. Let €2 be a smooth pseudoconver domain and let ¢ be plurisub-
harmonic on ). If the lowest eigenvalue A\ (z) of the complex Hessian of ¢ satisfies

(5.1) lim A, as well as lim A, (z) = o0,

2€Q,2—00 2€Q,z—00

then N, is compact.

Proof. By assumption and plurisubharmonicity of the weight we are in the setting
of Proposition 4.5, thus it suffices to use Proposition 5.1 and show a compactness
estimate.

Given € > 0 we choose M € N with 1/M < ¢/2 and a smooth bounded domain
Qyr CC Q such that A,(2) > M whenever z € Q\ Qy. Let 0 < x <1 be a smooth
function with compact support in €2, which is identically one on €2;,. Hence we can
estimate

M < [ oo s in M
v
<Qw(f f)+ M S, fe
<Qu(f f) + MlIxfllai (.09 HfHH L(Q,0,V)
<Qu(f, f)+ MCLHXfHW,V@ + ailMHfW L, V)
where a is to be chosen later. By assumption and Theorem 1.1, a bounded 0-
Neumann operator exists, which implies ||f||2, < C,([0f]1? + H(?:,foo) for some

C, > 0. Thus applying Garding’s inequality 5.2 to the second term, we find a
constant C; only depending on €2, x and ¢ such that

MIFI < Qulf, 1) + MaCwQu(f. ) + a” MIFIE 00
Now choose a such that aC)y; < €/2, then

Hf||2 < CQw(fa )+ _1||fH2 1,0, V)

and this estimate implies compactness of N, by Proposmon 5.1
OJ

This condition on the weight function is of course rather restrictive, and it does not
take the geometry of the boundary into account. To weaken it, we first consider the
following example.

Example. Suppose that 2 C C is the upper halfspace, given by Q = {z : Jmz >
0}. Let ¢y = e ™Y where y = Jmz. Then, clearly, 0 < ¢y < 1 on  and ¢y is
subharmonic since Ay, = M2e=¥. In particular Ay = M? on 952. If we set

=1
(5.2) o= 5
j=1

11



then ¢ equals a bounded function on © that is smooth and subharmonic in €2, such
that Ay — 0o as z — 9€). This consideration shows that given a plurisubharmonic
weight ¢ on 2 such that the lowest eigenvalue Ay, of M, fulfills A, — oo for |z| — oo,
one can always construct by the substitution ¢ — ¥ + ¢ a weight inducing an
equivalent norm and satisfying the assumptions of Proposition 5.3.

In a bit more generality, suppose that 2 C C" admits a global defining function
7(z) which is strictly plurisubharmonic on Q. Set again @y (2) = M), As before,
0 <¢up <1onQand gy is strictly plurisubharmonic, since

2 2
Oom (=9 O ()2 (e,

aZjaZk (9zjazk (9zj 8zk

Since we assumed strict plurisubharmonicity of r, the lowest eigenvalue of the Hes-
sian (0%r/0z;0zy) ;i is strictly positive for all z € 9. Although it could possibly
tend to 0 for z € 09, |z| — oo, a construction as in (5.2) will nevertheless give us a
bounded function such that the complex Hessian of ¢ explodes at every boundary
point, meaning that we proved the following Lemma.

(Z)eMr(z) —|—M2

Lemma 5.4. Let Q2 C C" be an unbounded, smooth domain with strictly plurisubhar-
monic global defining function r. Then there is a bounded smooth plurisubharmonic
function ¢ on € such that all eigenvalues of the complex Hessian of ¢ tend to infinity
as z € Q) tends to the boundary.

In particular we have the following Proposition.

Proposition 5.5. Let 2 C C™ be an unbounded, smooth domain with a strictly
plurisubharmonic global defining function r. Let \, be the lowest eigenvalue of the
complex Hessian of the weight function. If

lim A, = oo,
2€Q,|z|—00

then the O-Neumann operator N, is compact on L%o,n(Qa ©).
Proof. By Lemma 5.4 we can find an equivalent weight ¢/ such that both

lim Ay =00 and lim Ay = oo.
2€Q,|z|—00 2E€Q,z—00N
By Proposition 5.3 IV, is compact, thus also NV, since compactness is invariant under
equivalent norms.

O

A similar construction also works under the weaker assumption that 0€2 just satisfies
Property (P), see Definition 1.2. Here we can not find a bounded function with
properties as in Lemma 5.4, but nevertheless it is possible to construct for any
given weight ¢ with A,(2) — oo for z € Q,|z] — oo an equivalent one that fulfills
condition (5.1).

In order to proof Theorem 1.3, we still need the following Proposition due to McNeal
(see [19], Proposition 2.1). We have to modify it a bit to suit our needs, so we also
include the slightly changed proof.

Proposition 5.6. Suppose that ) is a smooth, unbounded and pseudoconver domain
in C" and suppose that V- CC C" is open. If VNQ # (), then there exists a smooth,
bounded and pseudoconvex domain ) with the following properties:
(a) VNQC Q;
12



(b) all points in OQ\ OQ are strictly pseudoconve.

Proof. Let K1 = 02N V. There is an interger R such that K7 CC Ky = Bz N 0f).
Now K, is part of the boundary of a smooth bounded pseudoconvex domain €2,
such that Vi = BrNQ C Qg. To see this, intersect €2 with Br,; to get a bounded
pseudoconvex domain with continuous boundary and approximate it afterwards by
something smooth. Thus we can use Theorem 1 from [7] and find a smooth function
r defining €, such that —(—=r)7" is strictly plurisubharmonic in a neighborhood of
K, for some 0 < < 1. We can assume without loss of generality that —(—r)" is
strictly plurisubharmonic on V.

Choose R; such that Bg, intersects 0€) transversally and such that VNQ C Bg, NQ2.
If we choose V; big enough, we can also assume Bg, N C Vi. So dr(z) and d|z|?
are linearly independent for z € 0Bg, N 912, and by continuity this also holds on a
neighborhood of the intersection. Thus we find py, po and §, such that this is true
on (B, \B,,) N{—d <r(z) <d}.

From here on, we can follow verbatim McNeal’s proof. Let xi(t) be a real-valued,
smooth and increasing function, such that x; = 0 for ¢ < Ry and x/(¢) and x7(t)
strictly positive for ¢ > R;. Let x»(t) be smooth and increasing, such that y, = —§"
for t < —§" and xo(t) =t for t > —%5’7.

Now set

p(2) = xa(l2) + xa(=(=r(2))").

By the same calculation as in [19], Propostion 2.1, one verifies that the domain
defined by p has the desired properties.

O

Proof of Theorem 1.3. First choose an arbitrary integer M. By assumption, one
finds Ry such that \,(z) > 2 for |z| > Ry. By Proposition 5.6 there is a smooth
bounded pseudoconvex domain €21, such that QNBg, C ©Qy and 0, \ 0N is strictly
pseudoconvex. By assumption and strict pseudoconvexity of the rest of the bound-
ary, (0, satisfies Property (P). So after choosing M we can find ¢; € C®(Q;) with
0 < ¢ < 1 and the lowest eigenvalue of the complex Hessian of ¢; greater than 2
on 0€2;. p is smooth on a closed set with smooth boundary, hence we can extend
it smoothly to a bigger one. So extend ¢; to a function 1, € C*(Q), such that
0 <y < 2 and 9 vanishes outside a ball with radius R;. We can choose R; so big
that the lowest eigenvalue of the complex Hessian of ¢ is bounded from below by
—2M=1and A\, (z) > 2M*! for |z| > R;. Next we find a smooth bounded pseudo-
convex domain {2y containing 2 N Bg,, such that 02, \ I is strictly pseudoconvex.
25 has Property (P). Hence there exists o with 0 < ¢y < 1 and lowest eigenvalue
of the complex Hessian of (, greater than 2M*1 on the boundary. Extend ¢, to a
function 0 < 1, < 2 € C®(Q) with support in Q N By, and Hessian bounded from
below by —2M and A\, (z) > 2M*2 for |z| > Rs.

Inductively, we construct functions v; and by construction,

1
v=p+) o7 Vi
is a weight equivalent to ¢ satisfying (5.1). Therefore N, is compact by Proposition
5.3, hence also N,,.

U
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Remark. Motivated by McNeal’s generalization Property (P) of Property (P)
given in [18], it would by interesting to know wether a version of Theorem 1.3

involving Property (P) still holds true. Note that the proof given here heavily relies
on the boundedness of the “Property (P)”- functions.

Example. As was shown by Catlin in [4], all domains of finite type satisfy Property
(P), so this provides a class of domains for which the Theorem can be applied.
Consider for instance a domain of the form Q, = {(z,2z,) € C" | IJmz, > p(z)},
where p(2') is a plurisubharmonic function. In C?, such domains are always of finite

type.
In view of Theorem 1.3, it is worth pointing out the following remark.

Remark. Suppose that 2y C €. Let ¢; be a weight function on €2; and let ¢,
be the restriction of 1 to . Then L?, () is continuously embedded in L? ().

But note that N, is not the restriction of N, to L2,(€22). This is because kerq, ()

is not embedded in kerg, (). In particular, compactness of N, does not imply
compactness of N,.

It remains to give the proof of Theorem 1.5.

Proof of Theorem 1.5. In the first step of the proof we show that if N, is compact
and if (f,)7, is a normed sequence weakly tending to zero, then (O, fy, fn), — 00
for n — oco. (In fact, this property is equivalent to compactness).

So let N, be compact. By the Spectral Theorem for compact self-adjoint operators,
there is an orthonormal basis of L%OJ)(Q, ) consisting of eigenvectors of N, call it
{v;}jen. We have N,v; = Ajv;, where \; — 0 for j — oo and we assume the \; to be
ordered decreasingly. Moreover we have v; € dom(O,) and Oyv; = 1/Ajv;. Now if
(fn)n is a normed sequence weakly converging to zero, then f, = Z;; ay;vj, where
for all n it holds 3272, |a,;|* = 1 and for all j it holds that [a,;| — 0 as n — oo,
since weak convergence is equivalent to coordinatewise convergence. Hence, for any
given M € N and € > 0 we find J such that 1/)\; > M for all j > J and after that

N such that Z‘j]:l lanj|* < € for any n > N. Thus for any n > N

J o0
1 1
O fus Fade =D lan®+ Y lansl?
j=1""7 j=J+1"7
>M(1 —e¢)
>M/2

for € sufficiently small, which proves the first statement (Note that in this computa-
tion, one can not directly commute [, with the infinite sum, since it is not bounded.
Nevertheless the identity holds true, as one can see be substituting f, = N,u, and
using the uniqueness of the expression in an orthonormal basis).

To finish the proof, let (B(z;,7)); be a sequence of disjoint balls in . Without loss

of generality we can assume zp = 0. Now let x € AL (B(0,7)) be a real-valued
form with ||X||L(20 , =1 and set YV = x(z—2) as well as f() = yWe#/2, Then (fV),
14



is a normed sequence in L%o 1)(9, ¢), and it tends weakly to zero since the support

of f moves out to infinity. Thus by the first part of the proof combined with the
Kohn — Morrey formula 3.3 we have that

> [ o1
| e ¥9d\ — oo
a2 0z, 82 et 0z,
as | — oo. Plugging in the definition of f®, we get
n o ?
8 (1) 890 IX;
d)\ —2 | d\ .
2 / 92,07~ D> / Xigm T | T
Jik=1 B(z,r) Jok= Iy B(z,r)

Now x() and its first order derivatives are uniformly bounded in [, so estimating the
complex Hessian of ¢ by its trace and using the triangle inequality it follows

lim Z/ XD (Ap +|Vp]?) dA = oo.
i=1 21,)

l—0o0

After increasing 7, this combined with Lemma 4.4 implies the claim.

6. SOME APPLICATIONS TO THE UNWEIGHTED PROBLEM.

In this closing section, we will think of the unweighted problem as the special case
@ = 0. Let us start with an illustrative example of what one can expect.

Example. Suppose that €2 is not quasibounded, so there exists a sequence of
disjoint balls B(z;,r) with fixed radius r contained in 2. Consider a (0, 1)-form

v € A(()O’l)(B(zo,r)) such that ||v||L?0 L, = 1. Without loss of generality we can

assume 2o = 0 and clearly, v € dom(O). Now take transverses v,(z) = v(z — z,) of
v. By definition, they have disjoint support and ||v,,|| 2, = 1. (Ov,), is a bounded
sequence, but the functions Nv,, = v,, are pairwise orfhogonal hence they can not
contain a convergent subsequence. Thus N is not compact. Note also that ¢ = 0
does not satisfy the necessary condition of Theorem 1.5.

Suppose that there is a sequence B(z;, r;) of disjoint balls contained in 2, such that
1, — o0, then by a similar argument it follows that the unweighted O-Neumann
operator on 2 is not bounded.

Remark. The unit ball B C C" is strictly pseudoconvex and thus the 0-Neumann
operator on B compact. Nevertheless, the ball is biholomorphic to the Siegel upper
half space U = {(2/,2,) € C" : Jmz, > |2/|?} via the Cayley transform, and the
previous example shows that there is no bounded d-Neumann operator on U. This
shows in particular, that existence and compactness in the 9-Neumann problem are
not invariant under biholomorphisms.

The example also motivates the following Definition, which is again taken from [1].
15



Definition 6.1. A domain ) is called quasicylindrical if and only if
limsup dist(z,00) < C

z€Q, |z|—o0
for some C' > 0. Equivalently, Q) is quasicylindrical if and only if there is no sequence
of pairwise disjoint balls with radii going to infinity contained in 2.

Summing up, we can state the following Lemma.

Lemma 6.2. Suppose that Q is an unbounded domain. If the there is a bounded
0-Neumann operator on 2, then Q is quasicylindrical. If the O-Neumann operator
18 compact, then ) is quasibounded.

On the other hand, we can combine the Kohn — Morrey formula 3.3 with the fact
that existence of the d-Neumann operator is invariant under equivalent weights, to
get a sufficient condition for existence.

Lemma 6.3. Suppose that ) is pseudoconvez and that there exists a bounded plurisub-
harmonic function ¢ on €2, such that

liminf A, > > 0.

2€Q,|z|—00
Then there ezists a bounded O-Neumann operator on L*(€).

Proof. If ¢ is a function with the assumed properties, consider the O-Neumann

problem in the weighted space L%()’l)(Q, ¢). By Theorem 1.1, there is a bounded 0-

Neumann operator on L%og)(Qa ©), hence also on L%OJ)(Q), since a bounded weight

is equivalent to the one identically zero.

U
Example. Let 2 be of the form Q = D x {—1 < Jmz, < 1}, where D is a bounded
domain in C"'. Then ¢ = ||2/||* + 42 is a bounded plurisubharmonic function on

(1, such that A\, > %

Conversely, suppose that €2 contains a complex line. Then there can be no such
function, since there is no bounded plurisubharmonic function ¢ on C such that
A > ¢ uniformly.

Remark. The same argument can be used to show existence of a d-Neumann
operator on non-pseudoconvex domains, if one assumes the Levi-form of the defining
function of 2 to be semibounded from below. Suppose that

n
0%r

azjazk(z)tjfk > —C|t|* forallteC", z€Q

jk=1

and assume that there is a plurisubharmonic function ¢ on €2 as in Lemma 6.3.
Then ¢ = (C' + 1)p/e is a bounded function and the Kohn — Morrey formula 3.3
shows that Qy(f, f) > || fII7, thus a bounded 0-Neumann operator exists.

In particular if Q is bounded and of class C?, there is a C?-defining function r and
since 99 is compact, the Levi-form of r is always bounded from below. p(z) = ||z|?
is a bounded plurisubharmonic function on €2, with A, = 1, thus a bounded 0-
Neumann operator exists on each bounded domain with C?-boundary.
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Lemma 6.4. Let Q2 be pseudoconvex and suppose that it satisfies Property (P).
Suppose furthermore that there is a bounded plurisubharmonic function ¢ on 0,
such that A\, — 0o for |z| — oo. Then N is compact on L*(2).

Proof. Take ¢ as weight function. Theorem 1.3 assures that N, is compact on
L%OJ)(Q, ©), thus also the unweighted 0-Neumann operator on {2 is compact, since
compactness is invariant under equivalent weights.

O

Example. Suppose that 2 is given by Q = {z +iy € C | z%y* < 1}. Then by
definition, ¢ = 2?y? is a bounded function on € and furthermore we have Ay =
z? +y?. Thus N is compact on L?(2) by Lemma 6.4.
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