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ABSTRACT. We consider a magnetic Schrodinger operator H", depending on
the semiclassical parameter A > 0, on a two-dimensional Riemannian mani-
fold. We assume that there is no electric field. We suppose that the minimal
value bg of the magnetic field b is strictly positive, and there exists a unique
minimum point of b, which is non-degenerate. The main result of the paper is
a complete asymptotic expansion for the low-lying eigenvalues of the operator
H" in the semiclassical limit. We also apply these results to prove the exis-
tence of an arbitrary large number of spectral gaps in the semiclassical limit
in the corresponding periodic setting.

1. PRELIMINARIES AND MAIN RESULTS

Let M be a compact oriented manifold of dimension n > 2 (possibly with bound-
ary). Let g be a Riemannian metric and B a real-valued closed 2-form on M. As-
sume that B is exact and choose a real-valued 1-form A on M such that dA = B.
Thus, one has a natural mapping

u— thdu+ Au

from C°(M) to the space QL(M) of smooth, compactly supported one-forms on
M. The Riemannian metric allows to define scalar products in these spaces and
consider the adjoint operator

(ihd + A)* : QL (M) — C(M).
A Schrodinger operator with magnetic potential A is defined by the formula
H" = (ihd + A)*(ihd + A).

Here h > 0 is a semiclassical parameter. If M has non-empty boundary, we will
assume that the operator H" satisfies the Dirichlet boundary conditions.

We are interested in semiclassical asymptotics of the low-lying eigenvalues of the
operator H". This problem was studied in [3, 8, 10, 11, 12, 13, 14, 23, 25, 26, 27,
29, 30, 31] (see [4, 9] for surveys).
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In this paper, we study the problem in a particular situation. We come back to
the case considered in [11]. We suppose that M is two-dimensional. Then we can
write B = bdz g, where b € C°°(M) and dz, is the Riemannian volume form. Let

by = min b(x).
We furthermore assume that:

(1) by > 0;

(2) there exist a unique point xg, which belongs to the interior of M, k € N
and C' > 0 such that for all z in some neighborhood of zy the estimates
hold:

Chd(x,20)? < b(x) — by < Cd(x,20)?.
Denote
1 1/2 1
a="Tr <§Hess b(m0)> , d=det <§Hess b(xo)) .

Denote by A\g(H") < A (H") < X\(H") < ... the eigenvalues of the operator
H" in L?(M).
Theorem 1.1. Under current assumptions, for any natural j, there exist C; > 0
and h; > 0 such that, for any h € (0, h,],
2d1/2 ) CL2
bo 0 2b

In particular, we have lower and upper bounds for the groundstate energy
)\0 (H h):

1/2 a2
| opn,
b 0T 2b0] J

2
hbo + h? [ } — C;hY8 < N(H™) < hbg + h? {

2 2
hbo + hQQ“T — Coht¥/3 < Ag(H") < b + h?;T + Coh®2, h e (0,ho).
0 0

and the asymptotics of the splitting between the groundstate energy and the first

excited state : )

2dz
M (™) — (™) Nthi.
0

The previous statement can be completed in the following way.

Theorem 1.2. Under current assumptions, for any natural j, there exists a se-
quence (o 0)een, and for any N, there exist Cjn > 0 and hj n > 0 such that, for
any h € (0, h; N],

N
(1.1) AH) = B> ageh®| < Cynh ™3
£=0
. 1/2 2
with Qo = bo, Q1 = 0, Q59 = 72%0 7+ 2[170 .

This theorem improves the result of [11] which only gives a two-terms asymp-
totics for the ground state energy in the flat case.

The scheme of the proof is to first prove the weak version, given by Theorem 1.1,
with N = 2, permitting to determine jy disjoint intervals in which the first j,
eigenvalues are localized, for A small enough, and then to determine a complete
expansion of each eigenvalue lying in a given interval.

The paper is organized as follows. In Section 2 we construct approximate eigen-
functions of the operator H" with any order of precision. This allows us to prove
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accurate upper bounds for the jth eigenvalue of H". In Section 3 we prove a lower
bound for the jth eigenvalue of H" and complete the proofs of Theorems 1.1 and 1.2.
In Section 4 we consider the case when the magnetic field is periodic. We combine
the construction of approximate eigenfunctions given in Section 2 with the results
of [6] to prove the existence of arbitrary large number of gaps in the spectrum of
the periodic operator H" in the semiclassical limit.

We wish to thank the Erwin Schrodinger Institute in Vienna and the organizers
of the conference in honor of 65th birthday of Mikhail Shubin “Spectral Theory
and Geometric Analysis” in Boston for their hospitality and support.

2. UPPER BOUNDS

2.1. Approximate eigenfunctions: main result. The purpose of this section
is to prove the following accurate upper bound for the eigenvalues of the operator
H",
Theorem 2.1. Under current assumptions, for any natural j and k, there exists
a sequence (fi; i ¢)een with

Wik = (2k +1)bo,  pj k1 =0,

and

d1/2 t 1
pik2 = (2] +1)(2k +1)=—+ (2K + 2k + Do+ 5(7%‘2 + k)R(z0)
0 0

where R is the scalar curvature, and

t="Tr (%Hess b(x0)> ,

and for any N, there exist ¢l € C®(M), Cjjx >0 and hjy, n > 0 such that

(2'1) ((b?lklN’ ¢?2k2N) = 6j1j261€1k2 + Ojl;jz;k17k2 (h)
and, for any h € (0, hji N},

Nis
(2.2) ||Hh¢?kN - /«L?kN¢?kNH < Cjrnh™2 H¢?kN||7
where

N
h . £
Wiy = h Z Ik, eh? .
=0

Since the operator H" is self-adjoint, using Spectral Theorem, we immediately
deduce the existence of eigenvalues near the points M;Lk.

Corollary 2.2. For any natural j, k and N, there exist Cijp v > 0 and hjpny >0
such that, for any h € (0, h;k N),

N+3

dist(,u?kN,Spec(Hh)) < Cjp,nh >

Remark 2.3. The low-lying eigenvalues of the operator H", as h — 0, are obtained
by taking k& = 0 in Theorem 2.1. Therefore, as an immediate consequence of
Theorem 2.1, we deduce that, for any natural j and NV, there exists h; n > 0 such
that, for any h € (0, hj n], we have

Ni(H") < plon + Cionh

In particular, this implies the upper bound in Theorem 1.1.

N+3
2 .
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Remark 2.4. Our interest in the case of arbitrary k in Theorem 2.1 is motivated
by its importance for proving the existence of gaps in the spectrum of the operator
H" in the semiclassical limit. This will be discussed in Section 4.

Proof of Theorem 2.1. The proof is long, so we will split it in different steps in the
next subsections. O

2.2. Expanding operators in fractional powers of h. The approximate eigen-
functions qﬁg?k € C*°(M), which we are going to construct, will be supported in
a small neighborhood of xy. So, in a neighborhood of zy, we will consider some
special local coordinate system with coordinates (x,y) such that xy corresponds
o (0,0). We will only apply our operator on functions which are a product of
cut-off functions with functions of the form of linear combinations of terms like
h¥w(h=Y2x, h=1/2y) with w in S(R?). These functions are consequently O(h>)
outside a fixed neighborhood of (0,0). We will start by doing the computations for-
mally in the sense that everything is determined modulo O(h*°), and any smooth
function will be replaced by its Taylor’s expansion. It is then easy to construct non
formal approximate eigenfunctions.

First, we recall that in local coordinates X = (X!, X?) = (z,y) on M the 1-form
A is written as

A=A (X)dX, + Ax(X) dXo,

the matrix of the Riemannian metric g as

9(X) = (g5e(X))1<je<2
and its inverse as
9(X) ™ = (¢ (X)hr<jece.
Denote |g(X)| = det(g(X)). Then the magnetic field B is given by
0Ay  0A;

B=2B B=———,
dx N dy, o 3y

B =by/|g].

Finally, the operator H" has the form

H" = VI0g(X)g*? (X)V}),
V |g 1<azﬁ:<2 ( ﬁ)

and

where

h_‘
v@*maxa

+ AL (X)), a=1,2
or, equivalently,
H'= > g**(X)ViVh+ih Y T°VE
1<a,<2 1<a<2
where, for o = 1,2,

(2.3) o= \/Igi 1;;2 aXB (\/ X)|g” (X )

We will consider normal local coordinates near xy such that zg corresponds to
(0,0) and, in a neighborhood of x,

b(X) = by + 041])2 + ﬁlyQ + O(|X|3)



SEMICLASSICAL SPECTRAL ASYMPTOTICS FOR A SCHRODINGER OPERATOR 5

Thus, we have
a=(a)?+(B)"? d=afy, t=o1+pr
By well-known properties of normal coordinates we have
g1(X) =1+ 0(X*),  g12(X) = O(IX[*),  g22(X) =1+ O(X[*).
Moreover (see, for instance, [1, Proposition 1.28]), we have
0(X) = 5 = 5 3 Rua(eo) XE X! +0(XP),
Kl

where R;;i; is the Riemann curvature tensor. Therefore, Taylor’s expansion of g*P
has the form

« _ S« af
(2.4) P () = 677 + 37 g3 (X),
k=2
where

1 Eyl
ggf(X) =3 > Rapgi(wo) XF X'
kl
In the two-dimensional case, due to its symmetries, the Riemann curvature tensor
is determined by a single component
Ri212 = —Ro112 = Ra121 = —Ri221.

The other components equal zero. We have
2R1212 = R(g11922 — 912),
where R is the scalar curvature. So we have
1
R1212($0) = iR(»’ﬂo)
Thus we have
1 1 1

(2.5)  g5(X) = ER($0)1127 93 (X) = —ER(»”UO)%:% 95 (X) = ER($0)$2~

We also have

1 1

(26) VIsX] = 1= S R(zo)a? — = Rlzo)y? + O(IXP?)

Let us write Taylor’s expansion of I'* in the form
(2.7) I(X) =) T (X), a=1.2
k=0

Using (2.5) and (2.6), one can show that

0(X)=0, a=12,
and

1 1
(2.8) Tiy(X) = —53(330)90, Ity (X) = —gR(l‘o)y-

If we write B = B(z,y) dz dy then
B(X) = b(X)V/]g(X)| = bo + az® + By* + O(| X ),

where

1 1
o] = o+ EboR(.’L‘Q) > 0, ﬁl = ﬁ + EboR(l‘o) > 0.
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We can also choose a gauge A such that

A1(X) = 0 and Ax(X) = boa + %xd + By’ + O(IX ).

We expand A, into the Taylor series:

AQ(X) = bol’ + Zsj(may),

=3
with

j
Si(x,y) =Y Sjex'y’ "
=0

In particular, we have

«
Sa(a,y) = G + Bay?.

Next we move the operator H" into the Hilbert space L?(R™) equipped with the
Euclidean inner product, considering the operator

H" = [g(X)["/* Hplg(X)| 71/
= > g*PX)VEVh+in Y TOVE,
1<a,B<2 1<a<?2

where, for a =1, 2,
. 1. .
(2.9) Vi = lg(X)M V(X)) = Vi + T3 ihR(wo) X + O(hX]?)).

Now we use the scaling & = h'/2z,y = h'/?y; and expand the resulting operator
H"(21,y1, Dy, , D,,) into a formal power series of h'/2. By (2.9), we have

Vh = h/2(=D,, + 1—12ihR(x0)x1 + O(R%/?)),

~ 1.
Vi = hY?(=D,, +box1 + Eth(:co)y1 + hSs(x1,y1) + O(h*/?)).

From (2.4) and (2.7), we get

o0
9" (w1,91) = 6°° + hgly) (w1, 00) + Y B*2600 (w1, 91),
k=3

T(z1,51) = B2 (0, 00) + Y WP Th (@, 11), a=1,2.
k=2
Using these expansions, one can check that the operator H" has the form
ﬁh(zlay17D3ﬁ17Dy1) = h‘Qh(xlyylanlvD@h)v
with

oo

Qh(l'l»ylvD:ElvDyl) :th/2Qk(xlay1,DI17Dyl)a
k=0
where
Qo(xhthml?Dyl) = Dil + (Dyl - b0$1)2a
Ql(xlayllenDyl) :07
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and

Q2(z1,y1, Dy, , Dy,) = — %zR(mo)(alem + Dy, x1)
— SR (Dy, —bom) + (D, — bom)yn)
= ((Dy, = boz1)S3(z1,91) + S3(w1,y1)(Dy, — bor1))
+ 9(2)(901’?!1)1331
+ 93y (@1,41) Day (Dy, — bo1)
+ 9(2)($1 y1) (Dy, — bol"l) D,
+ 983 (@1, 91)(Dy, — boz1)”

(
_ZF (xlvyl)Dx
B ZF(I)(xlv y1)(Dy1 — box1).

Using the Fourier transform in y;, we can write the operator Q" as

1

oo

Q"(z1,~D¢, Dy, &) = Y h*?Qu(21,—De, Dy, €),
k=0
where
Qo(w1,—D¢, Dy, &) = D2 + (€ — boz1)?,
Q1(z1,—D¢, Dy, €) =0,
and

Qa(1,~De, D, ) = = 15iR(z0) (221 Dy, — )

+ TSR (o) (2AE — bora) D — i)

= ((§ = bow1)S3(w1, = D) + Sz(x1, —De)(§ — box1))
+9(z) (1, =De) D3,
+g(2)($1, D¢) Dy, (€ — bo1)
+ 93y (w1, = De) (€ = bow1) Dy,
+9(2)($1a —D¢)(§ — boz)?
1, —D¢)Dg,

z1, —D¢)(§ — boz1).

A further translation x9 = 21 — % gives

— ZF(l

—~

— zF(l)

‘I:Ih = hTh(angv sz,Df)v
where

Th(l'Z,ganQvDE) = Qh <£L’2 + év

D
by T

1
%DEQ7DI2,£) .

We have (denoting w = (z2,&))

T"(w, Dyy) = Ty (w2, Da,) + WTa(w, Dyy) + Y W/2Tj(w, D)
j=3

7
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with

To(z2, Dy,

and

1
—iR

TQ(’LU,Dw) = — 12

1
+ E’LR(IEQ)(?boIEQ <—D§ +

+ (boxaS3(x2, &

+ (s (22 +

bo’

12
— x + s
9(2)( 2 bo

12
— o + ,
9(2)( 2 b

+ 905 (w2 +

by’

— il (22 + »

AND YURI A. KORDYUKOV

) = D7, + bjas,

(0)(2 (3?2 + f—o) Dy, — 1)

1

D, ;
bO 2) +7’)

aD:CQaDﬁ) + g3(x27§7Dx27D£)b0x2)

1
bo
1
bo
1
Fsz) boxo D:cg
0
1
bo
1
bo
1

_D5+ DEQ)DQQEZ

—Dg + Dz,z) sz (bol’g)
—D¢ +
Dwz)ng%

—D¢ +

’_D€+ Dwz)Dwz

+il3 (w2 + =, —Dg + —Da, b2,

bo bo

where
1
bo

85(2,€, D, De) = 3 (xz + ¢ ,—D¢ +

D,, .
3 y
The operator S5 has the following form:
Sa(w2,€, Dy, Dg) = w2 L(€, De) + Mo (€, De) + M (w2, Dy,)

+ MQ(x27D$27D§) + M3(x27D3327D§) + M4(x27§7Dx2)7

where
«
0
My(€, D) = ¢+ 2 ¢D?
0\Sy ¢ 3b8 bO &
[0
Ml(xQ;Dl’2) = gxg + %$2D§27
MQ(:EQa Dl’w DE) = _QbﬁzDrggDEa
0
Mg([L’Q, DI2, DE) = 72%$2D12D5,
«Q
M4(x27§an2) = —l‘§§ + E3€Da2¢2
bo 0
So we get
1. 9 1.
To(w, Dy) = — EZR(CUO)%DM - EZR(Hfo)boxzDg

+ 2box3 L (&, De) + by (oM (w, Do) + M (w, Dyy)2))
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1
+ 9(121) (332 + b%’ —D¢ + b_oDm) Diz

1
-9 (1:2 + 5 Dot —Dwz> (D (bo2) + bz,

by’ bo
+ 98 (22 + £ Do+ L, )R
@ (72 F 500 ~DPet 3 Das | 073
1 £ 1
— iy |22+ by’ —D¢ + %Dm D,,

1
+ ZF%U (Z‘Q + %, —Dg + %Dz2> b01327

where
3

M(w,Dy) = My(w, Dy).
£=0
‘We have
Sp(To(z2, Dyy)) = {1 = (2k + 1)bg : k € N}.
The eigenfunction of Ty(z2, D.,) associated to the eigenvalue uy is
Wnlea) = 740y Hi (b P07,
where Hj, is the Hermite polynomial:

Hi(z) = (_1)’66%2;‘[—;(@*12).

The norm of ¥, in L2(R,dz) equals the norm of Hy in L(R,e~*" dz), which is

given by
| Hy|| = \/ 2Fk!WVE.

2.3. Construction of approximate eigenfunctions. First, we construct a for-
mal eigenfunction u” of the operator T"(w, D,,) admitting an asymptotic expansion
in the form of a formal asymptotic series in powers of h'/?

ul = ZU(Z)hZ/z’ u® € S(R?),
£=0
with the corresponding formal eigenvalue
)\h _ Z)\(Z)hZ/Q,
£=0

such that
T"(w, Dy)u" — Nu =0

in the sense of asymptotic series in powers of h!/2.
The first terms. Looking at the coefficient of h°, we obtain:
To(, Dy, )ul® = X040,

Thus, we have
1
(2.10) WH#?=@M4M,m%u@=miwmmM@,keN

where Yy is some function, which will be determined later, and ¢ is some constant.
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Looking at the coefficient of h'/2, we obtain:
To(xg,ng)u(l) = 20,1 1 A1), (0,
The orthogonality condition implies that
AW =,

Under this condition, we get

(2.11) uM (29, 8) = mwk(wz)m(f%

where 7 is some function, which will be determined later.
Next, the cancelation of the coefficient of h! gives:

(2.12) (To(2, Day) — A u® = XDy O _ T (w, Dy )u®.
The orthogonality condition implies that

A®) () — HleH / Ty (w, Dy Ju® by (2)das = 0.

Lemma 2.5. For any function u of the form u(xs,§) = mzﬂk(mg)x(f), we have

1
@ﬂ/nmwmmmmmmmzmm&
where Hy, is the harmonic oscillator:

1
Hi =(2k + 151D + (2k + 1as 1567
0

1 1 1
+ ——(2k* + 2k + 1) ( ay + 81 + =boR(wo) | — ~R(wo).
2bg 2 4

Proof. We have
Daytbe = —iby/ (k-1 — b/ *wac )
D2,y = bo(2k + 1 — b3 )i,
and
D3y, = 2ibdxathy, + bo(2k + 1 — boz3) Dy, .
We also have

20Hy =Hg1 + 2kHy -1,
4x?Hy, =Hp 1o + (4k + 2)Hy, + 4k(k — 1) Hy,_o,
823 Hy, =Hyy3 + (6k + 6)Hyrq + 12k Hy 1 + 8k(k — 1)(k — 2)Hy,_3
162  Hy,(2) =Hpya(z) + (8k + 12) Hyyo(2) + 12(2k% + 2k + 1) Hy (z)
+16(2k* — 3k 4+ 1)kHy_o(x) + 16k(k — 1)(k — 2)(k — 3)Hy_4(x),
that implies that
1

200/
O TR
2¥Wk—1, Yk 4b3/2 9

1
T (Tavk—1,vk) =

1
[ H |12
1

1
HH ||2 <‘T2¢k7wk> (2k+1)
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1 3
HHk||2< 2¢ka¢k> 4b2 (2k2+2k+1)
Next, we have
1 2b1/2
| H ||2<332D9”21/}k’1/1k> AR (2kzathp—1 — b(1)/2$§¢k71/}k>
_ L
_21’
1
T Dt ) = i, e (26 + 1= boa)o, o)
bo
[ H, ||2< D2 s r) = HH’CH2<((2k+ 1)a2 — box)tp, )
1
:Z(ka +2k — 1),
1 b2
HHk||2< zzwk,¢k> HH ”2<(2k+1 b0x§)2¢k7¢k>

:1(2k2 + 2k + 1)b3.

First, remark that
O ||HkH / <ZR fﬂo - R(.To)bo.TQDg) ( )Z[%(ﬂfg)dl‘g :07

1iR(w0)boxaDe is odd in the x5 variable.

since the operator fgz‘R(:vo)%Dm2 - %

Next, we have
2bg
(| H |

—(2k + 1) (bs ; @Dg) NG

A=

(@3vk, Yi)L(E, De)x(§)

Now we consider

5o\ = /bo (22 M (w, Dy) + M (w, Du)z2) (w)ibe (2 )des.

||H k|
The operators M;(w, D,,) and Ms(w, D,,) are odd in the x5 variable, so we obtain

So\ :m / bo (2 Mi (w0, Duy) + My (w, Dug)2) ()t (2)d

s Hlfkll / bo (22 Ma(w, D) + Ma(w, Dy)2) w(w)r(22)de,

bo <2a ., B 2D, + 5332D x2> Ui, V) x(§)

“Tm 3Tt e ln g
b
||HZ||2<(2 B oDy, + 25 D12I2> Ui, Vi) Dex (§)

2bo <<a4 8 5 D2 b}é

BEAENE T2t b2 - ’_952Dzz> Vi, Vi) X (§)
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2bg 23 8
A0 (2D B D |
||Hk||2<< b2 2 I2+lbg)wk7wk>f ex(£)
Thus we arrive at
oA = a;; 6(%2 + 2k + 1)x(€).
0

Next, we consider
I3\ = L/911 <332 + £ —D¢ + iDm )D2 u(w) g (w2)dzs.
1Hy | J 7@ b by ) T
By (2.5), we have
1
bo

1

D,.)?.
bO 2)

1
902) <~"72 + ﬁ’ —De¢ + Dm) = g R(o)(=Dg +

bo
Therefore,

1 1
03\ = —— -D = D,.)?D? do
3 6||H]€|| R(IO) /( 3 + bo 2) 3.2’&(’([})11[)]6(1'2) T9

It suffices to consider the terms, which are even with respect to xs:
1 2, 1o o
5 = g Rleo) [ (D2 + 35 D) D2, utw)i ()
Thus, we obtain that

1
d3A :WR(%)(D?CJ/% Pr) DEX(E)

1
+ WR(%XD;LZW,WJX(E)
=%(2k + 1)boR(x0) DFx (£)

+ = (2K2 4 2k + 1) R(0) x(€).

L
8
Next, we consider
1 1
o=~y f 8 (724 5P 550 ) (Prativmay s utwhtn (e

By (2.5), we have

1 1 _
4\ = mR(xo)/ (.132 + b§_0> (—Dg + %Dm) (2bpx2 D, — ibg) u(w)y (z2)dws.

It suffices to consider the terms, which are even with respect to xs:

04\ ZﬁR(ﬂfo) /(@Dm - st)(2$2Dwz - i)u(w)%(x?)d@

:TR(:CO)@%DJ%ZW Yi)x(§)

1
— —iR
2|| |

(70) (222D, — 1)k, Y1)EDex(§)

(0)(x2Das Vi, Y1) X (§)

1
-—— R
6| H |2

= (%(%2 + 2k + 1)R(zo) + %R(m)) x(§)-



SEMICLASSICAL SPECTRAL ASYMPTOTICS FOR A SCHRODINGER OPERATOR

Consider
1
I5A /9(2 (xz + =, —D¢ + —D,;z) biziu(w) g (r2)drs.
||H | bo

By (2.5), we have

= # é 212 2
S5\ = GHHk“R(:Jco)/(xz + bo) b2 2u(w) vy (22)ds.

It suffices to consider the terms, which are even with respect to xs:

1 2
55)\=mR(5€0) /(552 gg)boa%u( ¥k (z2)dzs

1 1
6| Hx|> 6]l Hx |1

— g (28 & 2k + DR(0)X(©) + 1 (26 + DR(0)EX(E).

b R (o) (x30k, Vi) x (€) + R(x0) {30k, V)X (E)

Next, consider

1
6A HHkH / 1) (fEQ + o= ¢+ by 2) u(w)r (x2)dzs

By (2.8), we have

i £
06A=——R = | D, dzs.
oA = ST (350)/ <$2 + b0> ;u(w)y(z2)des
It suffices to consider the terms, which are even with respect to xs:

Je\ = R(xo){x2Dyy i, 1) x (&)

3HH 3] Hxll?

=- ER(fo)X(€)~

Finally, we take
1
o) /F (CCQ + — Dg + —Dz2) boﬂ?gu(w)’(/)k(l’g)dl‘g.
IIH H bo
By (2.8), we have
i 1
oA = ——— —D¢+ —D,, | b dxy.
A= g o) [ (~Det - Dn ) botau(wpun(on)de,
It suffices to consider the terms, which are even with respect to xs:

5 (@) (22 Dry — i) Pp(w), r(w)) x(§)

07 =

We conclude

1
1 / Ty (w, Dy u(w)ipy(z2)ds
A
—80A + 61\ + Ga A + G5\ + 64\ + 05\ + G\ + 57

3 —(2k? + 2k + 1) (a + 8+ §b03($0)> x(£)

13
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1
+ @kt 1) (84 f5hoRlan) ) DE(E
1 1,
+ 2k +1) (a+ —boR(mo) | 5E*x(€)
12 2

S CONG,

1

:§(2k2 + 2k + 1) (041 + 61 + %boR(!Eo)) X(f)
0

+ 2k + DBDIE) + 2k + Ve () — FR=N(E)

Thus, we obtain that
A(Q):Agi)zy_]ka jykEN,

where v;, is an eigenvalue of the harmonic oscillator Hy:
1
ik = (2] + 1)(2k + 1)@ 1)/
0

1 1
+ 5(2]&‘2 +2k+1)(aq + B1) + 5(/62 + k)R(xg), j, k€N,
0

and
xo(§) = ¥, (§),
where U j;, is the normalized eigenfunction of H;, associated to the eigenvalue v;y.
Moreover, we conclude that u(?) is a solution of (2.12), which can be written as

u® = ¢® (2,€) + i (22)x2(£),
where ¢ is a solution of (2.12), satisfying the condition
[ 62 e dos =0,

and yo will be determined later.
Now the cancelation of the coefficient of h3/? gives:

(2.13)  (To(w2, Day) — AO)ul®
= A4 — Ty(w, D )u® + X0V — Ty (w, Dy )u.
The orthogonality condition for (2.13) is written as

1
(2.14) A¥x0 - |1 Hy || /T3(wa D) ulO %y (22) dzy + AP y1 — Hyxr = 0.

Under this assumption, we obtain that u®) is a solution of (2.13), which can be
written as

u® = ¢(3)(m‘2,f) + HTllink(xQ)Xd(SL

where ¢®) is a solution of (2.13), satisfying the condition

/(/5(3)@275)%(332) dzs =0,

and x3 will be determined later.
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The equation (2.14) has a solution if and only if

A = g [ Tt D ) 50() s

which allow us to find A®). Under this condition, there exists a unique solution x;
of (2.14), orthogonal to xo

The iteration procedure. Suppose that the coefficients of h¢/? equal zero for
0=0,...,n—1,n> 3. Then we know the coefficients \() for £ =0,...,n—1. We
also know that u® for £ =0,...,n — 1 can be written as

u® = ¢O (24, 6) + md)k(lﬁ))(é(g)a

where ¢) ¢ = 0,...,n — 1, are some known functions in S(R?), satisfying the
condition

/ O (g, €y (a02) dirz = 0,

and x¢ € S(R) are known for £ =0,...,n— 3, x¢ L Xxo-
The cancelation of the coefficient of h™/? gives:

(2.15)  (To(z2, Dyy) — XY™ = Ay O) T (w, D, )u®
n—1
+ Z()\(l)u("fl) — Ty(w, Dy )u™ =) + AP u(=2) T (w, D,y )u=2),
=3
The orthogonality condition for (2.15) is written as

1
k

n—1

1
+ SO Oxr = T / Ty(w, Doy Yu™=O 5y (z2) )
(=3

—1 —
_ THL /Tg(w,Dw)qg(n Z)wk(mz)de + >\(2)an2 — Hixnz = 0.

Under this assumption, we obtain that u(™) is a solution of (2.15), which can be
written as

w™ = ¢(”)(x2,§) + mwk(m)){n(f%

where ¢(™ is a solution of (2.15), satisfying the condition

/(25(”)(96275)1%(%2) dxo =0,

and x, will be determined later.
The orthogonality condition for (2.16) allows us to find A(™). Under this condi-
tion, there exists a unique solution x,_2 of (2.16), orthogonal to xo.

Thus, for any j € N and k£ € N, we have constructed an approximate eigenfunc-
tion ué‘k of the operator T"(w, D,,) admitting an asymptotic expansion in the form

of a formal asymptotic series in powers of h'/2

u?k = Zu%’gheﬂ, uy,? € S(R?),
=0
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such that
( 1

(2.17) uj(,? (x2,€) = m¢k($2)‘1’jk(f)-

with the corresponding approximate eigenvalue
S,
h _ 0)10/2
N =D _ A2,
£=0

For any N € N, consider
$ O] = ©
h _ £)16/2 h _ 0) 1 0/2
Wiy = D U h % Ny = 2 AR
£=0 £=0

Then we have
Nt

= )
The constructed functions u?k( N) have sufficient decay properties. Therefore, by
changing back to the original coordinates and multiplying by a fixed cut-off function,

we obtain the desired functions gb?kN, which satisfy (2.2) with p;,¢ = )\g-i).

T (w, Do )uf( vy = Ny Uiy = O(h

The system {uﬁ)} is an orthonormal system. Since each change of variables,
which we use, is unitary, this implies the condition (2.1).

3. LOWER BOUNDS

In this section, we will prove the lower bound in Theorem 1.1. First, we recall a
general lower bound due to Montgomery [27]. Suppose that U is a domain in M.
Then, for any u € C°(U), the following estimate holds:

(3.1) |(ihd+ A)ul|Z > ‘/ blu|®dz,
U

This fact is an immediate consequence of a Weitzenbock-Bochner type identity.
From (3.1), it follows that we can restrict our considerations by any sufficiently
small neighborhood 2 of z5. Denote by H?, the Dirichlet realization of the operator
H" in L*(Q,dx,).
The estimate (3.1) implies that
ThHY + (1 —7h)hb < HE, 0<7<h L
Taking 7 = h~'/2, we obtain
RY2(HY — hb+ hY2b) < HE, 0<h< 1.
Consider the Dirichlet realization P} of the operator H" — hb + h'/2(b — by) in
L2(2,dz,). Then we have

(3:2) hbo + h2X;(PR) < A (HD).

Therefore, the desired lower bound for A;(H%) is an immediate consequence of the
following theorem.

Theorem 3.1. For any j € N, there exist C; > 0 and h; > 0 such that
2d1/2 a2

\j(Ph) > h3/? [Tj + %} — ;A8 he (0,hy].
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To prove Theorem 3.1, we will follow the lines of the proof of [11, Theorem 7.4].
First, we observe that the upper bound in Theorem 1.1 and (3.2) imply an upper
bound for \;(Pp):

d1/2 a2

. (phy < p3/2
(33 \(Ph) < 1902 |2

} + Cjh%.

For any eigenvalue )\j(Pg), denote by ugj an associated eigenfunction. By a
straightforward repetition of the arguments of [11], we can easily show the following
analogue of Lemmas 7.10 and 7.11 in [11]%.

Lemma 3.2. For any j € N and any real k > 0, we have
11X [Fu )||L2(Q dzg) < Chj (hk/Q+h(3k+1)/8)||u§lj)||Lz(Q’dzg).
For any j € N, any o = 1,2 and any k > 0, we have
XV 2 (0,0,) < Crg (BETD2 4 RERHDE) 10D 126 40 .
Take normal local coordinates near xo such that z corresponds to (0,0) and, in
a neighborhood of z,
b(X) = bo + arz® + Biy® + O(|X[?).
So we have
g11(X) =1+ 0(X), g12(X) = O(X[),  g22(X) =1+ O(IX]*).
We can take a magnetic potential A such that
1 1
A(X) = =5boy + O(XF),  Ax(X) = Shox + O(IX ).
Let us introduce .
be(X) = §X - Hess b(0) - X.
Thus, we have
b(X) = by + b2 (X) + O(|X]?).
We have
Ph= Y ¢ (X)VEVE+ih Y TVE—hb(X)+ b2 (b(X) - bo),
1<a,5<2 1<a<2

so its quadratic form is given by

(Phu,u) = /Q (X)Vau( vgu )W g(X)dX

1<« ,(3<2

fh/ b(X)|u(X)|2\/g(X)dX+h1/2/(b(X)fbo lu(X)|*/g(X)dX.
Q Q
Note that
Pl > 0.
Now we move the operator PB into the Hilbert space L?(2,dX), using the
unitary change of variables v = |g(X)|"/*u. For the corresponding operator

B = 9O Pplg ()|~

IThere are a few inaccuracies in [11], concerning Lemma 7.11. For the erratum, see
http://www.math.u-psud.fr/ helffer /erratum164IL.pdf
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in L?(Q,dX), we obtain

PDv v) /
Q

() (4 = iblg O 551901 ) ()

1<a 5<2

(5 = JilaO1 1 5311 ) o)X

— v / — v .
h /Q b(X)[o(X)2dX + b/ /Q (b(X) — bo)|o(X)PdX

Put
/ vh—1¢h| (X))t (X)] v(X)de
o a” Mg X, '
1<a<2
Then we have
(3.4) [(Pphv,v) —q(v)|
L1 ., 0 2
va_ZZth(X)‘ aTIQ(X)I v(X)| dX
Q1<a<2 a

T Clh/ (X)X + 02h1/2/ X [?o(X)2dX.
Q
Consider the Dirichlet realization P? f1a¢,p Of the operator
d ? 9 ?
Pl = <iha_x — 5boy) + (iha—y + §b0m> — hbo + h%by(X)
in the space L?(Q,dX). So its quadratic form is given by

(Phacv-o) = 0" () = by [ [o(X)Pax 012 [ (0u()Pax.
Q Q

where
o 1 2 o 1 2
g (v) = /Q (ih% - §b0y> v(X)| dX +/Q <z‘h8—y + §b0x) v(X)| dX.
So we have

(35) ‘(ﬁ%v U)—(P%aﬂ)v)|<|q()__qﬂa% )
+Z/ | X2V (X |dX+h/ | X2 0(X))] dX+h1/2/ X () 2.
Finally, we have

(3.6) la(v) — /" (v)]

<C 1/2[ (/ | X2 |v(X)] dX) /2+ </Q |X6v(X)|2dX>1/2].

For a fixed j € N, consider the subspace V"7 of L*(Q,dz,), generated by all
eigenfunctions of the operator PJ associated to the eigenvalue A\¢(PB) with ¢ =
0,1,...,5. Thus, V"7 is a (j + 1)-dimensional space such that

(3.7) (Phun,un) < Xj(Pp)llunllizo,de,),  un € V™.
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Moreover, by Lemma 3.2, for any real k > 0, there exists Cx > 0 such that, for any
up € Vh’j,

(3-8) 11X [Fun L2 (@.da,) < Cr(BF? + KB D) Jup | 12 da, )
for any @« = 1,2 and any k£ > 0,
(3.9) X [*V A unll 22 ,dz,) < Cr(hFTD2 4 ROREE) 10 |12 g, -

By (3.8) and (3.9), for any real k& > 0, there exists C; > 0 such that, for any
v, € L2(Q,dX) of the form vy, = |g(X)[*/*u;, with uj, € VI,

(3.10) X FvnllL2(0.ax) < Cr(hF/? + BBV o] L2 (0, ax),

9 1/2
dx)
1/2
'hi—#lb (X)de /
i oy 2 o | vp

< Cp(R*FD/2 4 RERH/8) 1, 12 (0ax)-

for any o = 1,2 and for any k£ > 0.

(3.11) (/Q|X|2k
. ( /Q e

The estimates (3.10) and (3.11) allow us show for any v, € L*(Q,dX) of the
form vy, = |g(X)|"/*uy, with uj, € VP9, first, using (3.7), (3.3) and (3.4), that,

q(vn) < Chg/gth”%?(Q,dX)?

L0 1
<zh% - §b0y> vp(X)

next, using (3.6), that
la(vn) = 7" (on)] < CR?|[on 122 (,ax)s
and finally, using (3.5), that
(3.12) (Piarvn, vn) < (X (PB) + Cih"™ /) Jon]132(q.ax)-

Let x be a function from C°(R™) such that supp x C © and x =1 in a neigh-
borhood of zero. By (3.10) and (3.11), it follows that, for any k € N there exists
Cr > 0 such that, for any v, € L*(Q,dX) of the form v, = |g(X)|"/*u; with
up € Vh’j,

ox ox
(3.13) (L = X)vnllzz@.ax) + 57 vnllr2(@.ax) + ||a*yvh||L2(Q,dX)

< Cuh¥|lvnllp2(,ax)-

and

9 1/2
dx)

< Crh*|lonl 2(0,4x)-
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Using (3.13) and (3.14), it is easy to check that, for any k > 0, there exists
C} > 0 such that

(3.15) |(Pfiat(xvn), x0n) = (Pfiagvn, va)| < Ch® [log .

Consider the self-adjoint realization of the operator P]’}lat in L?(R?,dX). We
will the same notation P]'Jlat for this operator. Consider the (j + 1)-dimensional
subspace W of C2°(R?), which consists of all functions w;, € C>°(R?) of the
form wy, = x|g(X)|"/*uy, with u, € V®3. By (3.12) and (3.15), it follows that, for
any wy, € Whi,

(Piarwn, wn) < (A (PB) + Cih"78) [wnl|72q.ax)-

By the mini-max principle, this immediately implies that, for any 7 > 0, there
exists C; > 0 such that, for j-th eigenvalue )\j(P]’}lat) of P;Llat, we have

(3.16) A (Pliag) < Ay (Pl) + Gy,

It remains to recall that the eigenvalues of the Schrédinger operator with constant
magnetic field and positive quadratic potential in R™ can be computed explicitly.
More precisely (see, for instance, [26, Theorem 2.2]), the eigenvalues of the operator

o= (i - L 2+ 9L 2+ZK~X»X4
bK = Zax 2% lay 5% . ij XiNj

are given by
)\anLQ = (2711 + 1)51 + (2712 + 1)82, ni,Ng € N,

where
1/2

51 = [tK 02— [(tx + b2 — 4dK]1/2} :

/2

1
Sg = [tK+b2+[(tK+bQ)2 74dK]1/2} ,

Sl Sl

and
tK:TrK, dszetK.
Applying this formula to the operator P]'}l o> We obtain that its eigenvalues have the
form:
Anane = (2n1 +1)s1 + (2ng + 1)s2 — hby, n1,n2 € N,

where
51 = % [P1/20 4 03 — (B2t 4+ 13)2 — 4n/2a) 2] v
_ d1/2balh3/2 +O(h2),
and
$9 = % [hl/% 02+ (R4 52)2 — 4h1/2d]1/2} v

1
= hbo + thglfﬁ/? +O(h?).

Thus, we obtain

2d'/? t  a?
Anyns = 2nohby + |n1 —— +na— + — | B*? + O(h?), n1,na €N.
bo by | 2bg
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For jth eigenvalue )\j(P;}l at) of P}’l o> We obtain
2d'/? a?] ..
1 Nj(Pho) = | =i+ 5— | B*/% + O(h?).
(317) Phad) = | 2+ ] 1942+ 00)
Combining (3.16) and (3.17), we immediately complete the proof of Theorem 3.1.

Proof of Theorem 1.2. Fix j € N. By Theorem 1.1, there exist C' > 0 and hg > 0
such that, for any h € (0, h],

I; () Spec(H") = {\;(H")},

where

I; = <hb0 + h? [

2d'/?  q? 2dY/?%  a?

j + ——| — Ch'/8 hby + h? i+ —— | +Ch¥/?).
by J+ 2b0} 0 + by J+ b

On the other hand, by Corollary 2.2, for any natural N, there exist C’ > 0 and

h{y > 0 such that, for any h € (0, hy],

N+3

dist (11, Spec(H™)) < C'h ™=

Without loss of generality, we can assume that, for any h € (0, min(ho, h()],
(hon — C'hF oy + C'R ) N I = 0,90 # j.

Hence, for any h € (0,min(ho, hj)], A;(H") is the point of Spec(H"), closest to
l‘?o - 1t follows that

N+3
b

|/\j(Hh) - ILI/?ON| < C'h™= h e (O’min(hOa hé))] )

that proves (1.1) with o ¢ = 0. O

4. PERIODIC CASE AND SPECTRAL GAPS

In this Section, we apply the results of Section 2 to the problem of existence of
gaps in the spectrum of a periodic magnetic Schrodinger operator. Some related
results on spectral gaps for periodic magnetic Schrédinger operators can be found
in [2, 5, 15, 16, 17, 18, 19, 20, 21, 22, 24, 28] (see also the references therein).

Let M be a two-dimensional noncompact oriented manifold of dimension n > 2
equipped with a properly discontinuous action of a finitely generated, discrete group
I" such that M/T is compact. Suppose that H!(M,R) = 0, i.e. any closed 1-form
on M is exact. Let g be a I'-invariant Riemannian metric and B a real-valued
I-invariant closed 2-form on M. Assume that B is exact and choose a real-valued
1-form A on M such that dA = B. Write B = bdz,, where b € C*°(M) and dz is
the Riemannian volume form. Let

by = min b(z).
Assume that there exist a (connected) fundamental domain F and a constant ey > 0
such that
b(x) > by + ey, x€IF.

We will consider the magnetic Schrédinger operator H” as an unbounded self-
adjoint operator in the Hilbert space L*(M). Using the results of [6], one can
immediately derive from Theorem 2.1 the following result on existence of gaps in
the spectrum of H" in the semiclassical limit.
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‘We will use the above notation
1 1
t="Tr (iHess b(:z:o)> , d=det <§Hess b(z0)> .

For any k € N, put

d'/? ) t1,,
ck =2k +1)— + (2k° + 2k + 1) =— + = (k* + k) R(=xo).
bO 2b0 2

Theorem 4.1. Assume that by > 0 and there exist zo € F and C > 0 such that
for all x in some neighborhood of xo the estimates hold:

Cld(x,20)? < b(x) — by < Cd(z,20)*.

Then, for any natural k and N, there exist Cy Ny > ci and hy ny > 0 such that the
spectrum of H" in the interval

[(2k + 1)hbg + h2cy, (2k + 1)hby + h2C), N]
has at least N gaps for any h € (0, hy, n].
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