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CONVEX DEFINING FUNCTIONS FOR CONVEX DOMAINS
A.-K. HERBIG & J. D. MCNEAL

ABSTRACT. We give three proofs of the fact that a smoothly bounded, convex
domain in R™ has defining functions whose Hessians are non-negative definite
in a neighborhood of the boundary of the domain.

1. INTRODUCTION

Let  C R™ be an open set with smooth boundary, bQ. If 7 is a C? defining
function for  (see Definition 2.1), then (2 is convex if and only if

n 2
(1.1) Z aair(p)TkaZO Vpelb, YV r1el,(0).

Note that convexity of € only forces (and requires) inequality (1.1) to hold for
p € bS) and for directions 7 tangent to b2 at p.

Convex functions on open subsets of R™ that are sufficiently smooth are also
characterized by non-negativity of their Hessians: if f : U — R is of class C? on
an open subset U of R”, then f is convex if and only if

(1.2) Z aTaka(a)é“jék >0 VaeU VEeR™

To emphasize the key point, note that inequality (1.2) is stipulated to hold for
all points a and in all directions £ € R™.

In this paper we show that (1.1) implies the existence of another defining func-
tion 7 for  such that (1.2) holds, with 7 in place of f. That is, smoothly bounded,
convex domains in R™ possess defining functions that are actually convex in all
directions, in a full neighborhood of Q.

The ezistence of a fully convex defining function for a smoothly bounded convex
domain in R™ is not new. However previous proofs of this existence used geometric
facts about convexity that are not true in intermediate, convexity-like situations
(e.g., pseudoconvexity, weak linear convexity, C-convexity, etc.). These proofs
also gave little quantitative information about the new defining function.
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The aim of this paper is to directly address how the positivity in condition
(1.1) gives rise to defining functions satisfying (1.2), avoiding use of additional
facts about convexity. The fact that (1.1) forces other defining functions for €2 to
acquire the extra positivity expressed in (1.2) is interesting from a purely analytic
viewpoint. This gain in positivity is neither an obvious consequence of (1.1) nor
does it follow from algebraic manipulations of this condition. Moreover, it does
not hold for some other, natural non-negativity hypotheses that are similar to
(1.1). Domains of holomorphy in C™ with smooth boundary, for example, are
characterized by a condition, pseudoconvezity, that is similar to (1.1): a domain
D c C" is pseudoconvex if
P (p)wjw, >0 V pebD, V weCI,(bD),

where p is a defining function for D. Note that pseudoconvexity, like (1.1), is a
tangential, non-negativity condition on the boundary involving second derivatives
of a defining function. However, there are smoothly bounded, pseudoconvex
domains such that no defining function satisfies the analog of (1.2), [2, 4, 1].

We give three different arguments showing how (1.1) gives rise to a defining
function satisfying (1.2), resulting in three different, distinguished defining func-
tions — a local one obtained from solving a non-linear equation (Section 4), the
signed distance-to-the-boundary function® (Section 5), and a modification of an
arbitrary defining function (Section 6). There are two different aspects to ex-
tracting the “free” positivity contained in (1.1): (i) getting non-negativity for
directions ¢ ¢ T, (b€2), and (ii) getting non-negativity for points p ¢ bQ. In all
three arguments, transforming the original defining function r to a function 7,
which has (some of its) derivatives constant on b2 (or on larger sets), is at the
heart of the proof. This transformation leads to a certain control of the mixed
terms in the Hessian of 7, which is crucial to obtaining (i).

The primary virtue of all three proofs is that they yield estimates on the
convex defining functions obtained. In applications, convex domains arise with
an attendant defining function satisfying additional side conditions connected to
the problem at hand. For example, the defining function may satisfy an auxiliary
differential equation or be in a particular “normal” form. In order to combine
the extra positivity of (1.2) with these side conditions, the estimates given by
our proofs can be used to verify that the side conditions are inherited by the
new defining function. Three arguments are given because they yield somewhat
different estimates, and so are suitable for different applications of this type.

Acknowledgments. We would like to thank H.-C. Herbig for a helpful remark
on the proof of Theorem 5.9. We are grateful for the stimulating atmosphere at

IThis result is also proved by Gilbarg-Trudinger [5], pgs. 354357, and by Hormander [6],
pgs. 57-60. We give another proof of the convexity of d,q in Section 5, see Corollaries 5.7 and
5.12, from a somewhat different perspective than [5] or [6]
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the Erwin-Schrodinger International Institute for Mathematical Physics in Fall
2009 where this article was completed.

2. DEFINITIONS AND NOTATIONS

Throughout the paper, infinite differentiability of all functions and boundaries
of sets that arise will be assumed, in order to avoid counting derivatives. This
over-prescription of differentiability can easily be adjusted by the reader.

Let 2 C R™ be an open set. The set € is said to be smoothly bounded if its
topological boundary, b€2, is a C'* manifold of dimension n — 1. There are several
equivalent ways to describe such sets; for our purposes, the most convenient way
involves the following definition.

Definition 2.1. Let Q C R™ be an open set. A defining function for  is a
function r : R™ — R such that

Q={zreR":r(z) <0}.

If U C R™ is open, then a function r : U — R is called a local defining
function for Q on U if QNU ={z € U : r(x) < 0} holds.

Q is smoothly bounded if it admits a defining function r of class C°°, with
Vr # 0 in a neighborhood of {xz € R" : r(z) = 0} = bSD.

There are many defining functions for a given smoothly bounded domain. In-
deed, Definition 2.1 shows that multiplying any defining function for a domain
by a smooth, positive function in a neighborhood of b2 gives another defining
function for the domain. However this is the only flexibility present: if r; and 7o
locally define a common piece of a smoothly bounded open set €2, say on U, then
there exists a C° multiplier h : U — R* such that

(2.2) ri(z) = h(x) - ro(x) forx e U.

The relationship (2.2) requires a small argument since, after setting h = r;/ry on
U\ b€, the function 7o vanishes on b$2; see [7], pgs. 114-115, for details.

Defining functions allow the tangent space to b2 to be described by a single
equation. If © is smoothly bounded, z € b9, and T,(bS2) denotes the tangent
space to bS) at x, then

Oz

(2.3) T,(bQ) = {g cr S0y, = } .

Jj=1

Note that (2.2) implies that D7, %(m)ﬁj = h(x)- >0, g%j(a:)ﬁj for any two
local defining functions for €2 on some common open set containing x € b}, so

the set on the right hand side of (2.3) is independent of defining function.
Definition 2.4. Let U C R"™ be an open set and let f: U — R be of class C*.
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(a) The (real) Hessian of f at x € U is the bilinear assignment

n 2
€o— Y L

for &, € R™. The expression

n

will denote the action of the Hessian off at x on the vectors &£, € R™.
(b) The (real) Hessian matriz of f at x € U is the n X n-matrix

HI = (azif(x)) :
c%j@xk 1<jk<n

Two semi-definiteness conditions on Hy restricted to the diagonal play a basic
role in all that follows.

Definition 2.5. (a) If Q@ C R" is a smoothly bounded open set, U C R™ is open
with pg € UNDSY, and r is a local defining function for 2 on U, then § is convex
near py € bY if

(2.6) H (6O >0 ¥ pelUnb, &eT,b).
(b) If U C R™ is open and f : U — R s of class C*°, then f is conver on U
of

(2.7) Hy (6,6 (x)>0 VYazel, R

We will use slightly non-standard terminology and say that a smooth defining
r for a smoothly bounded domain 2 C R" is convex on b{2 to mean

H(£,6)(x) >0 ¥V zeb, £cR™

Remark 2.8. (i) Under the smoothness hypothesis given in (a) of Definition 2.5,
the equivalence of (2.6) with the classical, pointwise definition is shown in, e.g.,
Propositions 3.1.6 and 3.1.7, pg. 119, in [7]. That (2.7) is equivalent to the
classical definition for f : U € R®™ — R smooth follows from Corollary 1.1.10,
pg. 6, in [6] after restricting f to line segments contained in U.

(ii) The invariance of (2.6) under change of defining function follows from

Hy, (§,€) (x) = hlz) - Hyy (§,6) (),  zebf, £€T(b),
which itself follows directly from (2.2) by differentiation.
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(iii) Both (2.6) and (2.7) are preserved under affine changes of coordinates. This
invariance will be used several times in the next sections. Indeed, if A : R" — R"
is an affine map, then

Hpon (§,€) () = Hy (A", A%€) (Ax),
by straightforward computation. Here A* = D(A) is the derivative map associ-

ated to A. For (2.6), we also need that & € T,,(b€2) implies that A*¢ € Ty, (b2),
which follows directly from (2.3).

The following notation will simplify writing differential expressions in the next
sections. If f: U C R" — R is smooth, the shorthand f,, = A1 will denote

Ox;
derivatives with respect to some given coordinates (x1,...,x,) on U. If v,w € R™,
define the pairing (v, w) by (v,w) = 3°7 | v;w;, where the components of the

vectors v = (vy,...,v,) and w = (wy,...,w,) are assumed to be with respect to
the same basis for R"”. In particular, if £ € R™ and f is as before, we write

<W@ﬂ:2@mg

with the understanding that the components of £ = (&, ...,&,) are those for the
basis determined by the coordinates (z1,...,x,) on U.

Finally, we will use the inequality |ab| < ea® + in, a,b € R, € > 0, and refer
to it as the (sc)-(lc) inequality.

3. AN EXAMPLE

The following example shows that, in general, obtaining the extra positivity
mentioned in the introduction requires changing the defining function.

Ezample. Consider the function s : R* — R given by

s(z,y) =y —y* + 2.
Let D be a domain locally defined by s on a small neighborhood of (0,0). Note
that (a,b) € bD with b < 1 implies that

(3.1) b<0 and la| =V —b+ b2

A short computation yields

(3.2) Tiap) (bD) = {§ = (&1,&2) 1 2a&1 + (1 = 2b)§; = 0}
and
(3.3) H, (6,6 =2(&5-63).

If (a,b) € bD and a # 0, then (3.2) shows that { € T(,) (bD) implies that
& = 216, Tt follows from (3.1) that [£1] > |&] in this case. If a = 0, then (3.2)
forces & = 0 for any £ € T{ap) (bD), so |1 > |&2| in this case. It then follows
from (3.3) that D is convex in a fixed neighborhood of (0,0). However, (3.3) also
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shows that s is not convex in any neighborhood of the origin, since H; (§,&) <0
for any direction with |&;] < |&2f.

Thus, (locally) convex open sets can have defining functions which are not
(locally) convex. This obviously holds for globally convex sets as well.

4. VIA THE IMPLICIT FUNCTION THEOREM

In this section, convex local defining functions for convex domains are con-
structed by employing the Implicit Function Theorem.

Proposition 4.1. Let Q2 C R”™ be a smoothly bounded, convex domain and p € bS2.
Then there exist a neighborhood V- C R™ of p and a smooth defining function p
for & on V' such that p is convex on V.

Proof. Let r be any smooth defining function for 2 near p. For x € R", write
x = (2/,x,) where 2/ := (x1,...,2,-1) € R"! denotes the first n — 1 components
of z. Rotate the standard coordinates on R, if necessary, to achieve r,, (p) > 0.
This coordinate change preserves the convexity of €2, c¢f. Remark 2.8 (iii).

The Implicit Function Theorem guarantees existence of a neighborhood W C
R"! of p’ and a function f € C°°(W,R) such that

r(@, f(2')=0 Vi eW

Moreover, the local graph of f is precisely a piece of the hypersurface b€): if
G=A{(, f(2')) : ' € W}, then G = bQ2NV for some open set V' C R" containing
p. Since 1, (p) > 0, it follows that

(4.2) p(z) =z, — f(2), r eV,

is a smooth defining function for 2 on V.

The linearity of p in the z,-variable implies that p,, ., (z) = 0 for all x € V
and ¢ € {1,...,n}. Therefore the Hessian of p in a direction { depends only on
the vector’s first n — 1 components: if £ = (£,&,) € R™, then

(4.3) H,(&,8)(x) = H,((§', A), (¢, B)) (2) VzeV

for arbitrary A, B € R.
Now fix x € b2 NV and consider an arbitrary direction £ € R™. From (2.3)
and the fact that p, (z) = 1, it follows that

n—1
(€,A) e T,(0Q) if A== p, (2)g.
Jj=1

Define 7 = (¢, A) for this value of A. Since 2 is convex, H,(7,7)(z) > 0, from
which it follows by (4.3) that H,(£,€)(z) > 0. Because z € 02NV and £ € R”
were arbitrary, we conclude that p is convex on b2 N V.
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To see that p is also convex off b2 NV, observe that the entries of the Hessian
matrix of p — pa..,(7), 1 <4,j < n — are independent of z,,. In particular,

P _ P

Since (2/, f(2')) € b2 NV, we have that the matrix Hfm,’f@,)) is non-negative
definite. Identity (4.4) then shows that p is convex on V. O

Remark 4.5. (i) Derivatives of the defining function p given by (4.2) can be
expressed in terms of derivatives of the original defining function r. For example,
differentiating the equation r (', f(2")) = 0 with respect to x; gives

ra, (@', f(2) + e, (2, f(2)) - fo,(2) =0 Vijied{l,...,n—1},

and from this it follows

ISP Gl (CO))
Pey(¥) = —Ja, (¥) = o R

The second derivatives are obtained by further computation:

1 r T T T
Pzjay, (z) = (_ |:r$j1’k - rijnrﬂ - Txkxnrﬁ + T$n$nﬂﬂ:|) (2, f(2))

Ty Tn Ty Ty Ty

VeV

n

for j,k € {1,...,n— 1} and = € V. Higher derivatives are obtained similarly.

(ii) The content of Proposition 4.1 can be succinctly expressed as follows: define
the linear map

n—1
7j=1

Then the Hessian of the defining function given by (4.2) satisfies

m@@@wﬁ;@%gﬁfwﬂ&T@M%ﬂw> Vazev.

5. THE SIGNED DISTANCE-TO-THE-BOUNDARY FUNCTION

For Q C R™ a smoothly bounded domain, let dyo(z) = inf{||x — z|| : z € b2}
be the Euclidean distance of x to b§2. Define the signed distance-to-the-boundary

function dyo(z) by
—dpo(z), z€Q
5 _
() { dya(z), TE€R™\Q

To conclude that dyq is a defining function for {2 which is smooth in a neigh-
borhood of b2 we use the following facts.
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Lemma 5.1. If Q@ CcC R" is a smoothly bounded domain, then there ezists a
neighborhood U of bSY such that:
(a) The map byo : U — bQ satisfying ||y () — || = |dpe(2)] is well-defined.
(b) Both dyo(z) and by (z) are smooth on QN U and on (R*\ Q)NU.
(c) Forp e b9, let v, be the outward unit normal vector to b2 at p. Then

—Ubpo(z), L € QnNnU
5.2 Vvd = b2 _
( ) bﬂ(w) { Vbe(x), = (Rn \ Q) NU

For a proof of (a) see, e.g., Lemma 4.1.1., pgs. 444-445 in [3]. Parts (b) and
(c) follow from Lemma 1, pg. 382, in [5]. When there is no reason for confusion
we shall drop the subscripts of dyq, dpo and byg.

Corollary 5.3. Let Q) CC R" be a smoothly bounded domain. Then there exists
a neighborhood U C R™ of b§2 such that dpq and by are smooth on U and

(5.4) v5b9<$) = Vbyo(z) Vazel.

Proof. Let U C R™ be a neighborhood of b2 such that (a)-(c) of Lemma 5.1 hold.
Then it follows from the definition of § and (b) that d is smooth on Q2 N U and
(R™\ Q)N U. Moreover, (c) then implies that

(55) Vd(&i) = Up(z) YV zel.

Note that, if r is a smooth defining function for €2, then v, = ng(ig” for x € Q).
Thus v, extends to a smooth function in a neighborhood of b2, which implies
that § € C*(U). Next, note that for given x € U the function H?J — z||* subject
to the constraint r(y) = 0 attains its minimum value on U at b(z). This implies
that the vector b(x) — x is parallel to vyy. Since ||b(z) — x| = [6(z)|, it then

follows that b(x) — x = —d(x)vy(,). Hence, by (5.5),
(5.6) b(z) =2 —§(x)Vo(x) Vzel.
The fact that ¢ is in C*(U) and smooth on both QN U and (R"\ Q) N U forces

then b to be of class C' on U. However, it then follows from (5.5) that 6 € C*(U).
Proceeding inductively completes the proof. 0

Corollary 5.7. Let  C R™ be a smoothly bounded domain and p € bS2. Suppose
Q is convex in a neighborhood U C R™ of p. Then dpq is convex on bQLNU.

Proof. Shrink U so that § is smooth on U. Then (5.4) implies that ||[Vd(z)||* = 1
forall z € U. Differentiating this equation in a direction £ € R" yields

O—ka (Hv(s )_QZ@W )&

7,k=1

(5.8) — 2H;(¢,V6)(x) Vel
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For given x € b2 and £ € R™, let £7 be the orthogonal projection of & on T, (b2)
and set £V = & — €T Then it follows that £V is parallel to V§(z). Thus, (5.8)
implies that

Hy(€",6%)(x) = 0 = Hs(&N, V) (2).
Therefore, we obtain
H;(&,6)(x) = Hs (7,€7) () + 2Hs (£7,€Y) () + Hs (£V,€Y) (2)
= H; (¢7,¢7) (z) > 0,
since €2 is convex on U. L]

Corollary 5.3 also implies that the Hessian matrix ? is related to Hg(x) via a
geometric series.

Theorem 5.9. Let Q) CC R™ be a smoothly bounded domain. Then there exists
a neighborhood U C R™ of bS) such that

Hy = Hiy - <Z (=6(x))" (Hg(m))m> M- (1+6()H,)) ™

m=0

for all x € U. Here, I is the n X n identity matriz.

Theorem 5.9 was proved by Weinstock in [8], pgs. 402403, and by Gilbarg—
Trudinger in [5], pgs. 354-357, though it was not stated in this form.

Proof. Let U C R™ be a neighborhood of ) such that Corollary 5.3 holds.
Identity (5.4) implies that

(5.10) bz, () = 0y, (b(2)) VaeelU je{l,...,n}.
Differentiating these equations with respect to x;, 1 < k < n, yields

abg
(5.11) Oy Zéw ) g (@):

Identity (5.6) gives by(x) = xp — 5(95)5,JZ (x) for all ¢ € {1,...,n}. Differentiating
these equations with respect to xy, for k € {1,... ,n} results in

T () = 0 — By (@) () — 600, (1) ¥ k€ {1 ),
Ty

which, plugged into (5.11), yields

By (2) = Doy (02)) = D 8y, (b)) 8, ()0, (1)
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forall j,k € {1,...,n}. However, the second term on the right hand side vanishes:
(5.8) and (5.10) imply

0= 80, (b(x))da, (B(2)) =) 00, (b(2))0r,(x) ¥ jE{L,...,n}.

Thus, it follows that
Oy () = Oy, (b(2)) = 6(2) Y~ 610, (B(2)) b0, () Y Gk €{L,... n}.
(=1

In matrix form, this says H® = Hg(x) -0 (x)'Hg(x) - HZ. Thus
Hyw) = Ho + 0(z)Hyy - H = (I + 6(2)Hyy,y) HD,
which leads to the claimed identity. ([l

Corollary 5.12. Let Q2 C R™ be a smoothly bounded domain and p € 0S). Let
U C R™ be a neighborhood of p such that Corollary 5.3 holds. If € is convex on
U, then dpq is convexr on U.

Proof. By Corollary 5.7 ¢ is convex on b2 N U. So let us consider = € U \ b2 and
¢ € R™. Theorem 5.9 yields

(5.13)  Hy(€,€)() = Hs(&, &) (b)) + (=0(@)) [yl
+ (_5(55))2}[5 (Hoy& How) (@) + ...

Since ¢ is convex on the boundary, it follows that for all z € QN U all terms on
the right hand side of (5.13) are non-negative. Thus ¢ is convex on Q2 N U.

Now consider # € (R"\ Q) N U. Because of the convexity of § on b2, a
Cauchy—Schwarz inequality holds for the Hessian of § on b2, i.e.,

[Hs(C,m)(p)] < (H5(C,O®)? - (Hs(m,m)(p)® ¥ p € bR, n,¢ R,
Since 0 < [[Hp,\&lI> = Hs (&, Hy ) (b(x)), it follows that

1
2

—8(@) [|Hia€]|* = ~0(2) | Hs(€, €) (b)) | - [ Hi (M M) (0(a))
()
2

1
> 16O 000) ~ P04 760, 0,
where the (sc)-(lc) inequality was used in the last step. Thus (5.13) becomes

0%(x)
2

H;s(&,€)(b(x)) + Hs (Hy)&, Hyw€) (b(x))

N | —

Hs(€,8)(x) =

+> [—52””“1(33) (M) ™ €1+ 02 @) Hs (i)™ € (Hi)) ™€) (b(fﬁ))}

m=2
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Performing the analogous arguments for the terms of the form (—d(x))*""|(H},)) ™I
for integer m > 2, then leads to

H5(6,€)(x) > S Hy(6, ) (0()).
Hence, § is also convex on (R"\ Q)N U. O

6. OTHER DEFINING FUNCTIONS

In practice, convex domains usually arise with an attendant defining function
satisfying some additional conditions. In these situations it is undesirable to
consider the defining function p given in Section 4 or the function ¢ in Section 5,
especially as these functions are difficult to explicitly write down. In this section
we show how to transform an arbitrary defining function, of a given smoothly
bounded, convex domain, into a convex defining function by a sequence of direct
modifications.

Let 2 CC R™ be a smoothly bounded, convex domain and r a smooth defining
function for 2. It is convenient to split the space of directions £ € R™ using the
subspace T, (b2). For x € b2 and £ € R", define

(Vr(z),§)

S Y

and set €7 =& — &N, Thus & = &7 + ¢V, and it is easy to check that

(i) 7 € T,(bQ2), and

(i) &V is orthogonal to T, (b2).
This decomposition depends on = € b2 (though not on the defining function 7,
because of (2.2)). When it serves to clarify the arguments below, the dependence

on z will either be denoted — &7, €Y — or explicitly mentioned.
Bilinearity gives the following expansion of the Hessian:

(6.1) H,(&,8) (x) = H, (§7,€7) (2) +2H, (£7,6Y) () + H, (¢7,&Y) (2)
=H, (&",¢") (z) +2a H, (£, Vr) (z) + ® H, (Vr, V) (2)
=T+ M+N,

%. If x € b2, and 2 is convex, then automatically 7 > 0.

On the other hand, the terms M and A may be negative, even when = € bS).
Favorably estimating these terms, by adjusting r, is required to conclude that
T+ M+N >0 even for x € bS). After that, further adjustments of r will be
needed to get non-negativity of (6.1) off bS2.

While seeking appropriate estimates on M and N, (2.2) circumscribes the
allowed modifications of r: any defining function 7 is of the form 7 = h - r, for
h > 0 and C* near bS). All such modifications preserve the non-negativity of 7,
cf.(2.3). However for £ € R™ arbitrary, note that

where o =
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H; (§,6) (v) = h(z) - H, (£,§) (x) +2(Vh(z),8) (Vr(x),§) +r(z) - Hy (& €) ()
(6.2) = h(z) - H, (§,€) () +2(Vh(z),&) (Vr(z),&), if z € bQ.

The Hessians of functional combinations of r will also occur below. If x : R —
R is C% and 7 = y or, then

(6.3) H; (€,€) (x) = X'(r) - Hy (,€) (2) + X" (r) [(Vr(2), ).

6.1. Convexity on ().

6.1.1. Controlling M. Consider the function rqy = ﬁ, ie, ro = hY-r for
hY = ||v1_r||' Then ||Vro||*> = 1 on bQ. Differentiating this equation in tangen-

tial directions gives useful information. Let X = 7" | Tka%k be a vector field
with 7 € T, (b82) for a given = € b§2. Then

= X (|[Vrol|?) (z) = 2H,, (7, Vo) (z) = 0.
It then follows from (6.1) that

(64) HT’O (5,5) (ZL‘) - H’V’O (€T7€T> (ZL‘) + HT‘O (€N’€N) (‘T)v

i.e., the mixed terms in the Hessian of ry vanish on the boundary.
We want to re-express this Hessian in terms of r. First notice that, for h® =

1
vl

(V). €)| = =Hw)- B, (€ ) 0)

It then follows from (6.2) that
1

65) 600 = T (€6 @) - e (€6 @)

holds, after noting that <VT($),§T> = (0. The passage from r to ry therefore
completely eliminates the term M, while only changing the sign of the term N,
n (6.1).

6.1.2. Controlling N'. This modification is standard. Consider the function r; =
ro + Kr2, for large K > 0 to be chosen, i.e., r; = h' -1 for h' =1+ Kry. Tt
is convenient to compute H,, additively, using (6.3), rather than by using (6.2).
First, note that if y(z) = Kz? and 7 = x o r¢, then (6.3) implies
H; (&,6) (x) = 2Kro(x) Hy, (&,6) + 2K |[(Vro(w), €)1
= 2K [(Vro(x),6))?,  if x € b

Second, observe that

Hy, (€7,6") (x) = O (|(Vro(x), &)%) -
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Therefore, choosing K > max {0, —||Vr(z)|| ' H, (Vro, Vro) (x) : x € bQ}, it fol-
lows from (6.5) that

H,, (£,€) (x) = Hyy (£,€) (2) + H: (£,€) (2)
= | Vr@)|| " H, (67,67) (@) = 1Vr(2) |7 H, (€Y,€Y) (x)
+2K |(Vro(), &)
(6.6) > | Vr(z) |7 He (67,67 (@) + K [(Vro(x), ),

if x € b€). Thus r; is a defining function for {2 which is convex on b).

Remark 6.7. If 2 CC R"™ is strongly convex, i.e.,

(6.8) 3 @Tg%(p)gjgk >0 YpebQ, VEeT, (b)),
J

for some defining function r, then constructing a (strongly) convex defining func-
tion for €2 is simpler, essentially requiring only the second step above. Indeed,
homogeneity, (6.8) and compactness of b{2 give a constant ¢ > 0 such that

"9
) 90w, P&k > clél* VpebQ, VEeT,(H9).
gk=1 "7

Applying the Cauchy—Schwarz inequality to the mixed term in (6.1), then using
the (sc)-(lc) inequality yields

166> Sl + o (le])-

Modifying r as in subsection 6.1.2 now allows the big-O term to be positively
absorbed.

6.2. Convexity in a neighborhood of b{). Modifying r{, to obtain a convex
function off b2, will also occur in two steps. The first step involves showing that,
in tangential directions, H,, has a lower bound near 02 that is quadratic in the
distance-to-the-boundary, but which may be negative. The following example
illustrates that this negativity can occur.

4

Ezample. Consider the function s(z,y) = y + yx*> + 2* and the corresponding

domain D = {(z,y) € R*: s(z,y) < 0} near the origin.

Let (a,b) € bD and note that this implies b = —11%. It follows from s, (z,y) =
42® + 2yz and sy(z,y) = 1 + 2? that
4a® + 2a°

Tiap)(bD) = {1 € R? . 5T+ (1+ a®)my = 0}.

1+a
Furthermore, a simple calculation yields

3xm<x7y) = 12'1:2 + 2y7 8:By<x7y) = Qxy and Syy(xvy) = O
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Hence, for 7 € T4 (bD) we obtain
H,(1,7)(a,b) = (12a* + 2b)77 + 4abr 1

1942 2a* N 4a’(4a® + 2a°)\
1+a? (14 a?)3 !

2 a’ 2
Z2CL 6—m 7'120.

Thus D is a convex domain. However, s is not convex on bD except at the origin.
To see this, let ¢ € R?\ {0} and (a,b) € bD \ {0} and compute:

2a*
O e T

2a? 2\ ¢2 3
=10 ((6 +5a*)&F — 2a°6,&,)

which is negative if, e.g., & = & - 6+5“ :

From Section 6.1 it follows that

2
S S
N T (nwu)

is convex on bD near the origin if the constant K > 0 is chosen sufficiently large.
To see that s; is not convex in any neighborhood of 0, let us compute Hy, (7, 7)(q)

for ¢ = (0,¢) and 7 = (1,0), i.e., 82521 q). First note that
ox

0? D%s dso\’ 05 s S(S3Szz + SySyz)
— 9g — 9 =22 q =0 _ z roxT yoyx .
g2 (%) = 20053 + (ax) or Vsl AE

Jsg

22 (q) = 0. Since we also have s(q) = e,

Both of s,(q) and s,,(g) being 0 causes
it follows that

8281 62
52 (@) = (1+2K¢) - — ).

Using again that s,(¢) = 0 = s,,(¢q), a straightforward computation yields

9%so Syx s )
a0 = (1557~ o (e + o) ) 0
=2 — € ((26)* + 2) = —4é°,

because S,,(q) = 2¢, s,(q) = 1, [|[Vs(q)|| = 1 and sy.,(q) = 2. From §(q) = € it
follows that H,, (7,7)(¢) = —4(1 + 2Kd(q)) - (6(q))®. Thus, moving from s to s;
does not achieve convexity at ¢ with §(¢) > 0. However, it improves the lower
bound on the Hessian in the tangent direction 7 as Hy(7,7)(q) = S22(q) = 25(q).
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6.2.1. Quadratic estimate in tangent directions. The estimate we desire follows
by combining the fact that ||[Vry|| = 1 on bQ with Taylor’s theorem.

Proposition 6.9. Let 2 C R™ be a smoothly bounded domain and p € bS).
Suppose o is a smooth defining function for § in a neighborhood U C R"™ of p
satisfying |Ve| =1 on bQNU.

If Q2 is convex on U, then there exist a neighborhood V- C U of p and constants
Ch,C5 > 0 such that

(Vo(2),6)"

(6.10) H,(&,¢)(x) > —C) (U (x)) 1117 — C Vo(z)|?2

holds for all x € V' and & € R”".
The following lemma is used in the proof of Proposition 6.9.

Lemma 6.11. Suppose the hypotheses of Proposition 6.9 hold. Then
(6.12) <VHU(T, T), VJ>($) = <H0(T, T)-H, (VJ, VU) — H, (T, Hgﬂ)(:p)
for allz € QN U and T € T,(bS2).

Proof of Lemma 6.11. Differentiating ||Vo|? = 1 at x € bQN U in tangential
directions yields, as in 6.1.1,

(6.13) 0=H,(r,Vo)(x) YV 1 e T, (b9).

Whereas in the case of ¢ = ¢ the equation (6.13) is true for all directions (see
(5.8)), (6.13) holds only for tangential directions. As a result we use tangential
vector fields to obtain information on the desired third order derivatives of o.

Let zp € bQ N U and 7 € T,,(b2) be given. Since Vo is non-vanishing on
b2 N U, it may be assumed that o, is non-zero in a neighborhood V' C U of x.
Let e1,...,e, € R™ be the standard basis of R™ and define

TH(z) = 04, (x)e; — 04, (7)ey Vie{l,...,n—1}.

At each point x € bQ NV the vectors T (x), ..., T" ! (x) form a basis of T, (b2).
Therefore, constants aq,...,a,_1 € R can be chosen such that the tangential
vector field T'(z) := 317" a;T(x) equals 7 when evaluated at z. Differentiating

|Vol|2 =1 in the direction of T'(z) gives us
lbanv

H,(T,Vo)(x)=0 VaxebnV,

and differentiating this last equation again with respect to T" at x( yields

(¥ (H, (T, V), T)(w0) = (V (Ho(T, Vo)), 7 ) (o) = 0.
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It follows from a straightforward computation that

(6.14) 0=(VH, (1,7),Vo) (z0) + H,(X,V0)(z0) + Hy (7, HZ,7) (20)

n—1
for X := Z%(W{% ) (x0)e; — (Vog,, T) (wo)en>.
i=1
For H,(X,Vo)(zo), note that (6.13) implies that

H, (X,Vo)(zo) = H, (X", Vo) (o) for XV = Vo(zo), X) | Vo(x).

 IVe(zo)]?
In the special case of 0 = 0 the term Hs(X, VJ)(xo) vanishes since § satisfies
(5.8). For general o compute

n—1

X =Y a((Hrre) - (e o).

i=1
to obtain

n—1

XN = Z<<HZOT, a;04, (o) - en> - <HZOT, a;0,, (o) - ei>> -Vo(zo)

i=1
= —(HZ 7,7) - Vo(zo) = —H, (1,7) (o) - V(o).
This implies that
H, (X,Vo)(xo) = —(H, (1,7) - Hy (Vo,V0))(x0).
The last equation combined with (6.14) proves the identity (6.12). O

Proof of Proposition 6.9. Shrink the neighborhood U C R" of the given boundary
point p such that by = b is well defined on U, cf. Lemma 5.1 (a). For f €
C*®(U,R) and x € U, it then follows from Taylor’s theorem that

£l = F(0@) + (V1) (b)), 2~ b(a) ) + 5 Hy o — bla), = b)) (Q)
holds for some point ¢ on the line segment connecting = and b(x). By (5.6) and

(5.4) it follows that z—b(z) = 6(x)V4(b(z)) and V4 (b(z)) = V5((), respectively.
Therefore

f(@) = f(b(x)) + () (V,V0) (b(x)) + % (8(x))* Hy (V4,V8) (C)
(6.15) > f(b(x)) + 8(x) (Vf, V) (b(x)) — ¢ (8(x))*

for some constant ¢ > 0.

Let zp € U, with yo := b(xg) € Q2N U, and £ € R™ be given. Since
IVa(yo)|l = 1, it follows that Vo (yo) = Vd(yo). Thus, applying (6.15) to the
function H,(,€)(x) at xy results in

H, (€, €)(x0) 2 Hy(€,€) (o) + 0(x0) (VH, (8, 8), Vo) (yo) — ex(d(0))*[I€]I*
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for some constant ¢; > 0, independent of xy and £. For £ = ;} + 5;‘5 it follows
from (6.13) that

Ho(£,€)(yo) = Ho (7,67 (o) + Ho (Y, €M) (o)
Also,
(VH,(£,€), Vo) (w) = (VH, (€7.€7) Vo) (w) + O ([|¢"]]- ).

Using the (sc)-(lc) inequality then implies the existence of constants co,c3 > 0
such that

(6.16)
Ha(gu 5) (xO) > Hﬁ(gT’ §T>(y0)+5(x0) <VHU (fTu £T> ,V0> (y())
— ¢ (3(w0))* |7 = es 1€
where [|£||? = ||€T)|% + [|€V]|? is used. It now follows from Lemma 6.11 that

Ho(€,€)(w0) 2Ho (€7, €")(wo) - (1 + d(x0) Ho (Y0, Vo) (10))

— 8(0) Ho (€7, HE ET) (o) — €2 (8(w0))? ||€7||" — s || €Y7 -

Since &7 € T, (b92), (6.13) implies that H " € T,,,(bQ2). Thus, as Q is convex
near 1y, the Cauchy—Schwarz inequality can be applied

[H, (€7 H3,€") (w0)] < (Ho (67.€7) (40)* (H (H5,67 H3,€) ()
< ver - (Ho (67,67 () - [P5.¢]

for ¢y - max{[os,.,(v)| : 1 < 4,5 <n, x € QN U}. Note that since
Hy (", Hy,8") (o) = I8 7

(sc)-(lc) inequality that
0 < Hoy (€7, H3,67) (w0) < ca - Ho (€7,€7) (30).

it follows from the

Therefore

2 2

H,(&,6)(w0) = (1= 2¢q |0(0)]) - Hy (€7,€7) (y0) — c2(6% (o) [|€7]]” — s [[€™]"
Shrink U so that 2¢4|6(x)| <1 for all x € U. Furthermore, note that there exists
a constant cs > 0 such that §?(z) < cs0?(z) for all z € U. Tt then follows that

Ho(€,€) (w0) > —cacs0®(wo) [I€]° — es || €V

Since ¢V = ﬁgﬂ%‘;)ng Vo (yo), it follows from Taylor’s Theorem that there exists a

constant c¢g > 0 such that

2
”51\7”2 < 2|<VU($0>7{2|
Vo (o)l
which completes the proof. 0

+ o0 (o) [|€]1%,
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6.2.2. Quadratic negativity implies “free” positivity. It remains to show how to
pass from the estimate (6.10) to convexity of a related defining function.

Proposition 6.17. Let o satisfy the conditions in Proposition 6.9. For any
a, 3 >0, define the function B(x) = By g(z) = a+ B||z||* for x € R™.

Then there exist a neighborhood W C R™ of p and constants a, 3 such that the
defining function

5() = (@) = o(z) + B(x) - 0*(x)
satisfies
Hy(6,€)()>0 YazeW, VEeR

Proof. Let o, 3 > 0 be fixed constants to be chosen later. Let V' C R™ be a
neighborhood of p such that (6.10) holds for 0 on V. For x € V and £ € R" a
simple calculation yields

H5(8,6)(x) = Ho (€, ) (2) + Hp.o2 (&, €)(x),

where

Hp 52(€,) () =B(x) - (20(2) - Hy(&,€)(2) +2 (Vo (), &) ) (@)

+800(z) (x,€) (Vo (2),€) + 26 (o (x))” [|£]|*.

By the Cauchy—Schwarz inequality and the (sc)-(lc

860 () (z,€) (Vo(x), &) < 165z (Vo(x), &) + 5 (o (x))* €)%,
which implies that

Hs(€,6)(x) > (1+2B(2)o(x)) - Ho(€.€)(2) + 2 (a = 76]|2[) [(Vo(x), &)1
+ B (@) €]

Choose a neighborhood W = W (a, ) C V of p such that 0 < 1+2B(z)o(x) < 2
for all x € W. Then it follows from (6.10) that there exist constants Cy,Cy > 0

such that
Hs(€,6)(x) > — (1 + QB(x)a(x)) (0102(x)||§||2 + C’Q%)

+2 (a = 78]2[?) [(Vo(a), &) + 8 (o(2))” [I€]
for all z € W and € € R™. Since 1 + B -0 < 2 on W it follows that

Hy (€, €)(x) 2(=2C1 + ) - o*(2)[¢]?
& 2) . o(x 2
+2(~gp o ) (Vo))

for all z € W and £ € R". Set m; = max{||z|?> : = € V}. Furthermore, let
mgy > 0 be such that my < ||V (z)||? for € V. By choosing 5 > 2C; and then
a>T70-mp + % it follows that &, s is convex on W. O

) inequality it follows that
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7. LOGARITHMIC CONVEXITY

Let 0 = 0 denote the signed distance-to-the-boundary function associated to
a smoothly bounded domain 2 C R™, as in Section 5. The fact that ||Vd| = 1,
in a neighborhood of 02, implies the following curious result.

Proposition 7.1. Let Q) C R" be a smoothly bounded domain. Let U denote a
sufficiently small neighborhood of bS) such that 6 is smooth on U. Then

—log(—9) is convex on QN U <= § is convex on QN U.

The left to right implication is surprising: for a general smooth, negative func-
tion f, the convexity of —log(—f) does not imply that f is convex; cf. (6.3)
and note that ¥ (z) = —e™ on (—o00,0) is not convex. This implication can be
rewritten in terms of the Hessian of § alone: if the negative lower bound

(V(x), M)

|
T2)  HE ) >~

relUNNEeR”

holds, then necessarily
Hs(£,6)(x) >0, relnN,&eR™

Thus, as soon as a “threshold of negativity” (the right hand side of (7.2)) is
exceeded, the Hessian of ¢ is actually non-negative.

The elementary nature of Proposition 7.1 suggests this result may be known.
But the authors were unable to find a statement or proof of this fact in the
literature, so offer one here.

Proof. Since |V4|| =1 in U, for any £ € R™

(7.3) Hs(&,V0)(xz) =0 for all z € U;
see (5.8). The expansion (6.1) then yields

(74) Hg(é, f)(l’) = H; (§g7§g) (l’), for z € Ua

where & = £ 4 £V is the splitting introduced at the beginning of Section 6. Tt
also follows from (6.3) and (7.3) that

1
—d6(x)

(7.5)  Horoges)(6,6)(x) = Hy (7,€7) (z) + [(Vé(x), €M)

1
6%()

(<=) Assume that ¢§ is convex, i.e., Hs(&,€)(x) > 0 for z € U, all £ € R™
Then (7.4) and (7.5) immediately imply that H_iog—s) (&, &) () > 0.
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(=) Assume that—log(—d) is convex in U. Then in particular
H_1o5—5)(7,7)(x) > 0 for € U and any direction 7 € T, ({0 = 6(x)}). For such
7, the second term on the right-hand side of (7.5) vanishes, and we obtain

1
H rog(—5)(7,7)(7) = T(x)H‘S (7,7) ().
Thus, the fact that H_io5_s) (7, 7)(x) > 0 forces H; (7,7) (x) > 0 for such direc-
tions 7. Since (7.4) holds, the convexity of § is demonstrated.

O

The fact that V9 has constant length in a neighborhood of b$) was essential for
the proof of Proposition 7.1. However, defining functions whose gradients have
constant length only on bS) also force similar statements relating lower bounds
on their Hessians to lower bounds on the Hessian of their logarithms.

Proposition 7.6. Let o be a defining function for a smoothly bounded domain
Q C R™ with the property ||Vol|| =1 on 0. Then

(17)  Hogoo&6@) > ~Clo@|l}  YeeQnU, ¢er
iof and only of

(7.8)
O o2(x 2 W
Bl €)(0) 2 € (olel? + LT

where U and U are neighborhoods of bQ and C,C > 0.
Proof. (<=) Assume that (7.8) holds for some neighborhood U of b and some

constant C' > 0. Applying (7.8), followed by trivial estimation, yields

) Ve QNU, ¢eR,

H_105(-0)(§,§)(x) = %(@Ho(f’f)(l’) + %@)WU(‘”)’@'Q
e otater o NFo@ P\ | (Vo). 9P
- C<‘ M+ L oot ) ' os
> ~Clot) el

for all z € QN U, where U C U is a sufficiently small neighborhood of b).

(=) Now suppose that (7.7) holds for some neighborhood U of b2 and some
constant C' > 0. For given x € QN U and & € R™, write & = &¢I + €Y. The fact
that [|[Vo| =1 on b2 and Taylor’s theorem give the estimate

|H, (&5,€)) (@)] = Oo(@))) [lE7]] - [l
while trivial estimates show

11, (€,€))] = o) |6 > = o) Ve OF,

IVo(z)|?



CONVEX DEFINING FUNCTIONS 21

Using first (7.7) for £I followed by these two estimates, gives
Ho(&,€)(x) = Hy (§,6) (@) + 2H, (6. €) (@) + Hoy (€,6) (2)
~Co™(a) [|€X|]* + 2H, (€1,€Y) (@) + Ho (€),€)) (@)

—Co%(z) |7 2 ol T N _ |<VU($)75>|2
cot(o) |1 - Kalota)l €F] 2 - reo 2RI

for some constants Ky, Ko > 0. It then follows from the (sc)-(Ic) inequality and
€17 = 11711 + 1611 that

H,(6.6)(«) > ~C (0—2<x>uau2 "

v

v

[(Vo(2),€) IQ)
IVo(z)|?

for some constant C' > 0. ]
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