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COMPACTNESS FOR THE 0 - NEUMANN PROBLEM - A
FUNCTIONAL ANALYSIS APPROACH.

FRIEDRICH HASLINGER

ABSTRACT.

We discuss compactness of the 9-Neumann operator in the setting of weighted L?2-
spaces on C™. For this purpose we use a description of relatively compact subsets
of L?- spaces. We also point out how to use this method to show that property (P)
implies compactness for the O-Neumann operator on a smoothly bounded pseu-
doconvex domain and mention an abstract functional analysis characterization of
compactness of the 9-Neumann operator.

1. INTRODUCTION.

In this paper we continue the investigations of [HaHe| concerning existence and
compactness of the canonical solution operator to d on weighted L?-spaces over C".
Let ¢ : C* — R* be a plurisubharmonic C?-weight function and define the space

IAC" @) = {f:C" —C : | |ffe?d\ <o},
Cn

where A denotes the Lebesgue measure, the space L?Ovl)(C”, v) of (0,1)-forms with
coefficients in L?(C", ) and the space L?OQ)(C”, ) of (0,2)-forms with coefficients
in L?(C", ). Let

{(f:9)e = | [ge ?dA
Cn

denote the inner product and

112 = / fPe® d

the norm in L*(C", ).
We consider the weighted 0-complex

L2(C ;) — L?0,1)<C ;%) — L%0,2)<C %),
o, o,

where 5; is the adjoint operator to 0 with respect to the weighted inner product.

For u= 37" u;dz; € dom(@i,) one has

u=-3 (55 -52) v

j=1
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The complex Laplacian on (0, 1)-forms is defined as

Uy =00, + 9,0,
where the symbol [, is to be understood as the maximal closure of the operator
initially defined on forms with coefficients in C§°, i.e., the space of smooth functions

with compact support.
U, is a selfadjoint and positive operator, which means that

(O.f, o >0, for f e dom(Ody,).
The associated Dirichlet form is denoted by

for f,g € dom(d) N dom(gz;). The weighted d-Neumann operator N, is - if it exists
- the bounded inverse of [],.

We indicate that f € dom@;) if and only if

(092 4N ¢ ppen
7j=1

and that forms with coefficients in C§°(C") are dense in dom(9) N dom(@i) in the
graph norm f — ([BF|2 + [T, £]2)} (see [GaHa]).

Now we suppose that the lowest eigenvalue i, of the Levi - matrix
920 )
M, = ( —
v azjazk jk

liminf p,(2) >0, (%)

|z[—00

of ¢ satisfies

and mention the Kohn-Morrey formula:

Fa) 2 a* 2
12)  ull + [Tz =Y /
jk=1"C"

from which we get

Ou;

0%k

S e / En: 0% e d
Ccn Sk 82J82k

~ 82@ = =%
(1.3) / TP e N < |[Full2 + [T
cn ) 82J82k J A v
hence for a plurisubharmonic weight function ¢ satisfying (*), there is a C' > 0 such
that
2 N2 A 112
[ully, < C0ully + 19,ull7)

for each (0, 1)-form u €dom (9) N dom (8;).

For the proof see [FS], [GaHa] or [Str].

Now it follows that there exists a uniquely determined (0, 1)-form
N,u €dom (9) N dom (5:;) such that

(u,v), = Q (Nyu,v) = (ON,u, ), + @:;qu,g;v)(p,
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and that
(14) [N ull2 + [T, N,ul, < Callul?
which means that
Nig: L?OJ)((C", ¢) — dom (9) N dom (580)
is continuous in the graph topology, as well as
[Ngul|?, < Co([|ONullZ + [[0,Npull2) < Csllull?,

where (', 0y, C3 > 0 are constants. Hence we get that N, is a continuous linear
operator from L%O (€™, ) into itself (see also [ChSh]).

We will give a new proof of the main result in [HaHe] using a direct approach, see
[B], Corollaire TV.26, where two conditions are given which imply that a subset of
an L?- space is relatively compact. The first of these conditions will correspond
to Garding’s inequality (see for instance [F] , [GaHal,) and the second condition
corresponds to our assumption on the lowest eigenvalue of the Levi matrix M.,.
We indicate how to use this method to show that property (P) implies compactness
for the d-Neumann operator on a smoothly bounded pseudoconvex domain 2 CC
C™ and finally mention an abstract necessary and sufficient condition for the O-
Neumann operator to be compact.

2. WEIGHTED SOBOLEV SPACES

Now we define an appropriate Sobolev space and prove compactness of the corre-
sponding embedding, for related settings see [BDH], [Jo], [KM] .

Definition 2.1. Let
W® = {u € L1y (C", ) : [|0ull2 + |0 ull? < oo}
with norm _ _
ullg, = ([0ull + 19,ul2)">.

Remark: W@ coincides with the form domain dom(9) N dom@;) of Q, (see [Gal,
[GaHa] ).

Proposition 2.2. Suppose that the weight function o is plurisubharmonic and that
the lowest eigenvalue p, of the Levi - matriz M, satisfies

lim p,(2) =+o00. (*)

|z]—00

Then the embedding
Jo : WP L%O,l)((C'ﬂ )
18 compact.
Proof. For u € W% we have by 1.3
19ull?, + [0,ullf = (Mpu, u),.
This implies

(2.1) 19ul? + 10,ul? = [c 1o (2) Ju(2)? e”#®) dA(2).



We show that the unit ball in W@ is relatively compact in L%OJ)((C”, ). For this
purpose we use the following lemma, see for instance [B] Corollaire TV.26.

Lemma 2.3. Let A be a bounded subset of L*(C", ). Suppose that
(i) for each € > 0 and for each R > 0 there exists § > 0 such that

I f = Fllr2@rg) <€

for each h € C™ with |h| < & and for each f € A, where 1,f(z) = f(z + h) and
Br ={z€C":|z| < R};
(ii) for each € > 0 there exists R > 0 such that

1 ll2cr\ae) < €
for each f € A.
Then A is relatively compact in L*(C", ¢).

Remark 2.4. Conditions (i) and (ii) are also necessary for A to be relatively com-
pact in L*(C",p) (see [B]).

First we show that condition (i) of Lemma 2.3 is satisfied in our situation. Let

u =737 ujdz; be a (0,1)-form with coefficients in C§°. For each u; and for t € R

and h = (hy,...,h,) € C" let
0y() = (= + 1),
Note that

Ou; ou
— th
s + |52 (2 + th)

+th
(2 ) i

o3 ()] < |A| [Z (

k=1

2)] 1/2
where z, = xp + iy, for Kk =1,...,n. By the fact that

wi(z + h) — u;(2) = v;(1) — v;(0) = / () di

we can now estimate for |h| < R

| 1mse) = w@Pe i) = [ frcan) () - v a) e axz)

§|h|2/ l/ <‘ giuj)(erth)er’a(gizuj)(erth) 2) dt]e“’(z)d)\(z)
U k k

< Cuhl [ 3 (\ R“j)<z>]2+\M<z>D ¥ 42

Oz, Oy,

for j =1,...,n where xg is a C*> cutoff function which is identically 1 on Bsr and
zero outside B3z and by Garding’s inequality for B3 (see [ChSh], [F], [GaHal)

Ixrul2, < Cln (18RI + 18, Cerw)lI2 + Ixull?)
< Cl (118ull2 + 195l + ull?)

we can control the last integral by the norm ||u]|22¢ Since we started from the unit

ball in W@ we get that condition (i) of Lemma 2.3 is satisfied.
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Condition (ii) of Lemma 2.3 is satisfied for the unit ball of W@ since we have

2
ulz 2€_¢(z) d\(z </ : MSO(Z)|U(Z)| e—gp(z)d)\ 2).
/Cn\BR| ) ) < cmpy f{pe(2) : [2] = R} (=)

So formula (2.1) together with assumption (**) shows that

lullg,

w(2)[Pe 2@ d\(2) < - <€,
/(Cn\IB;R| (2)l (2) < inf{p,(2) : |2] > R}

if R is big enough.

We are now able to give a short proof of the main result in [HaHe] or [GaHa]

Proposition 2.5. Let ¢ be a plurisubharmonic C?- weight function. If the lowest
eigenvalue ji,(2) of the Levi - matriz M, satisfies (**), then N, is compact.

Proof. By Proposition 2.2, the embedding W9 — L%o,1)(Cn> ) is compact. The in-

verse N, of [, is continuous as an operator from L?O,l) (C™, ) into W@ this follows
from 1.4. Therefore we have that N, is compact as an operator from L%O 1)(C”, ®)

into itself.
O

Now notice that
Ny : L?O,l)((C”, p) — L?O’l)((C”, ©)
can be written in the form
Ny =Je©Jg
where
j:; : L%o,l)(cna p) — Wee

is the adjoint operator to j, (see [Str]).
This means that N, is compact if and only if j, is compact and summarizing the
above results we get the following

Proposition 2.6. Let ¢ : C" — R* be a plurisubharmonic C%-weight function .
The O-Neumann operator

Ny : L%O’l)((C”, p) — L%O’l)((C”, ©)

is compact if and only if for each € > 0 there exists R > 0 such that

||u||L%071)((C”\IB%R,<p) <€
for each uw € W with

312 1 D112

[0ullg + 19,ull; < 1.
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3. SMOOTHLY BOUNDED PSEUDOCONVEX DOMAINS AND

PROPERTIES (P) AND (P)

Let Q cC C" be a smoothly bounded pseudoconvex domain. {2 satisfies property
(P), if or each M > 0 there exists a a neighborhood U of 0f2 and a plurisubharmonic
function ) € C*(U) such that

n

32@M

— T (p)tite > M||t]]?

k=1
for all p € 902 and for all t € C™.

(2 satisfies property (P) if the following holds: there is a constant C' such that for
all M > 0 there exists a C? function ¢, in a neighborhood U (depending on M) of
012 with

2
. n  Opum n 92 I
() |2, 2 (eopt| < oF, 2ot
and
.. n 2 -
(i) Yo7y o5 (2)tt > M t]%,

Jj=1 0z;0%y
for all z € U and for all t € C".
In [C] Catlin showed that condition (P) implies compactness of the 0- operator N on

L%M)(Q) and McNeal ([McN]) showed that property (P) also implies compactness of

the O0- operator N on L%OJ)(Q). It is not difficult to show that property (P) implies

property (P), see for instance [Str].
We can now use a similar approach as in section 2 to prove Catlin’s result. For this
purpose we use the following version of lemma 2.3

Lemma 3.1. Let A be a bounded subset of L*(2). Suppose that
(1) for each € > 0 and for each w CC ) there exists 6 > 0,9 < dist(w, Q) such that

|70 f — fHL2(w) <€

for each h € C™ with |h| < and for each f € A,
(1) for each € > 0 there exists w CC Q such that

1]z @) <€
for each f € A.
Then A is relatively compact in L*().

Remark 3.2. Conditions (i) and (ii) are also necessary for A to be relatively com-
pact in L*(Q).

In order to show that the unit ball in dom(d) N dom(d") in the graph norm f

(IOFI12+ /0" £]|2)2 satisfies condition (i) of 3.1 we remark that Garding’s inequality
holds for w CC € (see section 2). To verify condition (ii) we use property (P) and
the following version of the Kohn-Morrey formula

n

(3.1) /Q >

J,k=1

8290M

Y e e M dX\ < 1Oull? 5* 2
8z]~8§k Ujur € — H UH +H (pMu”

Ym YmMm?
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here we used that €2 is pseudoconvex, which means that the boundary terms in the
Kohn-Morrey formula can be neglected. Now we point out that the weighted 0-

complex is equivalent to the unweighted one and that the expression Z?:1 %L%Muj

which appears in ETDMU, can be controlled by the complex Hessian Z? b1 % (T
which follows from the fact that property (P) implies property (P) (see [Str]). Of
course we also use that the weight ¢, is bounded on 2 CC C”. In this way the same
reasoning as in section 2 shows that property (P) implies condition (ii) of lemma

3.1. Therefore condition (P) gives that the unit ball of dom(d) N dom(8") in the

1

graph norm f = (|9f]1% + |9"f|I?)z is relatively compact in L%, () and hence
that the 0-Neumann operator is compact.

Now let
j : dom(d) N dom(d") — L?OJ)(Q)
denote the embedding. It follows from [Str] that
N =joj".
Hence N is compact if and only if j is compact, where dom(9) Ndom(d") is endowed
with the graph norm f — (|[@f||2 + |0 f||?)=.

Proposition 3.3. Let 2 CC C" be a smoothly bounded pseudoconvex domain. Let B
denote the unit ball of dom(8)Ndom (") in the graph norm f — (|8f|12+ 10" f]|)z.
The 0- Neumann operator N is compact if and only if B as a subset of L%OJ)(Q)
satisfies the following condition:

for each € > 0 there exists w CC §2 such that

£l 22 (Qw) < €

(0,1)

for each f € B.

This follows from the above remarks about the embedding j and the fact that the
two conditions in 3.1 are also necessary for a bounded set in L? to be relatively
compact. For a localized version of the above result see [Sa].
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