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Abstract

We investigate forcing notions with the rectangle refining property,
which is stronger than the countable chain condition, and fragments of
Martin’s Axiom for such forcing notions. We prove that it is consistent
that every forcing notion with the rectangle refining property has precal-
iber X; but MAy, for forcing notions with the rectangle refining property
fails.

1 Introduction

In 1980’s, Stevo Todorcevi¢ introduced and investigated some types of fragments
of Martin’s Axiom for X; dense sets, denoted by MAy, for example in [9]. In
[11], Todorcevié and Velickovié proved the following theorem [11, Theorem 3.4.]:
MAy, is equivalent to the statement that all ccc forcing notions have precaliber
Wi, that is, for all ccc forcing notion P, every uncountable subset of P has
an uncountable subset which has the finite compatibility property (i.e. every
finitely many members has a common extension).

In [15], the author introduced a new chain condition, called the property
Ri,x,, which is stronger than the countable chain condition. A typical forc-
ing notion with this property is a(T), which is the forcing notion adding an
antichain through an Aronszajn tree T by finite approximations, and we note
that MAy, restricted to forcing notions with the property R x, implies that
every Aronszajn tree is special. The author proved that it is consistent that
every forcing notion with the property Rj x, has precaliber 8; and there exists
a non-special Aronszajn tree, hence MAy, restricted to forcing notions with the
property Rjy, fails [15, Thorem 6.2.]. This is quite different from Todorcevié
and Velickovié’s theorem [11, Theorem 3.4.].
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The aim of this paper is to show a similar result for the rectangle refining
property, that is, it is consistent that every forcing notion with the rectan-
gle refining property has precaliber X; and MAy, restricted to forcing notions
with the rectangle refining property fails. The rectangle refining property is
introduced by Larson and Todoréevié in [7] for partitions on [w;]? and they
introduced the axiom /Ca(rec) which is the statement that every partition with
the rectangle refining property has an uncountable homogeneous set. In [12],
the author introduced a property for forcing notions (called the anti-rectangle
refining property) which is closely related to the rectangle refining property for
partitions, and in [15], he introduced the rectangle refining property for forcing
notions. In [15], there are some examples. A typical forcing notion with this
property is also a(T). We note that if 7' is Suslin tree, then a(7") does not
have property K, in particular, a(T) does not have precaliber X;. In [13], the
author introduced a forcing notion with the rectangle refining property which is
related to an unbounded family of the structure (w*, <*), and using this forcing
notion, it was proved that ICo(rec) implies that the bounding number is larger
than N;. A remarkable point of the rectangle refining property (and also the
property Ry y,) is that forcing notions with the rectangle refining property (or
the property Rix,) add no random reals [15, §5]. It is unknown whether the
rectangle refining property and the property R; x, are different or not.

To show the main result, we investigate the following two concepts: uni-
formizations of ladder system colorings and forcing with a coherent Suslin tree.

In [1], Devlin and Shelah introduced a weak version of ¢ and its applications
to Whitehead’s problem and uniformizations of ladder system colorings. (In
the present paper, ladder systems means the ones on w;. For details of ladder
systems, see §3.) The uniformization property of ladder system colorings plays a
crucial role of Whitehead’s problem. In fact, Eklof and Shelah proved in [2] that
there exists a ladder system all of whose 2-colorings can be uniformized iff there
exists a non-free Whitehead group of size ®;. In [1], Devlin and Shelah proved
the following theorem [1, 5.2.Thorem]: MAy, implies that every ladder system
coloring can be uniformized. We note that their forcing notions to uniformize
a ladder system coloring has precaliber X;. In §3, we give a forcing notion with
the rectangle refining property which uniformize a given ladder system coloring.
In [12, §4] and [15, §4], it was proved that MAy, restricted to forcing notions
with the rectangle refining property is strictly weaker than MAy,. So the result
in §3 refines Devlin and Shelah’s theorem [1, 5.2.Thorem].

In [10], Todoréevié introduced the model PFA(S)[S]. PFA(S) is an axiom
which asserts that there exists a coherent Suslin tree S such that the forcing
axiom holds for every proper forcing notion which preserves S to be Suslin, that
is, if P is a proper forcing notion which preserves S to be Suslin and {D,; o € w1 }
is a set of N;-many dense open subsets of P, then there exists a filter of P which
intersects all of the Dy’s. PFA(S)[S] is a forcing extension with this S under
PFA(S). We note that if there exists a supercompact cardinal, PFA(S) can



be forced by the use of the property which is introduced by Miyamoto in [8].
PFA(S)[S] is used to solve Katétov’s problem, which is a question of set theoretic
topology, in [5], and the model has some interesting properties. For example, in
PFA(S)[S], OCA holds ([3]), K2(rec) holds ([7]), every Aronszajn tree is special.
In particular, we should notice that all of the above examples are satisfied in
MAy, (5)[S], which is same to PFA(S)[S] by replacing the properness to the
countable chain condition. In [6, Theorem 6.2.], Larson and Todorcevi¢ proved
that in the extension with a Suslin tree, every ladder system has a coloring
which cannot be uniformized.

In §4, it is proved that it is consistent that there exists a coherent Suslin
tree which forces that every forcing notion with the rectangle refining property
has precaliber RX; (Theorem 4.1). This is witnessed by the model of the form
MAy, (S)[S] as well as PFA(S)[S]. Therefore by the result in §3 and Larson and
Todorcevié’s theorem [6, Theorem 6.2.], MAy, restricted to forcing notions with
the rectangle refining property fails in MAy, (5)[S] and also PFA(S)[S].

The conclusion of Theorem 4.1 is different from [15, Theorem 6.2.]. Because
in the case [15, Theorem 6.2.], it is necessary that there exists a non-special
Aronszajn tree in the extension to guarantee that MAy, for forcing notions
with the property R; x, fails, however in the case Theorem 4.1, by considering
MAy, (S)[S], it is possible that all Aronszajn trees are special in the extension.

2 The class FSCO; and the rectangle refining prop-
erty

In this paper, as in [15], forcing notions mean partial orders, and we focus on
forcing notions of size N; because we will study fragments of MAy,, Martin’s
Axiom for X; many dense sets. We consider the following type of forcing notions,
which is slightly different from FSCO in [15] (see below).

Definition 2.1. FSCOy is the collection of forcing notions P such that
e qa condition of P is a finite set of countable ordinals,
e P is uncountable, and

o <p is equal to the superset relation O, that is, for any o and T inP, o0 <p T
iff o Or.

Many applications of MAy, use these types of forcing notions, see in [15].
FSCO in [15] is the set of forcing notions in FSCOq with the additional property
that P is closed under subsets, that is, if ¢ € P and 7 C o, then 7 € P. So
FSCOy is a wider class than FSCO. In this paper, we deal with the subclass of
FSCOg as follows.

Definition 2.2. FSCO; is the collection of forcing notions P in FSCOq such
that for any uncountable subset I of P, there exists an uncountable subset I' of
I such that for every finite subset p of I', if p has a common extension in IP,
U p is one of its common extensions.



FSCO; is a wider class than FSCO. Because if P is in FSCO, since P is closed
under subsets, if a finite subset p of P has a common extension, then Jp is its
common extension. So P belongs to FSCO;.

Definition 2.3. FSCOy is the collection of forcing notions P in FSCO; such
that for any uncountable subset {oq; € w1} of P, there are an uncountable
subset I of wy and a sequence (ol; € ') such that

o for each a €T, o), <p o4 (i.e. o), D 04),
o the set {ol;a € w1} forms a A-system, and

e for every finite subset p of T', if the set {ol,; &« € p} has a common extension
in P, then U,¢, 05 is its common extension and the set

{BeT;{o;aeptu{os} has a common extension in P}
s uncountable.

The definition of FSCO4 seems to be technical. But it follows from the next
claim that FSCOj; is also wider than the class of ccc forcing notions in FSCO.

Claim 2.4. IfP is a forcing notion in FSCO with the countable chain condition,
then P belongs to FSCOs.

Proof. Here, we note again that if a finite subset p of P has a common extension
in P, then | p is its common extension in P, because P is closed under subsets.

Let {04; @ € w1} be an uncountable subset of P. We take an uncountable
subset I" of wy such that the set {o4;a € T'} forms a A-system. Since P is ccc,
there exists 7 € P such that

7lFp“ {o0; € T} NG is uncountable 7.
Then the set {o, UT; a0 € T} NP are as desired. O
The following figure is a relationship between the subclasses of FSCOy.

FSCOy 2 FSCO; DO FSCOq
Ul Ul

FSCO > FSCO + CCC

Definition 2.5. A forcing notion P in FSCOq has the rectangle refining property
if for any pair of uncountable subsets I and J of P, whenever I U J forms a A-
system, then there are uncountable subsets I' and J' of I and J respectively such
that any member of I' is compatible with any member of J' in P.

A typical forcing notion with this property is also a(T). In [14], the author
introduced the rectangle refining property for general partial orders. It is easy
to see that a specializing an Aronszajn tree by finite approximations has the
rectangle refining property in the sense of [14]. The definition in [14] includes
the one of the present paper (for other examples, see [12, 13, 15]).



3 Uniformizing a ladder system coloring

A ladder system on w; is a sequence (Cy;« € wy NLim) such that for each
a € wy NLim, C, is an unbounded subset of « and the order type of C, is w. A
coloring of the ladder system (Cy; o € wq N Lim) is a sequence (fy; o € wy N Lim)
such that for each a € wy NLim, f, is a function from C, into w. We say that a
function ¢ from w; into w uniformize the coloring {f,; @ € wy N Lim) if for every
a € wy N Lim, the difference between f, and @[ dom(f,) is finite.

Let (Cy;a € wy NLim) be a ladder system, (n%;n € w) an increasing enu-
meration of C,, for each o € wy N Lim, (fo;a € w; NLim) a coloring of this
ladder. Then let

P ((Cy;a € wy NLim), (fo;a € wy NLim))

be a forcing notion which consists of finite partial functions p from w; NLim into

w such that the set
U ke =M}
y€dom(p)

forms a function, and this is ordered by the reverse inclusion (in this section, it is
denoted by P for short). We note that P can be considered as a forcing notion in
FSCO, P adds a uniformizing function for this coloring, P has precaliber Ny, but
in general, P doesn’t have the rectangle refining property. (For example, if there
exist n € w and disjoint uncountable subsets I and J of w;NLim such that the set
{n%a € TUJ} is a singleton and for every o € I and 8 € J, fo(n%) # fs(n?),
then the pair of the sets {{{a,n)}; € I} and {{(B,n)};0 € J} is a witness
which guarantees that P doesn’t have the rectangle refining property.)

We define another forcing notion for uniformizing a coloring. For a subset o
of the set {0,1} x X and i € {0,1}, let
milo] :={z € X;(i,x) € o}.
The forcing notion
P2 ((Cyp; o € wy N Lim), (fa; @ € wi N Lim))
consists of subsets o of the set
({0} x (w1 NLim) x w)) U ({1} x (w1 x w))
such that
o molo] € P((Co; o € wy NLIM), (fo; @ € wy N LimY),

e 71[o] is the set

{<7IZO[U](7)7 fv(ﬁzo[a](y))> Y€ dom(wo[a])}

U { (. Sy (7)) sy € dom(mo[o]) and n € w \ mo[o](y)
such that 3y’ € dom(molo]) Ny (7] <) }

(so m1[o] is also a finite function),



and this is ordered by the reverse inclusion (in this section, it is denoted by P?
for short).

P? can also be considered as a forcing notion in FSCO and almost same as
P. The difference is that a condition of P? has information of finite pieces of
the coloring which is necessary to think of compatibility of conditions of PP (and
also P?).

Lemma 3.1. P? is a forcing notion in FSCOy with the rectangle refining prop-
erty.

Proof. By the definition, P? is a forcing notion in FSCOq. At first, we show
that P2 has the rectangle refining property. The idea of this proof says that P?
belongs to FSCO;.

Let I and J be disjoint uncountable subsets of wy, and {on;o € TUJ} an
uncountable subsets of P? which forms a A-system. Let R be the root of this
A-system. Let § be a countable ordinal such that R C {0,1} x (6 X w). Then
we can find uncountable subsets I’ and J’ of I and J respectively such that

(a) {oa;ael'}N{on;ae J} =0,

(b) for any o and S in the set I’ U J', if a < 3, then
§ < min (( dom(mo[o4]) \ ) U (dom(m[oa]) \5))

and

max (7o[oa]) < min (( dom(molos]) \ §) U (dom(mi[og]) \ 5))

Then we notice that the set {o;a € I’ U J'} still forms a A-system with the
root R, and the function

U (fvf({nl;nzWo[aa](v)}ﬂé))

ye€dom(oy)

doesn’t depend on « € I’ U J'. Moreover since the domain of the function

U (f10mn = mledo))

yEdom(oy)

is a subset of the set
ou {min ((dom(ﬂ'o [0a]) \ 6) U (dom(m[oa] \ 6))) , max (dom(wo[aa]))>

for every a € I' U J’ (here, for two ordinals ¢ and 7, [£,7n) is the interval of
ordinals, that is, [£,n) := {¢ € ;£ < (}), 04 and o5 are compatible in P? for



any a € I’ and g € J' . In fact, for any finite subset p of I’ U J’, Uaep
common extension of the o,’s in P2. (This argument also says that P? also has
precaliber N;.)

Oy 1S a

To show that P? belongs to FSCOg, let {o4; o € w1} be an uncountable subset
of P2. We may assume that there exists § € w; such that {o,;a € w1} forms
a A-system with root which is a subset of the set {0,1} x 4, and {o4; € wy}
satisfies the property (b) above.

Since P? has the rectangle refining property (in particular the countable
chain condition), there exists 7 € P? such that

7 lp2 “ {oa;a € w1} NG is uncountable ”.

Take o € wy such that o, and 7 are compatible in P2, and let 7/ be an extension
of 7 in P? such that my[7'] = mo[7] and 0, U7’ is a condition of P? (hence it is a
common extension of o, and 7). Then we note that for each § € wy larger than
@, og and T are compatible in P? iff 05 U7’ is a condition in P2. Therefore the
set {og UT/; 8 € wr \ a} NP? is as desired. O

4 Forcing with a coherent Suslin tree

This section devotes a proof of the following theorem.

Theorem 4.1. It is consistent that there exists a coherent Suslin tree which
forces that every forcing notion in FSCOy with the rectangle refining property
has precaliber N.

Through this section, we suppose that S is a coherent Suslin tree which
consists of functions in w<*! and closed under finite modifications. That is,

o for any sand tin S, s <g tiff s C ¢,
e S is closed under taking initial segments,

e for any s and ¢ in S, the set

{a € min{lv (s),Iv (¢)}; s(a) # t() }

is finite (here, lv (s) is the length of s, that is, the size of s, which represents
the level of s in the tree ), and

e for any s € S and t € W) if the set {a € Iv(s);s(a) # t(a)} is finite,
then t € S also.

For a countable ordinal «, let S, be the set of a-th level nodes, that is, the set
of all members of S of domain «, and let S<,, := U,Bga Sg. For s € S, we let

Sls:={u € S;s <gu}.



We note that <, or adding a Cohen real, builds a coherent Suslin tree. A
coherent Suslin tree has canonical commutative isomorphisms. Let s and ¢ be
nodes in S with the same level. Then we define a function 15 ; from STs into
S|t such that for each v € SJs,

Yt (V) ==t U (vl]lv(s),Iv(v)))

(here, v[[Iv(s),Iv (v)) is the function v restricted to the domain [lv (s),Iv (v))).
We note that 15 ; is an isomorphism, and if s, ¢, u are nodes in S with the same
level, then s ¢, ¥, and s, commutes. (On a coherent Suslin tree, see e.g.

[4, 6].)

Let P be an S-name for a forcing notion in FSCO2 with the rectangle refining
property, I = {d4; @ € w1} S-names for conditions of P which forms a A-system
such that

Ik “for any p € [wi] <N, if the set {Ga; € p} has a common extension in P,

then U 0o € P and

aep
{B € wi;{ba;a € p} U{d3} has a common extension} is uncountable ”.

Since S has the countable chain condition, we can find a club C' on w; such that
for every o € C, every node in S, decides all of the names 3, for every 8 < «,
PN o)< and <3 N ([a]<Ro x [a]<Ne).

Let (@S(IF"7 I, () be the forcing notion which consists of finite partial functions
f from S into [w;]<N0 such that for each ¢ € dom(f), f(t) € C NIv(t), and

tIk< ( J{o4; 3 € dom(f) (' <st &y € f(t)} €P”
(which is equivalent that
tIF* {&,;3t" € dom(fe) (t' <st & v € f(¢'))} has a common extension ”),

and this is ordered by the reverse inclusion.

Suppose that Qg (P, I, (') has the countable chain condition and it preserves
S to be a Suslin tree. Then we note that, by the property of I,ifGis Qg (fP, I, C)-
generic, then |JG is a partial function such that for every ¢ € dom(|JG) and
a € wy, there exists t' € dom(| G) such that ¢t <g ¢’ and (|JG) (t') € a. There-
fore in the extension with QS(T’J ,C), S generically adds an uncountable set
J of countable ordinals such that, in the extension by an S-generic filter Gg,
the set {64[Gs]; € J} has the finite compatibility property. Therefore by con-
sidering the book-keeping argument of a finite support iteration, or considering
MAy, (S)[S], we only have to show that Qg(P,I,C) has the countable chain
condition and preserves S to be Suslin. It suffices to prove that Qg (IP’, I, C)x S
has the countable chain condition. In [7, Theorem 4.2.], Larson and Todor¢evié



proved that a coherent Suslin tree may force Kz(rec). The idea of the following
proof is similar to their proof. The author used a similar technique in [14, §3].
But the proof below is much simpler than ones in [14, §3], because here we deal
with much simpler structures than ones in [14, §3].

Lemma 4.2. For any S, P, I and C as above, QS(P, I, C) xS has the countable
chain condition.

Proof. In this proof, Qg (P, I, C) is denoted by Qg for short. Let {(fe,te) ;€ € wri}
be an uncountable subset of Qg x S. By strengthening conditions if necessary,
we may assume that for every & € wy,

te € dom(fe) N Smax(iv[dom(fe)))-

By strengthening conditions again and shrinking the set {(fe,t¢);€ € wi} if
necessary, we may moreover assume that there are § € wy, m,n € w (m < n)
and s € S such that

o the set {dom(fe);€ € wy} forms a A-system with root which is a subset
of Sg(s,

e for every £ and 7 in wy,
dom(fe) N S<s = dom(f,) N S<s and fe[S<s = fr[S<s,

e for each & € wy, letting a¢ := max (Iv[dom(fe)]), every node of the set
dom(fe) \ Sae (which is equal to dom(fe) N S<s,) is below some node of
the set dom(fe) N Sa,,

e for each ¢ in wy, the size of the set dom(f¢) N S, is n, and let

dom(fe) N Sa, = {tf;i € n} ,

e there exists a sequence <o/£;§ € w1> of countable ordinals such that for
each ¢ and 7 in wy; with £ < 7,
§ < ag <min (Iv[dom(fe) \ S<5]) < ag = max (Iv [dom(f¢)]) < ),

and

{ﬁ Cw;;di,jEm (tf(ﬁ) # tf(ﬁ))} C U [ag, ae),

o for each £ in wy, t¢ = tg and for every j € n, there exists a unique i € m
such that t§ lag = tf la and tf[ [, ) = tg[ [0, e)

e for every ¢ and 7 in w; and i € n, tf 16 =t]]d,



o for each i € n, the set

{U{ettst € dom(fo) &t <s 86} ic e}

forms a A-system with root which is also a subset of 9,

e lv(s) =4 holds, s <g tg = t¢ for every £ € wy, and the set {tg;f € wl} is
dense above s.

For each ¢ € n and & € wq, let
Si = ws,t?flv(s) (5) = t(z) “V (S)

and

ks 8= {(;7; 3t € dom(fe) (t <sti&ye fg(t))}
Then by our A-system refinement, for every i € n and £ € wy, s; <g tf holds.
We enumerate the set {(i,j) € m x n;s; = s;} by ((i0,,i),);u € N) with

(iQ_1,iN_1) = (0,0),

and we will recursively find S-names KS and K ;1¢ and uncountable subsets JS
and J; of wy such that J°, = J'; = w; and for each u € N,

o for each [ € {0,1} (note that s;0 = s;1),
$i0 kg KL is an uncountable subset of the set {Tﬁ e Ji_l} 7,
I
e for each I € {0,1} and any ¢ € J}, and u € S, if
ulbg“# € K. 7
iy, B
then th <s u and for every p’ < p,

(u) s “#5 € KL, 7,
il w!

£ L€
¢t_l ,til/
m

o si0 lks Kg QK}L = () and for every € € KS and p € K}L,
e and p are compatible in P, i.e. eUpeP 7,

and

o for each | € {0,1}, let

Joi={ee e (ulrs 7 e KL ™)},

10



We can construct them by induction on p € N as follows. At stage u € N,
we define S-names K9 and K, such that for each [ € {0,1},

s Irs* KL {356 € i},

and for any £ € Ji_l and u € S,

ulks“ 35 € KL 7 i 1S <su & Wi <p (wtgl o (W)lks <75 € K, >
I !

Zib li‘/
Since

8l lFg“ KIOL and Klll are uncountable and Kg U Klll forms a A-system 7,

there are S-names K2 and K /i for uncountable subsets of K 2 and K ;11 respec-

tively such that
S, IFg“ KSHK}L = () and for every e GKS and p € K}“ EU,OGP”7
which completes the construction.

Let € € J%_ ;. Then there exists u € S such that

ulbs“#, €KXy ”
N—-1

Then by our construction, 59, <s tfo <swuandforall u < N—1,
- N-1

7 -0 »
Ve, g (W) ks 7 € KDV
'N—1 ‘'w
Since K}, is forced to be uncountable by u, there are v € S and 7 € w; such
/
that u <s v, ag < Iv(v), £ <n, Iv(u) < ), and
”.

viks“ 7l e Kk,
N-—-1

(Then we notice that n € J}_,.) By our construction, we note that t?l <gwv
N-—-1
and for all p < N — 1,

wtjl
N —

o (u) ks il € K, 7.
7’}4 7,“

1

Since

te=ti=t, <su<sv, ty=tj=th <sv

and
v (te) = e < Iv(u) < ay < ay=Iv(ty) <Iv(v),

11



it holds that

te <su<gty <sv.
For each w € dom(f;) \ S<s, there exists p,, € N such that w <g t?iw. Then
since 6 < ag < Iv(u) < a; < Iv(w), by our A-system refinement, it holds that

5, = sy U (tfgw '[6, ag)) =5 U (tgr[a, ag)) = s U (te] [6,a¢))
<s s U(tyl[6,0¢)) = s U (018, 0)) = 59 U (tygw 6, ag))

_ n n
=i, U (1, 116.00) <s 1l |
hence
tfo <sw <g t?b <s P (V)
w ’LN

Hw -1 tpw

and

Vi, (u) =ty U (ulllv(ae),lv(w)) =t Ul [Iv(ag), v (w)

i Haw Hw
1 Haw

=t flv(u) <s 1/),5:1 o (v).

Hw N-1 ‘hw

It follows that

w =& -0 -mM -1
Ql}tﬁl 7,:;71 (7}) kg “ 7 S Kuw and Ti}tw S Kltw s

0
'N-1 'phw Hw

so by the construction of S-names KS and K }L and the property of the club
of
w kg« U{dvﬂt/ € dom(fe) (' <sw & v € fe(t'))} €P”.

Therefore fe U f,, is a condition of Qg, moreover, (f¢ U f,,t,;) is a common
extension of (fe,t¢) and (fy,ty). O
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