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UNIVERSAL BOUNDS FOR TRACES OF THE DIRICHLET
LAPLACE OPERATOR

LEANDER GEISINGER & TIMO WEIDL

ABSTRACT. We derive upper bounds for the trace of the heat kernel Z(¢) of the
Dirichlet Laplace operator in an open set Q C R%, d > 2. In domains of finite
volume the result improves an inequality of Kac. Using the same methods we
give bounds on Z(t) in domains of infinite volume.

For domains of finite volume the bound on Z(t) decays exponentially as
t tends to infinity and it contains the sharp first term and a correction term
reflecting the properties of the short time asymptotics of Z(t). To prove the
result we employ refined Berezin-Li-Yau inequalities for eigenvalue means.

1. INTRODUCTION AND MAIN RESULTS

Let Q be an open subset of R, d > 2. Consider the Laplace operator —Agq on
Q subject to Dirichlet boundary conditions defined in the form sense on the form
domain H}(Q). If the embedding Hg(2) — L?(Q) is compact, e.g. if the volume
of € is finite, the spectrum of —Ag is discrete and consists of a monotone sequence
of positive eigenvalues 0 < A\; < Ay < A3 < ... accumulating at infinity. We count
these eigenvalues according to their multiplicity.

The main goal of this paper is to derive some new universal upper bounds for
the trace of the heat kernel

Z(t) = Tr (e+A51t) = Ze‘k’“t
k

which are valid for arbitrary open sets Q C R? with finite volume |Q| and for all
t > 0. The first and most fundamental bound of this type is due to M. Kac, [Kacb1].
He proved that for any open domain Q C R? and all ¢t > 0 the estimate

€2

d
(4rt)>
holds true. This bound is sharp in the sense that it reflects the leading term of the
short time asymptotics of the function Z(t), see [Min54, Kac66]

€]

d
(4mt)2
Several improvements of (1) are known, e.g. see [vdB84b, FLV95, Dav85, Dav&9,
Sim83, vdB84a] and further references therein. For example, M. van den Berg

proved in [vdB87], that if {2 is a connected region with a smooth boundary 9 and
a surface area |0€}|, then

(1) Z(t) <

(2) Z(t) = as t—0+.

1] o] | _ a9
(4nt)s  4(4mt) T |~ wE s IR
1

t>0,

Z(t) —
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where the constant R depends on properties of 0€). This estimate contains even
the second term of the short time asymptotic expansion of Z(t), see [MS67,Smi81,
BC86] and [Bro93]. Most of these results are based on a probabilistic approach
and implement local estimates for the heat kernel. Therefore one has to impose
appropriate conditions on {2 and on its boundary 0f2.

We use a different approach based on some refined spectral estimates for the
Riesz means

RO’(A) =Tr (_AQ - A)i = Z (A - )‘k)i ) A > 0.
k

For these objects the fundamental bounds are given by the Berezin-Li-Yau inequal-
ities

(3) Ro(A) < LZ,|Q[AFE, o>1, A >0,
where
e I'lc+1
La‘{d _ ( )

(4m):T (o + 4 +1)
This result is sharp as well in the sense that the bound captures the first term of
the high energy asymptotics

Ro(A) = L Q1A E 40 (A7) as A +oo.

Via Laplace transformation - and reversely via Tauberian theorems - this asymp-
totic formula is closely connected with (2). On the level of uniform inequalities
one can deduce Kac’ inequality on Z(¢) from Berezin-Li-Yau bounds. Reversely,
to recover sharp Berezin-Li-Yau bounds from Kac’ inequality one needs some ad-
ditional information. For example, in [HH07] Harrell and Hermi formally deduced
Berezin-Li-Yau bounds for ¢ > 2 from Kac’ inequality based on a monotonicity
result by Harrell and Stubbe.! Similar arguments fail for o < 2.

While both (3) and (1) are sharp in the sense that they capture the main asymp-
totic behaviour and therefore constants in these inequalities cannot be improved,
one can expect that more subtle bounds might invoke additional lower order cor-
rection terms. Indeed, we know that under certain conditions on the geometry of
Q the asymptotics

1 - -
Ro(A) = L QA7 = 2 Lel,, 109] A7 4o (A7)

holds true as A — oo, see [Ivr98]. Recently there have been several results on
semciclassical inequalities improving (3) with negative correction terms of lower
order, reflecting the effect of the second term of the asymptotics, see [Mel03, Wei08,
KVWO08], and [FLU02] for discrete operators.

Let us first point out a result of Melas. In [Mel03] he effectively showed that?

1+4
@ Ri(A) < LY, 19 (A - Md%)
+

1One should mention, that in fact, due to Weyl’s asymptotic law, the monotonicity result
implies sharp Berezin-Li-Yau bounds for o > 2 on its own.
2This inequality is in fact the Legendre transform of Melas’ result.



UNIVERSAL BOUNDS FOR TRACES OF THE DIRICHLET LAPLACE OPERATOR 3

holds for A > 0. Again applying Laplace transformation Harrell and Hermi deduced
an improvement of Kac’ inequality [HHOT7]

€ ( 1€ )
5 Z(t) < exp | —My t),
®) W= ) 19)
where I(Q) = min,ega [, | — a|’ dz and My is a constant depending only on the
dimension. This improvement holds true for all ¢t > 0 and any open set 2 with finite
volume - without any conditions on the boundary 9€2. These authors conjecture
also that (5) can be improved to

@ o (__t

for all t > 0 and all open sets 2 of finite volume. Asymptotic considerations show
that this conjecture is plausible for small ¢ as well as for large t. However, one
should mention, that neither the correction term in (4) is of the expected order for
high energies, nor is the improvement (5) or even the conjecture (6) of correct order
for small ¢ > 0.

To derive universal bounds on Z(¢) like (6) depending only on the volume of €
and not including any further geometrical information one can employ an isoperi-
metric result due to Luttinger [Lut73]. He shows that Steiner-symmetrization of
an open set {2 increases the trace of the heat kernel in this set. Thus for any open
set  C R? with finite volume the inequality

(7) Z(t) < Z7(t)

holds true for all ¢ > 0, where Z*(t) denotes the trace of the heat kernel in the ball
B C R? with the same volume as €.

Here we prove a refined universal bound on Z(t) reflecting the correct asymptotic
properties. To this end we shall follow the approach in [Wei08]. There a Berezin-
Li-Yau type bound on R, for o > 3/2 with a correction term of the expected order
has been found, see inequality (18) below. Using the same method we prove a
refined Berezin-Li-Yau inequality, see Proposition 5, that gives rise to an improved
bound on Z(t) applicable to any open set 2 with finite volume. This bound decays
exponentially as ¢ tends to infinity and contains a negative correction term of correct
order as t tends to zero.

Moreover, we can consider unbounded domains  C R? with infinite volume.
While the results of Kac and Luttinger must fail for such domains, we show that
under appropriate conditions on €2 our refined inequalities can still be applied and
give order-sharp upper bounds.

This paper is structured as follows: In section 2 we state the main results. Then
in section 3 we provide some auxiliary notation and auxiliary results including im-
proved Berezin-Li-Yau inequalities. In section 4 we prove Theorem 1 and compare
this result to other bounds on Z(t). In section 5 we discuss some applications to
unbounded domains and domains with infinite volume. Finally, in section 6 we ap-
ply a method by M. Aizenmann and E. H. Lieb [AL78] to the results from section
3 in order to prove refined bounds on the eigenvalue means R, (A).

We thank Rupert L. Frank for helpful discussions and in particular for indicating
the result of J. M. Luttinger.



4 LEANDER GEISINGER & TIMO WEIDL

2. MAIN RESULTS

To state the main result we have to introduce some auxiliary notation. Let T'(2)
be the usual Gamma-function and by

~ S2
['(z,s1,82) = / s*7le™%ds/T(2)
s1

we denote normed incomplete Gamma-functions. If s, = 0 we write I'(z,5) =
[(2,0,5) and T'(z,5) = 1 — T'(2,s) = ['(2, 5, 400). Note that for a > 0 we have

(8) T(a,t) = - ;a(a) +0 (") as t— 0+ and
R a—1
(9) I'(a,t) = ;(7) exp(—t) + O (t" ?exp(—t)) as t— ooc.

Furthermore, let B(a, 3) be the usual Beta-function. By
~ S2
Blsrossaf) = [ 51 (1= )% 1ds/Bla. )
s1

we denote normed incompleteA Beta-functions and for s; = 0 we write in short
B(s,a,8) = B(0,s,a, ) and B(s,«,8) =1— B(s,a, () = B(s,1,a, ). Note that
for a,, B > 0 we have

1
(10) B(0,t,a,8) = Et“ +O (") as t—0+.

Next we remark that in view of the isoperimetric inequality by Rayleigh, Faber and
Krahn [Fab23,Kra25] on the ground state A; we can always choose

9
d
T Jd_11

r (% N 1)2/d |Q[2/d

(11) A= <\

as a lower bound on A;, where jj ; denotes the first zero of the Bessel-function Jj.
For r € R put (r); = max{r,0} and for d € N let

5/2 if d=2
(12) og=+{ 2 if d=3
3/2 if d>4

Finally, let Q C R? be an arbitrary open set with finite volume |€].

Theorem 1. Let A € [\, \1]. For any t > 0 the bound

) . d
Z(t) < (w)%r (ad+ 5 +1,>\t) — (R(t,\)+

holds true with a remainder term

d—3

0% . d+1 QT . d—1
R(t) = —7T — At ) — —T — At
(t) =c1a (47rt)% 04+ 5 C2.d (47#)% 04+ 5 )
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where
d—1
B(3,0a+ ) (5+1) °
Clqg= and
’ 2 I (42)
’ d-3
P DB(hoat )T ($4 1)
2d 96(204 +d—1) I (41)

Remark. Because of (8) Theorem 1 can then be read as
o 277
g
drt)s ! (dnt) T

with an explicit remainder term r(t) = O(t_%) as t — 0+. We note that the
bound captures the main asymptotic behaviour of Z(t) as t tends to zero: The first
term equals the leading term of the short time asymptotics of Z(¢) and the second
term shows the correct order in ¢t compared with the second term of the asymptotic
expansion.

Moreover, note that in view of (9) the bound from Theorem 1 decays exponen-
tially as ¢ tends to infinity. More precisely, it follows that the bound is of order
O(t7+t exp(—At)) as t — oc.

(13) () < —r(t)

Remark. If we choose A = X introduced in (11) we arrive at a universal upper
bound on Z(t) depending only on |Q2] and not including any explicit information
on \;. For the explicit statement see Corollary 9 in section 4. This result implies
the conjectured inequality (6) for dimensions d < 633.

As stated above, our proof of Theorem 1 relies on improved bounds for Riesz
means of eigenvalues. Let us state the corresponding result.

Theorem 2. Let \ € [5\, A and 0 > o4 and put T = T;;ij Then the estimate
d

d
outy —|—1,0—0d) ATE — (S(A M)y

A’
holds true for all A > X\, where

AN
Ra(8) < 2241905 (

(14) S(AN) = L8, Q)T AJ“JB(—“Tl)B <%,0d+%,aad)
ifA>T1q,

(15) S(AN) = LY, |0 A7*2 éé <%,ad +-+1,0— ad)

ifA<T1q and A < 7q, or

\ B dfl 1
S(A,)\)Zde 1‘Q|—AO+LMB (TQ O'd—l—d_; U—Ud)

2 A’
1al
(16) L‘l QAT EE (j; T ad+d+10—0d>7

if A <Tq and A > 7q.

Remark. Again we can choose A as in (11) and we arrive at a universal bound
depending only on [Q].
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Remark. In view of (10) Theorem 2 can be read as

1 1 d+1
Ro(A) < Ly 0] A7 — 2B (Wd e

with an explicit remainder term s(A) = O (A™!) as A — .

) Bl A )

3. NOTATION AND AUXILIARY RESULTS

Fix a Cartesian coordinate system in R? and write z = (2/,74) € R¥"! x R for
x € RZ. For a given A > 0 define

I = WA_%.

Now consider an open set  C R?. Each section Q(2') = {xg € R : (2/,24) € Q}
is a one-dimensional open set and consists of at most countably many open disjoint
intervals Ji(z'), k =1,...,N(2') < co. Let s(a’,A) C N be the subset of all those
indices k, for which the corresponding interval Ji(x') is strictly longer than /5. The
number these indices is denoted by x(z’, A). Put

Qa(z") = U Je(2') and Qp = U {2’} x Qp(2').
ker(z’,A) 2/ €RA—1

Obviously the set 25 is the subset of {2, where € is "wide enough” in z4-direction.
The quantity

da(Q) = /Rdil x (', A) da’

is an effective area of the projection of 25 onto the d — 1-dimensional hyperplane
(2',0) counting also the multiplicities of the sufficiently long intervals Ji(z').
Moreover, for p > 2 put

(17) (n) = inf /OA(1—;—2)idt—Z(1—j—Z)i > 0.

E>1

We are now in the position to state the improved Berezin-Li-Yau bound from
[Wei08]:

Proposition 3. For any open domain Q@ C R, o > 3/2 and all A > 0 the bound
(18)  Ry(A) < L&y |0l 775 — ¢ (0 + 952) Ly 1da(Q) ATHF
holds true.

Let us state also the following result on the explicit values of £(u). Its proof is
elementary but still rather technical and it will be given in the appendix.

Lemma 4. For all n € N with n > 6, we have

n 1 1n
Y =-B(2,2+1).
5(2) 2 (2’2+)

In fact, we shall need a modified version of Proposition 3.

Let pq(z'; Q) = |Q(z’)|; be the one-dimensional Lebesgue measure of Q(z’), that
is the aggregated length of all intervals forming Q(2’). Since €2 is open, the function
pa(z'; Q) is Lebesgue measurable, and we can define the distribution function 3

ma(m;Q) = {2 : pa(2’; Q) > 7},_,, 7>0.

3Here | - |4_1 stands for the Lebesgue measure in the dimension d — 1.
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It is non-negative, non-increasing, continuous from the right and it satisfies the
identity

(19) /OOO mq(T; Q) dr = |Q].

We interchange now the roles of z4 and x; for ¢ = 1,...,d — 1 and introduce in
the same way the distribution functions m;(-; ) for Q measured along the z;-axes.
Finally, put

y
Mi(y;Q)z/ mi(T;Q)dr for i=1,...,d.
0

With this notation we can formulate a result similar to (18):

Proposition 5. For any open domain Q C R?, o > 3/2 and all A > 0

R,(A) < L¢ / mi(m: Q) dr A°E £ 5, 4 mi (i9> ATHEE
( ) — O'7d . ( ) ,d \/K

VA
holds true fori=1,...,d with 54 = 7TL5_Z ( + 4 ) L;ld 1-
Remark. Note that in the case of (a + u) = % B ( dgl, %) we have d, 4 = 0.

In view of Lemma 4 this occurs, in particular, if o = o4 with o4 introduced in (12).
Remark. For domians © with finite volume (19) yields

/j mi(r; Q)dr = |Q) — M, (% Q> .

VA
Thus we arrive at
Ry(A) < L, (|0 — M; i;Q))A”+g+5a m; (LQ) Nea=n
) < £ (101 - 34 (2 .

for i =1,...,d. Averaging over all directions one claims

where
1
m(t; Q) = E(ml(t;ﬂ)-*-'“—kmd(t;f?)),
1
M) = LG+ + M) = [ mls

Although Proposition 5 is, in general, not as sharp as (18), we cannot deduce
it directly quoting Proposition 3, but we have to modify the respective proof from
[Wei08], which relies on operator-valued Lieb-Thirring inequalities from [LWO0O].

Proof of Proposition 5. Consider the quadratic form

2
192y = Moy = IVl + [ @07 [ (19nl” Al
on functions u from the form core C§°(2). Here V’ and A’ denote the gradient
and the Laplace operator in the first d — 1 directions. The functions u(a’,-) sat-
isfy Dirichlet boundary conditions at the endpoints of each interval Ji(z') forming

Q(z"). Let the bounded, non-negative operators Wy (z’, A) be the negative parts? of

4The negative part of a real number r is given by r_ = (|r| — )/2 > 0. For operators we use
the same convention in the spectral sense.
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the Sturm-Liouville Operators —9? — A with Dirichlet boundary conditions

Id,.]k(ll)
on J(2'). Then
W(z' A) = &YW, A)

is the negative part of
2 N(sr 2
_amdwﬂ(m/) A= D= ( 9, zq,Ji(z’) A)

subject to Dirichlet boundary conditions on the endpoints of the intervals Ji(z’),
k=1,...,N(z), that is on 99Q(z’). Then

A( A (|axdu|2 _ A|u|2) deg > —(Wu(a',-), u(z’, V) L2 (ey)-
and consequently
2
(21) 1Vl ga )= A llullzai0) = ||V’UIIL2(Q)_/R¢,1 dz' (Wu(z', ), u(z', ) 2 (agr)-

Now we can extend this quadratic form by zero to C§° (R%\ 8Q2), which is a form
core for (—Aga\) ® (—Aq — A). This operator corresponds to the left hand side
of (21), while the semi-bounded form on the right hand side is closed on the larger
domain H* (R4"!, L?(R)), where it corresponds to the operator

(22) ~A'@I-W(',A) on L? (R LAR)) .

Due to the positivity of —Aga\q the variational principle implies that for any o > 0
Tr(—Aq —A)7 = Tr((—Agag) & (—Ag —A))7

Tr (A" @1 - W(2',A)7

We can now apply a sharp Lieb-Thirring inequality to the Schrédinger operator
(22) with the operator-valued potential —W (a’, A), see [LWO00], and claim that

. 3
Tr (A @1-W(,A) < L8, TrWots (o), A)da/, o > 5
Rd—1
Now let pa(z’) = Y, |Jk(2')][1 be the total length of all intervals Jy (). Then
shifting these intervals and dropping intermediate Dirichlet conditions by a vari-
ational argument we see that the j-th eigenvalue of —§? 20 — A is not smaller

IN

than the j-th eigenvalue of —9? J.1(z) — A on the interval L( ") =10, pa(z")] subject
to Dirichlet conditions at the endpomt of this one interval only. Thus,

TrWots (o, A) < Tt W2 (2, A),

x

where W(aj’ ,A\) is the negative part of —aid L)~ A. The nonzero eigenvalues of

W (z',A) are given explicitly by

2,2 2 ;2 /
’uj:A——ﬂ-] :A(l——lAJ ) fOI‘ j:17,|:pd(x):|

pa(a’) pa(a’) Ia

(From this we conclude that

l o
Tr(—Aq — A)° < A"+_L‘l / d’.
(A — A7 Z( )+ :
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Note that the right hand side of this bound vanishes if pg(z') < Ix. For pg(a’) > Iz
we have in view of (17)

1252 ot pa(z’) d+1 1 d—1
1— -2 < B - ) - i
S(gm),  <BRrlr )<

j>1 +

and therefore

1 d+1 1
Tr(—Aq —A)? < 5 B ( + ) ATtE : LY, 71/ pa(z') dx’
z’:pa(a’)>la
(23) ( ) ALY / da’.
z':pg(x’)>Ia
Note that
/ = mq (ZA; Q)
Dd :v’)>lA
and
(o)
/ pa(z')dx’ = mg(Ipn;Q)1s + mg (7;Q) dr
x pd(I )>l/\ IA
Moreover, using
1 d+1 1 .
%B <U 2 >La'd 1 — La{d?

we insert the identities above into (23) and arrive at

R,(A) = Tr(-A-A)?2 < Lf,{d ATTE (md (In; ) la+ | malr; Q)dT>

Ia

d _
<O’ + 2> LCld 1ma (a5 €2) AT

In view of [y = 7A~1/2 this yields

l\')IOO

RU(A) < Lgl,d/ md(T; Q)dT AU+% + 5o,d mqy (lA; Q) AG—"_%7 o>
=

Interchanging the roles of z4 and x; we find the respective inequalities for any
direction i =1,...,d. [l

In order to derive universal bounds on R, independent from M, in particular to
prove Theorem 2, one needs bounds on M (y). Identity (19) immediately implies

Yy o0
(24) M(y;Q) = / m(7;Q)dr < / m(r; Q)dr =1[Q] forall 0<y<oo.
0 0

To prove a lower bound we first need an auxiliary result concerning rearrangements
of Q. For Q ¢ R%, d > 2, fix a Cartesian coordinate system (z/,z4) € R¥! x R.
Again put

Pa(a’s Q) = [{za : (@', 2a) € O}, = [20)],
and for 7 >0

Q (1) = {2’ : pa(z;Q) > 7} c RIL,

This is a non-increasing set function, that means Q*(m) D Q*(r2) for 0 < 7 < 79.
Let

(25) QF = Urso (1) x {7} C R?
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be a non-increasing rearrangement of €2 in the direction of the x4-coordinate. Then
we have
Lemma 6. Forallt=1,...,d and ally >0
M;i(y; Q) > M;(y; Q).

Proof. First note that in the case i = d we have by construction pg(z’;Q) =
pa(x’; Q%) and consequently

ma(7; Q) = ma(m;Q%) = [Q(7)| 41

what implies My(y; Q) = My(y; Q*).
Assume now that j =1,...,d — 1. Put
o' = (1, T 1, g1, Tao1) € R4-2

and
pi(a” 2q4;Q) = {z; : (2 2q) € QY .
By definition

m;(s;Q) = [{(z",zq) : pj(z", xq; Q) > s}, | = /d . (2", s; Q) da”
Ri—

where
1

mi(x”,s;Q) = {za:pj(@”,24;Q) > s}],, j=1,...,d—1.

y y
M;(y; Q) =/ m;(s;Q)ds :/ / (", s; Q) ds da”.
0 Rd—2 J0

Applying the same notation to * yields

y y
Mj(%Q*):/ m]‘(S;Q*)dS:/ / (2", s; Q%) ds da”.
0 Rd—2 0

If we can show that for 2" € R?~2 and all y > 0 the inequality

y
(26) /ﬁlj sts>/mJ "8 Q%)ds
0

holds true, the assertion is proven.
To establish (26) we consider for fixed " € R?~2 the two-dimensional sets

Q = {(zj,2q) : (¢',24) €} and QO = {(xj,24): (2/,24) € Q*} .
Note that

pa(a’;Q) = {wa: (¢ 2a) € QY = [{za: (x5,24) € Q) | = Pale; ).
As above we get
(27) Pa(y; Q) = palay; ).

In the jth direction we have

pi (@, xq; Q) = [{z; : (2, 2q) € Q}|, = Hx] Sz, zq) € Q}‘l =: ﬁj(xd;fl)

Hence,

and

(2, 5:Q) = [{za: pj (2”24, Q) > s}, = de i, Q) > s}’ = 1 (5;90) .
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The corresponding notions we use also with respect to the domains Q* and Q. In
contrast to the preservation of length in the dth direction the values of p;(xq; Q)
and p;(z4; Q*) (and thus of 171;(s; Q) and 7i;(s; *)) do not coincide in general.

Lets examine the functions p;(z4; Q) and 7ij(s;Q2*) in more detail. By con-
struction of Q*, the set function Q*(z4) = {z; : (z;,24) € Q} is non-increasing in
x4 > 0 and by definition

b (ss) i)

Moreover, mj(s- Q*) is the distribution function of p;(z4; Q). Hence,

/ (s ds—/ A ﬁj(md;fl*)dxd—i—y de:]ﬁj(xd;fl*) Zy}‘ .
{zap; (wa;") <y} !

The monotonicity of the set function Q*(xd) implies, that we can choose I, C R
with total length y satisfying I, C Q*(x4), wherever p;(z4;Q2*) > y. Again, by the
monotonicity of 2*(z4) the reverse inclusion Q*(x4) C I, holds for all 4 > 0 with
pi(za; Q) < y. Put

= (Q*(xd) N Iy) x {zq} and Q,= | (Q(md) N Iy> x {zq} .

xq>0 xq>0

(From the above representation for foy m;(s; Q*) ds we deduce

(28) /Oy 1 (s; Q% )ds =

Moreover, note that for z; € I,

{xd:(xj,a:d)EQZ} = {xd:(xj,xd)eQ*} and
{ jo= e -

xTq: (l‘j,(Ed) S Qy

In view of (27) we get
Pa(ws;Qy) = pa(x;:Q) = pa(x;; Q*) = pa(z;; Q)
and we conclude that

(29) ‘Q

=[]

Finally, we analyse 1i1;(s,€2). The inclusion Q c ) implies

(30) /mjsﬂds>/mst
Moreover, by construction of Q we have

Biza;Qy) <11y =y

for all 24 > 0 and consequently m(s;Q,) = 0 for all s > y. Using (30) we conclude

A~ y A~ o0 A
/m] Q)dsz/o mj(s;Qy)dSZ/o ;i (s;

In view (29) and (28) we arrive at
y A
m;(s; ) ds >
0

0, =
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This shows that (26) holds true and the proof is complete. (]

Now we can give a lower bound on M (y; Q):

Lemma 7. For all open sets Q C R* and all y > 0
Q —1
(31) M(y;€2) > min (% (el y) :

Proof. We use induction in the dimension. For d = 1 and an interval of length ||
we get

) 1 9l >
m(T; Q) = { 0 0 <r
and therefore M (y; fo (1;Q)dT = min (y, |]) for all y > 0.

NowassumeQC]Rd d > 2. For any given j =1,...,d — 1 put

1 d—2
xr = (l'lw-~7xj7171;j+1;~~7xd71) eR

and let 1m;(s; Q) = [{z” : p;j(2";Q) > s}|a_2 be the distribution function of a set
Q c R with respect to the j-th direction, where p;(z";Q) = |{z; : ' € Q}|; is
the total length of the section through Q at 2” in the direction of the 2 -coordinate.
Applying these notions to Q* given in (25) we get

m;(s; Q) = }{ € R1 ipj (2", 7;Q%) >s}’d L

/ {z” € R"™2 . p; (2, Q7(7)) > s}a—odr
0

/\
w
¢

=

Il

/ mi(s; V(7)) dr,  j=1,....,d—1.

Put m(s; Q) = (d—1)~" Zj L 1m;(s; Q). By induction assumption we have

- - Y - Qly
(33) M(y;Q):/ ﬁz(s;Q)dsZmin<|d| ) y > 0.
0
Next note that in view of (32)
d-M(y; Q%) = Mi(y; Q) + -+ Maa (y;927) + Ma(y; )
y

y
= /(ml(s Q)+ 4+ mg_1(s; Q%)) ds + mgq(s; Q%) ds
0

= —1// m(s; Q" (7 des—i—/ ma(s; Q%) ds
— -1 /O V(s (7)) dr + /0 (s Q) ds

Using (33) we claim

—1 [ 0 a2
M (y; Q) > dT/ min (% | ()| 4= 11y> dr + = / ma(s; Q" )ds.
o _

We point out that [Q*(7)|,_; = mq (7,2*) for 7 > 0. Put

v = inf {7 > 0 my(; ) < (d - 1)yt
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Then
1 Yy
M(y; Q%) > / mg (1, Q") dr  + —/ mg(7T; Q)dr

d—2
+ / md ! Q*)dr.

By (19) we have [;° mq (7; Q) dr = [ mq (7; Q) dr = |Q] and using Lemma 6 we
estimate

M(y;2) > M(y; Q") > @77/ mq (7; Q%) dr + = /deQ

T d—2
(34) +Ty/0 mj Y Q%) dr
In particular, in the case of 7* < y we see from the previous bound that
M(y; Q) > d~" Q)

and the assertion is proven. Hence, let us consider the remaining case 7* > y in
more detail. For 7% > y we have

ma(y; ) > (d— 1) 1y?=t.

Because of the monotonicity of mg we conclude that
/ deQ)Z §d7'>ym (y,Q*) and / mg(T; Q)dr > yma(y; Q%) .
Let us rewrite inequality (34) as follows

Q —1 (v a2
M(y;Q)Z% + d—y/ my (T Q%)dr

d— 1 "
/ mj (1;Q%)dr — —/ mqa(7; Q*)dr .
d Jy
Put A = fyT* mq (7;2*) dr. Then

T* y

(35) 0<A:/ my (T;Q*)de/ mg (1; Q%) dr < |Q| — yma(y; Q7).
0 0

Moreover,

Q d- d— d— A
M(y;Q)zu—i— ymj ( 1 Q) +— / mngQ*)dT——.
d d d
Due to the monotonicity of mg we have, in particular, mq(7; Q*) < mg(y; Q*) for
y < 7 and

« d—2
= = . /T ma(r; )\ !
= 'Q _—
/ my )dT my (y, ) ., md(y;Q*) dr

d=2 ™ ma(T; Q%)

m$ " (y; Q* dT:mh y; Q)AL
a )y mq(y; Q*) a )

Y

Thus,

| | _ d—2

Q d-—1 -2 1
M(y;Q)27+Ty2m§1(y;9*)—3(1—(d—1)ymd (y,Q))A-
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4
For 7* > y we have 1 — (d — 1)ymg "' (y; 2*) > 0 and we can insert (35) in this
estimate and arrive at

= gt mg " (y; )

—1

5 (1= = Dy ) (9 ymatys 00)

M (y; )

>

> (@ Dl ) + mai )

Since the function f(m) = (d —1)|9| ma=T +m takes its minimal value for positive
arguments at m = |Q|%, we arrive for y < 7* at
Y * ) a1 a1
M(y: Q) = = f(ma(y; X)) = Zf(197) =y Q] T
This completes the proof. O

4. PROOF OF THEOREM 1 AND REMARKS
Let
LIFONE = [ f)eMan
0

be the Laplace transformation of a suitable function f : (0,4+00) — R. For real
values of ¢ it is monotone, that means a pointwise estimate f1(A) < fo(A) for all
A > 0 implies L[f1](t) < L[f2](t) for any ¢ € R, for which both transformations are
defined. In particular, for A > 0 and ¢ > 0 one has

LI(A = N))(t) = /:O(A —Ne MdA = e M (0 + 1), >0,

In view of the linearity of the Laplace transformation one finds for ¢ > 0 and o > 0
the well-known identity
to’+1 to’+1

Z(t) = Trethet = zk: e Mt = zk: mﬁ[(A = A)3]() = WL[RU(A)] :

Therefore, any bound on the Riesz means of the type
(36) R,(A) < f(A,Q) forall A>0

implies a bound on the heat kernel

ta‘+l
37 Z(t) < =—
(37) (t) < I'(o+1)
valid for all t > 0, for which the r.h.s. is defined. For example, this way one can
deduce (1) from (3) with any o > 1.
Next note that in view of R,(A) =0 for 0 < A < A1 we have in fact

D(o+ 1)t 7 Z(t) = L[R,](t) = L|R,,\|(t) forany 0< A< Ap,

LIFC D)

where

LI N() = / T M) MAA = e ML N0, A0,
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is the reduced Laplace transformation of a suitable function f. This transformation
preserves pointwise inequalities as well and from (36) one can deduce an improved
version of (37)

to’—i—l

mﬁ[f(~, 2),\(t) for arbitrary 0< A< A;.

Z(t) <
Applying this bound to (3) one gets the estimate

9
Bz

. d
r<g+§+17)\t>, t>0,0>1,0< A< A,

which already contains an exponential decay for large ¢t. Instead of referring to
the classical Berezin-Li-Yau-bound (3) we can apply this idea also directly to the
improved bound (18) and claim

t0+1

oo
Z(t) Le / QA A7 5 e M aA

mo,d)\

totl > -1 _,
Lye(o+45) [ an(@ars 7 e Man,
A

(39) BCES)) 1

where t > 0 and o > % This bound is even sharper than the estimates presented
below. But the geometric properties of € enter in a rather tricky way and cannot
be simplified in a straightforward manner. Therefore we prefer to present also a
slightly weaker, but sometimes more convenient version of this bound. For that
end we choose o = o4 given in (12) and apply the reduced Laplace transformation
to (20). Thus we get the following estimate valid for A € [\, A;] and ¢ > 0:

Z(t) < it F(od+;l+1,/\t>

(4rt) %
tod—H > ™ d
40 L / M(—) IXOE P
o o v ), MR

We are now in the position to provide bounds on Z(t) depending only on the volume
of Q. To this end we use inequality (7) and calculate M (%) explicitly on the
ball.

Proposition 8. Let A € [\, \1]. For any open set Q@ C R? and any t > 0 the bound

7 oo 10)
70 < I (og+=+1,M
()_(47rt)% 74Ty

_ €2 /Ooe—ssaﬁ%g(_”% 1 d+1)d8
(47rt)%F(0d+%+1) At 4R?s727 2

holds true, where R = R (|Q|) is the radius of the ball Bg C R* with |Bg| = |Q].

Proof. Lets consider the ball Bg and apply (40) to estimate Z*(t), i.e. Z(t) on Bp.
Note that m;(r; Br) = m(7; Bg) for i = 1,...,d and we can choose an arbitrary
coordinate system (z’,z4) € R¥"! x R.

Again put pg(2’; Bg) = [{xq: (¢',24) € Bg}| and note that for 7 < 2R the

1
set {a’ € R¥™1 : py(a’, Bg) > 7} is itself a ball in R~ with radius (R* — 72/4) 2.
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Thus we find

it , i
. — . _ T pd-1 T
m(r; Br) = {" : pa(z’, Br) > 7}y = (i)R (1 - 4R2>

and
d—1
Tz y? 1 d+1 ~ 21 d+1
M(y; Br) = RiB (0 - —Bp| B(-L. -, 2.
B =y 78 (04 5 ) = 15l B (s
We insert this estimate into (40) and arrive at
B d
ZH(t) < |Br| F(ad++1,)\t>
(47t)% 2
7t ™ 1 d+1
_ B AO’d+— —AtdA
D(oq+1) Lyl R'/ <4R2A 202 >

The assumption A > X implies 4”? < X and in view of (7) and |Bg| = || the
claimed result follows by simplifying the right hand side. O

We can now derive Theorem 1 from Proposition 8:
Proof of Theorem 1. The inequality

_ d—1
1-w)= >1-

implies the estimate

2
S (7 1 d+1 1 pv d—1
B - > 2 (1- d
<4R2s’2’ 2 >—B(§,M)/o ! 2< 2 u) !
r

T (VA @d—ried
ST () \Bvs 243t

Therefore we claim

F(ng ) vt d+1 (d—l)wgt% d—1
>27 - - -~ 7 - .
I‘(Ud+ ,)\t) AR5 I‘(Ud+ B ,)\t)

Inserting the last estimate into the bound from Proposition 8 yields
Q = d
it ) <0d+ +1, At) R(t,\)
(47t)% 2
with R(t,\) = ri(t,A) — r2(¢, A) and
Q] T (241) VatT (oa+ LEL,At)
@) T(5) R T(oati+1)
Q] T(2+1)(d—1)x3ts T (0q+ G, At)
@i T(5) 2R o+ i+1)

Z(t) <

T1 (t, A) =

T2 (t, )\) =
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(From |Bg| = || we deduce

1 1
[ (d ‘
41 R= ri-+1 ,
D) NN
and get
d—1
d—1 d d —
r(t ) = Q7 B(z0a+ 45T (5+1) ° f‘(ad+d+1)\t)
’ d—1 9
(4mt) 7 2 r () 2
d—3 d=3
ot ) = 1T md=-DB (500 + BT (5+1) 7 I Ll S0
’ (4mt) 96(204 +d —1) I 2 ')
To complete the proof it remains to note that in view of (38) we can always estimate
the remainder term R(¢, A) from above by zero. O
Remark. According to (11) we can choose
x _ Trjz%fl,l
- 2/d
r(¢+ 1) o

as a suitable lower bound on A;. With this special choice of parameter we find

Corollary 9. For any open set Q C R with finite volume and all t > 0

=Ri RS Y
42 Z(t) < I'og+=+1,At] — (R(t
(42) (t) (ant)? ity (R(t))+
holds true with
I d+1 - 07 . d—1 -
R(t)*cl’d(zm)%r o4+ 5 At cz’d(47rt)dz;gr oq + 5 At

and constants ¢ 4, ca,q giwen explicitly in Theorem 1.

Finally, we can apply (7) to known estimates on Z(t) and compare the resulting
universal bounds with the result from Corollary 9.

To analyse the asymptotics of Z(t) for t — 0+ on convex domains van den Berg
proved [vdB84b] that for all convex domains D C R? and all ¢ > 0

|D| |0D| (d—1)|0D|t
= d T T d
(Amt)2  4(4wt) 2 (4wt)22R
where 0D denotes the boundary of D and at each point of 0D the curvature is

bounded by %. To prove bounds for general domains 2 we can apply this bound
to the ball. Note that

. R
OBp| = dn? ——.
T

In view of (7) and (41) we find
Corollary 10. For any open domain Q C R? and any t > 0
o dvm T dd-1) 9T

Z(t) < d 1 d—1 2 d—2 -
(4mt)2  p (44 1) 4(dnt) = (44 1)7 8(4mt) =
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Remark. The bounds from Corollary 9 and Corollary 10 both capture the main
asymptotic behaviour of Z(t) as t tends to zero. Moreover, they contain order-
sharp remainder terms. Actually, in the regime ¢ — 0+ the bound form Corollary
10 is stronger than (42). On the other hand the bound from Corollary 10 does not
show an exponential decay as t tends to infinity.

Moreover, one can use the ideas of [Mel03] and [HHO7] to derive unviersal bounds
on Z(t). We can employ inequality (5) and the result of Luttinger (7). For the ball
Bgr C RY with |Bg| = 9| the second moment I (Bg) can be calculated explicitly.
If we insert the result into (5) we find

€ ( -t )
43 Z(t) < exp | —My ,
(43) ) (47t)2 Q3
- _2
with a constant My = d%sQﬂ'F (% + 1) 4 My. For example, in dimension d = 2 we

have My = 55, see [KVWO08], and we get

19] Tt
2@t < 1 SN
e A W]

In general we have M, < 1 and the estimate (43) is not strong enough to imply the
conjectured inequality (6).

But one can employ Corollary 9 to prove (6) at least in low dimensions. To
analyse the asymptotic behaviour of the bound from Corollary 9 we refer to the
inequalities

Jo >24 > ﬁ 1 ifd=2
L)’
j > 3.1 > 2 ifd=3
ES NG 1 1
d r¢+1)?
jaig >5—1 >M ifd >4,

2

S

see [AS64]. We find

j i71 1 1

> —.

r(Z4+1)7 Qe 9
In view of (9) we deduce that (42) is stronger than (6) in the limit ¢ — co. Moreover
one can employ (13) to show that this relation holds true also in the limit ¢ — 0+.
Finally one can compare the bounds for finite values of ¢ numerically and find that
(42) is stronger than (6) for all ¢ > 0 if d < 633 and that in these dimensions
conjecture (6) holds true.

On the other hand numerical evaluations show that for dimensions d > 633
there exist ¢t > 0 so that the bound in (6) is smaller than the bound in (42). Since
the conjecture (6) does not show the expected asymptotic properties we confine
ourselves to this numerical discussion.

5\:

5. HEAT KERNEL ESTIMATES IN UNBOUNDED DOMAINS

In this section we use Proposition 5 to prove upper bounds on Z(t) in unbounded
domains, in particular in domains with infinite volume. In such domains, not much
is known about universal bounds on Z(t), see [Dav85, Dav89] for results valid in a
very general setting. As an example for unbounded domains  C R?, B. Simon and
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and M. van den Berg introduced “horn-shaped” regions [Sim83,vdB84a]: Assume
f:]0,00) — [0,00) is a non-increasing function with lims_,~ f(s) = 0 and put
(44) Q={(z,y) eER*:2>0,0<y< flz)} .

Then €2y is “horn-shaped”. Lets state some examples where the short time asymp-
totics of Z¢(t) can be computed explicitly. Assume f,(s) = 37%, i > 1. Then for
t — 0+ we get

F(1+%)C(M) _ptl _ptl .
(45) Z(t,QfH):W—JF%t 2 +o(t z) ifpu>1,

Int 1+~ —2In(27) _1
20600) =~ g+ 10 (1)

where ((u) is the Zeta function and v denotes Euler’s constant, see [Sim83] and
[ST90] for refined results. Moreover one can choose f.(s) = exp(—2s) and find

ifu=1,

(46) 2(49;.) = 4i 413%“)(75%)

as t — 0+, see [vdB87] and [ST90].

In order to derive universal bounds on Z(t) in unbounded domains, let us first
note that all results mentioned in the previous sections, in particular Theorem 1
and Corollary 9 remain valid for unbounded domains 2 C R? as long as || is finite.
Even if the volume of ) is infinite the estimate (39) holds true as long as €2, is
finite. Moreover, one can use Proposition 5 to estimate R,(A) and Z(t) as long as
(47) / m;(7; Q) dr < 00

™

VA
for all A > 0. This condition is satisfied for 7 = d and a suitable choice of coordinate
system (2/,74) € R4~! x R whenever

ma(T; ) = 0(771) , T — 0.
For example we can apply Proposition 5 to horn-shaped regions introduced in (44)
with f,.(s) = s, > 0.
Theorem 11. For pn >0 and allt >0

N

—1
4 1 2 2 a1 7 71'2 1 ~/9 7'('2
2080, ) < —0 [~ t— 2 (S 44, —t — |-, =t
(a fu)—105ﬂ_%u_1<7r2) <2+ ) )+47Tt (272
b m (2N 1
10578 1 —p \ 72 2u 2
if p#1 and

Int P 1 (9 7
. < — — —
Z(t;Qy,) < 47rt ( ) g 2lnw ln2)I‘( 2t>
z
2e

o0
+ / s2e *Insds.
10573t =2y

Proof. In order to apply Proposition 5 choose a coordinate system (x1,72) € R?
rotated by 7 with respect to the coordinate system (x,y) used in definition (44).
Then for 1 = 0 we have

P2 (0:925,) = [{z2: (0,22) € Qy, }[, = V2
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and we find that my (T; Qf“) =0 for all T > /2. Moreover, we can estimate
D2 (xl;qu) < \/ifu (\/5;51) ifx; >0 and
V2 £ <\/§|x1|) if 21 <0,

IN

p2 (21:Qy,)

hence . )
— — 1
my (T;Qf“) < 2 T Tk PRETRE aT
for all 0 < 7 < /2. Inserting these estimates into the inequality from Proposition
5 with 0 = 09 = 5/2 yields

2

Rs(A) =0 forallO<A§7

5
2

and for A > %2 we get

Rs(A) < ﬁ (1 - ﬁ Tl oh(20) T — M‘_‘ R (2A)127“> A%
if u#1 and
Ry(A) < o (InA+1n2—2In7)A>
if u = 1. Finally by applying the Laplace transformation to these inequalities and
simplifying the resulting estimates on Z(t) we arrive at the claimed results. (]

Remark. Comparing these bounds with the asymptotic result (45) we see that the
main terms capture the correct order in ¢t as ¢ — 0+. In the case y = 1 the first
term contains the sharp constant and even the second term is of correct order.

To generalise these considerations to higher dimensions we use slightly different
notions. Assume a non-negative function m(7) is given for 7 > 0, right-continuous,
non-increasing and satisfying m(r) = o(7~!) as t — oco. Choose

f(s)=inf {7 >0:m(r) < wd_lsdfl} ,
where wg_1 = 7T (%) -t denotes the volume of the unit ball in R?~!, and put
- 1
Qp = {(x',a:d) ERIXR: |24 < 2f(|x’|)} .
Then r represents an example of a domain with the distribution function
md(T;Qf) = m(r).
In this case, to study explicit examples we choose f,,(s) = (wd,ls ’1)75.
Theorem 12. For any p > 1 and allt >0
B e

(Am)s p—1 T (og+ 2 +1)

d—1+p
2

Z(t:Qy,) <

Proof. The definition of qu and the choice of f, implies mgq(7,Qy,) = 77*. Hence,
we can employ Proposition 5 with ¢ = o4 and find

0o 1—p
™ d+p—1
R, (A) < Lf,ldd/ TTRdr AtE = LY — AT
» \Lﬁ “u— 1

A
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To this inequality we can apply the Laplace transformation and simplify the result-
ing bound on Z(t) to arrive at the claimed result. O

Remark. In dimension d = 2, according to [Sim83, vdB87,ST90], the asymptotics
(45) and (46) are valid for s as well. In this case the bound from Theorem 12
reads as

~ 4 T4+ & b1
Z(t:%y,) < LOAE)
! 1057+tz p—1

In view of (45) this bound shows again the correct order in ¢ as ¢ — 0+. Moreover,
if we compare the constants

4 T(4+h)
1057#Fs  p—1
from the bound above and the asymptotics (45) we find

o () _ (Ot )t 2)
uli»ql+(b’1(u)>ul—>1+< (k= 1)¢(w) > b

In order to state an example for unbounded domains with finite volume, choose
fe(s) = exp (—wq—1547"). In the same way as above one can show

L(1+5)¢(p)
2kt

bi(p) : and b (p) =

Theorem 13. For allt > 0 the estimate

- 1 . d Int T a1l 2t

Z(t,Qy,) < dF<crd++1,7r2t>+ v — (o0t 7 ™)
(47t)2 2 A(4nt) T T(oa+§+1)

Va(nr —1) T (oq + 42, 7%)

2(4xt)s T (oa+4$+1)

1 oo
ﬁdfl 7 / s7t 5 Inse* ds
4(4rt) T T(oa+ §+1) Ja2e

+

holds true.

Remark. In view of (2) the first term of this bound is sharp in the limit ¢ — 0+
since |5, | = 1. In dimension d = 2 we can use (8) and (46) to point out that even
the second term of the bound captures the right order in ¢ as ¢ tends to zero.

6. PROOF OF THEOREM 2

Here we use the results from section 3 to derive universal bounds with correction
terms on the Riesz means R, (A). First we note that Proposition 5 and Lemma
7 immediately imply the following estimate. Recall that 7o = d?72|Q|~7 and let
o> % satisfy e (0 + %) = %B (%,0’ + %), hence §, 4 = 0. Then for any open
domain Q € R? and all A > 0 we find
d—

d
R cl o+ cl Y :

o(A) < Lo 1Az — 7w Lo, |Q T A7 2 if A>mq.

Ro(A) Liojaets ifA <7 and

A

cl
Lo’,d

Next we discuss, how a trick by Aizenmann and Lieb [AL78] can be applied to
inequalities for eigenvalue means R (A) with remainder terms.
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Lemma 14. Lety > o > % 1>2A>0and A > A. Then

R,(N) < L& QA*EB (cr+ +1,7- >

L('ld T "
o 7= UflM 7Q A— cr+§d
B(U—l—l,'y—a)/o <,/A7- >( 7) T

Oo.d A=A T d—1

4 — 7 [ = Q) (A= 7)7TE dr
(48) +B(0+1,7—0)/0 T m{ = (A=1) dr
Proof. We start from the well-known identity [ALT78]

1 oo

A = ——M T Ry(A— 1) d
R,(A) B(U—I—l,v—a)/o T R, ( T)dr

1 A=X )
4 = _— Y—o— — .
(49) B(J+1,’yfa)/0 T R,(A—7)dr

Here we have taken into account that RU(A) =0 for A < X< \. Now we can
apply Proposition 5 and find

Lcld ‘Q| A=)\ "
y—o—1 A— ot+5
—B(U-F].,’}/—O') /0 T ( T) dr

Lcld A=) T 4
- ey Q) (A-7)7T2 4
B(U+17’Y*U)/o " <¢A—T )< R

: Q) (A — T)UJF% dr.

Ry(A)

A=)
+ —50’(1 / 77" Im T
B(o+1,v—0)Jo VA—T
Finally let us evaluate the first term on the right hand side of this expression. A
substitution of the integration variable s = % gives

L 1O 1-2
Lol ey / 1m0l (1= )7t ds
Bo+1,7v—0) 0
B(y—o,0+4+1) ) fo%(l — )Lt gy
B(o+1,7—o0) B(’y—o,a—l—g—l—l)

= |Q|A’Y+%L§l,d (1—B(%,a+%—|—l,’y—0)).

= |QAELY,

O

If we apply this Lemma with o = o4 then because of 65, 4 = 0 the last term on

the right hand side of (48) vanishes. This enables us to finish the proof of Theorem
2.

Proof of Theorem 2. Inequality (48) with v > ¢ = o4 and with a substitution
Yy = \/% gives

N\ d
R0 £ Lal0INE (0t 1= o)

27r20d+d+2Lcl \Lﬁ\ 7.‘_2 y—o4—1
Od, A— M 79 —204—d—3 d
B(0d+177—0d)/ ( ) B0y Y
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for all A > X. First we assume A > 7, i.e. % < é|ﬂ|1/d. Then we have

y |Q|% < 119 for all 7z <y < 5 and in view of Lemma 7 we get

s (A d
R,(A) < L‘:;l7d|Q|A”+%B <K,ad+—+l,7—ad>

2
204+d+2 71 cl . y—oqa—1
_2mTTLG |Q|%/ﬁ (A— W—j) ' y 20 A2 qy
B(oa+1,7—04) = Yy

If we substitute s = y’;—i and simplify the expression of the remainder term we
arrive at

A\ d
R() < a0 (Foat G+ 19— 0u) — (AN

with S(A, \) as stated in (14).
Next we assume A < 7o and proceed in two steps. If at the same time A < 7q,

d—1 x x
that means = > 11014, we have y|Q|"7 > 1|Q| for all 75 < Y75 and by
similar calculations as above we arrive at

A (A d
Rry(A) S L,Cyl7d|QA’Y+gB(K,0d+§+17’Y—O’d>

27T20d+d+2Lcl QO % 2\ Y—0o04qa—1
,d m _ —d—
gd u A y 204—d de

B(O’d+1,’}/70'd) d _y_2

%
and we obtain the claimed inequality with S(A,\) given in (15). On the other
hand, if A < 7 < A we get

A (A d
R,(A) < L’Cyl,d|QA’H_gB(AaUd"‘Q-l—la'Y_O’d)
1
204+d+2 1 cl Q| d —og—1
B Qm4od Lgd,d |Q|d_;1 d A_7T_2 Y d y_di_d_gdy
B(O’d-l-l,’y—O'd) y2
204+d+27cl m —oqs—1
2mPeatdR2LE 19l % a2\ Jnamica g
B(oa+1,y~0a) d Jiaid e

x

In this case after a simplification we arrive at S(A, \) as stated in (16). Finally, if
we apply (49) directly to (3) we claim

A (A d
Ry(A) < Lil,dQ|AV+%B<K,U¢1+§+17’Y—U¢1) :

Hence, in the final bound S(A, \) can be replaced by its positive part (S(A, A))y. O

Again in view of (11) we can choose

2
0
3%—1,1

5\ =
r(§+1)7 o

as a lower bound on A\;. Thus we find
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Corollary 15. Let Q C R? be an open set with finite volume. Then for v > o, the
estimate

. ~ [ A
R,(A) < LJ,d|Q|B<

d
ICRs +Lvod> A - (S

holds for all A > 5\, where

. al - [ X d
S(A) = LS| AF2 - B <X70'd+ 3 +1,7—0d>

if A < 1q and

- 1 B(%,0q+4L) . d+1
s =g oy et 2ot S ) g (0, )

el 1al = A 7o d
+ L3 a9 A7 23B<K7Xagd+§+l,75d

if A > 71q.

Remark. We can now compare this result with estimate (18) from Proposition 3.
In both bounds the high energy asymptotics A — oo is dominated by the sharp
first term. In view of (10) also the remainder terms show the correct order as A
tends to infinity. In this limit the bound from Corollary 15 is stronger than (18)

whenever
d—1 1 1 d+1 d—1
E(’V+ ?) dA(Q)<§B<§7Ud+T> |Q| d

holds true. We remark that the right hand side is independent of v while € ('y + %)
tends to zero as v tends to infinity and da (€2) is bounded from above by the diameter
of Q. Hence the condition above will be satisfied for large enough ~.

Moreover, the bound from Corollary 15 contains the factor

o) d
B(K,ad+§+1,70d>

which decays exponentially if A — A+ and which improves the bound from Theorem
2 in comparison to (18) for values of A close to A.

APPENDIX A. PROOF OF LEMMA 4

Here we prove Lemma 4: For any n € N, n > 6 put = n/2. Then the identity
[A]
A (1 E2\" 1 /1
= inf [ =B = 1) - 1—— =-B|(-= 1
e(p) = inf | 5 (2,u+> ;( A2> 5 (2,u+>

holds true.
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We use B (3,u+1) = fo (1 - —) dt and write

FA) =58 (Gou+1) - Xij(l—p) /f 1)t~ f()
:[A] </_ t)dt — (k)>+/[A]f(t)dt

k=1

m
with f(t) = (1 — 2—22) . For 1 <t < A the function f is non-negative and we can
estimate f[g] f(t)dt > 0. Hence we find

k
( sty - f(k)>

- ( [ rwa =51+ f(k))> + 540~ 57 (14).

2
k=1

[

>

(50)  Fu(4) =

(]

—_—
=

The monotonicity of f implies f ([4]) < f(A—-1) = (2‘2@1)# and thus we get

o o [A] k
o0 Rz g -5 (25) +Z< f<t>dt—§<f<k—1>+f(k>>)

k=1 \7F~1

for all 0 <t < A. Lets fix ¢ > 3. Then the function f can be differentiated twice
2
and we claim that for 0 <t < A the function f”(t) = 4 f(t) attains its maximum

at tg = A,/ ﬁ For all 0 <t < A the inequality

4\" 2
o rw-(22)

holds true and we put f// . = f"(to). We can now apply the trapezoidal rule and
find that for all £ > 1

k

(52) Fle)de = 5 (F(k = 1)+ () = — 3o " (&)

k—1
with & € [k — 1, k]. Inserting this estimate into (51) yields

(4]

1 1/24-1\* " 1 1 /24-1\" [4],,
FM(A)2§_§<T> Zf (&) > 5—5( 12 ) _Efmax

1 1/24-1 o (2m— A\
=2 2\ a4 T 3A\2u—1 '
In a first step we assume A > p. Note that for x4 > 3 the factor 2 —, is positive

and for A > pu the functions 2‘:2 L and 47 are non-increasing and we can put A =

in the bound above. We arrive at

11 /2u—1\" 1 /2u—4\"?
Fu4) > -—--(*£ e
2 2 u? 3\2u—1
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for all A > p and put

1 1/2u—1\" 1/[/2u—4\""?
win=3-3 (=) -5 (5=)
W 3\ 2u—1

In a second step we assume 2u—1 < A < pu. Put t* = 2’;4_1 and note that

f"(t) <0 holds for all 0 <t < t* and f"(¢) > 0 holds for all t* < ¢ < A. Choose
k* = [t*] so that f”(¢) <0 for all 0 < ¢ < k*. From (52) we deduce

k
Flt)dt — & (F(k— 1)+ (k) > 0

k-1
for all 1 < k < k*. Using (52) once more for k = k* + 1 we get

. 1 1 1 1 1/

[ = G =1+ 1) = =15 (6) 2 = 35

Finally for £ > k* + 2 and ¢ € [k — 1, k] we use the monotonicity of f and estimate
k

63 [ = GG S0) 2~ (= 1) - SG8)

Hence

[A] k
> ( Fle)de — 3 (F(k = 1)+ f(k))>

i1 \JE—1
[A]
1., 1
—_E max_a (f(k_l)_f(k))
k=k*+2
1., 1 N 1 1, 1 N 1
=—— - = D+ =f(A]) > —— - = —f([A
Sl 5 1)+ S (D) = ol — 2P () + (4]
since k* + 1 > t*. Inserting this inequality into (51) we arrive at
1 1 1
F,(A) > - ——f/l ——f(t*
#( ) = 2 12 max 2f( )

1 2 —AN\"T 1 f2p -2\
2 342\ 2u-1 2\ 2u—1
1 M 2u—4\"" 1 [2u—2\"
2 302u—1) \2u—1 2\2u—1
for all /2y — 1 < A < p. We put
1 M 2u—4\"? 1 f2u—2\"
o) = 5 — -5 :
2 32u—1) \2u—1 2\2u—1

In a third step we assume /u < A < /2y — 1. Then we have t* = 2‘:71 <1,
hence k* = [t*] = 0. We claim that

[ rwa-suorsmn= [ (1-5) a-3-3(1- ) >0
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I
This can be seen by expanding (1 — t—22) and (1 — %)“ as series and comparing

coefficients. Here, using (53) for k > k* 4+ 2 = 2 yields
S 1 1 1
> ( NG f(k))> > 2 F() + 2F (4]

and inserting this estimate into (51) we get

11 1\ 1 1/ 2u—2\"
FuA)>-—-(1-=) >=_= > By(p).
w(4) 2 5 2< A2> =3 2<2u—1> = ®a(n)

Finally, we deal with the remaining case 1 < A < \/u. In view of (50) we can
write

Y

[A] k
Fu4) > Y ( flt)dt — f(k)>

k=1 \7k—1

1 [A] k
[ roa-sm+ 3 ( | s f(k)> .

Since f(t) is non-increasing for 0 < ¢t < A the sum on the right hand side is
non-negative and we get

! 2\" 1\* A (a7 1\"
> _— — _— = — -2 — ® — _— .
Fu(A) 7/0 (1 AQ) dt (1 A2) 2/0 s72(1—s)"ds (1 A2>

Lets denote the right hand side with S,,(A) and analyse it in more detail. We have

d 1 [az 1 1\" 2u 1\*!
— = _ 2 — g I R S -
Su(A) 2/0 s72(1 —s)Mds <1 2> 3 <1 2) .

We point out that

d

(54) A

Su(A)

1 1
:—B(—,,u—l—l) >0
a1 2 2

and we claim that -%.5,,(A) has not more than one zero in 1 < A < /. To prove
the last statement put s,(A4) = 1 [** 572 (1 — s)*ds and §.(A) =+ (1- ﬁ)# +
21— %)”_1 so that -%S,(A4) = s,(A) — 5,(A). Then we have

d 1 1\*

d . 1 1\* 4p T\ dp(p—1) 1\"?
dAS"(A)A?(lAQ) A4(1A?) *m(lfp)

and we find that —Ls,(4) < -45,(A) for all 1 < A < \/a. This inequality shows
that -5, (A) = s,(A) — §,(A) has at most one zero in 1 < A < \/a. In view of
(54) it follows that

mn8,(4) = min {5,(1) (V7))
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We can no use the estimate F,(A) > S, (A) to get

FL(A) = min {S,(1), 5, (V&)

el () ol o)1)

for all 1 < A < /u and we put

o= Z(1 i) (o 1)

Lets sum up the results. We have shown that for 4 > 3 and all A > 1

Ful) 2 min { 35 (o4 1) 210, 2a(0). 82000}

Note that

1
B (2,u+1> for all u > 30

1
d3(u) > =B (§,u+ 1) for all p > 4.

Therefore the claim of Lemma 4 holds true for all 4 € R, ;> 30. To complete the
proof we are left with the finite number of case p = n/2 with n € N, 6 < n < 59.
In these cases the claim follows from numerical considerations that can be made
rigorous by elementary analytic methods.
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