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1 Introduction

In this paper we are concerned with the geometry of Stein spaces and some consequences
in characterization of holomorphic ¢-hulls in top degrees. We show:

Theorem 1 Any two points p,q of an irreducible Stein space X can be connected by an
irreducible analytic curve C'. In fact if n = dim X there are n — 1 holomorphic functions

hla---ahn—l - O(X) such that C == {hl = hn—l == 0}

It will be clear from the proof that this theorem holds for an arbitrary discrete subset
of points of X. Moreover we may allow hqy,...,h,_1 to be global holomorphic sections
in a given holomorphic line bundle L on X.

Note that if H*(X,Z) # 0 there may be irreducible analytic curves that cannot be
given by n — 1 equations. For instance, the famous example of Oka, cited in the book
of Range [6, p.239 — 240] works also here. X is the domain of holomorphy in C? given
by X ={(21,22);3/4<z; <b/4,j=1,2}yand C={2€ X; 22— 21+ 1=0}. Then
there does not exists a holomorphic function f: X — C such that f~'(0) = C.

On the other hand there are examples of non-compact connected two dimensional
complex manifolds that do not have complex curves at all (Take a two dimensional
complex torus without complex curves and then delete one point).

We mention that a similar version to Theorem 1 (in a weaker form) was earlier proved
by Baran in [1], namely; Through an arbitrary discrete sequence of points of a connected
Stein space passes a connected complex curve.

Theorem 1 is a straightforward consequence of the following

Theorem 2 Let X be an irreducible Stein space and p, g two arbitrary points of X. Then
there is f € O(X) such that Zy = {x € X | f(x) = 0} is an irreducible hypersurface that
passess through the points p,q.

As an application of the above theorem we prove in sect. 4 a theorem which asserts
that the holomorphic n-hull of compact subsets in a purely n-dimensional Stein spaces X
is simply obtained by filling the holes of K, which is the natural n-dimension extension of
Behnke’s generalization of Runge’s theorem to an open Riemann surface. (See Theorem
3, sect. 4)

The main ideas of this paper stem from the article of Demailly [2] where he produces
irreducible hypersurfaces in C™* with given singular locus.
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2 Preliminaries

All complex spaces are reduced with countable topology.

Let X be a complex space. Then O(X) endowed with the topology of compact
convergence is a Fréchet space.

Now suppose X be purely n-dimensional. We define ¢ := the subset of O(X) made
of all holomorphic functions f not identically zero such that

(&) dim Z; N Sing (X) <n —2.

Then U is a dense open subset of O(X).

(&) allow us to define the multiplicity of f on the irreducible components of Z;.
Indeed let Z; be an irreducible component of Z;. Then H := Z;\ (Sing (Z1)USing (X))
is a connected smooth hypersurface of the complex manifold M := Reg (X)) \ Sing (Z1).
Locally, at @« € H, f can be written, in suitable coordinates (ws,...,w,) of M, in the
form f = w]" - h with h(a) # 0. This m does not depend on a € H, and, by definition,
is called the multiplicity of f along 7.

Fix an arbitrary compact set K of X. Define a function px : 4 — N as follows:
For any f € U put

pr(f) = {

Here we show

the sum of the multiplicities of f on those
irreducible components of Z; that meet K.

Proposition 1 The map py is upper semi-continuous.

Proof. Fix f € U. We prove the semi-continuity in this function.
We replace K by suitable compact sets Ky (that avoids the singular locus of Z; and
the singular locus of X) and K3 (a neighborhood of K1 N Z¢ in Reg(X)) such that

{ pr(f) = pr,(f) = pr, (),
/«LK(Q) S/«U(l(g) SMIQ(Q)

for any ¢ in a neighborhood of f.
To achieve this let 5" := Z; N Sing(X), S” = Sing(Zs) and S := 5" U S”. One has
dim S <n—2. Now let z, € SN K. There are neighborhoods U of z,in X, V of 0 € C”

and a finite holomorphic map 7 : U — V, w(x,) = 0. Let (wq,...,w,) be a system of
coordinates of C™ around 0 (we shrink U and V| if necessary) such that 0 lies isolated
in7(SNU)N{ws=---=w, =0}. Choose ¢ > 0; then n > 0, both small enough such

that denoting

Wi(z,) = {weV;|w(a)]* + [wa(@)* <& |w;(x)] <nforj > 2},

T(x,) = {we Vi wi(@)?+ [wa(x)]? = €2, Jw;(x)| < nforj > 2}
we have 7(SNU)NT(x,) = 0 and the irreducible components of Z; that do not meet K,
do not meet U(z,) := 7~ (W(x,)), too. Set B(z,) :=a YT (x,)). Let U(xy),...,U(z,)
be a covering of SN K. We define

K=K\ J Ul)u U Bla).

1<5<p 1<5<p




Notice that any hypersurface of X meeting U(x;) at point a € U(x;) meets also B(x;)
(Otherwise the trace of the image of this hypersurface by 7 on the set

{we Vi fwi(@)]” + [wa(2) [ <%, wy = m;(a), j > 2}

will be a compact analytic set of positive dimension). Thus for any g € U we have

tr(g) < pk,(g). Moreover, by construction pur(f) > px,(f), K1 N Sing (Zf) =
0 and K1 N Z; C Reg(X).

Now let X7,..., X! be the connected components of Z;\ Sing (Z;) that meet K7 and
L; C Reg (X), 1 <j < r, mutually disjoint compact neighborhoods of X! N K; in X
such that Z; N L; = X: N L;. Set

K= | L

1<j<r

Thus pw,(f) = Z/,LLJ(f) = uk, (f). Since K is a neighborhood of Z; N Ky we get

J=1

inf |f(z)| > 0.

o]
z€K\K»

Hence Z, N K1 C Z, N K3 for g that approaches f. This implies ug,(¢9) < px,(g) <
Y= i, (9)-

It remains to prove the semicontinuity of uz, at f. For the sake of simplicity we drop
the index 7 and consider L a compact set of Reg (X) such that Z; N L = Z' N L where
Z"is a connected component of Z;\ Sing(Z;). Let P:={w € C"; |w;| < 1,1 <j <n}
the unit polydisc. Since Z' N L is compact there are finitely many charts 0, : U, — P
defined by 0,(x) = (wi(x),...,w,(2)), € U, such that U, cover Z’N L and Z’ has the
equation wy(x) = 0. We assume also Z; NU, = Z'NU,. Let m, : U, — X' N U, be
given in local coordinates by (w1,...,w,) ~ (0,ws,...,w,). Since Z' is connected we
may take |, (U,) connected.

For any couple (v, 14) of distinct indices such that 7, (U,,) N7, (U,,) # 0 we choose
a point x,, ,, € 7, (U,,) N7y, (U,,). Define for ¢ € (0,1) the sets

Ay ={r €Uy |wi(x)] S 1—e,1<j <n},
By ={x e U,; lun(a)] <&, |wi(x) <1 —e,1<j<n},
5= A5\ B

Now we consider ¢ > 0 small enough such that the following conditions hold
(1) xl’l V2 E Trl’l (Alsll) m 7TV2(A16/2);
(2) m, (0 ) N By, C A

(3) A*:=U A is a compact neighborhood of X' N L.



;From (3) and since Z; N A® = X' N A® we deduce py, < pa- in a neighborhood of f
in O(X) and that

pr(f) = pas(f) = the multiplicity m of f on X'
The proof will be concluded if we show that p:(g) < m for
(4 suplg — f1 < inf ||
AE

where C¢ = UC? (Note that Z; N C* = ), hence infe: | f| > 0).

Let Y be an irreducible component of Z; that meets A%, say, for instance Y N AS £ ().
Then inequality (4) implies Y N A5 =Y N B; , thus for all x € 7, (A ) the analytic
set Y N B N a7l (x) of the disc B N7 '(x) is compact. Consequently the fibres
Y N B, Na~'(x) are discrete, and, as dim ¥V = dim X' =n —1, 7, (Y N B; ) is open
in 7, (B )= m,(A; ). Since 7, (Y N B ) =7, (Y N A ) is compact and non empty,
T, (Y N B ) = m, (A ) by connectivity of 7, (A7 ). (1) and (2) imply that for all v,
with 7, (A5 ) N m, (A5 ) # 0 we have Y N A # 0. Hence 7,,(Y N B;)) = m,,(A;)
by repeating the same procedure as above. Now as Um,(A?) is connected, we have
(Y N B) = m,(A;) for all v.

Now choose v, an arbitrary index and x, € WQUO(AT,O). By the theorem of Rouché and

condition (4) the function ¢ has precisely m zeroes (counted with multiplicities) in the
disc B; N, '(x,). If Y, ..., Y} are the irreducible components of Z, that meet A® (hence
also B Nw,'(x,)) and my,...,my are the multiplicities of g on those components, any

point of ¥; N B N, (x,), 1 <j <k, contributes by at least m; zeroes. Thus
aelg) = mi 4 4m, < m.

Proposition 2 Let f € U, K a compact set of X and Zy = Z|,..., Z, = Z] be the
irreducible components of Z; that meet K. Then for any open subset Q0 of X that meets
each Z;, the irreducible components of Z, that meet K meet also 0 as soon as g ts
sufficiently near f.

Proof. We keep notations as in the proof of Proposition 1 assuming that ¢ is taken
sufficiently near to f. Thus any irreducible component Y of Z, such that Y N K £ 0
cuts L; for 5 = 1 or 2,..., or r. We choose the sets U, such that Q N Ur,(U,) # 0;
this is always possible because Reg(X) is connected. Finally consider x, €  and £ > 0
small enough such that x, belongs to some B; with =, '(x,) N B C Q. The proof of
the proposition follows.

3 The proof of Theorem 2

Let fi,..., fr € O(X) such that {p,q} ={x € X | fi(x) =--- = fi(x) = 0} (In fact
we may always take k = n, but we do not need this). Let 7 : X — C” be an almost
proper holomorphic map (see [3]). Thus 7 is surjective and has discrete fibers. Let

S := Sing(X) U{x € Reg(X) | rank,(7) <n — 1}.
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Therefore A is an analytic subset of X with dim(S) <n — 1.

At this moment we break the proof into three steps:
Step I Let A be the set of all (g1, ..., gx) € O(X)* such that if we set F := Z?Zl fig;
then

(1) dim Zpr NS <n-—2.

Then A is Gs and dense in O(X)F.

Indeed, let {Y;} be all irreducible components of S of dimension n — 1. Fix mutually
distint points ys € Y;, ys # p,q. It is obvious that A = NAs where A; := {(g1,...,9%) €
O(X)k; Zle fi(ys)g;(ys) # 0} are open subsets of O(X)*. Thus A is Gs.

Now we check density. Let (gi,...,q:) € O(X)* and for (a1,...,a;) € C* consider
F, = Z?Zl fi(g; + a;). Correspondingly define affine maps A, : C¥ — C by

ys g] Ys —I—Cl]) aeck-

||M?v

Then ), is surjective. Consequently E :=the union of all A;!(0) has zero Lebesgue
measure in C*. Therefore any a € C* \ F fulfills (f), whence the density of A.

Step II Let B be the set of all (¢1,...,q9:) € O(X)* with the following property: If
F = Z?Zl fig; then any point x € Zrp N Reg (X), & # p,q is reqular for F'. Then B is
Gs and dense in O(X)*.

Indeed, let M := Reg (X) \ {p,q} and {L,} a countable covering of M by compact

sets contained in local charts. Then B = NB, where

k
B, :={(g1,..,g:) €EO(X)"; F := > fig; is regular on Zp N L, }
j=1
are open subsets of O(X)*. Hence B is Gs.

Note the following simple fact. Let M be a complex manifold and hy,..., h, € O(M).
Set T'={t € C" |t1hy + - -+1,.h, has at least one critical point }. Then 7' is measurable
in C” as being the image of an analytic subset of C” x M through the canonical projection
C'xM-—C".

Now in order to verify density it suffices to check that given (gi,...,qx) € O(X)F,
the set of all @ = (ay,...,ax) € C* such that F, := Zle filg; + a;) has a critical
point on Reg (X) \ Zy, is of Lebesgue measure zero for any 1 < j < k. Indeed fix
41,0y, ... i1, @41, .., ar. Then F, has a critical point on Reg (X) C Zj, if and only
if a; 1s a critical values of the function

r, 1
—— + a; = __Zfs(gs + as) -
fi J s#j

defined on Reg (X) \ Z;,. Now the set of all such critical values is negligible (Theorem
of Sard) and the conclusion of Step II follows by Fubini.
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Fix a point x, € X such that m(x,) = 0 and let K, be the compact connected
component of 77(B,) that contains z,, where B, is the closed ball of C" with radius
v € N. Then {K,} is an increasing sequence of compact sets that invades X.

Step III Let £, be the set of all (¢1,...,gx) € ANB such that if F' = Zle fig;, then
pr, (F) <1, i.e. at most one irreducible component of Zp does meet K,,, component on
which F has multiplicity 1. Then &, is G5 and dense in O(X)*.

That &, is (s follows by standars arguments from Proposition 1.

To show density fix (gi,...,gx) € O(X)* and let a,b € C* be small enough (in the
given usual euclidean norm on C¥) such that the functions

have a common zero set Zp, N Zp, of pure dimension n — 2, F,, [}, € AN B. Note
that the analytic sets Zp, N A, Zr, N A have dimensions < n — 2. Further one choses
A near enough to 1 such that the critical zeros of F, + AF, on Reg(X) are contained
in Zp, N Zp, and dim Y N A < n — 2. Here we put Y the hypersurface defined by
F.+ AF, = 0. (Consider A a regular values of —F,/F;, on Reg(X)\Zp, and 1/A regular
values of —Fy/F, on Reg(X)\Zp,). Set I' = 7(SUY). Note that I' is a countable union
of locally analytic sets in C" of dimensions < n — 1.

Let Yi,...,Y, be the different irreducible components of ¥ meeting K,. Choose on
each Y; a point z;, regular for Y and X, z; € SU Zp, and 7(z;) ¢ B,. Further there
are mutually distinct vectors vy,...,v, € C" such that denoting by H; the hyperplane
(z —7(zj),vj) = 0 in C" the following properties hold:

5) H;y N B, =10, |[v; — 7(z;)|| <1 (Note that B, is a closed convex subset of C");

(5)
(6) 7~*(H;) intersects Y; transversally at z;;
(7)

Hj 3 7(z), Vs # J;

(8) The subspaces Hy N H;, j > 1, are mutually disjoint and not contained in T'.

7

Further, by (8), select for any j > 1, z; € #~*(H; N H;) such that

(9) m(z;) €U Uresz; H

Some comments are appropriate here. Roughly speaking the analytic sets #='(H;) con-
nect the components Yy, ...,Y,. Then by deformation of the set Yy U---UY, Ur~'(H;)U

--Un~1(H,) we shall obtain an irreducible hypersurface. To accomplish this set for any
e € C,

1 n
G, 2F+AFbH( ””J )—|—5Fb.
J=1
We will examine Z¢, near the points z;, 1 < j <r and z;, 1 < j <r. But here F} # 0;

hence we restrict our consideration to

GE 1 F, —I—)\F (7, v;) ‘
e 1}( e vj>)“’



Now at points z;, thanks to (6), we may consider complex coordinates (wy, ..., w,) such

that
(7, vj) o — 1 F,+ A\, B (7, vs) ‘
e R e (1 CEn) s>)’

w ::1'—
1<e<r
27
at x;, 7 > 1, due to (8) and (9), the coordinates (w;,...,w,) may be chosen such that

1<s<r

1 F.+ AR
w =g “
Let D, (resp. D, j > 1) be open neighborhoods of z; (resp. ;) such that the
coordinates (w1,...,w,) realize an isomorphism of D, (resp. D) onto the polydisc
Py :={weC"; |w;|<d,1<j<n}. InD, and D,,, Zg, has the equation wyw;y +¢ =
0; hence if 0 < |g| < 6%, Zg, N D.; and Zg, N D,, are irreducible. On the other hand
Zg, has equation wywy; = 0, where w; = 0 represents 7~!(H,), and wy = 0 gives the
hypersurface Y (in D) or 7~ Hy) (in D.,).
Thus one can choose compact sets L; of D, and M; of D, , j > 1 such that

ZGO N LJ‘ = W_I(Hj) N LJ‘ and w‘l(Hj)ﬂ [C;]?é @,

Ze, A M; =\ (H) N M, and 7~ '(H,)N M4 0,

and it is clear that the hyperbola wyw; 4+ ¢ = 0 cut L; or M;, as soon as ¢ is small

enough.
We now use three times Proposition 2 with f = G,, ¢ = G. and K, { Z1,...,7,}
and U are respectively replaced by

(*1) [(lfv {Ev"'vn}v U Dzja
1<5<r

(*2) Ly, {W_I(Hj)}v D, for j > 1;

(*3) M;, {W_I(Hl)}, D., forj>1;

If € # 0 is small enough and if 7" is an irreducible component of Zg, that meets K, we
deduce the following

(10) T meets U D.,.

7=1
We shall show that 17'N D, # 0. If T'0 D, # 0 for some j > 1, by (*;)
TQLJ‘ :{w1w2‘|‘€:0}m[x]‘7£®;

hence 1" cuts D,,. Consequently 1'N0 M; = {wyw; +& =0} N M; # 0, and, by (*3), T

meets D, .



All these possibilities lead us to TND,, # 0. Since Zg.ND,, = {wijws+e =0}ND,, is
irreducible and G, = (wywz+¢) F, has multiplicity 1, Z¢, possess at most one irreducible
component T" meeting K, on which GG, with necessity has multiplicity 1. By definition

G.eé&,.
k
On the other hand write G, = Z figj- with

i=1

(NN

Gie = 5 (g5 +a;) + Mgy + ;)] - T] (1 — 7<7T<7T’ U51>15>) +e(g; + b;)

s=1 (Zj)v

and let @ and b tend to 0, A to 1, m(z,) to oo and & to 0. It follows that, using ||vs—7(z,)|| <
1, {g;-} converges to g;, whence the density of £, in O(X)*. So the proof of Step III.

Consequently by the theorem of Baire N &, is dense and G5 in O(X)*, whence the
theorem.

4 An application

In this section we deal with a refinement of the usual notion of a holomorphic hull of
a compact set in a Stein space, in which the consideration of holomorphic functions is
replaced by that of holomorphic maps to C?, ¢ > 1.

We recall that the holomorphic hull of a compact set K of a Stein space X equals the
intersection of all sets f_l(f(/[\()) as f ranges through the holomorphic functions on X

JE—

and f(K) is the polynomial hull in C of f(K), that is obtained by adding to f(K') the
relatively compact connected components of C\ f(K), i.e. roughly speaking by filling
the holes of f(K).

This fact opens the way to define the holomorphic g-hull of compact sets in Stein
spaces. But first, for the sake of simplicity, let us denote for an open subset D of a
complex space S by 8( D) the union of those irreducible components of D (N. B. not the
open ones !) that are relatively compact in 5. We shall use this notation for open sets
of the form D = S\ L for some compact set L of S.

Let X be a Stein space, K C X a compact set and ¢ > 1 an integer. We define
following Lupacciolu [4] the g-holomorphic hull of K by

(%) E¢Y= (O F'F(K) U 0C - F(K)).

Feou(X)
We list some simple properties. Suppose n = dim(X). Then
(11) KY =Kifg>n+1.

o~

(12) KW C KD C...C KO = K.
(13) If f € OP(X), p < g, then ﬁ(q)ﬁZf C Kﬁ\Zf(q_p) where Z; = {z € X; f(x) =0}.

(14) If 7 : Y — X is a finite surjective morphism, then W_1(1X7)§3) - 7'['_1(?&;)(?)).
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;From [4] we mention that in definition (%) one can replace O(X)? by any other

dense subset. For instance if V is a Runge domain of X that contains K then f)((q) =

ﬁ‘(/q), Vag>1.
Here we give the main result of this section.

Theorem 3 Let X be a purely dimensional Stein space and K C X a compact set.
Suppose n = dim(X). Then
KW =Kue(x\ K).

Proof. Let K;:= KUG(X \ K). First we show that K7 C K. In order to do this let

7 : X* — X be the normalization map. Put K* = 7~'(K). Then T(\*(n) - W‘l(ﬁ(”))
and m(K*Ur(X*\ K*)) = Ky. Consequently one has to check the said inclusion in case
X is normal. Assume this and let 2, € X \ K™. Then there is a holomorphic map
F : X — C" such that F(x,) lies in the unbounded component of C" \ FI(K). It is a
classical fact that there is a n-convex function ¢ : C* — R with ¢(F'(z,)) > ||| Fr)-

Now let A : X — R any smooth strongly plurisubharmonic function (i.e. 1-convex
after the terminology of Andreotti and Grauert). Set for any ¢ > 0, ¢b. : X — R by
. = X+ @ o F. Then 1. is n-convex and if ¢ is samll enough ¢.(x,) > |[¢.||x. Since
1. fulfils the maximum principle, |||k = ||¥||k,; thus x, € K, whence the desired
inclusion. Note that the open sets appearing in #(X \ K) have the boundary in K as
soon as X has no isolated points.

Further we prove the reverse inclusion by induction on n. The case n = 1 is treated
by Mihalache [5]. So assume that n > 1 and the theorem holds for all Stein spaces of
pure dimension between 1 and n — 1.

Let « € X\ K1,Y an irreducible component of X \ K that contains a (Note that Y is
not relatively compact in X') and X; the correspondent irreducible component of X that
contains Y. Choose b € Y\ K and consider a piecewise C'' curve v : [0,1] — Y that
joints a with b and v((0,1)) C Reg(X). By a theorem of Stolzenberg [7], L = ~([0, 1])
is holomorphically convex in X. Consider ) a tubular open neighborhood of L that is
Runge in X, relatively compact, Q N K = § and such that Q N X; is irreducible. By
applying Theorem 2 and Proposition 1 there is a holomorphic map f; € O(X;) such
that Zy, = {# € X1; fi(x) = 0} is an irreducible hypersurface, a,b € Z; and (after
shrinking ©, if necessary) Z;, N is irreducible. Choose f € O(X) that extends f; such
that Z; = {x € X'; f(«) =0} is purely n—1 dimensional. Let V' be a relatively compact
Runge neighborhood of K that does not contain b. Without any loss of generality we
may suppose that a € V.

Now set X' = VNZ;, K' = KNZ;. Further taken : [0,1] — Z; a C'! piecewise curve
that connects @ with b such that n((0,1)) C Reg(Z) N Q. Let t* = sup{t € [0,1]; n(s) €
X' for all 5,0 < s <t}. Obviously 0 < ¢* < 1. Let S” be the irreducible component of
X'\ K’ that contains n((0,¢*)). Hence a € S and S is not relatively compact in X’; thus,

by the induction hypothesis a ¢ [?’()?,_1) = Kﬁ\Zf(n_l). Since a € Zs, by (13), a & K™,
This completes the proof of the theorem.

Remark We cannot replace "irreducible component” in the above theorem with “open
component”, even in the simplest case n = 1. Set X = C x {0} U {0} x C and K =
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S % {0}. Then K = A x {0} where A is the closed unit disc in C. However X \ K is
connected, and, of course, not relatively compact in X. An example with X irreducible
is given in [5].
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