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Connecting points in irreducible Stein spaces byirreducible analytic curvesVâjâitu Viorel1 IntroductionIn this paper we are concerned with the geometry of Stein spaces and some consequencesin characterization of holomorphic q-hulls in top degrees. We show:Theorem 1 Any two points p; q of an irreducible Stein space X can be connected by anirreducible analytic curve C. In fact if n = dim X there are n�1 holomorphic functionsh1; : : : ; hn�1 2 O(X) such that C = fh1 = � � � = hn�1 = 0g.It will be clear from the proof that this theorem holds for an arbitrary discrete subsetof points of X. Moreover we may allow h1; : : : ; hn�1 to be global holomorphic sectionsin a given holomorphic line bundle L on X.Note that if H2(X;Z) 6= 0 there may be irreducible analytic curves that cannot begiven by n � 1 equations. For instance, the famous example of Oka, cited in the bookof Range [6, p.239 � 240] works also here. X is the domain of holomorphy in C2 givenby X = f(z1; z2) ; 3=4 < zj < 5=4; j = 1; 2 g and C = fz 2 X ; z2 � z1 + 1 = 0 g. Thenthere does not exists a holomorphic function f : X �! C such that f�1(0) = C.On the other hand there are examples of non-compact connected two dimensionalcomplex manifolds that do not have complex curves at all (Take a two dimensionalcomplex torus without complex curves and then delete one point).We mention that a similar version to Theorem 1 (in a weaker form) was earlier provedby Baran in [1], namely; Through an arbitrary discrete sequence of points of a connectedStein space passes a connected complex curve.Theorem 1 is a straightforward consequence of the followingTheorem 2 Let X be an irreducible Stein space and p; q two arbitrary points of X. Thenthere is f 2 O(X) such that Zf = fx 2 X j f(x) = 0g is an irreducible hypersurface thatpassess through the points p; q.As an application of the above theorem we prove in sect. 4 a theorem which assertsthat the holomorphic n-hull of compact subsets in a purely n-dimensional Stein spaces Xis simply obtained by �lling the holes of K, which is the natural n-dimension extension ofBehnke's generalization of Runge's theorem to an open Riemann surface. (See Theorem3, sect. 4)The main ideas of this paper stem from the article of Demailly [2] where he producesirreducible hypersurfaces in Cn with given singular locus.1



2 PreliminariesAll complex spaces are reduced with countable topology.Let X be a complex space. Then O(X) endowed with the topology of compactconvergence is a Fr�echet space.Now suppose X be purely n-dimensional. We de�ne U := the subset of O(X) madeof all holomorphic functions f not identically zero such that(|) dim Zf \ Sing (X) � n� 2:Then U is a dense open subset of O(X).(|) allow us to de�ne the multiplicity of f on the irreducible components of Zf .Indeed let Z1 be an irreducible component of Zf . Then H := Z1 n (Sing (Z1)[Sing (X))is a connected smooth hypersurface of the complex manifoldM := Reg (X) n Sing (Z1).Locally, at a 2 H, f can be written, in suitable coordinates (w1; : : : ; wn) of M , in theform f = wm1 � h with h(a) 6= 0. This m does not depend on a 2 H, and, by de�nition,is called the multiplicity of f along Z1.Fix an arbitrary compact set K of X. De�ne a function �K : U �! N as follows:For any f 2 U put�K(f) := ( the sum of the multiplicities of f on thoseirreducible components ofZf that meetK:Here we showProposition 1 The map �K is upper semi-continuous.Proof. Fix f 2 U . We prove the semi-continuity in this function.We replace K by suitable compact sets K1 (that avoids the singular locus of Zf andthe singular locus of X) and K2 (a neighborhood of K1 \ Zf in Reg(X)) such that( �K(f) = �K1(f) = �K2(f);�K(g) � �K1(g) � �K2(g)for any g in a neighborhood of f .To achieve this let S 0 := Zf \ Sing(X), S 00 = Sing(Zf ) and S := S 0 [ S 00. One hasdim S � n�2. Now let xo 2 S\K. There are neighborhoods U of xo in X, V of 0 2 Cnand a �nite holomorphic map � : U �! V , �(xo) = 0. Let (w1; : : : ; wn) be a system ofcoordinates of Cn around 0 (we shrink U and V , if necessary) such that 0 lies isolatedin �(S \ U) \ fw3 = � � � = wn = 0g. Choose " > 0; then � > 0, both small enough suchthat denoting( W (xo) = fw 2 V ; jw1(x)j2 + jw2(x)j2 < "2; jwj(x)j < � for j > 2g;T (xo) = fw 2 V ; jw1(x)j2 + jw2(x)j2 = "2; jwj(x)j � � for j > 2gwe have �(S\U)\T (xo) = ; and the irreducible components of Zf that do not meetK,do not meet U(xo) := ��1(W (xo)), too. Set B(xo) := ��1(T (xo)). Let U(x1); : : : ; U(xp)be a covering of S \K. We de�neK1 := (K n [1�j�pU(xj)) [ [1�j�pB(xj):2



Notice that any hypersurface of X meeting U(xj) at point a 2 U(xj) meets also B(xj)(Otherwise the trace of the image of this hypersurface by � on the setfw 2 V ; jw1(x)j2 + jw2(x)j2 < "2; wj = �j(a); j > 2gwill be a compact analytic set of positive dimension). Thus for any g 2 U we have�K(g) � �K1(g). Moreover, by construction �K(f) � �K1(f), K1 \ Sing (Zf ) =; and K1 \ Zf � Reg(X):Now let X 01; : : : ;X 0r be the connected components of Zf nSing (Zf ) that meetK1 andLj � Reg (X), 1 � j � r, mutually disjoint compact neighborhoods of X 0j \ K1 in Xsuch that Zf \ Lj = X 0j \ Lj . Set K2 := [1�j�r Lj:Thus �K2(f) = rXj=1 �Lj(f) = �K1(f). Since K2 is a neighborhood of Zf \K1 we getinfx2K1n �K2 jf(x)j > 0:Hence Zg \ K1 � Zg \ K2 for g that approaches f . This implies �K1(g) � �K2(g) �Prj=1 �Lj (g).It remains to prove the semicontinuity of �Lj at f . For the sake of simplicity we dropthe index j and consider L a compact set of Reg (X) such that Zf \ L = Z 0 \ L whereZ 0 is a connected component of Zf n Sing(Zf ). Let P := fw 2 Cn; jwjj < 1; 1 � j � ngthe unit polydisc. Since Z 0 \ L is compact there are �nitely many charts �� : U� �! Pde�ned by ��(x) = (w1(x); : : : ; wn(x)); x 2 U� such that U� cover Z 0 \ L and Z 0 has theequation w1(x) = 0. We assume also Zf \ U� = Z 0 \ U� . Let �� : U� �! X 0 \ U� begiven in local coordinates by (w1; : : : ; wn) ; (0; w2; : : : ; wn). Since Z 0 is connected wemay take S��(U�) connected.For any couple (�1; �2) of distinct indices such that ��1(U�1)\��2(U�2) 6= ; we choosea point x�1 �2 2 ��1(U�1) \ ��2(U�2). De�ne for " 2 (0; 1) the setsA"� = fx 2 U� ; jwj(x)j � 1� "; 1 � j � ng;B"� = fx 2 U� ; jw1(x)j < "; jwj(x)j � 1� "; 1 < j � ng;C"� = A"� nB"� :Now we consider " > 0 small enough such that the following conditions hold(1) x�1 �2 2 ��1(A"�1) \ ��2(A"�2);(2) ��1�1 (x�1 �2) \ B"�1 � A"�2;(3) A" := S A"� is a compact neighborhood of X 0 \ L.3



>From (3) and since Zf \ A" = X 0 \ A" we deduce �L � �A" in a neighborhood of fin O(X) and that �L(f) = �A"(f) = the multiplicity m of f on X 0:The proof will be concluded if we show that �A"(g) � m for(4) supA" jg � f j < infC" jf jwhere C" = [C"� (Note that Zf \ C" = ;, hence infC" jf j > 0).Let Y be an irreducible component of Zf that meets A", say, for instance Y \A"� 6= ;.Then inequality (4) implies Y \ A"�1 = Y \ B"�1 , thus for all x 2 ��1(A"�1) the analyticset Y \ B"�1 \ ��1(x) of the disc B"�1 \ ��1(x) is compact. Consequently the �bresY \ B"�1 \ ��1(x) are discrete, and, as dim Y = dim X 0 = n � 1, ��1(Y \ B"�1) is openin ��1(B"�1) = ��1(A"�1). Since ��1(Y \ B"�1) = ��1(Y \ A"�1) is compact and non empty,��1(Y \ B"�1) = ��1(A"�1) by connectivity of ��1(A"�1). (1) and (2) imply that for all �2with ��1(A"�1) \ ��2(A"�2) 6= ; we have Y \ A"�2 6= ;. Hence ��2(Y \ B"�2) = ��2(A"�2)by repeating the same procedure as above. Now as [��(A"�) is connected, we have��(Y \ B"�) = ��(A"�) for all �.Now choose �o an arbitrary index and xo 2 �xo(A"�o). By the theorem of Rouch�e andcondition (4) the function g has precisely m zeroes (counted with multiplicities) in thedisc B"�o\��1�o (xo). If Y1; : : : ; Yk are the irreducible components of Zg that meetA" (hencealso B"�o \ ��1�o (xo)) and m1; : : : ;mk are the multiplicities of g on those components, anypoint of Yj \B"�o \ ��1�o (xo); 1 � j � k; contributes by at least mj zeroes. Thus�A"(g) = m1 + � � �+mr � m:Proposition 2 Let f 2 U ;K a compact set of X and Z1 = Z 01; : : : ; Zt = Z 0t be theirreducible components of Zf that meet K. Then for any open subset 
 of X that meetseach Zj, the irreducible components of Zg that meet K meet also 
 as soon as g issu�ciently near f .Proof. We keep notations as in the proof of Proposition 1 assuming that g is takensu�ciently near to f . Thus any irreducible component Y of Zg such that Y \ K 6= ;cuts Lj for j = 1 or 2; : : : ; or r. We choose the sets U� such that 
 \ [��(U�) 6= ;;this is always possible because Reg(X) is connected. Finally consider xo 2 
 and " > 0small enough such that xo belongs to some B"�o with ��1�o (xo) \ B"�o � 
. The proof ofthe proposition follows.3 The proof of Theorem 2Let f1; : : : ; fk 2 O(X) such that fp; qg = fx 2 X j f1(x) = � � � = fk(x) = 0g (In factwe may always take k = n, but we do not need this). Let � : X �! Cn be an almostproper holomorphic map (see [3]). Thus � is surjective and has discrete �bers. LetS := Sing(X) [ fx 2 Reg(X) j rankx(�) � n� 1g:4



Therefore A is an analytic subset of X with dim(S) � n � 1.At this moment we break the proof into three steps:Step I Let A be the set of all (g1; : : : ; gk) 2 O(X)k such that if we set F := Pkj=1 fjgjthen(]) dim ZF \ S � n� 2:Then A is G� and dense in O(X)k.Indeed, let fYsg be all irreducible components of S of dimension n� 1. Fix mutuallydistint points ys 2 Ys, ys 6= p; q. It is obvious that A = \As where As := f (g1; : : : ; gk) 2O(X)k ; Pkj=1 fj(ys)gj(ys) 6= 0 g are open subsets of O(X)k. Thus A is G�.Now we check density. Let (g1; : : : ; gk) 2 O(X)k and for (a1; : : : ; ak) 2 Ck considerFa := Pkj=1 fj(gj + aj). Correspondingly de�ne a�ne maps �s : Ck �! C by�s(a) := kXj=1 fj(ys)(gj(ys) + aj); a 2 Ck:Then �s is surjective. Consequently E :=the union of all ��1s (0) has zero Lebesguemeasure in Ck. Therefore any a 2 Ck n E ful�lls (]), whence the density of A.Step II Let B be the set of all (g1; : : : ; gk) 2 O(X)k with the following property: IfF := Pkj=1 fjgj then any point x 2 ZF \ Reg (X); x 6= p; q is regular for F . Then B isG� and dense in O(X)k.Indeed, let M := Reg (X) n fp; qg and fL�g a countable covering of M by compactsets contained in local charts. Then B = \B� whereB� := f(g1; : : : ; gk) 2 O(X)k ; F := kXj=1 fjgj is regular on ZF \ L� gare open subsets of O(X)k. Hence B is G�.Note the following simple fact. LetM be a complex manifold and h1; : : : ; hr 2 O(M).Set T = ft 2 Cr j t1h1+ � � �+ trhr has at least one critical point g. Then T is measurableinCr as being the image of an analytic subset ofCr�M through the canonical projectionCr �M �! Cr.Now in order to verify density it su�ces to check that given (g1; : : : ; gk) 2 O(X)k,the set of all a = (a1; : : : ; ak) 2 Ck such that Fa := Pkj=1 fj(gj + aj) has a criticalpoint on Reg (X) n Zfj is of Lebesgue measure zero for any 1 � j � k. Indeed �xa1; a2; : : : ; aj�1; aj+1; : : : ; ak. Then Fa has a critical point on Reg (X) � Zfj if and onlyif aj is a critical values of the function�Fafj + aj = � 1fj Xs6=j fs(gs + as)� gjde�ned on Reg (X) n Zfj . Now the set of all such critical values is negligible (Theoremof Sard) and the conclusion of Step II follows by Fubini.5



Fix a point xo 2 X such that �(xo) = 0 and let K� be the compact connectedcomponent of ��1(B�) that contains xo, where B� is the closed ball of Cn with radius� 2 N. Then fK�g is an increasing sequence of compact sets that invades X.Step III Let E� be the set of all (g1; : : : ; gk) 2 A\B such that if F = Pkj=1 fjgj, then�K� (F ) � 1, i.e. at most one irreducible component of ZF does meet K� , component onwhich F has multiplicity 1. Then E� is G� and dense in O(X)k.That E� is G� follows by standars arguments from Proposition 1.To show density �x (g1; : : : ; gk) 2 O(X)k and let a; b 2 Ck be small enough (in thegiven usual euclidean norm on Ck) such that the functionsFa := kXj=1 fj(gj + aj); Fb := kXj=1 bj(gj + bj)have a common zero set ZFa \ ZFb of pure dimension n � 2, Fa; Fb 2 A \ B. Notethat the analytic sets ZFa \ A; ZFb \ A have dimensions � n � 2. Further one choses� near enough to 1 such that the critical zeros of Fa + �Fb on Reg(X) are containedin ZFa \ ZFb and dim Y \ A � n � 2. Here we put Y the hypersurface de�ned byFa + �Fb = 0. (Consider � a regular values of �Fa=Fb on Reg(X)nZFb and 1=� regularvalues of �Fb=Fa on Reg(X)nZFa). Set � = �(S [ Y ). Note that � is a countable unionof locally analytic sets in Cn of dimensions � n� 1.Let Y1; : : : ; Yr be the di�erent irreducible components of Y meeting K� . Choose oneach Yj a point zj, regular for Y and X, zj 62 S [ ZFb and �(zj) 62 B�. Further thereare mutually distinct vectors v1; : : : ; vr 2 Cn such that denoting by Hj the hyperplanehz � �(zj); vji = 0 in Cn the following properties hold:(5) Hj \B� = ;, kvj � �(zj)k � 1 (Note that B� is a closed convex subset of Cn);(6) ��1(Hj) intersects Yj transversally at zj;(7) Hj 63 �(zs); 8 s 6= j;(8) The subspaces H1 \Hj; j > 1, are mutually disjoint and not contained in �.Further, by (8), select for any j > 1; xj 2 ��1(H1 \Hj) such that(9) �(xj) 62 � [ S1<s6=j Hs.Some comments are appropriate here. Roughly speaking the analytic sets ��1(Hj) con-nect the components Y1; : : : ; Yr. Then by deformation of the set Y1[� � �[Yr [��1(H1)[� � �[��1(Hr) we shall obtain an irreducible hypersurface. To accomplish this set for any" 2 C, G" = 12(Fa + �Fb) nYj=1 1� h�; vjih�(zj); vji!+ "Fb:We will examine ZG" near the points zj; 1 � j � r and xj; 1 < j � r. But here Fb 6= 0;hence we restrict our consideration toG"Fb = 12 � Fa + �FbFb rYj=1 1� h�; vjih�(zj); vji!+ ";6



Now at points zj, thanks to (6), we may consider complex coordinates (w1; : : : ; wn) suchthat w1 = 1� h�; vjih�(zj); vji ; w2 = 12 � Fa + �FbFb Y1�s�rs6=j  1� h�; vsih�(zj); vsi! ;at xj; j > 1, due to (8) and (9), the coordinates (w1; : : : ; wn) may be chosen such thatw1 = 12 � Fa + �FbFb Y1<s�r  1� h�; vsih�(zs); vsi! ; w2 = 1� h�; v1ih�(z1); v1i �Let Dzj (resp. Dxj ; j > 1) be open neighborhoods of zj (resp. xj) such that thecoordinates (w1; : : : ; wn) realize an isomorphism of Dzj (resp. Dxj ) onto the polydiscP� := fw 2 Cn ; jwjj < �; 1 � j � n g. In Dzj and Dxj , ZG" has the equation w1w2+ " =0; hence if 0 < j"j < �2; ZG" \ Dzj and ZG" \ Dxj are irreducible. On the other handZGo has equation w1w2 = 0, where w1 = 0 represents ��1(Hj), and w2 = 0 gives thehypersurface Y (in Dzj ) or ��1(H1) (in Dxj ).Thus one can choose compact sets Lj of Dzj and Mj of Dxj ; j > 1 such thatZGo \ Lj = ��1(Hj) \ Lj and ��1(Hj)\ �Lj 6= ;;ZGo \Mj = ��1(H1) \Mj and ��1(H1)\ �Mj 6= ;;and it is clear that the hyperbola w1w2 + " = 0 cut Lj or Mj, as soon as " is smallenough.We now use three times Proposition 2 with f = Go; g = G" and K; fZ1; : : : ; Zr gand U are respectively replaced by(�1) K� ; fY1; : : : ; Yr g; [1�j�rDzj ;(�2) Lj; f��1(Hj) g; Dxj for j > 1;(�3) Mj ; f��1(H1) g; Dz1 for j > 1;If " 6= 0 is small enough and if T is an irreducible component of ZG" that meets K� wededuce the following(10) T meets r[j=1Dzj :We shall show that T \Dz1 6= ;. If T \Dzj 6= ; for some j > 1, by (�2)T \ Lj = fw1w2 + " = 0g \ Lj 6= ;;hence T cuts Dxj . Consequently T \Mj = fw1w2 + " = 0 g \Mj 6= ;, and, by (�3), Tmeets Dz1 . 7



All these possibilities lead us to T\Dz1 6= ;. Since ZG"\Dz1 = fw1w2+" = 0 g\Dz1 isirreducible and G" = (w1w2+")Fb has multiplicity 1, ZG" possess at most one irreduciblecomponent T meeting K� on which G" with necessity has multiplicity 1. By de�nitionG" 2 E� .On the other hand write G" = kXj=1 fjgj;" withgj;" = 12 [(gj + aj) + �(gj + bj)] � kYs=1 1� h�; vsih�(zj); vsi!+ "(gj + bj)and let a and b tend to 0, � to 1, �(zs) to1 and " to 0. It follows that, using kvs��(zs)k �1, fgj;"g converges to gj , whence the density of E� in O(X)k. So the proof of Step III.Consequently by the theorem of Baire \ E� is dense and G� in O(X)k, whence thetheorem.4 An applicationIn this section we deal with a re�nement of the usual notion of a holomorphic hull ofa compact set in a Stein space, in which the consideration of holomorphic functions isreplaced by that of holomorphic maps to Cq; q � 1.We recall that the holomorphic hull of a compact set K of a Stein space X equals theintersection of all sets f�1( df(K)) as f ranges through the holomorphic functions on Xand df(K) is the polynomial hull in C of f(K), that is obtained by adding to f(K) therelatively compact connected components of C n f(K), i.e. roughly speaking by �llingthe holes of f(K).This fact opens the way to de�ne the holomorphic q-hull of compact sets in Steinspaces. But �rst, for the sake of simplicity, let us denote for an open subset D of acomplex space S by �(D) the union of those irreducible components of D (N. B. not theopen ones !) that are relatively compact in S. We shall use this notation for open setsof the form D = S n L for some compact set L of S.Let X be a Stein space, K � X a compact set and q � 1 an integer. We de�nefollowing Lupacciolu [4] the q-holomorphic hull of K by(�) cK(q)X = \F2Oq(X) F�1[F (K) [ �(Cq � F (K))]:We list some simple properties. Suppose n = dim(X). Then(11) cK(q)X = K if q � n+ 1.(12) cK(n) � cK(n�1) � � � � � cK(1) = cK.(13) If f 2 Op(X), p < q, then cK(q)\Zf � dK \ Zf (q�p) where Zf = fx 2 X ; f(x) = 0g.(14) If � : Y �! X is a �nite surjective morphism, then d��1(K)(q)Y � ��1(cK(q)X ).8



>From [4] we mention that in de�nition (�) one can replace O(X)q by any otherdense subset. For instance if V is a Runge domain of X that contains K then cK(q)X =cK(q)V ; 8 q � 1.Here we give the main result of this section.Theorem 3 Let X be a purely dimensional Stein space and K � X a compact set.Suppose n = dim(X). Then cK(n)X = K [ �(X nK):Proof. Let K1 := K [ �(X nK). First we show that K1 � cK(n). In order to do this let� : X� �! X be the normalization map. Put K� = ��1(K). Then dK�(n) � ��1(cK(n))and �(K� [ �(X� nK�)) = K1. Consequently one has to check the said inclusion in caseX is normal. Assume this and let xo 2 X n cK(n). Then there is a holomorphic mapF : X �! Cn such that F (xo) lies in the unbounded component of Cn n F (K). It is aclassical fact that there is a n-convex function ' : Cn �! R with '(F (xo)) > k'kF (K).Now let � : X �! R any smooth strongly plurisubharmonic function (i.e. 1-convexafter the terminology of Andreotti and Grauert). Set for any " > 0;  " : X �! R by " = "� + ' � F . Then  " is n-convex and if " is samll enough  "(xo) > k "kK. Since " ful�ls the maximum principle, k "kK = k "kK1; thus xo 62 K1, whence the desiredinclusion. Note that the open sets appearing in �(X n K) have the boundary in K assoon as X has no isolated points.Further we prove the reverse inclusion by induction on n. The case n = 1 is treatedby Mihalache [5]. So assume that n > 1 and the theorem holds for all Stein spaces ofpure dimension between 1 and n� 1.Let a 2 X nK1; Y an irreducible component of X nK that contains a (Note that Y isnot relatively compact in X) and X1 the correspondent irreducible component of X thatcontains Y . Choose b 2 Y n cK and consider a piecewise C1 curve 
 : [0; 1] �! Y thatjoints a with b and 
((0; 1)) � Reg(X). By a theorem of Stolzenberg [7], L = 
([0; 1])is holomorphically convex in X. Consider 
 a tubular open neighborhood of L that isRunge in X, relatively compact, 
 \ K = ; and such that 
 \ X1 is irreducible. Byapplying Theorem 2 and Proposition 1 there is a holomorphic map f1 2 O(X1) suchthat Zf1 = fx 2 X1 ; f1(x) = 0g is an irreducible hypersurface, a; b 2 Zf1 and (aftershrinking 
, if necessary) Zf1 \
 is irreducible. Choose f 2 O(X) that extends f1 suchthat Zf = fx 2 X ; f(x) = 0g is purely n�1 dimensional. Let V be a relatively compactRunge neighborhood of K that does not contain b. Without any loss of generality wemay suppose that a 2 V .Now setX 0 = V \Zf ,K 0 = K\Zf . Further take � : [0; 1] �! Zf a C1 piecewise curvethat connects a with b such that �((0; 1)) � Reg(Zf )\
. Let t� = supft 2 [0; 1] ; �(s) 2X 0 for all s; 0 � s � tg. Obviously 0 < t� < 1. Let S 0 be the irreducible component ofX 0 nK 0 that contains �((0; t�)). Hence a 2 S and S is not relatively compact in X 0; thus,by the induction hypothesis a 62 cK 0(n�1)X 0 = dK \ Zf (n�1). Since a 2 Zf , by (13), a 62 cK(n).This completes the proof of the theorem.Remark We cannot replace "irreducible component" in the above theorem with "opencomponent", even in the simplest case n = 1. Set X = C � f0g [ f0g � C and K =9
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