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STABILITY OF THE PERIODIC TODA LATTICE: HIGHER
ORDER ASYMPTOTICS

SPYRIDON KAMVISSIS AND GERALD TESCHL

ABSTRACT. In a recent paper we have considered the long-time asymptotics of
the periodic Toda lattice under a short range perturbation and we have proved
that the perturbed lattice asymptotically approaches a modulated lattice. In
the present paper we capture the higher order asymptotics, at least away from
some resonance regions. In particular we prove that the decay rateis O(t—1/2).

Our proof relies on the asymptotic analysis of the associated Riemann—
Hilbert factorization problem, which is here set on a hyperelliptic curve. As
in previous studies of the free Toda lattice, the higher order asymptotics arise
from ”local” Riemann—Hilbert factorization problems on small crosses centered
on the stationary phase points. We discover that the analysis of such a local
problem can be done in a chart around each stationary phase point and reduces
to a Riemann—Hilbert factorization problem on the complex plane. This result
can then be pulled back to the hyperelliptic curve.

1. INTRODUCTION

This article is concerned with the long-time asymptotics of the doubly infinite
Toda lattice. In Flaschka’s variables (see e.g. [, [B], or [EH]) it reads

b(n,t) = 2(a(n, t)? —a(n —1,1)?),
a(n,t) = a(n,t)(b(n+ 1,t) — b(n,t)),

(n,t) € Z x R, where the dot denotes differentiation with respect to time. We
will consider a quasi-periodic algebro-geometric background solution (agq, by), to be
described in the Appendix Bl plus a short range perturbation (a, b) satisfying

(1.2) > @+ ) (la(n, t) — ag(n,t)] + [b(n,t) — be(n,t)|) < co.
n

If this condition is true for ¢ = 0, it is true for all ¢ € R (see [H]). The perturbed
solution can be computed via the inverse scattering transform. The free case where
(aq, by) is constant is classical (see again [ or [P]) and the more general case we
want to investigate here was solved only recently in [H (see also [i2]). The long-time
asymptotics in the free case were first computed by Novokshenov and Habibullin
=] and later made rigorous by Kamvissis [E] under the the additional assumption
that no solitons are present. The case of solitons was recently solved by Kriiger and
Teschl in [EH]. For a review see Kriiger and Teschl 4. The leading asymptotic in
the present situation were given by us in [ (see also [H for a short overview).

(1.1)
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To fix our background solution, choose a Dirichlet divisor Dj and introduce

(13)  z(n,t) = A, (00s) — @, (Dy) —ndy, (004) +tU, — &, € C7,

where 4, (a,, ) is Abel’s map (for divisors) and Z,, , U, are some constants defined
in Section Bl Then our background solution is given in terms of Riemann theta

functions by

(1.4) by(n,t) = b+

where a, b are again some constants.

Assume for simplicity that the Jacobi operator H corresponding to the perturbed
problem (=) has no eigenvalues, that is, no solitons are present (the case with soli-
tons will be given in []). In [E we have proved that for long times the perturbed
Toda lattice is asymptotically close to the following limiting lattice defined by

: (m(j,t))Q_ O(z(n,1) O(z(n—1,0)+(n.1)
a(,t)) 0 —1,0)  0(z(n,t) +8(n,1))

1
x exp | — / log(1 — [R|")woc, . | -
27T1 C(n/t)

(1.5) (01, 1) — by, 1)) = /C o1 = R

o

Ld, (0 s) +8(n1))
+ s ()

2ds
1
Se(n,t) = / log(1 — [RP)Cr.
C(n/t)

o

j=n

j=n

where R is the associated reflection coeflicient, (; is a canonical basis of holo-
morphic differentials, weo, oo_ is an Abelian differential of the third kind defined
in (B2, Qo is an Abelian differential of the second kind defined in (BZI),
C(n/t) = n=Y(o(Hy) N (=00, zj(n/t))) oriented such that the upper sheet is to
the left, and z;(n/t) is a special stationary phase point for the phase defined in the
beginning of Appendix &

From the formulas above, one easily recovers a;(n, t) and b;(n,t). More precisely,
we have the following.

Theorem 1.1 (Ji]). Let C be any (large) positive number and § be any (small) pos-
itive number. Let E; € S be the 'resonance points’ defined by S = {Es : |R(Es)| =
1}. (There are at most 2g + 2 such points, since they are always endpoints E; of
the bands that constitute the spectrum of the Jacobi operator.) Consider the region
D = {(n,t) : |2] < Cyn{(n,t) : |z;(}) — Es| > &}, where z;(%) is the special
stationary phase point for the phase defined in the beginning of Appendizl Then
one has

o0

(1.6) 11 ‘s((j’t? =1, Y (b t) = b 1)) =0,

j=n j=n
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uniformly in D, as t — o0.

By dividing in ([E28) one recovers the a(n,t). It follows from the theorem above
that

(1.7) la(n,t) — ai(n,t)] — 0

uniformly in D, as t — co. In other words, the perturbed Toda lattice is asymp-
totically close to the limiting lattice above. Similarly for the velocities b(n,t).

The question we address here concerns the higher order asymptotics. Namely,
what is the rate at which the perturbed lattice approaches the limiting lattice?
Even more, what is the exact asymptotic formula?

Theorem 1.2. Let D; be the sector D;j = {(n,t),: z;(n/t) € [E2j + €, Fajt11 — €]
for some € > 0. Then one has

(1.8) ﬁ (Z%_:%)z =1+ ¢,,( i 2Re (5(n,t)iA0(n,t)) +O0(t™9)

and
(19 > (G0 - bl b)) = ¢”(z) ——2Re (Bln, Dika(n, 1)) + O(t)
j=n+1 J

for any o < 1 uniformly in D;, ast — oco. Here

HZ 0 k;é;(zj — 2K)
- 51/2
1R2é+2(zy)

(where ¢(p,n/t) is the phase function defined in (B=kd) and R;éiQ(z) the square

root of the underlying Riemann surface),

(1.10) ¢ (23) /i = >0,

Bol1n,0) = e, (35) + D eae@nst) [ vl
k.l OO+
(1.11) Ar(n, t) = woo_0(2) = Y cre(2(n, £))wiy (n.1),0(004 )k (%),
k.l

with cge(2(n,t)) some constants defined in BLA), wqo an Abelian differential of
the second kind with a second order pole at q (cf. Remark ER),

B = \/mel(m/4=ara(R(z;))) +ara(D(iv) ~2va (=) (—Qf’”(,zj )> etz v o

Oz n.t) +0(n, 1) 0(2(z;,0,0)) y
0(z(#,0,0)) 0(z(z},n,t) +4(n, 1))

| 1—|R?
(1.12) X exp —/ log <7>w .
271 Jonye 1—|R(z)[2) "

where T'(2) is the gamma function,

1
(1.13) v=—5-log(l- |R(2))|?) > 0,
and a(z;) is a constant defined in (E=Zd)-
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FIGURE 1. The small cross containing the stationary phase point
z; and its flipping image containing 2. Views from the top and
bottom sheet. Dotted curves lie in the bottom sheet.

Remark 1.3. Combining our technique with the one from [H enables one to find
a complete asymptotic expansion.
The necessary changes to include solitons will be given in [ (see also [A, [,

and [E9] ).

2. THE "LOCAL” RIEMANN-HILBERT PROBLEM ON THE SMALL CROSSES

In B we have shown how the long-time asymptotics can be read off from a
Riemann—Hilbert problem

m5.(p,n,t) =m® (p,n, t)J°(p,n,t), pe’,
(m3) > —Dyny,  (mM3) > —Dy(n.p),

m®(p*,n,t) = m®(p,n,t) (? (1)>
(2.1) m®(cop,m,t)= (1 x).

For the exact definition of the associated Riemann surface and for the discussion
of the derivation of the Riemann-Hilbert problem (EZ3) we refer to the sections of
the appendix. In [E] we have only considered the leading asymptotics by showing
m°(p) — (1 1), asymptotically as t — oo.

In this paper, however, we are interested in the actual asymptotic rate at which
m®(p) — (1 1). We have already seen in [l that the jumps J® on the oriented
paths Cy, C} for k # j are of the form I + exponentially small asymptotically as
t — oo. The same is true for the oriented paths Cj1,Cjs, CFy, CF, at least away
from the stationary phase points z;, z;. On these paths, and in particular near the
stationary phase points (see Figure ll), the jumps read

d _R*©*

5 1 —= e e
J5—B+—<O d klfR ), p € Cj,
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. 1 0 .
']5:B71: (ﬁ RO et ® 1)5 pecjla
d 1-R*R

. 1 0
]5 .
b+ (—dd* ROe! ¢ 1)’ P& iz

1 —LRgete .
b ! = (0 d 1 ) ) pE CJ2

Note that near the stationary phase points the jumps are given by (cf. Lemma =)

(2.2) J? =

2iv
5 Y LG P T _etd
B =1 ( e Z”) =), pe L,
1
1 0
B:l = aer — 2w 9 p € L* )
(VEE-2)) et 2
1 0
by = ” —2 . p€Lj,
+ ( o3 (iz]) (Z _ ZJ)> Tet¢ 1 p 72
") 2‘"
R _ 1 Z]‘ _ ) _ 7t¢
(2.3) b= 1 ( (2 Zﬂ>> re , pELL,
0 1
where (cf. (BE) and (E2))
ct(z) (=)
(2.4) r = R(z;)O(z;,n,t) (2, (f .
The error terms will satisfy appropriate Holder estimates, that is
(2.5) IB+(p) = B+(p)| < Clz = 1%,  p=(z+) € C,

for any a < 1 and similarly for the other matrices.

To reduce our Riemann—Hilbert problem to the one corresponding to the two
crosses we proceed as follows: We take a small disc D around z;(n/t) and project it
to the complex plane using the canonical projection 7. Now consider the (holomor-
phic) Riemann—Hilbert problem in the complex plane with the very jump obtained
by projection and normalize it to be I near co. Then, as is shown in [ (see [,
Thm. A.1]), the solution is of the form

B My 1 .
(2.6) M(Z)—H—FZ_ij—FO(t ),
where
s 0 —B(@)
_ TR Y
Mo =iy/i/¢"(2;) (5(0 0 )a
(27) 6(0 :\/;ei(ﬂ-/4farg(T)Jrarg(l“(iu)))efitqb(zj)tfiu'

Now we lift this solution back to the small disc on our Riemann-surface by setting
M(p) = M (z) for p € D and M(p) = M(Z) for p € D*. Then

_ Jm*(pM~(p), pe DUD"
m°(p) = {m5 (p), else.

(2.8)
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has no jump inside D U D* but jumps on the boundary given by
(2.9) mi(p) =m® (p)M~'(p), p€dDUID*.

The remaining jumps are unchanged. In summary, all jumps outside D UJdD*. are
of the form I + exponentially small and the jump on 0D U 0D* is of the form
I+ 0@t 1/2).

In order to identify the leading behaviour it remains to rewrite the Riemann-—
Hilbert problem for m® as a singular integral equation (cf. [El Sect. 5]). Let the
operator Cye : L*(X%) — L?(2%) be defined by

(2.10) Cus f = C_(fuw®)
for a vector valued f, where w® = J% — T and

@11)  (Cif)g) = lim /f%, %-Cﬁm* 9>,

p—qET 27T1 0 Q%’Oo

are the Cauchy operators for our Riemann surface. In particular, Q%’q is the Cauchy
kernel given by

g
(2.12) 05T =wyq+ Y IF(p)G,
j=1

where

P
wl;zyo.

(2.13) 129p) =3 cje(D)

S~

Here wq o is the (normalized) Abelian differential of the second kind with a second

order pole at ¢ (cf. Remark & below). Note that Ijﬁ’q(p) has first order poles at
the points . )
The constants cj;(2) are chosen such that Q57 is single valued, that is,

g g
(214) / dljbq = Z ng/ Wi, 0 = Z Cﬂﬁk I/g ks

=1

where (, = nr(z)dz is the chart expression in a local chart near 0y (here the by
periods are evaluated using the usual bilinear relations, see [ Sect. II1.3] or [4,
Sect. A.2]).

Remark 2.1. The Abelian differential wy 4 is explicitly given by

o — (B Fao®)  Rypla 4 Bao(@) o )
P\ 2 w) 2 —nla) ) RYZ,

3

where Ppy(2) is a polynomial of degree g — 1 which has to be determined from the
normalization faz wpp+ = 0. For ¢ = oo we have

R;éiz + R;éiz( ) 1
Wp oo ( 2(7T — W(p)) + 27T + poo+ (7T)

dm

1/2
R2g+2
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Consider the solution x5 of the singular integral equation

(2.15) p=(1 1)+ Cyop in L*X°).
Then the solution of our Riemann-Hilbert problem is given by
1 X
2.1 =T+ — 6,00 Q.
(2.16) mp) =1+ oo [t

By ||w%|e = O(t~1/?) Neumann’s formula implies
(2.17) 1(q) =I-Cuwe)™ (1 1)=(1 1)+0¢ 2.

Moreover,

(2.18) w(p) =

Hence we obtain

6/ \ B (1 1) MOL 1 5
m®(p) = (1 1) t1/2 27 Jop ™ — z; &
(1 )M 1 1, o
12 o /6D*7T—ZJQ +O™)
1 1) M, 1 1) M,
—( m%g;( ) — (ﬂ%gg( D+

=1 1)- m (1805 (25) — 1005 () —1AQF™" (2) + 1B (=)
(2.19)
+O(t™).
Note that the right hand side is real-valued for p € 77*(R)\X since OL>*(7) =
Q%% (¢) implies
(2.20) 0Loos(or) = 05%5 (), pen (R\S
Since we need the asymptotic expansions around co_ we note

Lemma 2.2. We have

(2.21) QL () = Af + A— + O( )

for p = (z,—) near co_, where

(2.22) Af = 08 () = 05 (2) = woa_ oc. () + ) it / Wop0G(2)
kol oo

and

A%:wooﬂo(zj) +chf( )ww 0( )Ck(zj)

k.l

(2.23) = woo 0(2) = > k(& wiz 0(004 )Gk (2)-

k.t
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Proof. To see Q% (z;) = 0L (zj) note cpe(2") = —cpe() and f wppo =
fOOJr (.«)WO |:|

o0

Observe that since cge(2) € R and f wi, 0 € R we have A €iR.

Remark 2.3. Note that the Abelian integral appearing in the previous lemma is
explicitly given by

o+l 4L Z2g+1 9+ Poo_ o(m) +R§é12d

1/2
R2g+2

(2.24) Woo_ 0 =

3

with Poo_ o a polynomial of degree g — 1 which has to be determined from the nor-
malization.
Similarly,

~ R 12
Ry + Ry)fin(9) + G820 (m = v) + Poo(m) - (7 = )?
(2.25) Wp,0 = Fabia dm,

1/2
2(m —v)? R2£+2

with Py o a polynomial of degree g —1 which has to be determined from the normal-
1zation.

The asymptotics can be read off by using

(2.26) m(p) = d(o0 )m®(p) (d%’” i)

for p near co_ and comparing with (BZZl) using

(2.27) d()_1+ﬂ+0( -
for p = (z,4) near co,, with ([i])
= o o 80 = 1)
T G e I

where g is the Abelian differential of the second kind defined in (BZXH). We obtain

(2.28) A+(n,t)2_ﬁ<1+ ¢”( 5 (m iﬂA_§)>+O(t“)

and

(2.29) Bi(n,t) = —d; — ¢”( + (m —ipAf ) + o).
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APPENDIX A. ALGEBRO-GEOMETRIC QUASI-PERIODIC FINITE-GAP SOLUTIONS

Asin [E, we state some facts on our background solution (a4, b;) which we want
to choose from the class of algebro-geometric quasi-periodic finite-gap solutions,
that is the class of stationary solutions of the Toda hierarchy, [l]. In particular,
this class contains all periodic solutions. We will use the same notation as in [E4],
where we also refer to for proofs. As a reference for Riemann surfaces in this context
we recommend [H].

To set the stage let M be the Riemann surface associated with the following
function

2g+1
(A1) Ry2,(2),  Rogea(x)= [[(z—Ej),  Eo<BEi<-< By,

j=0
g € N. M is a compact, hyperelliptic Riemann surface of genus g. We will choose
R;éiQ(z) as the fixed branch

2g+1

(A.2) Ry =— [[ v=—E;,
j=0

where /- is the standard root with branch cut along (—o0,0).

A point on M is denoted by p = (z, :I:R;éiQ(z)) =(z,%),2€ C,orp=(00,%)

oo+, and the projection onto C U {co} by m(p) = z. The points {(E;,0),0 < j <
2g + 1} C M are called branch points and the sets

g
(A.3) s = {(2,£R3)35(2)) | 2 € C\ | [Bzj, Baja]} € M

j=0
are called upper, lower sheet, respectively.

Let {a;, bj}§:1 be loops on the surface M representing the canonical generators
of the fundamental group m1(M). We require a; to surround the points Eoj_1, Eo;
(thereby changing sheets twice) and b; to surround Ejy, Eaj_1 counterclockwise on
the upper sheet, with pairwise intersection indices given by

(A4) CLiOCLj:biOijO, aiobj:5i7j, 1§’L,j§g

The corresponding canonical basis {(; }2:1 for the space of holomorphic differentials
can be constructed by

(A5) =Y )T

where the constants ¢(.) are given by

_ i~ tdn Bak 20—y
Cj(k):cjkl, cjk:/ 17/2:2/ —7m - €k
ar Rogys Ban Rogls(2)

The differentials fulfill
(A.6) / Gk = 0k / o =Tjky  Tjk = Thj, 1<jk<y.
a]‘ b]‘

Now pick g numbers (the Dirichlet eigenvalues)
(A7) (5)f=1 = (15, 05) =
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whose projections lie in the spectral gaps, that is, p; € [E2j_1, Eaj]. Associated
with these numbers is the divisor D which is one at the points ji; and zero else.
Using this divisor we introduce

é(pa n, t) = Ap() (p) - ng (DE) - nAAoo, (OO+) + tQO - Epo € Cga

(AS) é(n? t) = £(00+, n, t)a
where Epo is the vector of Riemann constants
2, 1- gi Tj.k
(Ag) Zpo,j — %a Po = (EOa O)a

U, are the b-periods of the Abelian differential Qo defined below, and A, (a,) is
Abel’s map (for divisors). The hat indicates that we regard it as a (single-valued)
map from M (the fundamental polygon associated with M by cutting along the a
and b cycles) to C9. We recall that the function 6(z(p,n)) has precisely g zeros
v;(n) (with 2;(0) = 0;), where 6(z) is the Riemann theta function of M.

Then our background solution is given by

20(z(n+1,1))0(z(n — 1,t))

ag(n,t)? =a 0(z(n, 1)) ’
- 1d 0(z(n,t))
(A.10) by(nt) = b+ 5o log (W)

The constants @, b depend only on the Riemann surface (see [i8, Section 9.2]).
Introduce the time dependent Baker-Akhiezer function
P
QO) )

(A.11) wq(p,n,t)—C(n,O,t)%eXp (n/Ep wOO+m7+t‘/]E

where C(n,0,t) is real-valued,

o 0(2(0,0))0(z(-1,0))
0(z(n,1))0(z(n - 1,t))’

and the sign has to be chosen in accordance with aq4(n,t). Here

(A.12) C(n,0,1)

(A.13) 0(z) = ) exp2ri (<m, z) + M) , zeC,
2
mezZ9I
is the Riemann theta function associated with M,
I_(m— XN
(A.14) Wooy 0o = %dw
R2g+2

is the Abelian differential of the third kind with poles at ooy and co_ and
Iolm =) o1&
—Sm——dn Y Ni=5 ) B,
j=0 j=0

(A.15) Q =~
R2g+2
is the Abelian differential of the second kind with second order poles at oo respec-
tively oco_ (see &4 Sects. 13.1, 13.2]). All Abelian differentials are normalized to
have vanishing a; periods.
The Baker-Akhiezer function is a meromorphic function on M \ {coy4 } with an
essential singularity at coy. The two branches are denoted by

(A.16) g, +(z,n,t) = Pg(p,n,t),  p=(2,%)
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and it satisfies
H(I(t)wq(pa n, t) = 77(1’)‘/’:1(1% n, t)a

d
(A17) qu(panat) = P%Q(t)wq(panat)a

where H,, P, are the operators from the Lax pair for the Toda lattice.
It is well known that the spectrum of H(t) is time independent and consists of
g + 1 bands

g
(A.18) o(Hg) = U[E2j, Esjya].
§=0
For further information and proofs we refer to &4, Chap. 9 and Sect. 13.2].

APPENDIX B. THE INVERSE SCATTERING TRANSFORM AND THE
RIEMANN—HILBERT PROBLEM

In this section our notation and results are taken from [A] and [H]. We will follow
essentially [E] with the only difference that we will work directly with the vector
Riemann-Hilbert problem. This will avoid the problems arising when the transmis-
sion coeflicient vanishes at an band edge and somewhat simplify our analysis.

Let g +(2,n,t) be the branches of the Baker-Akhiezer function defined in the
previous section. Let 11 (z,n,t) be the Jost functions for the perturbed problem
defined by

(B.1) m w(z)T" (Y (z,n,t) —Yg+(2,n,t)) =0,

li
n—+oo

where w(z) is the quasimomentum map

(B.2) w(z) = exp(/Ep Wooy 0o )y P =(2,+).

The asymptotics of the two projections of the Jost function are

—1 . +1
P(z,n,t) :ZJF (Hi;()(n,qt()],t>) x
(B.3) X (1+ (Bi(n,t)ii:bq(j_ ?’t))%+0(zi2))’

as z — 00, where

j=n al](ja t) j=n+1
(B4) n—1 n—1
A= [T 250 b= 3 G4t =00,

One has the scattering relations
(B.5) T(2)Yx(2z,n,t) = Y+(z,n,t) + Ry (2)Y+(z,n, 1), z € 0(Hy),
where T'(z), R4(z) are the transmission respectively reflection coefficients. Here
Y+ (2z,n,t) is defined such that ¢4 (z,n,t) = lim. g ¢+ (2 + i, n,t), 2 € o(Hy). If
we take the limit from the other side we have ¥4 (z,n,t) = lim. o ¥+ (z — i, n, t).
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The transmission T'(z) and reflection R4 (z) coefficients satisfy
(B.6) T(2)Ri(2) + T()R-(2) =0,  |T(2)]* + |Re(2)]* = 1.

In particular one reflection coefficient, say R(z) = R (z), suffices.
We will define a Riemann—Hilbert problem on the Riemann surface M as follows:
Yo(zmt) Yy (zmt) _
T(#) g, —Crt) BanGan ) P=(51)
Yy (z,m,1) Y (zn,t) _
GerGan TGy —Gan): P=(-)
We are interested in the jump condition of m(p,n,t) on X, the boundary of Iy
(oriented counterclockwise when viewed from top sheet II.). It consists of two
copies X+ of o(H,) which correspond to non-tangential limits from p = (z, +) with
+Im(z) > 0, respectively to non-tangential limits from p = (z, —) with FIm(z) > 0.
To formulate our jump condition we use the following convention: When repre-
senting functions on ¥, the lower subscript denotes the non-tangential limit from
II; or II_, respectively,

(B.7) m(p,n,t) =

(B.8) my(po) = - lim  m(p), po € X.
+2P—Po

Using the notation above implicitly assumes that these limits exist in the sense that
m(p) extends to a continuous function on the boundary away from the band edges.

Moreover, we will also use symmetries with respect to the the sheet exchange
map

(B9) . {(z,:F) for p = (2, %),

sor  forp= oo,
and complex conjugation
(z,4) forp=(z%)¢Xx,
(B.10) p=<(2,F) forp=(z,+)€X,
004 for p = co.

In particular, we have p = p* for p € X.
Note that we have my(p) = m(p*) for m(p) = m(p*) (since * reverses the

orientation of ¥) and my (p) = my (p*) for m(p) = m(p).
With this notation, using (B&) and (BX), we obtain

m+(panat) = m*(panat)‘](panat)

LRGP -FG)OGm Do)
(Bll) J(p,n,t) = (R(p)@(}l,?”b(i))|€t¢(p) (p) (pl t) ) )
where

~ 0(z(p,n, 1)) 0(2(p*,0,0))
(B.12) O 1) = G .0,0)) 0z (o, m. 1)
and
(B.13) olp. ) = 2/; 2 +2%/Ep Wo, oo € iR

for p € ¥. Note
wq(panat)

= O(p,n,t)et?®).
i) O®0)
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Here we have extend our definition of 7" to ¥ such that it is equal to T'(z) on X4
and equal to T(z) on ¥_. Similarly for R(z). In particular, the condition on X
is just the complex conjugate of the one on X _ since we have R(p*) = R(p) and
my(p*,n,t) =my(p,n,t) for p € 3.

Furthermore,

(B.14)
mp,n,t) = (A1 = By(n=1.03) g1+ By 1)) +0(5),

for p = (z,+4) — oco4, with Ay (n,t) and By (n,t) are defined in (BZH). The formula
near co_ follows by flipping the columns. Here we have used
(B.15)

T(z) = A_(n,t)Ay(n,t)(1 - By (n,t) +by(n,t) = b(n, t) + B_(n,1) 1

+O(Z—2).

Using the properties of ¥4 (z,n,t) and ¥4 + (2, n,t) one checks that its divisor sat-
isfies

z

(B.16) (m1) 2 —Dacnpys  (M2) = —Dagnp)-
Theorem B.1. The function
1
B.17 2) = ——x t
(B.17) m(2) = gy )

with m(z,n,t) defined in Bad) is meromorphic away from ¥ and satisfies:
mi(p) =m?(p)J°(p), pE,

(B.18) (m?) > =Dagniyes  (M3) > =Dp(n 1),
3 ¥\ — 03 0 1
w ) =) (§ g
(B.19) m?(coy) = (1 %),
where the jump is given by
1—|R(p)] —R(p)O(p,n, t)e"®
B.2 3 t) = 1, '
20 PEm0= (g A 1
Note also
30\ _ 1 By (n,t) 1 1

for p near co_.

APPENDIX C. THE STATIONARY PHASE POINTS AND CORRESPONDING CONTOUR
DEFORMATIONS

The phase in the factorization problem ([B=L) is t¢ where ¢ was defined in

B). Invoking (B and (BZEd), we see that the stationary phase points are
given by

g g
5 n
j=0 j=1
Due to the normalization of our Abelian differentials, the numbers A;, 1 < j < g,
are real and different with precisely one lying in each spectral gap, say A; in the
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_|_
CJI - e CJQ
Djl + Zj‘ + Dj2
By + Ejit
cr T T C*
Jl,- Jj2
Vo
EQJ' -
_|_

FIGURE 2. The lens contour near a band containing a stationary
phase point z; and its flipping image containing z7. Views from
the top and bottom sheet. Dotted curves lie in the bottom sheet.

7’th gap. Similarly, S\j, 0 < j < g, are real and different and S\j, 1 <j<g,sits in
the j'th gap. However Ao can be anywhere (see &4, Sect. 13.5]).

In [0] we examined the dependence of the stationary phase points on %. We
proved the following.

Lemma C.1. Denote by zj(n), 0 < j < g, the stationary phase points, where
n="%. Set \o = —00 and Ag41 = 00, then

(C.2) Aj <zi(n) < Ajpa

and there is always at least one stationary phase point in the j’th spectral gap.
Moreover, z;(n) is monotone decreasing with
(C.3) lim zj(n) =Xj4+1 and lm zj(n) = A;.
71— —00 n—oo

So, depending on n/t there is at most one single stationary phase point belonging
to the union of the bands o(Hy), say z;(n/t). On the Riemann surface, there are
two such points z; and its flipping image z; which may (depending on n/t) lie in
3.

There are three possible cases.

(1) One stationary phase point, say z;, belongs to the interior of a band
[E2j, E2j41] and all other stationary phase points lie in open gaps.

(ii) z; = z; = E; for some j and all other stationary phase points lie in open

aps.
(iii) gNopstabtionary phase point belongs to o(Hy).
In this paper we consider the first case. Note that in this case
. HZ:O,k;ﬁj(zj - 2k)
iR;ﬁa(Z’j )
Let us introduce the following ”lens” contour near the band [Es;, E2j4+1] as shown
in Figure @ The oriented paths C; = Cj1 U Cj2, CF = Cj; U CJy are meant to be

> 0.

(C.4) ¢"(2)/i
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_|_
Ck

FIGURE 3. The lens contour near a band not including any sta-
tionary phase point. Views from the top and bottom sheet.

close to the band [Eaj, Faji1].

We have
Re((b) > Oa in Djl; Re(¢) < 0, in DJ2
Indeed
(05) Im((b/) < Oa in [EQja Zj]a Im(¢/) > O, in [Zj, E2j+1]

noting that ¢ is imaginary in [Esj;, F9jy1] and writing ¢’ = d¢/dz. Using the
Cauchy-Riemann equations we find that the above inequalities are true, as long as
Cj1, Cjo are close enough to the band [Fsj, Eojy1]. A similar picture appears in
the lower sheet.

Concerning the other bands, one simply constructs a ”lens” contour near each of
the other bands [Fay, Foy1] and [E3,, 3, ] as shown in Figure B The oriented
paths Ci,C; are meant to be close to the band [Eay, Faor41]. The appropriate
transformation is now obvious. Arguing as before, for all bands [Fak, Fort1] we
will have

Re(p) < (>)0, in Dy, k> (<)j.

Now observe that our jump condition (B2l has the following important factor-

ization

(C.6) 7= (b-) b,

where o
y _ (1 ROe™? o 1 0
- \o 1 ’ T \ROe!? 1)

This is the right factorization for z > z;(n/t). Similarly, we have

1— 2
(C.7) J3=(B_)™! ( O|R| (1) ) B,
T—|R|?

- = ROe' ) + = B :
—taer 1 0 1

where
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This is the right factorization for z < z;(n/t). To get rid of the diagonal part
we need to solve the corresponding scalar Riemann-Hilbert problem. Again we
have to search for a meromorphic solution. This means that the poles of the scalar
Riemann—Hilbert problem will be added to the resulting Riemann—-Hilbert problem.
On the other hand, a pole structure similar to the one of m is crucial for uniqueness.
We will address this problem by choosing the poles of the scalar problem in such a
way that its zeros cancel the poles of m. The right choice will turn out to be Dy
(that is, the Dirichlet divisor corresponding to the limiting lattice defined in (IE&)).

Lemma C.2. [l Define a divisor Dy, ) of degree g via

(C.8) o (Po(n,t)) = Qpy (Dpa(nt)) + 4(n, 1),
where
1
(C.9) de(n,t) = o log(1 — |R|2)<€-
T JC(n/t)

Then Dy 1) is nonspecial and 7(0;(n,t)) = vj(n,t) € R with precisely one in each
spectral gap.

Now we can formulate the scalar Riemann—Hilbert problem required to eliminate
the diagonal part in the factorization (E=):

dJr(panat):d*(panat)(l_ |R(p)|2)a pGC(n/t),
(C.10) (d) > =Din,p),
d(coy,n,t) =1,

where C(n/t) = N7~ ((—00, z;(n/t)). Since the index of the (regularized) jump
is zero (see remark below), there will be no solution in general unless we admit g
additional poles (see e.g. &, Thm. 5.2]).

Theorem C.3. The unique solution of (=) is given by

Oz(n.t) +d(n.t))  blz(p,nt)
0(z(n,t)) 0(z(p,n,t) +4(n,t))

(C.11) .
X exp —/ logl—RQwoo y
(271 C(n/t) ( | |> peor

where §(n,t) is defined in @E=Y) and wyq is the Abelian differential of the third kind
with poles at p and q.

The function d(p) is meromorphic in M\ C(n/t) with first order poles at vj(n,t)
and first oder zeros at fi;(n,t). Also d(p) is uniformly bounded in n,t away from
the poles.

In addition, we have d(p) = d(p).

d(p,n,t) =

In particular,

O(z(n —1,t)) 6(z(n,t) +d(n,t))
e(é(na t)) o(é(n - 15 t) =+ é(na t))

(C.12) :
X exp (2—/ log(1 — |R*)weo_ OO+> ,
T Jem/t)

d(co_,n,t) =
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since z(co_, n,t) = z(coy,n—1,t) = z(n—1,t). Note that d(co_, n,t) = d(c0-,n,t) =
d(co_,n,t) shows that d(co_,n,t) is real-valued. Using (BZXH) one can even show
that it is positive.

Also, we can give more information on the singularities of d(p) near the stationary
phase points and the band edges.

Lemma C.4. For p near a stationary phase point z; or zj (not equal to a band
edge) we have

(C.13) d(p) = (z — zj)ii”ei(z), p=(z, %),

where e*(z) has continuous limits near z; and
1
(C.14) v=—g5- log(1 — |R(2;)|*) > 0.

Here (z — zj)*¥ = exp(&ivlog(z — z;)), where the branch cut of the logarithm is
along the negative real axis.
For p near a band edge Ey, € C(n/t) we have

(C.15) d(p) = T*'(2)e*(2), p= (2 %),

where é*(z) is holomorphic near Ej, if none of the v; is equal to E) and é(z) has
a first order pole at B = v; else.

Proof. The first claim we first rewrite (E=E) as
0 t t 0 t
d(p, 1) = exp (w / wpw) T .
C(n/t)

0z(nt)  0(z(p,mt) +3(n,8) |

1 1—|R?
C.16 X exp | — / 10g (7) Wy oo .
( ) (27T1 C(n/t) 1-— |R(ZJ) poot

Next observe

1
©11) 5[ e =gz - 5) £ als) + OG- x), p=(22)

2 Jem
where o(z;) € R, and hence
(C.18)

1
/ Wpooy ::I:log(z—zj):lza(zj)+—/ Woo_ ooy +O0(2—25), p=(2%),
C(n/t) C(n/t)

from which the first claim follows.
For the second claim note that

Hp) = 1 T(z2), p=(z+) €I,
T(c0) | T(2)7Y, p=(z,—) €Il

satisfies the (holomorphic) Riemann-Hilbert problem

ti(p) =t-(p)(1— [R()]*), peZ,

Hence d(p)/t(p) has no jump along C(n,t) and is thus holomorphic near C(n/t)
away from band edges Er = v; (where there is a simple pole) by the Schwarz
reflection principle. O

Furthermore,
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Lemma C.5. We have
(C.19) £(2) =7 (), p=(2%) € D\C(n/h),
and

1
et (z) =exp wals) + 5 [ e m) x
C(n/t)

O(z(n,t) + d(n,t)) 0(z(zj,n,t))

TG D) Bz(z, ) +a(mt)
ex L o Lo RE R Wy, 2* +w
(C-20) e (27Ti ~/C(n/t)1 g (1 — |R(z) ) ( 2 T oo °°+)> ’
where
(C.21) a(zj) = lim l wppr — log(m(p) — z;).

r=2 2 Jomm

Here a(zj) € R and wyp+ is real whereas woo_ oo, is purely imaginary on C(n/t).

Proof. The first claim follows since d(p*) = d(p) = d(p) for p € ¥\C(n/t). The
second claim follows from (EZXH) using fC(n/t) fWpoo, = fC(n/t) f(Wpp+weo_ soy)
for symmetric functions f(q) = f(q*). O

Having solved the scalar problem above for d we can introduce the new Riemann-—
Hilbert problem

- d(p*) 0
C.22 4p) = d(co_)tm?(p)D(p), D(p) = ( .
(C.22) m*(p) = d(co-)""m”(p)D(p), D(p) 0 d(p)
Then a straightforward calculation shows that m* satisfies

mi (p) = mt(p)J*(p), pe,
(0.23) (mil) > —Dg(n,t)*; (mé) > —Dg(n,t),

4/ %\ _ 4 0 1
wh) =) (3 o)
mi(oor) = (1 *),
where the jump is given by

(C.24) J'p) =D_(p)""J*(p)Ds(p), pEX.

In particular, m* has its poles shifted from ji;(n,t) to ;(n,t).
Furthermore, J* can be factorized as

s (1-|R? —£LROe™'?\ - 3
(©25) —(%R@em ST = by, pen\Cluy)

where by = Dby D, that is,

. 1 LROet? - 1 0
= a* = .
b- (0 1 ) b+ (%R@etab 1)’

for m(p) < z;(n/t) and

(v gEmEe
TROe!  1—|RJ?

(C.26) ) — (B)™'By, peCn/h),



STABILITY OF THE PERIODIC TODA LATTICE 19

where By = D-'B.D_, that is,

. | 0 o (1 Tt
= d*, . , — + - 3
4 1j%|(}%|2et¢ 1 * 0 1

for w(p) > z;(n/t).
Note that by d(p) = d(p) we have

)
d*(p) _d*(p) 1 d+(p)
()

C.27 - - . peCm/b),
©20 T T W IT-ROE - 4 /0
respectively
d(p) _ d+(p) 1 d* (p)
(C.28) - = — = =2 p e C(n/t).
d*(p) di(p)1—I|R(P)I* d(p)
We finally define m® by
m5:m4B;1, pE Dy, k<j,
m5*m4B:1, pe D;, k<j,
m® = m4B;1, pE Djl;
m® =m*B~!, pe D3y,
(C.29) m® =m*;', pe Dy,
m® =m*_t, pe D3,
m5:m4l~);1, p € Dy, k> j,

m® =m*_t, pe Di, k> j,
m® =m®*, otherwise,

where we assume that the deformed contour is sufficiently close to the original one.
The new jump matrix is given by

m5 (p,n,t) = m> (p,n,t).J°(p,n, t),

J°=B,, peCy k<j
J°=BT', pecCy, k<,
J® =By, peC,

(C.30) J*=DBZ', peCy,
J*=by, pe€Cj,
JP=b"", peCh,
Jo=by, peCy k>j
JP=b"Y, peC}, k>j.

Here we have assumed that the function R(p) admits an analytic extension in the
corresponding regions. Of course this is not true in general, but we can always evade
this obstacle by approximating R(p) by analytic functions in the spirit of [@]. In fact,
as in [lE4 Sect. 5] one sees that it indeed suffices to find an analytic approximation
for the left and right reflection coefficients. Moreover, for each spectral band (viewed
as a circle on the Riemann surface) one can take the imaginary part of the phase
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as a coordinate transform and then use the usual Fourier transform with respect to
this coordinate (compare [, Lem. 5.3]). In the band which contains the stationary
phase point one has to split R(p) in a polynomial part plus a sufficiently smooth
remainder with compact support (see again [4, Lem. 5.3]).
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