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Gauss—Berezin integral operators and spinors
over supergroups OSp(2p|2q)

YURI A. NERETIN!

We obtain explicit formilae for the spinor representation of the supergroup OSp(2p|2q)

and the corresponding super-Olshanski semigroup.

Apparently, first elements of a strange analogy between orthogonal and sym-
plectic spinors? were observed by K.O.Friedrichs in early 1950s, see [7].

F.A.Berezin in early 1960s obtained explicit formulae [1] for both represen-
tations. In the symplectic case, the representation of Sp(2n,R) is realized by
certain integral operators of the form

Af(z)z/nexp{%(z 7) (ft AZ) (;)}f(u)e_'“'Qdudﬂ (0.1)

in the space of holomorphic functions on C". Here the sign ! denotes the trans-
pose; z = (zl zn), u = (u1 un) are vectors-rows and K, L, M are
certain n x n matrices (depending on an element g € Sp(2n,R)).

On the other hand, Berezin obtained formulae for the spinor representation
O(2n,R), namely, he wrote certain ’integral operators’ of the form

are) = [en{z€ 0 (Y ) (5) r@emama 02

here & = (fl e fn), n= (771 . 77") are matrices-rows.>4

This strange analogy pushed him to an invention of the ’super-analysis’,
which mixes even (complex) variables and odd (Grassmann) variables, see [2],
see also a more advanced introduction in [9].

The purpose of this paper is to unite formulae (0.1)—(0.2) and to write ex-
plicitly the representation of the super(semi)group® OSp(2p|2q).

LSupported by the grant FWF, project P19064, Russian Federal Agency for Nuclear Energy,
NWO.047.017.015, and grant JSPS-RFBR-07.01.91209

2There is a lot of terms for symplectic spinors, namely, the Weil representation, the Shale—
Weil representation, the Segal-Shale—Weil representation, the harmonic representation, and
the oscillator representation. For references, see [10]; I make an apology for absence of refer-
ences in this text; also a historically interesting reference is [4]

3 Actually, in both cases Berezin considered n = oo

4However, such a formula can be written for an open dense subset in SO(2n,R) C O(2n, R);
this remark produces a two-step definition of a Gauss-Berezin opeerators below.

5Posthumous notes [2] of Berezin published (and completed) by V.P.Palamodov and
A.A Kirillov contain a discussion of spinors over osp(2p|2q) on the level of Lie super-algebra;
however, the text of this ’Chapter’ is interrupted at this point. See also an another 'posthu-
mous’ paper [3].



In Sections 1-2, we define super-analogs of Gaussian integrals and Gaussian
integral operators. Sections 3—4 contain preliminaries on supergroups and super-
linear relations. In Section 5, we get desired explicit formulae. In the last section
we discuss some possible problems arising from our construction.

I am grateful to D.V.Alekseevsky and A.S.Losev for discussions of the super-
analysis.

1 Gauss—Berezin integrals

1.1. Variables. We consider 3 types of variables, namely, bosonic variables,
fermionic variables, and phantom variables.

a) Bosonic variables are the usual real variables. We denote them by z1, 22,
...0r Y1, Yo, ...

b) Fermionic variables are formal variables &1, &, ... (or m1, 12, ...) satis-
fying the anticommutativity condition
§e&t = =616k
In particular, £ = 0.
¢) Phantom wvariables ay, ag, ...are anti-commuting variables,
apa; = —a;ag

We define a phantom algebra A as the algebra of polynomials in the variables
a; (for simplicity, we assume that the number of variables is infinite). We also
call elements of A by phantom constants.

The phantom algebra has a natural Z-gradation by a degree of polynomial,

A =B,
Therefore, A admits a Zs-gradation, namely
Acven 1= @Agj, Aodd = BNy,
We define the automorphism p — % of A by the rule

o = I if p is even
—u if p is odd

(equivalently, af = —ay;).
The algebra A is super-commutative in the following sense:
neEMNVEAwn = puv=vypu,
WwE Aoqa, V € Apgd = pv=—vpu,

Also,
wEMNVEAw— vu=uv, (1.1)



Next, let u =3 50p; € A, where p; € A;. We define

7y (1) :M(Zj>oﬂj) =po €C

Evidently,
7y (pipz) = m (p1)m (2)

Take ¢ € A such that 7 (¢) = 0. Then ¢ = 0 for sufficiently large N.
Therefore,

(L) =) (—o)"

n=0
Actually, the sum is finite. In particular, if 7| (1) # 0, then p is invertible.

Interplay of variables. We assume that the bosonic variables z; commute
with the fermionic variables §; and phantom constants @ € A. We also assume
that &; and a; anticommute,

§ia = —w&;,
1.2. Space of functions. Fix a, § € Z,. Let xz1,..., z, be bosonic
variables and &1,. .., {g be fermionic variables.

We define the Fock-Berezin space F, g as the space of expressions

flz,€) = Z Wiroip Py, i (@1, a)&iy - i (1.2)

0<iy < <ip <P

where p are phantom constants and h are functions of a real variable x € R®.
To be definite®, we assume that h(z) are elements of the Schwartz space S(R™)
(i.e., they rapidly decrease with their derivatives).

We say, that a function f is even (respectively odd) if it is an even expression
in the collection {&;}, {ax}.

We define the space

T (Fa,p) = SRY) @ C[&1, .. -, €]

as the space of expressions (1.2), where u are the usual complex numbers.
We define the canonical map

m : Fag — m(Fap)

in a the natural way, i.e., we replace p by m (1) in (1.2).

REMARK. The reader can observe, the fermionic variables and phantom
variables have equal rights in our definition. However, below their roles are
rather different; §; serve as variables and elements of A serve as constants.

1.3. Intergration. The symbol

/f(x,g) dxz/f(x,g) doy .. dz

6and to avoid a discussion of convergence below



denotes the usual integration in the variable x. Precisely, for f given by (1.2),
we integrate in x termwise and get a finite sum depending on &;, ay.
The symbol

[ = [ r.9de ..z

is the Berezin integral. If T is a function independent on &, and i; < i9 < -+ <
ik, we put

T if{il,ig,...,ik}2{1,2,...,6}
0 otherwise

/T'gilgig §1k dflde dfﬁ = {

1.4. The Gauss—Berezin integral. Definition. Consider the expression

I= //exp{% (x f) (_%t g) (g:)}dxdg =
= // exp{% Z Qi Tty + Z bikwilk + % Z Cklfkfl} dzd¢ (1.3)
ij ik Kl

First, we must explain the notation. The symbol ! denotes the transposition.
The symbols & and £ denote the row-matrices

r=(r1 ... ) E=(& ... &)

. . . A B
and z¢, £ denote their transposes, i.e., the column-matrices. Further, (_ Bt C’)
is a block (a + ) x (o + ) matrix composed of phantom constants, moreover

Aij, Cki € Aevens bii € Aoda

A=A C=-C"
For this reason, all the summands in ) ... are even (and the whole integrand
is an even function). The conditions of symmetry are the natural conditions for

a matrix determining the quadratic form in the variables z, &.
The symbol ’exp’ denotes the usual exponent,

exp{F(r, &) = 3 i F (6"
n=0

We also can use the usual identity
exp{F1 + F»} = exp{F1} exp{Fz}

because all the summands in (1.3) commute.

Observation 1.1 The integrand is a convergent series.



This is completely obvious, however we present explanations. First, the
integrand can be written out as

exp{% ; i TiT } eXP{% bmxifk} exp{é ; cklﬁkﬁl} (1.4)

we applied (B£H)! = —£B?, the minus arises because both B, £ are odd.
Now let us explain why all the factors (1.4) are convergent series. For in-
stance, we write out the first factor

1
exp{§Za¢jx¢xj} = exp{ Zm aij xli}Hexp{ ai; — i(a“))xixj}
iJ

The expression > 7 (a;j)z;x; is a quadratic form of real variables (with
complex coefficients), its exponent converges. All the remaining factors exp{...}
are finite sums. O

Observation 1.2 The integral converges iff Re A is negative definite.
This is evident. Indeed, the integrand exp{...} is a finite sum of the form
Z Z Pil ~~~~~ Thk3J1see e exp{ Z Tri CL” Lil'j }611 .- 'gikajl - Oy
iy <o g 1 <<

where P(x) are polynomials. Under the condition of Re A < 0, the term-wise
integration is possible. U

1.5. Pfaffian. Definition. Let @) be a skew-symmetric 2m x 2m-matrix
@ composed of even phantom constants. The Pfaffian Pfaff(Q) of @ is defined
by

% (% Z qm&fj)m =: Pfaff(Q) £1&2 . . . Eom

In other words,

Pfaff(Q) = % /(% Z%zfz‘fj)mdi = /GXP{1 Z%lfzfg} d§

Recall that
Pfaff(Q)? = det Q

1.6. Evaluation of the Gauss—Berezin integral.

Theorem 1.3 Let Re A < 0. Then

I (2m)2/% det(—A)~V/?Pfaff(C + B*A~' B), B is even
N 0, otherwise



REMARK. Thus we get a square root of the Berezinian (see [9]) in the right-
hand part. (I
Proor. First, we integrate in x

/exp{%xAxt + xBft} dr =
= /exp{%(x —EB'ATHA(a" + AT'BEY} exp{%ﬁBtA_let} dx
We substitute y := z — (B A~ and get
exp{ 3¢5 A Be'} [ expluan)dy

However we must justify the substitution. Let ® be a function on R™, let
v € Aeven, T () = 0. Then

/@@;w) do = /@(x) da

Indeed,
=1 . d
e 4

A termwise integration of this series in x gives zero for all j # 0.
Integrating

det(—A)_1/2(27r)ﬂ/2/exp{%ﬁDﬁt} ~exp{%§BtA_1B§t} d¢

we get the Pfaffian. |

1.7. A more general Gauss—Berezin integral. Consider an expression

t
J= //exp{% (x 5) (_%t g) (Z) + xh! +§gt}dxd§:
= // eXP{% ; az’jxwﬂ-; bikxiflﬁ’% ; Cklfkfl"'; hj%‘% gkfk} dx d§

(1.5)

here A, B, C are the same as above and h', g' are vector-columns, h; € Aeyen,
gk € Aoaa-
We evaluate this integral in two ways.

First way. Substituting

()= &) (7)



we get

1 A B\ ' (n 1 A B) (af
wafy 00 (G 8) ()} [ eelsee 0 (e €) (o)}
Thus we come to Gauss—Berezin integral (1.3) evaluated above.

. . . . . . A B
This way is not perfect, because it uses an inversion of a matrix (_ Bt C) .

Observation 1.4 A matriz (_%t g) is invertible iff A and C are invertible.

The necessity is evident; to prove the sufficiency, we note that the matrix

() (Ge) ()

is composed of nilpotent elements of A, we write out (1+7)~! = 1-T+T?—. ...
O

The matrix A is invertible, because Re A < 0. Nevertheless, C is skew-
symmetric; if its size [ is odd, then C is non-invertible, if 3 is even, then a
matrix C' of general position is invertible.

In the latter case, we can take an invertible perturbation C(g) of C, evaluate
the integral, and pass to the limit as ¢ — 0. This leads to the expression written
in the next calculation.

Second way. We integrate in z,
1 t t t _
/exp{zxAx + xBE& + xh }dx =
_GX{—lh— N A-L(pt t l _EBNA(zt Rt t
= exp 2( £BY) (h'+B¢&Y) exp 2(x—|—h EBYA(x"+h'+BEY) ¢ dx
Substituting y =  + h — B! and integrating in y, we get

(h—€BYAT (W' + BE') + €C¢" + &'} de

(2m) 2 det(~4) 2 [[exp{~3

In fact, we come to an integral of the form
1
/exp{§§D§t + frt} de (1.6)

where a matrix D is composed of even phantom constants and a vector r is odd.
If D is invertible, we shift the argument again n* := ¢ + D~ 1r! and get

1 1
exp{§rD_1rt}/eXp{§77Dn} dn



the last integral factor is a Pfaffian.

For an arbitrary D, we can write (1.6) explicitly as follows. For any subset
I:id; <---<igin{l,...,3} we consider the complementary subset J : j; <
-+ < jg—g. Define the constant o(I) = £1 as follows

(&.&in - 6) (86 - &jan) = 0(D&1&2 .. &5

Evidently,
0 diyin - digiy
1 diyiy, 0 ... dig,
/exp{—gpgt + §7’t} =Y o(I)Patt | I R
2 7 : : . :
dikil digik Ce 0
(1.7)
Recall that dpg € Aeven and r € Aoqq.
REMARK. If d, , € C, then the last expression can be written as
1 t
01(9). - Lu(g) exp{ SeHE |
where (1, ..., {s are linear expressions in &, (see [10]). However, in our context,
this transformation is impossible. (I

2 Gauss—Berezin integral operators

2.1. Gauss—Berezin vectors in a narrow sense. A Gauss—Berezin vector
(in a narrow sense) in F, g is a vector of the form

b [_ilat g] Z)\exp{% (z &) (_f;t g) (§:>} (2.1)

where A is symmetric and even, Re A < 0, C is skew-symmetric and even, and
B is odd; A is an even invertible phantom constant.

2.2. Gauss—Berezin integral operators in a narrow sense. A Gauss—
Berezin integral operator in a narrow sense is an operator F, g — F, 5 of the
form

Bf(z,8) =
A A A13 Ats xt

1 A21 A22 A23 A24 gt
=\ - dy d
A//eXP{Q (x & v ) Ag1 Asy Az Asy y' Sy m) dy dn
Ay Ay Asz Ay n'

whose kermel is a Gauss-Berezin vector in Fo.y 545.



REMARK. On the other hand, a Gauss—Berezin vector can be regarded as a
Gauss—Berezin operator Fo o — Fq 3. d

For Gauss—Berezin operators
Bl . Fa’ﬁ — Fa/,ﬂ/, BQ : Fa/,ﬂ/ — Fa”,ﬁ”

we can evaluate their product. Evidently, this is reduced to an evaluation of
a certain Gauss—Berezin integral. However, our final Theorem 5.4 avoids this
calculation.

Also, its is more-or less obvious, that for even 3’ a product of Gauss-Berezin
operators of general position is a Gauss—Berezin operator. However, an exami-
nation of products requires to extend the last definition.

2.3. General Gauss—Berezin operators. Next, we define the first order
differential operators

@@M:®+%ﬁ

If a function f is independent on &;, then
DGIf=¢&f,  DEIGT=f
Evidently,

DG =1 DEIDE) = -DIDE], i#J
A Gauss—Berezin operator Fo g — F. 5 is an operator of the form
)‘9[&1] s Q[g’tk] BQ[Uml] s 'Q[nmz] (22)

where
— B is a Gauss —Berezin operator in the narrow sense;
— i <dg < <, mp <mg < ---<my,and k, [ > 0;
— A is an even invertible phantom constant.

We say that an operator (2.2) is even (respectively odd) if k + [ is even
(respectively odd). Equivalently, an operator is even (odd) iff its kernel is an
even (odd) function.

REMARK. We define the set of Gauss-Berezin operators as a union of 26+9
sets. However these sets are not disjoint. Actually, we get a (super)manifold
consisting of two connected components (namely, even and odd operators). Each
set (2.2) is open and dense in the corresponding component. This will be obvious
below. O

Theorem 2.1 For each Gauss—Berezin operators
B :F,3—Fuy g, By :Fo g — Fongr
their product BoBy is either a Gauss—Berezin operator or
7w (BaB1f) =0
for all f.



It is proved below, moreover we obtain a geometric description of the product
rule.

2.4. Gauss—Berezin vectors. A Gauss—Berezin vector as a vector of the
form

where b[S] is a vector defined by (2.1).

3 Super-groups OSp(2p|2q)

3.1. Modules APl9. Let
APlT .= AP @ A

be a direct sum of (p+¢q) copies of A. We regard elements of AP!9 as vector-rows
(V1. Ups W, - .y W)

We define a structure of A-bimodule on AP>4. The addition in AP+ is natural.
The left multiplication by A is also natural

(W1, Up w1, - We) — (AU, o, Apy Awn, - ., Awg)
The right multiplications by s € A is
(U1, Ups W, - W) o (U152, . Upsg W L wea)

We define the even part of API9 as (Acyen)? @ (Aogq)? and the odd part as
(Aodd)p &) (Aeven)q-

3.2. Matrices. We denote by Mat(p|q) the space of (p-+¢) x (p+¢) matrices
over A, we represent such matrices in the block form

A B
(& 3)
We say that A is even if all the matrix elements of A, D are even and all the
matrix elements of B, D are odd. A matrix is odd if elements of A, D are odd

and elements of B, D are even.
A matrix A acts on the space API? as

v — vA
Such transformations are compatible with the left A-module structure on AP9,

i.e.,

(M)A =AvA)  AeA, wveArl

However, even matrices also regard the right A-module structure,

(VA)A = (vA)A AeA

10



(we use the rule (1.1)).
The super-transpose of A is defined as

At t
4 B Bt gt> if A is even
st __ P -
AT = (C D> T At —(Ct
B D if A is odd

and

(A1 + A2)* 1= AfT + A

for even A; and odd As.
The following identity holds

Bst Ast if A or B are even

3.1
—Bst Ast if both A or B are odd (3.1)

(AB)st — {

3.3. The supergroups GL(p|q). The supergroup GL(p|q) is the group of
even invertible matrices. The following lemma is trivial.

Lemma 3.1 An even matriz A € Mat(p|q) is invertible
a) iff the matrices A, D are invertible.
b) iff the matrices w|(A), m (D) are invertible,

Here 7| (A) denotes the matrix composed of elements 7 (ax;).
Also, the map 7| (A) is a well-defined epimorphism

7 : GL(plq) — GL(p,C) x GL(g,C)

(because 7| (B), m (D) are zeros).

3.4. The supergroup OSp. We define an ortho-symplectic form on A2??12¢
by
s(u,v) = uJv*

where J is a block (p+p+q+¢) X (p+ p + g + ¢) matrix

0 1 0 0
-1 0 0 0
Ji= 0 0 0 1
0 010

The supergroup OSp(2p|2q) is the subgroup in GL(2p|2q) consisting of matrices
g satisfying
s(u,v) = s(ug, vg)
Equivalently,
gJg*t =

11



(in this conslusion, we use (3.1)).

For an element g = (é g),

T (4) (_01 (1)> mi(A)' = (_01 (1)> ™ (D) (? (1)> m (D)’ = <(1) (1)>

i.e.,
7 (A) € Sp(2n,C), = (D) € O(2n,C)

3.5. The super-semigroup I'OSp(2p|2q). The Olshanski semigroup T'Sp(2p, R)
is defined as the subsemigroup in Sp(2p, C) consisting of complex matrices g sat-

isfying the condition
g(_o1 ?)g*_ (—01 (1)> <O
where * denotes the adjoint matrix (see [11]).
Equivalently, we define the indefinite Hermitian form in C?P given by
Muvow 1o w)=—v" +ww" (3.2)
Then g € T'Sp(2p) iff
M (ug,ug) < M(u,u) for all u € C*?
We define the super-semigroup (semi-supergroup) I'OSp(2p|2¢) as a sub-
semigroup in OSp(2p|2q) consisting of matrices g = él, g) such that
7 (A) € I'Sp(2p,R)

We also define the smaller supersemigroup I'°OSp(2p|2¢) as the subsemi-
group of matrices satisfying

M (ur|(A),ur|(A)) < M(u,u) for all nonzero u € C??

i.e., we require the strict indefinite contractivity condition.

4 Super-Grassmannians and super-linear-relations

Here we describe the geometric object numerating Gauss—Berezin operators,
namely the space of positive Lagrangian super-linear relaions.

4.1. Super-Grassmannians. Let ui,..., u, be even vectors and vy,...,
vs be odd vectors in API7. We suppose that

— 7 (u;) € (C? & 0) are linear independent
— 7 (vg) € (0@ C?) are linear independent.

12



A subspace of dimension {r|s} is a left A-module generated by such vectors.

We define the (super-)Grassmannian Gr;;llz as the space of all the subspaces
in APl9 of dimension {r|s}.

By definition, the map 7| projects Gr;;l'Z to the product Grj x Gr{ of human
complex Grassmannians. We denote by wf the natural projections

+ r|s r — r|s s
:Gr. . — Gr 7, :Gr, — Gr
m G plg G P’ i pla q

4.2. Atlas on the Grassmannians. Define an atlas on the Grassman-
niann Gr;||2 in the usual way. Namely, consider the following complementary
subspaces

Vi=(A"00)e A ®0) V-:i=0aA"") o 06

in APl9. Let S : Vi — V_ be an even operator. Then its graph” is an element
of the Grassmannian.

Permutating coordinates is A? and A9, we get an atlas that covers the whole
Grassmannian Gr;;llz.

4.3. Lagrangian Grassmannians. Now, equip the space A??12¢ with an
ortho-symplectic form s as above. We say that a subspace L is isotropic if the
form s is zero on L.

A Lagrangian subspace L is an isotropic subspace of the maximal possible
dimension, i.e., dim L = {p|q}. Actually, 7| (L) C C?*’ & C?7 has the form H&T,
where

— H @0 is a Lagrangian subspace in C?? & 0 in the usual sense

— 0@ T C 0@ C?? is a maximal isotropic subspace with respect to the
symmetric bilinear form.

Consider the complementary Lagrangian subspaces
Vi=(A"30)® (A9 0) Vo=@ AP)® (0@ AY) (4.1)
Consider an even operator S : V, — V_|
5= (& 3)
Proposition 4.1 The graph of S is a Lagrangian subspace iff
A=A'" D=-D' C+B'=0 (4.2)
ProOOF. We write out a vector h € A%P127 as

h=(us,u_;vy,v_) E AP BAP AT A9

7i.e., the set of all vectors v_ v_S € V_ @ Vg,

13



Then
S(H h) = oy ()™ — o ()™ 4 (0 )" 4 (o)

Let h be in the graph of S. Then

A B
(o o) =G w) (3 D)= (rd+uC wB+uD)
Therefore
s(W,h) =u/ (up A+v4C)%" — (W A+ 0 C)uf+
+ v/, (uy B+ vy D)* + (u/, B + v/, D)v%!
We emphasis that the matrices 4, B, C, D are even®; for this reason, we write
(uyp A)st = A%t (uy )t ete., see (3.1). We come to
qu. (Ast(u+)st 4 Cst(v+)st) _ (u;A—Fv;C)uf—!—
+ ' (B (uy)®" + D' (v4)") + (u/, B + /. D)vs!

Next,

Ast — At Bst — _Bt Cst — Ct Dst — Dt

Therefore we get
(u4)* (A=A (uly )"+ (v ) (D+D") (v} )"+ (usy )" (B + O +(v") " (BHC)uly

This expression is zero iff conditions (4.2) are satisfied. O

Thus we get a map on the Lagrangian Grassmannian. It remains to describe
an atlas. Denote by e;, e}, f;, f}, where i < p, j < g, the natural basis in A2pl2q,
Consider subsets I C {1,2,...,p}, J C{1,2,...,q}. We define

©jesMf;) & (BigsAfi) (4.3)
®jesANfi) © (BresAfr) (4.4)

Vill, J] = (®icre;) @ (Drgriey,)

& (
V_[I,J] = (®igrhe:) & (Brerher) & (
Applying the same constructions as above, we get an atlas on the Lagrangian
Grassmannian.

4.4. Components of Lagrangian Grassmannian. Consider the space
C?¢ endowed with a symmetric bilinear form. The Grassmannian Isot3, of
maximal isotropic subspaces in C2¢ consists of two connected components (see,
for instance, [10]). On the other hand, the Lagrangian Grassmannian in the
symplectic C?? is connected.

Therefore the super-Lagrangian Grassmannian consists of two components.

4.5. Intersections of subspaces.

8Recall that this meansd that A, D are composed of even phantom constants and C, D of
odd phantom constants.

14



Lemma 4.2 Let L be a r|s-dimensional subspace in A™'*, M be a p|o- dimen-
sional subspace. Let the following transversality conditions hold

7 (L) + 7 (M) =CP, m, (L) +n (M)=C" (4.5)
Then LN M is a subspace and its dimension is (r +p —p)|(s+ o — q).

REMARK. If the transversality conditions are not satisfied, then incidentally
an L N M is not a subspace. ([

Proor. To simplify notation, we assume ¢ = 0. Choose a basis e;, f;,
hi € CP such that 7 (L) is generated by e;, f; and m (M) is generated by f;,
h;. Consider a basis in L of the form

V; =e€; + Z Qi€ + Z bijfj + Z,uuchk (4.6)
wj; = fj + Z Cji€; + Z djj/fj/ + Z l/jkhk (4.7)
where all the phantom coefficients in the right-hand side have no free terms,

We emphasis that the actual collection of phantom variables a; present in these

formulae is finite; therefore without loss of generality we can assume that the

phantom algebra A is a Grassmann algebra of finite number of variables.
Changing the basis in L as

V; — Vi + Z A“'/’Ui/ + Z Bij’LUj

wj; — wj + Z Cjivi + ZDjj/’LUj/

where A, B, C, D are phantom constants having no free terms, we can ’kill’ all
the coefficients a, b, ¢, d in (4.6), (4.7). In fact we consequently put them to
®j>a\j, Bjs6A;, ete.

Thus, we can assume that L is generated by vectors of form

v = e; + Z#mhk
wj = fj + Z virhi
and M is generated by
yi=Fi+ Y e
2k = hi + Z Yriei
However,

Yj —wj = Z Vikhi — Z pjiei
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can be represented as

yi—wi = Sjivi — Y Tz

with coefficients Sj;, T} having trivial free terms.
Now we again correct the basis in L,

vVj — V5, W; — WwW; — E Sjﬂ)@

and the basis in M
Yj = Yj — ZTijk; 2k — 2k

Now y; = w; and we get a subspace of the desired dimension in L N M.
Next, our space AP is graded,

AP = @;(Agy)P

and L + M = (Acyen)?. Therefore we know the dimension of the intersection
LN M over C and this dimension is achieved on the subspace presented above.
U

4.6. Linear relations over C. Transversality. Let V, W be finite-
dimensional complex linear spaces. A linear relation P : V = W is an arbitrary
linear subspace P C V@ W.

Let P: V3 W, Q: W — Y be linear relations. The product QP : V =3 Y
is a linear relation consisting of vy € V@Y such that there is w € W satisfying
vhweE P, wdy € Q.

For a linear relation P : V = W we define:

— the kernelis ker P = PN (V & 0),

— the image im P is the projection of P to W

— the domain dom P is the projection of P to V

— the indefiniteness is indef P := PN (0 W)

We say that linear relations P:V — W, Q : W — Y are transversal if

imP +dom@ =W, (4.8)
indef PNker@ =0 (4.9)
Theorem 4.3 If P:V 3 W, Q: W 3Y are transversal, then
dim QP = dimQ + dim P — dim W

PROOF. We rephrase the definition of the product QP as follows. Consider
the space Ve W & W @Y and the following subspaces

—PaQ
— the subspace H consisting of vectors v G w G w By
— the subspace T consisting of vectors 0 @ w & w & 0

16



We project (P® Q)N H to V& W along T. The result is QP C V& W.
The condition (4.8) means that

(PeQ)+H=VaeaWaWaY

therefore we know the dimension of the intersection S := (P ® Q)N H.
The condition (4.9) means that the projection H — V @ W is injective on
S. O

4.7. Super-linear relations. We define super-linear relations P : APl4 =
A"l and their products as above.
Next, for a linear relation we define linear relations

ﬂf(P) :CP=C, m (P):CIT=C

in the natural way, we simply project the Grassmannian in API9 @ A"* onto the
product of the complex Grasmannians.

We say that linear relations P : V — W and @Q : W — Y are transversal if
wf(P) is transversal to wf(Q) and 7 (P) is transversal to 7 (Q).

Theorem 4.4 If P:V = W, Q : W =2 Y are transversal super-linear rela-
tions, then their product is a super-linear relation and

dim QP = dimQ + dim P — dim W

ProOOF. We watch the proof of the previous theorem. (I

4.8. Lagrangian linear relations. Consider the spaces V = A2?PI2q
W = A?712% endowed with ortho-symplectic forms sy, sy respectively. Define
the form s° on V @ W as

sP(v o w, v ©w') = sy (v,v) — sw(w,w)

A Lagrangian super-linear relation P : V' = W is a Lagrangian subspace in
Vew.

Observation 4.5 Let g € OSp(2p|2q). Then the graph of g is a Lagrangian
linear relation A?P124 = A2PI29,

Theorem 4.6 Let P:V 3 W, Q : W =2 Y be transversal Lagrangian linear
relations. Then QP :V =Y is Lagrangian.

PRrROOF. Let v w, v ®w' € Pand w @y, w’ &3y € Q. By definition,
sv (v, V') = sw(w, ') = sy (y,y')

therefore QP is isotropic. By the virtue of Theorem 4.4, we know dimQP. 0O

4.9. Components. In Subsection 4.4 we observed that the set of La-
grangian super-linear relations V' = W consists of two components. In the
proof of Theorem 5.3 we must distinguish them.

17



Decompose V=V, ®V_, W =W, & W_ as above (4.1). We say that the
component containing the linear relation

ViaW.): V=W

is even; the another component is odd.

4.10. Positivity of Lagrangian relations. Recall that in Subsection
3.5 we defined an Hermitiam form on C29. Now translate this notion to the
language of Grassmannians.

First, we say that a Lagrangian subspace L C A?P|29 is (strictly) positive, if
the form M is (strictly) positive on wf (L).

Second, consider a Lagrangian linear relation A2?PI2¢4 = A27125. Consider the
space C?P @ C?" endowed with the form

MPwaw v &w') = M(,v)— Mw,w
We say that L is (strictly) contractive, if M© is (strictly) positive on wf(L).

Observation 4.7 Let P : 'V = W, Q : W = Y be transversal contractive
Lagrangian relations. Then QP is contractive.

5 Correspondence between linear relations and
Gauss—Berezin operators

5.1. Creation—annihilation operators. Let V := A??2¢ be the super-linear
space endowed with the standard ortho-symplectic bilinear form. For a vector

vOw =v; Bu_ Gwy Hw_ € AP

we define the creation—annihilation operator in the Fock-Berezin space F), ; by

~ iy 0 i ) 0 j

a(v®w)f(zr,§) = (Z vi)% + Z oW, + Zwif)% + Z w(_J)ﬁj) f(z,8)
i Lo j Lo

5.2. Annihilators of Gaussian vectors.

Theorem 5.1 a) For a Gauss—Berezin vector b consider the set L of all the
vectors v & w € A*P129 such that

avew)b=0

Then L is a positive Lagrangian subspace in AP,

b) Moreover the map b +— L is a bijection

The set of all Gauss—Berezin vectors o The positive
defined to within an invertible scalar Lagrangian Grassmannian
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PROOF. First, let b(x, ) have the standard form (2.1). We write out
- @ 9 @ o9 )
a(v@w)b(m,f)z(g v+%+g v_xH—E wy %4—5 w_ﬁj)x

i b j Y

1 ¢
X exp{§ (x f) (_%t g) (zt>} =
= (v+ (Az' + BE") +v_a' + wy(—B'z + C&") + w_ﬁt) bz, &) =
= (wsAd—wi B + 0 )" + (03 B+wi D+ w )¢') bl )

This is zero iff

vo = —(vy A —wyB")
w_ = —(vy B+ wiD)

However, this system of equation determines a Lagrangian subspace. The posi-
tivity is equivalent to Re A < 0 (see, for instance [11]).
Next, consider an arbitrary Gauss—Berezin vector

b(z,£) = D&, ]. .. D[&,] b[S] (5.1)
where b[S] is a standard Gauss—Berezin vector. We have

a(vy ®v_ Bwy dw_)D[&G] =D[G]a(v] dv? & 2] & 27) (5.2)

where

24 = — (w(_l) wf) wf) .. )

2o = — (w$) w? w® )
We again come to equations defining a Lagrangian subspace written in the
another coordinate system, see (4.3)—(4.4). O

Theorem 5.2 For a positive Lagrangian subspace L C A?P129 consider the sys-
tem of equations

avdw)f(x,f) =0 forallveowelL (5.3)

for a function f(x,£). All its solutions are of the form Ab(z, &), where b(x, &)
is a Gauss—Berezin vector and X\ is a phantom constant.

PROOF. It suffices to prove the statement for L being in the principal map.
Represent

f(xag) = b(x,f) -@(x,f)
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where b(z, &) is the Gaussian solution of the system (evidentely, the function
b(z,£) is well-defined). By the Leibnitz rule,

0=a(vew)(b(z,p(x,£)) =

= (A & w)b(z,9)) - p(z,€) (Z P +Z <”8§) (,€)

The first summand is zero by the definition of b(z,&). Since vy, w4 are
arbitrary, we get

0 0
Therefore, p(x,§) is a phantom constant. O

_ 5.3. Gauss—Berezin operators and linear relations. Let V' = A2P12g,
V = A?"125 be spaces endowed with ortho-symplectic forms.

Theorem 5.3 a) For each contractive Lagrangian linear relation P : V = 1%
there exists a unique to within a scalar operator

B(P):Fpq,— F,

such that
1) The following condition is staisfied

a(v)B(P) =B(P)a(v) foralveveP

2) B(P) has even kernel if P is even and odd kernel if P is odd.

b) Moreover, the operator B(P) is a Gauss—Berezin operator and all the
Gaussian—Berezin operators arise in this context.

PROOF. We must write out the differential equations for the kernel K (z, &, y, 1)
of the operator B(P). Denote

V=0 DUv_BwyrDw_, V=L PU_Dwy P w_

Then
Av)/K(x,&y,n)f(y,n)dydn) =/K(x,f,y,n)ﬁ(mf(y,n)dydn

Let P be even. Integrating by parts in the right-hand side, we get:
i 0 _ _
(Z~(> Z“ S ngrj)ag +Z (J>§J) (2,6, y,m) =
— ( +Zv“ yi Zw(” +Zw(”m) z,€,y,m)
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This system of equations has the form (5.3) and determines a Gaussian vector.
Nevertheless, in the odd case we get

@ 0 i _ _
(Z S’)ax 25{_)$¢+Zw$)8§ +Z (J)gﬂ) r,§,y,m) =
= (X g e e ) it ()0, K& )
[ v 7 j

and this is not a system of the desired form.

However, the change of coordinates (5.1) on the set of Gauss—Berezin vec-
tors and the corresponding change of coordinates on the set of Gauss—Berezin
operators have a minor dissimilarity. We represent an odd operator B(P) as

B(P) = / Lz, &y, m)D () f(y,n) dy dn

Writing the equation

a(5)/L(Js,f,y,77)®(?71)f(y,77) dy dn) =/L(x,&y,n)a(v)@(m)f(ym) dy dn

and transposing a(v) and D (1) by (5.2), we come to desired equations without
. Therefore, L(z,&,y,n) is a Gauss—Berezin vector € Foy 45 and B(P) is a
Gauss—Berezin operator. O

5.4. Products of Gauss—Berezin operators.

Theorem 5.4 Let P:V 3 W, Q : W =2 Y be strictly contractive Lagrangian
relations. Assume that P, Q are transversal. Then

B(P)B(Q) = AB(QP)
where X = X\(P, Q) is an even invertible phantom constant.
PROOF. Let v w e P, wdy € Q. Then
B(Q)B(P)a(v) = B(Q)a(w)B(P) = a(y)B(Q)B(P)

On the other hand,
a(y)B(QP) = B(QP)a(v)
Since these relations define a unique operator, we get B(QP) = AB(P)B(Q).

However,
T (B(P)B(Q)) # 0

is non-vanishing (see [10]). O

Corollary 5.5 We get a projective representation of the Olshanski super-semi-
group T'°OSp(2p|2q).
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6 Final remarks

6.1. A modification of definition of the Gauss—Berezin operators. I.
First, we define the dual Fock space FE’ 5 Whose elements are sums (1.2), where
h(zx) are tempered distributions on R*. We define Gauss—Berezin distributions
as expressions

b(e.6) =06 ]- Dedew{y ¢ 9 (L )@ 9} oulo

where Re A < 0, H is a subspace in R%, and éy is the delta-function of the
subspace H.
Now can define slightly more general Gauss-Berezin operators F, g — FS" 5

Bf(z,&) = /b(x, & y,m) fly,m) dydn

where b(x, &, y,n) is a Gauss—Berezin distribution.

Theorem 6.1 The set of Gauss—Berezin operators Fo 3 — FS"(; defined to
within a scalar even factor is in one-to-one correspondence with the set of pos-
itive Lagrangian linear relations A2®128 = A27120,

This is a variant of Theorem 5.3. We omit a proof.

Corollary 6.2 The representation of T°OSp(2p|2q) constructed above extends
to TOSp(2p|2q)

6.2. Modifivation of the definition of Gauss—Berezin operators. II.
There arises the following question:

— Is it possible to describe explicitly the semigroup in ¥y, , generated by all
the Gauss—Berezin operators?

6.3. Howe duality. In a certain sense, the orthogonal and symplectic
spinors are universal objects in the representation theory. In particular, One can
produce numerous representations from spinors by the Howe duality. However,
the Howe duality exists for supergroups, see [5], [6], [§].

Therefore, there arise two questions.

— Is it possible to produce infinite-dimensional ’unitary representations’ of
supergroups from our construction?

— We extend the spinor representation to the set of linear relations. For
what representations of supergroups such extensions are possible?
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