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For a genetic locus carrying a strongly beneficial allelecihias just
fixed in a large population we study the ancestry at a linkeatraélocus.
During this “selective sweep” the linkage between the twa ie broken
up by recombination, and the ancestry at the neutral loco®idelled by a
structured coalescentin arandom background. For largeteh coefficients
« and under an appropriate scaling of the recombination vegederive a
sampling formula with an order of accuracy®f (log o) ~2) in probability.
In particular we see that, with this order of accuracy, in mgke of fixed
size there are at most two non-singleton families of indiald which are
identical by descentat the neutral locus from the beginafrige sweep. This
refines a formula going back to the work of Maynard Smith aniyhigand
complements recent work of Schweinsberg and Durrett orcsedesweeps
in the Moran model.

1. Introduction. Assume that part of a large population of sk&Z€ carries, on some fixed genetic
locus (henceforth referred to as tkelective locus an allele with a certain selective advantage. If
the population reproduction is described by a classicatdfigVright model or, more generally, a
Cannings model with individual offspring varianed per generation, and time is measured in units
of 2N generations, the evolution of the fraction carrying theadsageous allele is approximately
described by the Fisher-Wright SDE

(1.1) dP = \/o2P(1 — P)dW + oP(1 — P) dt,

whereW is a standard Wiener process, and= «/2N is the selective advantage of the gene per
individual per generation [EK86, Ewe04].

Assume at a certain time a sample of sizes drawn from the subpopulation carrying the advan-
tageous allele. Conditioned on the pdhthe ancestral tree of the samplethe selective locuis
described by Kingman’s coalescent with pair coalescerteerfd P, see e.g. [KK03] and Remark 4.6
below.

Now consider aneutral locusin the neighbourhood of the selective one, with a recombinat
probabilityr per individual per generation between the two loci. Fromagation to generation, there
is a small probability: per individual that the gene at the neutral locus is brokemtdm its selective
partner andecombinedwith another one, randomly chosen from the population. k& diffusion
limit considered here, this translates into teeombination rate. Depending orP, only a fraction
of these recombination events will leéfectivein changing the status of the selective partner from
“advantageous” to “non-advantageous”, or vice versa. G#ethe genealogy of the sample at the
neutral locus can thus be modelled bgteuctured coalescent of the neutral lineages in backgdoun
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2 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

P as in [BESO04]: Backwards in time, a neutral lineage curelitiked to the advantageous allele
recombines with a non-advantageous one atgéte- P), and a neutral lineage currently linked to a
non-advantageous gene recombines with the advantageeas @tep P, wherep = 2N r. Moreover,
two neutral lineages currently both linked to the advantageallele coalesce at raté /P, and two
neutral lineages currently both linked to a non-advantagediele coalesce at rat€/(1 — P).

Two individuals sampled at time> 0 are said to bédentical by descent at the neutral locus from
time 0 if their neutral ancestral lineages coalesce between tieesd¢. This defines amncestral
sample partition at the neutral locizd timet from time0.

We are interested in a situation in which at a certain timg ¢gae zero) a single copy of the
advantageous gene enters into the population and evenfixalles. For largeV, the time evolution
of the size of the subpopulation carrying the advantagelbele @an be thought of as a random path
X governed by am-transform of (1.1), entering froma = 0 and conditioned to hit = 1.

The parameters, p ands?, the random patlX, its fixation timeT” and the structured-coalescent
in backgroundX from time 7" back to time0 are the principal ingredients in the first part of our
analysis. Our central object of interest is the ancestmlpta partition at the neutral locus at tirfie
from time0.

For simplicity we puto? = 2. This not only simplifies some formulae, but also allows a&clir
comparison with the results of Schweinsberg and DurretfgQivho consider the finite population
analogue in which the population evolves according to a Moardel, leading ta? = 2 in the
diffusion approximation.

We focus on large coefficients and refer toX as therandom path in a selective sweephe
expected duration of the sweep is approximat@yog )/« (see Lemma 3.1). Heuristically, the
sweep can be divided into sevemhases Phases that must certainly be considered are: the time
intervals whichX takes

e to reach a small level (phase 1),
e to climb frome to 1 — ¢ (phase 2),
¢ to fixate in1 after exceeding the levél— ¢ (phase 3).

Whereas the expected durations of phases 1 and 3 both dog o/, that of phase 2 is only
1/a. The analysis of hitchhiking has in the past often concésdran the second phase ([KHL89],
[SWL92]). For large population size and large selectivesadage, the frequency path of the beneficial
allele in phase 2 can be approximately described by a datéstiai logistic growth curve, see e.g.
[Kur71]. However this approximation is only good for fixed> 0. In [KHL89] the frequency path
under a selective sweep is described by a logistic growtvecmodelling phase 2 with= 5/« (recall
that o stands for2Vs) whereas in [SWL92F = 1/(2N) is considered. In both casesdecreases
with population size. As Nick Barton points out in [Bar98hetlogistic model fails to include the
randomness of the frequency path at the very beginning of#hective sweep. Consequently he
further subdivides phase 1 in order to study the onset ofitlep in more detail.

No matter how the phases of a sweep are chosen we have seémetfiegt phase as given above
takes= loga/a. So, in order to see a non-trivial number of recombinatioents along a single
lineage between = 0 andt = T, the recombination rate should be of the order af/loga.
Henceforth, we therefore assume

(1.2) 0 <y <oo.

. o
p= Wloga’

With this recombination rate, it will turn out that, asymptally asa — oo, effectively no recom-
binations happen in phase 2 since this phase is so shortonheegi in phase 3 since thén— X is
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 3

so small. Consequently, the probability that a single anakineage is not hit by a recombination is
approximately given by

(1.3) p=e .

Since for largex the subpopulation carrying the advantageous allele isredipg quickly near time
t = 0, a first approximation to the sample genealogy at the setetiicus is given by a star-shaped
tree, i.e.n lineages all coalescing at= 0. Hence, ignoring possible back-recombinations (which
can be shown to have small probability, see Proposition 3.4iyst approximation to the sampling
distribution at the neutral locus is given by a Binonjialp)-number of individuals stemming from
the founder of the sweep, and the rest being recombinantsaihg different neutral ancestors at
the beginning of the sweep (see Remark 2.6, and compare [SID@®rem 1.1). This approximate
sampling formula goes back to the pioneering work of Mayr&mdth and Haigh [MSH74], who also
coined the ternmitchhiking the allele which the founder of the sweep carried at theraélaicus gets
a lift into a substantial part of the population (and the sknim the course of the sweep. Apart from
the hitchhikers, there are also a few free-riders who jumghersweep when it is already under way,
and make it as singletons into the sample.

We will see that the sampling formula just described is aatguwith probabilityl — O(loéa). Ina
similar spirit to [SD05], but with a somewhat different gegy, we will improve the order of accuracy
up to (’)(ﬁ). A common technical theme is an approximation of the gemgabd the advanta-
geous alﬁele in thearly phaseof the sweep by a supercritical branching process ([Bar@®33), an
idea which can be traced back to Fisher [Fis30] (see [Ewe@F|p It is this early phase of the sweep
which is relevant for the deviations from the Maynard Smitid &daigh sampling distribution. This
higher order approximation allows for the possibility o€oenbination events that affect our sample
occurring during this early phase and thus, potentialgiag to non-singleton families associated to
a neutral type other than the original hitchhiker.

Our main result is the derivation of a sampling formula fog #ncestral partition at the end of the
sweep which is accurate up to an eré(1 /(log «)?) in probability.

2. Model and main result.
2.1. The model.

Definition 2.1 (Random path of a selective sweepffor o« > 0, let X = (X;)o<:<7 be a random
path in[0, 1] following the SDE

(2.1) dX = 1/2X(1 = X)dW + aX (1 — X)coth(2X)dt, 0 < t.

and entering fron® at time¢ = 0. Here, W is a standard Wiener process, afiddenotes the time
whenX hits1 for the first time.

Note that0 is an entrance boundary for (2.1), and thativen by (2.1) arises as dntransform of
the solution of (1.1). Indeed, since the latter has generato

Gf(x) =a(l—2)f"(z) + ax(l - 2)f'(z)
and theG-harmonic functiorh : [0, 1] — [0, 1] with boundary condition&(0) = 0, h(1) = 1is

1 _ e—CM{E
hx) = ————
(z) 1—e @’
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4 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

the h-transformed generator is
1

h(r) =
G () = 5

G(hf)(z) =x(1—z)f"(z) + ax(l — z)coth(§z)f'(x),

see also [Gri03], p. 245. As described in the introducti@mmodels the evolution of the size of the
subpopulation consisting of all those individuals whiclrgan advantageous allele (callét) on

a selective locusAt time ¢t = 0, a single mutant carrying the (then novel) allé}eenters into the
population, corresponding t&; = 0, and X is conditioned to eventually hit, which happens at the
random timel". We will refer to X given by (2.1) as theandom path of the swedpr random sweep
pathfor short).

Definition 2.2 (n-coalescent in backgroundX) Letn > 2. Given a random sweep pat, we con-
struct a tree7,, = %X with n leaves as follows. Attach theleaves on;X at timet = T, and work
backwards in time from¢ = T to ¢t = 0 (or equivalently, forwards in timg = 7' — ¢t from 3 = 0
to 5 = T) with pair coalescence rate/ X;. (That is, starting from the tree tog(= 0) the current
number of lineagem 7,,* decreases at ratex (5).) Finally, attach the root of7,;* at timet = 0.

Note thatZ,X corresponds to éime-changed Kingman coalescdsee [GT98]). This time change
transforms the one single lineage of infinite length, whiah be thought to follow the ultimate coa-
lescence in Kingman'’s coalescent, into a single lineagagrat 3 = T. We will refer to the treeZ. X
as then-coalescent in backgrountl; it describes th@enealogy at the selective locoka sample of
sizen taken from the population at the instant of completion ofg¢hveep.

Definition 2.3 (coalescing Markov chains in backgroundX) Let p > 0. Given a random sweep
path X, let (£3)o<s<7 be a{ B, b}-valued Markov chain with time inhomogeneous jump rates
2.2) {(1 ~Xr g)p=(1-X;)p fromBtob

Xr_gp=Xip fromb to B.

The process describes to which type at the selective locus (eifB@r b) an ancestral lineage of the
neutral locus is currently linked in its journey back intetpast, indexed by the backward timie
Recall that eaclneutral gendii.e. each gene at the neutral locus) is linked at any timedelective
gene(i.e. at the selective locus), the latter being either oktfgoor of typeb, and that for the neutral
lineages which are currently in stakeonly a fractionl — X; of the recombination events is effective
in taking them into staté.

Definition 2.4 (Structured n-coalescent in backgroundX, see [BES04])Given X, considern in-
dependent copies of the Markov chdiigsee Definition 2.3), all of them starting in stabeat time
6 = 0. Let any twoé-walkers who are currently (say at timé = T — t) in state B coalesce at
rate 2/ Xr_g = 2/X;, and any twc{-walkers in staté coalesce at rat€/(1 — X;). The resulting
(exchangeable) systes, of coalescing Markov chains will be called te&ucturedn-coalescent in
backgroundX .

We now define dabelled partitionP=" of {1, ..., n} induced by the structured coalesc&pt
Definition 2.5 (Ancestral sample partition at the neutral locus) In the situation of Definition 2.4,
we will say that andj, 1 < i < j < n, belong to the same famif§ the £-chains numberedand j
in =,, coalesce before timg = T'.
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 5

1. A family will be labellechon-recombinanif none of the ancestral lineages of the family back
to time = T ever left stateB. (Thus the neutral ancestor of a non-recombinant familyraéet
t = 0 is necessarily linked to the single selective founder oktheep.)

2. A family will be labelledearly recombinanif none of its ancestral lineages ever left stdte
before the first (looking backwards frane= T') coalescence in the sample genealogy happened,
but if nonetheless the family’s ancestor at time 0 is in stateb.

3. A family will be labelledate recombinanif at least one of its ancestral lineages left stdte
before the first (looking backwards frdff) coalescence in the sample genealogy happearet],
if the family’s ancestor at time= 0 is in stateb.

4. In all other cases (e.qg. if two lineages on their way badk feaveBB, then coalesce and return
to B afterwards), the family will be labellegikceptional

Thelabelled partitiorresulting in this way will be calle@®=».

For large selection coefficients and moderately large rddoation rates (see (1.2)) it turns out that, up
to an error in probability of(log o) =2, all late recombinant families are singletons, there is oem
than one early recombinant family and there are no excegitimmilies. In fact, the probability that
there is an early recombinant family at all is of the orfleg o) ~!. Given there is an early recombinant
family, however, its size may well be a substantial fractoém. Our main result (Theorem 1 below)
clarifies the approximate distribution of the number of lsegeombinants and of the size of the early
recombinant family.

2.2. Main result. Recall thatP=» (introduced in Definition 2.5) describes the ancestralifiant
of ann-sample drawn from the population at the time of completibtmne sweep, where the partition
is induced by identity by descent at the neutral locus at #ggriming of the sweep.

Theorem 1 (Approximate distribution of the ancestral sampk partition) Fix a sample size. For
a selection coefficient > 1 and a recombination rate obeying(1.2) for fixed~, the random
partition P=» introduced in Definition 2.5 consists, with probability- O((log o) ~2), of

¢ [ late recombinant singletons
e onefamily of early recombinants of size
e one non-recombinant family of sire- L — F.

More precisely, a random labelled partition ff, ..., n} whose distribution approximates thatBf
up to a variation distance of orde®((log o) ~2) is given by random numbers and E constructed
as follows:

Let F' be anN-valued random variable with

a_=(-1)---(-1)
2:3) PE<l= T vy

and givenF' = f, let L be a binomial random variable with trials and success probability — py,
where

Ll
@ pr=ee | a5 )

imf !
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6 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER
Independently of all this, lef be a{0, 1, ...., n}-valued random variable with

m n—11 _
Zz’:Q 5 5= 17

loga

(2.5) PlS=sl=1{ ka1 25s<n-1
yn 1 —
logan—1" §=n.

GivenS = s and L = I, the random variableF is hypergeometric, choosing — [ out of n =
s+ (n—s),ie.

(0 (5%)
(o)

Sections 3 and 4 will be devoted to the proof of Theorem 1. Tdw figure explains the concepts
which appear in our Theorem, and points to the strategy opthef as explained in Subsection 3.2
below. In the figure, the sample sizeris= 7, and the x’s indicate effective recombination events
occurring along the lineages. The early phase ends whenutinder of lines in the sample tree has
increased from 6 to 7. At the end of the early phase there isfamily of size. S = 3 of early
recombinants. One member of this family is then kicked oualdgte recombination. In the sample
there arel. = 2 late recombinant singletons, one early recombinant fawiilgize £ = 2, and one
non-recombinant family of size 3.

(2.6) P[E =e¢] =

< early phase late phase >
1
]
O
O
. X i
O
X |
B f£H late recombinants O early recombinants (O non-recombinants

Remark 2.6 a) From(2.5)we see thaP[S > 2] = % andP[S > 0] = 22 St 1. In particu-

— loga
lar, this shows that the probability that there are earlyoetbinants at all ii’)(ﬁ).
b) [Bar98] reports simulations in which several non-single recombinantfamiﬁes arise. This is not,
in fact, incompatible with our Theorem since the constat& in the error estimate of Theorem 1
depends offyn)?. (See for example Subsection 3.4 where for each pair imesample we encounter

an errorc@%.) In, for example, the simulation described on p. 130 of 8y in which eight
early recombinant families are seen, this factor is ~ 120, whilelog a ~ 13, which explains the

occurrence of several non-singleton recombinant families

As a corollary to Theorem 1 we obtain an approximate samgiomgula under the model for
genetic hitchhiking. This means that we can now derive tiobglility of havingl late recombinants
(which produce singletons) early recombinants, which form a family of sizeandn — [ — e lineages
that go back to the founder of the sweep and also form a familtheir own. We obtain
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 7

Corollary 2.7 (Approximate sampling formula) Under the assumptions of Theorem 1 the common
distribution of the number of early recombinarfsand the number of late recombinaritss, with
probability 1 — O((log ) ~2), given by
(2.7)
P[E=e L =]
my (n =) +e=n}+ ("))
log o e(e—1)

CEREEY G DOERD D PR

()0 -15 )

=2 e=0.

1
+loga( 1{l—n}—|—z< )73(3—1))’

Necessarily givel, = [ and E = e the number of lineages going back to the founder of the sveeep i
n—1—e.

Y

=Ep} ' (1-pr)]-

This will be proved in Subsection 4.5.

2.3. Comparison with Schweinsberg and Durrett’s worlkOur research has been substantially in-
spired by recent work of Schweinsberg and Durrett ((SDAB504]). Let us point out briefly how the
main results of [SD05] and of the present paper complementt ether.

[SDO5] consider a two-locus Moran model with populatiorg#/, selective advantageof the ad-
vantageous allele and individual recombination probgbili= O(1/log N). Their main result is (in
our terminology) about the approximate distribution of #meestral distribution of an-sample at the
neutral locus agv — oco. In preparing their Theorem 1.2, [SDO5] specify (in termssftickbreaking
scheme made up by a sequence of Beta-variables) a randotbgaivith parameterd = |2N's| and
r/s. They denote the (labelled) distribution of arsample drawn from the paintbox (where the class
belonging to the first draw is tagged) . ;.. The assertion of their Theorem 1.2 then is Qaj, ;.
approximates the ancestral sample distribution at thealdatus with probability —O(1/(log NV)?).
Notably, s remains fixed, i.e. doasotscale withV.

A priori, this strong selection limidoes not lend itself to a diffusion approximation. However,
interestingly enough, certain aspects do, and in partidii@ ones studied in the present context.
More precisely, our results show that the approximate ithstion of the ancestral sample partition
in the strong selection limit of [SD05] arises also in a twwage way, first passing to the diffusion
limit, and then letting the selection coefficient tend tonitfi. This is made precise in the following
Proposition, which will be proved at the end of Subsectieh 4.

Proposition 2.8 Let @, /, ;, be as in [SDO5] Theorem 1.2. Then, with the choice
(2.8) o = 2Ns, p=2Nr, v = gloga,

the distribution specified in Theorem 1 and further desativeCorollary 2.7 approximate®), /. r,
up to an error ofO(1/(log N)?).
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8 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

Hence our results (Theorem 1 and Corollary 2.7) also giveppmaximate sampling formula for the
random partition appearing in Theorem 1.2 of [SDO05], anceeng as an input into the coalescent
with simultaneous multiple mergers described in [DSO5]péanticular, our results reveal that this
random partition has more than one non-singleton classavtobability of onlyO(1/(log N)?), a
result which is less explicit in the proofs of [SDO05].

Let us emphasize once again that in [SDO5] the error is cbetrin a specific “large but finite
population” model, whereas in our approach the error isrodled after having performed a diffusion
approximation. Proposition 2.8 together with [SDO5] Thexarl.2 reveals that our diffusion approx-
imation has the order of approximati@®(1/(log N)?) in the strong selection limit of the Moran
model. This might be seen as one more indication for the gtheand robustness of the diffusion
approximation in the context of population genetics.

Numerical results. One can now still ask how large the constants are which akénlgibehind the
O’s. To shed some light on this, and to see how well our appragions perform, let us present some
numerics. We compare the approximation of Theorem 1 withemical examples given in [SDO5].
The examples deal with samples of size= 1 andn = 2. We distinguish the number and types of
ancestors of the sample at the beginning of the sweep. Fog&esndividual the probability that the
ancestor is of typé (an event called ‘pinb’ in [SD05]) can be approximated by

pinb~ P[L = 1]

as there is no early phase in our Theorem in this case. For plsarhsize two either there are two
ancestors and both have typédenoted ‘p2inb’), there are two ancestors, one of tifpand one of
type b (denoted ‘p1B1b’), or there is one ancestor with eithérallele (denoted ‘p2cinb’) or &
allele (which happens in all other cases). Using Theorem appeoximate

p2inb~P[L=20orS=2L=1], p2cinb~ P[L =0, S = 2], plBlb~ P[L =1,5 =0].

In [SDO5] simulations for three models were performed (iMoran model, (ii) in a model where the
frequency of theB allele follows a deterministic logistic growth curve, an) for the approximate
result obtained in [SD05], Theorem 1.2. Results for a moreresive range of parameters can be
found in [DS04]. In Table 1 we are adding the approximatioihguws Theorem 1 to those of [SDO05].
In all cases we find that the approximation given by our Theofe performs comparably to the
approximation of Schweinsberg and Durrett. Both approxioms are significantly better than the
logistic model.

3. Outline of the proof of Theorem 1. We start by calculating the expected duration of the
sweep.

3.1. The duration of the sweeplet Ts be the time at whichX reaches the level for the first
time.
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 9

pinb p2inb p2cinb plBlb
n = 10" s=0.1 r = 0.001064
Moran 0.08203 0.00620 0.01826 0.11513

Logistic 0.09983(21%)  0.00845(36%) 0.03365(84%)  0.1188%)
DS, Thm.2 0.08235(0.4%) 0.00627(1.1%) 0.01765(-3.4%) 16BY(1.5%)

Thm 1 0.08249(0.6%) 0.00659(6.3%) 0.01867(2.2%)  0.11%DS()
n = 10" s=0.1 7 = 0.005158
Moran 0.33656 0.10567 0.05488 0.35201

Logistic 0.39936(18%)  0.13814(31%) 0.09599(75%)  0.3264B%)
DS, Thm.2 0.34065(1.2%) 0.10911(3.2%) 0.05100(-7.1%) 6D12(2.6%)
Thm 1 0.32973(-2.0%) 0.10857(2.7%) 0.05662(3.2%)  0.3¢4B50%)

TABLE 1
Numerical results comparing Theorem 1 with Theorem 2 frobOfg and a logistic model. The numbers in brackets are
relative errors with respect to the Moran model.

Lemma 3.1 For all fixede € (0,1),asa — oo,

(3.1) E[TL] = loia + O(é) E[T - T_.] = loia + O(é)
(3.2) BT . - T.]= ()
(3.3) Var[T] = O (%)

This will be proved in Section 4. Notice in particular tHal’ = 2loga/a + O(a™!). Thus, in order
to see a non-trivial number of recombination events alonmgls line betweent = 0 andt = T
(8 = T and = 0), the recombination ratg should be of the order af/log «. Henceforth, we
therefore assume thatobeys equation (1.2).

3.2. Three approximation stepsln afirst approximation stepve will show that all events (both
coalescences and recombinations) happening along theggkseof the structured coalescent while
dwelling in stateb have a negligible effect on the sampling distribution. Tbase a lineage has re-
combined away from statB we can assume that it experiences no further recombinatioogales-
cence events in the remaining timedae= T'. This motivates us to couple the structuredoalescent
(at the neutral locus) with the-coalescent (at the selective locus), and study the aatgstrtition at
the neutral locus by marking effective recombination esdreppening along the selective lineages.

Definition 3.2 For a given sweep patl, consider the coalescef}, in backgroundX together with

a Poisson process with intensity meas(ire- X;)p dt along the lineages df;,. Say that two leaves
of 7,, belong to the same family if and only if the pathZijpwhich connects them is not hit by a mark.
Call a markearly if it occurs between time 0 and the time whEnincreases froom — 1 to n and
call it lateotherwise. Label a family asarly-markedlate-markedlif it traces back to an early (late)
mark; otherwise label it ason-markedIn this way we arrive at what we call tHabelled partition
P,

Note that the non-labelled versionBf~ arises from the marked trég in the same way as the sample
partition in the infinite-alleles model emerges from the kearcoalescent. Also note that late-marked
families in7» are necessarily singletons. It will turn out (see Corollar) thatP”» approximates
P=r with probabilityl — O((log ) ~2).

inmsart-aap ver. 2005/05/19 file: esil636.tex date: Cctober 3, 2005



10 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

Thesecond approximation stgmnsists in replacing@” by a labelled partitioP” generated by
a marked Yule tree.

Definition 3.3 Let ) be an (infinite) Yule tree with branching rate and ), be the random tree
which arises by samplinglineages fronm)y (which come down from infinity). Up to the time when the
number of lines extant iy reaches the number |, mark the lines o),, by a Poisson process with
homogeneous intensity= ya/ log . Families, earlyandlate marks,early-marked familiegtc. are
specified in complete analogy to Definition 3.2. The resgltabelled partition of{1, ..., n} will be
denoted bypY»,

Again, we will show (see Proposition 3.6) tHat» approximate$ 7 with probabilityl —O((log ) ~2).

Thethird approximation stegxploits the fact that the probability for more than oneyanhrk is
O((log a)~2). The random variablé” specified in Theorem 1 stands for the number of lines extant
in the full tree) at the time of the most recent coalescence in the sample)ifedhe number
py is the approximate probability that, given = f, a single lineage is not hit by a late mark (or
equivalently, does not experience a late recombinatiaste that this probability is a larger than the
probabilityp given by (1.3). The number of late-marked families (cormgting to late recombinants)
is approximated by a mixed Binomial random varialilevith random success probability— pp.

In the dominating case that, in its early phase (when it has less thafines) is hit by at most one
mark, the random variabl§ approximates the size of the early-marked family whichesig we
‘cut off’ ), at the time of its most recent coalescence (i.e. when its mamblines increases from
n — 1 ton). This size is thinned out by late marks; in other words, thelfsize of the early-marked
family arises as a hypergeometric random variable, by ramtgdistributing then — L lineages which
have not been knocked out by late marks ontoShe (n — S) potential ancestors at the most recent
coalescence time of,,.

3.3. First step: From the structured to a marked coalescefithe key result for the first approxi-
mation step is the following:

Proposition 3.4 Both

i) the probability that a neutral ancestral lineage of oumsple recombines out @& and then recom-
bines back inta3,

and

i) the probability that a pair of neutral ancestral lineageoalesces in,

are O (m)

The previous proposition allows us (within the accurac;(ib(m)) to dispense with the struc-
tured coalescent and work instead with tharked coalesceim backgroundX as described in Defi-

nition 3.2. Indeed, the following is immediate from Propimsi 3.4.

Corollary 3.5 The variation distance between the distribution$&% and P is O(m).

3.4. Second step: From the marked coalescent to a marked Yule #ekey tool will be a time-
transformation which takes the random sweep path into gf&th) supercritical Feller diffusion.
Because the early phase of the sweep is the most relevardimthéecause a Fisher-Wright diffusion
entering from zero looks similar to a Feller diffusion eimgrfrom zero as long as both are close to
zero, we will be able to control the error in the sample p@amitresulting from replacing{ by the
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 11

path of a Feller diffusion. Under this time transformatitie imark (recombination) rate will become
a constant. By exchangeability, we can (without loss of gaitg) sample only from individuals in
our Feller diffusion with infinite line of descent (provided course that there are enough such) and
it is well known that such ‘immortal particles’ form a Yulesg with branching rate (JEO94]). This
means that we sample from a Poisson number of individualspetameter, but we shall see that it
suffices to consider the Yule tree stopped when it has pigcisg extant individuals.

Proposition 3.6 Let Y, ), andP>» be as in Definition 3.3. The variation distance between tke di
. . T’)’L y’)’b . 1
tributions of P“» and P~ is O(—(loga)Q ) .
3.5. Third step: Approximating sample partitions in marked Ywées. Because of Corollary 3.5
and Proposition 3.6, the proof of Theorem 1 will be compléige can show that the representation

given there applies, within the accuracy(@(m), to the random labelled partitioR>». Thus,

the remaining part of the proof takes place in the world ofkedrYule processes where matters are
greatly simplified and many exact calculations are possible

Let I = I(t) be the number of lines Q¥ extant at time, and K; be the number of lines extant in
Y, while I = i. The procesdC = (K;), will play a major rdle in our analysis below. Viewing the
index: astime, referred to below a¥ule timewe will see thatX is a Markov chain.

We denote byM; the number of marks that hjY,, while ) hasi lines. Since the latter period
is exponentially distributed with parameter, and marks appear along lines according to a Poisson
process with rate«/ log o, we arrive at the

Remark 3.7 Given K; = k, M; is distributed as7 — 1 whereG has a geometric distribution with
parameter

o B 1
ia+ kya/loga 1—1—%10;’(1

Consequently, the conditional expectationdif givenkK; = k is &

i loga”

We will distinguish two phases of the proc@ssTheearly phasevill consist of all Yule times when
K; < n and thelate phasewill consist of the Yule timeg with K; = n.
We define
F:=min{i: K; = n},

that is, F' is the number of lines in the full tre®’ when the number of lines in the sample tige
reaches its final size. This is when the late phase begins.

Proposition 3.8 The distribution of' is given by(2.3).

By analogy with Definition 3.2, we call those marks which}jtin the early (late) phase tlearly
(late) marks

The labelled partitio>» introduced in Definition 3.3 is generated by early and lateksial_et
us treat the early marks first. We will find in Proposition 3@ttup to our desired accuracy there is at
most one early mark.

We write

M= Y M,

i <F
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12 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

for the number of early marks. Let us denote $Y the number of leaves i}y, whose ancestral
lineage is hit by an early mark. On the evddt/ = 1}, that is in the case of a single early mark, the
leaves of7,, are partitioned into two classes, one (of si?8) whose ancestry is hit by this single early
mark, and one whose ancestry is not hit by an early mark.

The next proposition gives an approximation for the joirgtdbution of (M, S¥).

Proposition 3.9 Up to an error ofO(—(logla)z)

ny n—11 s=1

loga £vk=2 k>

(3.4) PM=1,8=s]=¢ L gy, 2<s<n-1
1 _

g1 s=n

Furthermore
1
, PM>21=0(—"—).

(35) M =2 (<1oga>2>

For fixed f < |a, the probability that a randomly chosen line is not hit by akrzetween = f
andi = |«/, is (cf. Remark 3.7 )

Lo Lo
1 1
il_{cl_i_lloga exp(zlog( IOgaZ—I_loga))
(3.6) N
:exp(— 7 ! )—I—(’)( 5) =5+ O(7—-—3)
log o = i+ @ (log @)? ! (10ga)

wherep; was defined in (2.4). The last step follows from the Tayloramgion

1 1 1
=2+ 20(2L).
1 ‘|‘ log { * 72 (loga)

Write LY for the number of lineages i, that are hit by late marks. For distinct lineage94f the
events that they are hit by late marks are asymptoticallgpetdent, which allows us to approximate
the distribution ofLY .

Proposition 3.10 The distribution of.”’ is approximately mixed Binomial. More precisely,

Lo

PILY=1] = ) <7>P?_l(1—pf)lP[F=f] +O((log1a)2)
f=n

(3.7) = <7>E[pFl<1—pF>”—l]+o((log%)2), [=0,.m.

Based on the previous two propositions we will be able to stimt/up to our desired accuracy the
random variables” and LY can be treated as independent.

Proposition 3.11 The random variable§Y and LY are approximately independent, that is,

P(SY =5 LY =1 =P[$¥ = 5] . P[LY =] +O((log;a)2)'
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 13

GivenM = 1,58Y = s and LY = [, the size (call itE”Y) of the (single) early-marked family i#>»
(see Definition 3.3) is hypergeometric, choosing- | out of two classes, one of size the other
of sizen — s. Hence from Propositions 3.9, 3.10 and 3.11 the labelletitjpar P>~ consists, with
probabilityl —O((log a) %), of L late-marked singletons, one early-marked family of gizand one
non-marked family of size — L. — E, where the joint distribution of L, F) is specified in Theorem
1. Combining this with Proposition 3.6 and Corollary 3.5 firoof of Theorem 1 is complete.

4. Proofs.

4.1. The duration of the sweep: Proof of Lemma 3.We use standard theory about one-dimensional
diffusions. (See e.g. [KT81] and [Ewe04]). Primarily we deke Green'’s functiot(., .) correspond-
ing to the solution of the SDE (2.1), this time wilfy = = € [0, 1].

The Green'’s functioi7( ., .) satisfies

(4.1) B[ [ " g(X.)ds] = / Gla, ©)gl€)de

whereE, [.] is the expectation with respect to the procésstarted inx (andE[.] = Ey[.]).
If X is a solution of (2.1) then (see [KT81], Chapter 15, Formal&))
(1 —e2078)(1 — %)
af(l-&(1—e)
(€7 — =) (e — 1)(1 — e~¢)
af(1— 61— e ) (1)

z<E: Gla,6)=

(4.2)

x>&: Ga,6) =

Observe thatF(x, £) is decreasing im.

Proof of (3.1)and(3.2).. In the proofs there will appear some constarit€” which might change
from occurrence to occurrence.

Observe that
(4.3) E[T.] = EIT] - E.IT] = [ G(0.9d5~ [ Ge,0)de.
where we have used th&t0, ) = G (e, &) as long ag > . Since

1 1 1

— = _ 4+  ——
(1-¢ ¢ 1-¢
and using the symmetry i¥(0, £) = G(0,1 — 5) we see that for the first term in (4.3)

e 1oga 1 — e %) (1 — ¢~(1-9))
/0 G(0,€)de — = E(/ =T, dé ~ log )
ae _ ¢ _ Oz+§ ae
_é(cur/ (1-e )(51 ) e - / ldg
1 ac g8 Tt — 7@ 1
=-(c / ¢ i) =0(-).
For the second term, ds— e~ < 1 —e 2 for ¢ < ¢,

|| cteonte < f{i.;) [t f{fL e
1+ / fdg )
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14 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

A similar calculation leads to the second statement of (arig from these two equalities and as
E[T] = E[Ty o] + E[T — T} 5] also (3.2) follows.

Proof of (3.3). To compute the variance @f we use the following identity, which is a consequence
of the Markov property (and can be checked by inductiortpn

T pT T
Em[/ / / Ge(X0) g1 (X, ) dtpndt]
0 Jt1 tre—1

(4.4) ) )
:/0 /0 G(z,x1)..G(xg—1, xk)g1(x1)...9K(T ) d2) ... d27.

From this we obtain
Var[] =2 1 / ' G(0,€)G(E, n)dnde — 2 / 1 / ' G(0,€)G(0, n)dnde)

2 / 1 / * (0, £)G(€, n)dnde

O (ot ) (1] e
ae T
gégauie //15 1_16(1177_—1Ch7d£
n)
_ ﬁ <(e—a/z /01/2 555_1 /1/2 Oﬁe;i:e)an(af:;)dnd&)

by a decompositionof the ardés, n) : n < 1—-¢}in{(&,n): §,n<1/2},{(&n): £ <1/2,1/2<
n<1l-—¢land{(&n):€>1/2,n<1-¢} and the symmetry of the integrand. From this we see

2 1/2 € =0 _ p—a gan _q
Var[T] < 2 dnd
ar(r) < —(c+s [ f : —dnd)

and (3.3) follows as

1/2 ge_ag —e % e — 1 §_>a§ a/2 e—§ _e @ 13 e —1
dnde / / dde
/ / n 0 n

n—an 5

S/104/26—526_0‘(/15677 d77+0)d5+0/<0/ 5_2(15_1_0/ O(1).

Here we have useff”? [$ dnd¢ = [1 [$ dndé + [ (fol dn+ [§ dn) d¢ to obtain the penultimate
andf dn = [; &2 dn+f§/2 dn to obtain the last inequality]

4.2. From the structured to a marked coalescent: Proof of Propmsi3.4.

(). Given(X:)o<t<7 wWe are looking for the probability that tracing backwardsfrtimeT” to time
0 a lineage escapes the sweep (which happens withp(ate X)) and then recombines back inib
(which happens then with rajeX,). The required probability then follows by integrating oyath
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 15

space and is given by
E[/OT (1 — exp ( - /Othst))p(l — Xy) exp ( - /tTp(l - Xs)ds)dt}
T t
(4.5) gﬁﬂ%ufxqéxwﬂ
<o [ [ c.06nac [ / ' G(0,£)G(0, (1~ n)dnde

where we have used thét(¢,n) = G(0,n) for ¢ < n and (4.4). The first term i%QVar T] =

O((loga ) by (3.1). The second term gives

_ —a£ — e—(1=§) — e~ (] — e—a(1-m)
] // (1-e ) (1= e ) dnde
1—e 0‘ 1—

n
S@/o/o <1—

log(1 — 1
dedy = / / 1L gedn = p— " log(l=m), o)
)77 1 o?
and we are done.

n&mn 0 n

(ii). To prove the second assertion of the proposition, we sgiettent that two lineages coalesce in
b into two events. Recall thdfs denotes the time wheX first hitsd. Whenever two lineages coalesce
in b then either there must have been two recombination evemtebaT’ , andT or there must
have been a coalescencéibetweer) andT’ /,. Both events only have small probabilities as we now
show.

First consider the event that two recombinations occlfin,, T'|. We see here as in (4.5) that the
probability for this event is at most

PE1/2/ / 1-X)(1-X dsdt —p / / G G(&m(1—n)(1—&)dnd
/
< /0 /0 G(0,€)G (& n)dndg + p* /0 - /g G(3,9)G(0,7)(1 = €)(1 — n)dndg

1 1
+p? G(0,)G(0,n)(1 = &)(1 —n)dnde
1/2J1/2

where we have used th&l(x, £) is decreasing . The first term is%QVar T] = O((loga) ) The
second is bounded by

12 1 e=a/2(e08 1)1 — e~ y2e=a/2 A7765—11—677
a2/ / n dnd loga // dedn

—a/2 o 77/\
<
(loga)? +/ d77 ((log a)? )

where we have splitthe integraf* dn in ;" /2 dn+ [ /2 dn to obtain the final estimate. The third term
is small as it is the square of

! vy ot 1
p/l/zG(O,f)(l—f)dE < o /1/2 £ = 0(i—).
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16 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

The second event we have to consider is coalescenceetween time) andT /,. The probability
for this event is, again as in (4.5), at most

E[/OTl/z 1 _2Xtdt} - E[/OT 1 _2Xt1(Xt < %)dt} _ 01/2 G(O,f)%d&

2 (1271 e 8 [a/21—¢¢ 8 log o
<z T _de< = ° 1 :
_a/o 5(1_5)2@_&/0 e S, (C+loga) = o( - )

So both events are improbable and Proposition 3.4 (ii) isguio

4.3. From the coalescent to the Yule tree: Proof of Propositidh 3We have to show that the
error we make when using Yule trees instead of coalesceas irea random background is small.
This involves two approximation steps. The first is an appnaion of the coalescent in the random
background of a Wright-Fisher diffusion by a coalescentrimvasupercritical Feller background, the
second is an approximation of the latter coalescent by Yekst

For the first approximation step we need to time-change calesgent. This relies on the following
proposition, whose proof consists of an application of [EBK&hapter 6, Section 1.

Proposition 4.1 Under the random time change— 7 given bydr = (1 — X;) dt, the random path
X = (Xt)o<t<r Is taken into a random patly = (Z )0<T<T which is ana-supercritical Feller
diffusion, governed by

= V2ZdW + aZdr,

starting in Z, = 0, conditioned on non-extinction and stopped at the timehen it first hits 1.

Under the time change— 7, then-coalescenf,, described in Definition 2.2 is taken into the
coalescent,, whose pair coalescence rate conditioned/is ﬁdr Under this time change,

the marking rate (1 — X;) dt becomes dr. Let P¢» be the sample partition generated al@hgn
the same way aB7+ was generated alorif,, but now with the uniform marking ratedr. Note that
PC andP7? have the same distribution.

_ Let us denote byD,, the n-coalescent whose pair coalescence rate conditioned 2/ Z.dr,
T>712>0.

Proposition 4.2 The labelled sample partitiorR°" and’ PP~ generated by a marking with ragedr
alongC,, andD,, respectively coincide with probability— O(IOga)

We need a lemma for the proof of this proposition. Denotd Bythe time whenZ hits levele for
the first time and b)TCCn the time when the number of linesdh, increases from — 1 to n.

Lemma 4.3 Assume is large enough such thdtog o)? > 2. Lete(a) = M. Then

(4.6) Po[1Z,) < T¢] = O( (1og1a)2)'

Proof of Lemma 4.®ur proof rests on a Green’s function calculation analogou$ose in the
proof of Proposition 3.4 and so, since we already have anesgpn for the Green'’s function for the
processX, it is convenient to ‘undo’ our time change. If we denoteZy the time whenX hits level
e for the first time and by'“" (resp.77) the time of the first coalescencedy (resp.7;,) then

Po[T7,) < T = PolTl,) < T,

€
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 17

It is enough to consider the coalescence time of a samplaeftsio as the probability that any pair
in the sample coalesces is bounded by the sum over all pdirseafes.
With (4.2)

PTY,) < T8 =1 By [ow (- [ )] < B[ [ -4

- [ Gleta).6)2a
0

Defineg(a) := (loga)?. We split the last integral into three parts. We have for tamsC which
change from line to line

e() c(@) (e=9() — =) (e — 1)(1 — e~ %)

206 = )
A G(e(a),f)gd£—2/0 B0 — @) (1) d¢
2¢~9(a) 9(@) (ef —1)(1—e¢)
e b g ¢
() 2 (@)
< e9@ 4 ] 1 2 de+ i;) ;—ng)
C
= g(@)
1/2 1/2 1 _ e—a§ 1 _e—a(l g))
/(a G(e(a d£—2/ 21— 61 ) dg
<4 a/2 q 5
ga) &7 (a)
/G d£<4/ GO£d§<Cloga
o

asg(e) > 2 and soe(«) < 3 where we have used (3.1) in the third tefm.
Remark 4.4 It isimmediate from Lemma 4.3 that still writingn) = (loga) we will have

) < TPr] :0(;).

4.7) Py [T Togal?

e(a

Proof of Proposition 4.2:

Let 77, be as in Lemma 4.3. Looking backwards from the tififg,, assume we take the marked
n-coalescent with pair coalescence r%tas an approximation for the markedcoalescent with pair
coalescence ratgﬁ Sources of error in constructing the labelled partitiom thre recombination
events occurring at a tlme when the two coalescents havereliff numbers of extant lines. We will

call such an event badrecombination event.

First we couple the two coalescent trees. We wiife T§(1—Z) for the times at which the coales-
cents with rate®/Z and2/Z(1 — Z) per pair respectively have a transition frdnto & — 1 extant
lineages. We shall call our coupling successful if we hae th

Thaogy>Te >Th ) > Ty > > Ty gy > Th > > 15y > T
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18 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

Let Si,..., S, be independent exponentially distributed random var&hligh S, ~ exp ((';)).
The idea is simply to use the same random varigfle€o generate théth coalescence for both

processes. Thus, writing for Z or Z(1 — 2), Ty}, . . .,Txl, are defined recursively by
The 2 v
/ ()—ds:Sn, and v —ds=S,, k=1,...,n—1.
n Vs Tk Vs

Notice that our first inequalitwg(l_z) > T7 is automatically satisfied. At tirr[é’g(l_z) we have

T2 2
/“ Zds> (1—e(@))S,.

Tgu—z) s

Thus

TZ TZ
n—1 n e(a) 2 e(a) 2
P15, , > T3] = P[/n_l —ds < /n_l s
S z S
<P[(1—e(a))(Sn—1+ Sn) < Sn] = O(e()).
Suppose then thaty ;' ,, < T%. Automatically theril; ' < 77" /) and attimely; " ,, there is

Z(1-2 Z(1-2) Z(1-2
at most a furthee () (S,,—1 + S,,) to accumulate in the integral definiflg; ' as

TZ 9 TZ . 9
P12, >Tp'| =P / R / "
it r) =R [ o< [ 2]

< P[(1 - (a))(Sp_z + Sp_1 + Sn) < Sn1 + Sn] = O(e(a)).

Continuing in this way we see that the chance of failing ta@aha successful coupling@(e(«)).

Now consider the chances ofted recombination event on the tree when we have a successful
coupling. We have to consider the lengths of the intervalsmihere are different numbers of lineages
extant in the two coalescents, but these are the tﬁ'@%_z) — T%. We know that these are time
intervals during which the2/Z’ integral must accumulate of the orderqfy). SinceZ < ¢(«), the
time taken for this i€)(e(«)?). A badrecombination event then has probabim(logae(a)Q).

The errors that we have so far are

e failure to couple: an error aP(e(a)),
e coupling but bad recombinations: an error(@{lo‘gae(a)2).

Since, by Lemma 4.3, the additional error coming from a ceadace o, or D, betweeﬂja)
andT is O((1/log a)?), the proof of Proposition 4.2 is complete.

Lemma 4.5 Let Z = (Z;)o<r<oo b€ ana-supercritical Feller process, governed by

dZ =2ZdW + aZdr,

started in0 and conditioned on non-extinction, apd = )# be the tree of individuals with infinite
lines of descent. Then the following is true:

a) When averaged ovéf, ) is a Yule tree with birth ratex.

b) The number of lines iWZ extant at timel” (the time wher¥ first hits the level) has a Poisson
distribution with mearnu.

c) GivenZ, the pair coalescence rate 9¥ viewed backwards from time is 2/ Z..
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 19

Proof of Lemma 4.%a) is Theorem 3.2 of [O’C93], (b) follows from [EO94] and tsiieong Markov
property. For (c) the fact that the pair coalescence rateodstral lineages in a continuum branching
process (be it supercritical or not), conditioned on thaltatass path?Z, is a variant of Perkins’
disintegration result, cf. the discussion following Themr1.1 in [BBC"05]. O

Remark 4.6 Part (c) of the above Lemma also reveals that Kingman’s cualet with pair coales-
cence rater?/ P describes the genealogy behi(id1). Indeed, represen® as

A

P=——T
7 7P

whereZ() is ana-subcritical Feller process and (?) is a critical Feller process, and the time change

from7 tot is given by
dr

-z 2
Lemma 4.5.c) says that, conditional &), the pair coalescence rate in the genealogyzét) is
o2 dr )z, which equals

dt

Proposition 4.7 The variation distance between the distributions of theslghl partitionsP>» (in-
troduced in Definition 3.3) an@?» is O(1/(log a)?).

Proof of Proposition 4.70ur proof proceeds in two steps. First we account for therefat we
make in assuming that there is no coalescence in the saropiliie leaves of the Yule tree after time
T. Second we account for the error in considering the processasks’ on our Yule tree not up until
time T' when there are a Poisser)(number of extant individuals, but until the time when thare
exactly| o] extant individuals.

(i) Given Z, take a sample of size from the leaves op)?. Write ))Z for the ancestral tree of this
sample, and caﬂ)nzj the cut-off of)Z between times = 0 andr = T. Assume there ard/ lines at

time 7. Since their lines of ascent agglomerate like in a Polya iima proportions of their offspring
in the leaves op)# are uniformly distributed on the simpléXpy, ..., px)|pn > 0,p1+... +pn = 1}.
(See [JK77] and [FG97] for more background on Polya urn sgw) WritingDy,, h = 1,..... N
for the number of all descendants of individual numberhich belong to the sample, one therefore
obtains that Dy, ...., Dy) is uniformly distributed on

BN,n = {(dl, ey dN)|d1, edy €Ng,dy+...+dy = n},

the set of occupation numbers df boxes withn balls. (This distribution is also called the Bose-
Einstein distribution with parameterS andn.) Under this distribution the probability for multiple
hits is

) oL
Denote byE,, the event that there is no coalescence of the ancestraysesf the sample between
timesoo andT'. Because of Lemma 4.5 b), the probability Bf arises by averaging (4.8) over a
Poissong)-distributedN . Consequently the probability &,, when averaged ovef is O(é).
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20 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

(i) Next we estimate the difference which it makes for thbded partitions if we mark the
branches op)# at rateya/ loga

(1) between the real times= 0 andr = T, or

(2) between the ‘Yule timeg'= 1 andi = |a].

Since by Lemma 4.5b) the number of lines extariyi at time = T is Poissong), to complete
the proof of the proposition it suffices to show that the phulig that» chosen lines are hit by some
mark between Yule timegx | and.J is O(1/(log «)?), whereJ has a Poissda)-distribution.

Now on the one hand, by the Chebyshev inequality

3/4 @ 12
(4.9) P[|J — o > a7 < (3 a =
On the other hand, from (3.6) we see that the probability thiates are hit by a mark between Yule
timesi = |a — o*/*| andi = [a + o3/*] is bounded by

|'a+a3/4]

Y 2
_ _ — 1/(1 <
1 —exp( i_La_E » )+ O(1/(loga)®) < ea o

ny CoP/*

+0(1/(log@)?)

for a suitable”' > 0.

Combining this with (4.9) and step (i), the assertion of Pxspon 4.7 follows O

Because of Corollary 3.5 and Propositions 4.2 and 4.7, arakshe distributions gP7» and P~
coincide, Proposition 3.6 is now immediate.

4.4, Within the Yule world: Proofs of Propositions 3.8-3.11 an8l. 2

Proof of Proposition 3.8. All the results we are going to prove in this section deal wittample
of sizen taken from the leaves of an infinite Yule tree. As a key res@lffinst obtain the ‘split times’
in the sample genealogy as time evolf@svardsfrom ¢ = 0. Recall from Section 3 that = I(¢) is
the number of lines o extant at time, andX; is the number of lines extant i,, while I = 3.

Lemma4.8 K;,i = 1,2,... starts inK; = 1 and is a time-inhomogeneous Markov Chain with
transition probabilities

n—k k41
4.10 PKiy1=k+1|K;,=k| = -, P[K;1 =k|K;=k] = -
(4.10) [Kit1 =k +1] = [Kiv1 = k| =
Its backward transition probabilities are
k(k+1)
4.11 PK,=kKi1=k+1]=——=
( ) [ | +1 + ] ’L(’L—|— 1)

The one-time probabilities and the more-step forward anckiagard transition probabilities oK™ are
given by

n—1y /1t
(4.12) PK; =kl = %
n—k\ (j+k—1
n+i—1
(oD (G

G

(1 <k < min(i,n)),

(4.14) P[K, = k|K; =] (1<i,1<j; k<min(i,0)).
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AN APPROXIMATE SAMPLING FORMULA UNDER GENETIC HITCHHIKING 21

Proof: (i) We begin by deriving the one-step transition probaieitit(4.10). At each Yule time,
attach to each line oy the labell + d, whered is the number of the line’s descendants at infinity
which belong to the sample. Call a line Pffertile if it belongs to),, i.e. if its attached label is larger
than one.

Passing fromi = 1 toi = 2 this induces a split of the sample into subgroups of sizgsand
Dy = n — Dy where Dy is uniform on{0, 1, ...,n} (see the argument in the proof of Proposition
4.7). Given(D1, D,), the proportion of the population at infinity in the trg&that is descended from
the line labelledl + D; is Betg1 + Dy, 1 + n — D;)-distributed, the posterior of a Béta 1) with
D1 successes in trials. Hence the birth i) at Yule time: = 2 is to the line labelled + D; with
probability%. If this is the case]; is split uniformly into two subgroups, where a uniform split
of 0 is understood ad), 0).

At thei — th stage of our construction there will béines and an associated partitionof- i into
1 subsets with sizes denoted by

1+ D! 1+ D, ....1+ D,
whereD}, ..., D¢ are non-negative integers summingitdThe (i + 1) — st splitis of thej — th subset
with probabilityl*D]'. At Yule timei, the probability of a “true split”, i.e. split leading to twertile

+n
successors of the fertile line labelleéd- D, is

1+D;D;—1 D;—1
i+n Dj+1  i+n’

Hence, given that the numbaét; of fertile lines at Yule time equalsk, the probability of an increase
of the number of fertile lines by one is

n—k

i+n’
Thus, the proces§k;);—12,.. is a pure birth process in discrete time, startingdn = 1, with time
inhomogeneous transition probability given by (4.10).

Formula (4.11) follows from (4.10) and (4.12), which will berived in the next step.

(i) Next we derive the one-time probabilities (4.12). Faist take a sample of size from the
leaves of the Yule tre@’, and look at Yule time, that is the period when there aréndividuals
extant in)). Number these individuals by = 1, ..., ¢, and letDy, h = 1, ...., i, be the number of all
descendants of individual numbemhich belong to the sample. Then, by the argument given in the
proof of Proposition 4.7(D+, ..., D;) is uniformly distributed on

Bz’,n = {(dl, ey di)|d1, ey d; € No, di+...+d; = n},

the set of occupation numbersidfoxes withn balls. This distributionis also called the Bose-Einstein
distribution with parametersandn.
The event “there aré fertile lines at timei” thus has the same distribution as the evenof the
i boxes are occupied and the remaining k£ are empty” under the Bose-Einstein-distribution with
parameterg andn.
Let
By, = A{(dy, ..., dp)|dy, .., dx € N, dy + ... + dy, = n}.

It is easy to see tha#tB;,, = ("', '), and#B;,,, = #Brnr = (|_,). Hence, (4.12) arises
as the probability under the uniform distribution & ,, that & of the ¢ boxes are occupied and the
remainingi — k are empty.
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22 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

(iiif) From (i) we see that our Markov Chain can be represeimete following way: at Yule time
there are real individualsin the Yule tree. Additionally there argvirtual individuals, corresponding
to the sample of size, each of which is attached to one of the real individualshis tvay then
virtual individuals are split ink blocks; imagine that each block has one of its virtual indi@is as
its ownblock leader Then evolving the Markov Chain at each time one ofithe i (real or virtual)
individuals is chosen at random. When a real individual issen it splits into two real individuals
(leaving the number of fertile lines constant). When a \dttundividual is chosen then it is either a
block leader or not. If itis a block leader we find a split of gite line into one fertile and one infertile
line (again leaving the number of blocks constant). Whenralmock leader is picked, this gives rise
to a new block and the chosen individual becomes a block ie@ties then increases the number of
blocks by one.

We now proceed to prove (4.13). We start the Yule tree whemstiHines, assuming there are
currently & blocks of virtual individuals. Thus there are currenklyolock leaders ana. — & virtual
individuals that are eligible to become new block leadersitmg ;. To distribute the additiongl — i
individuals that enter the Yule tree between Yule tihasd; note that these can choose amaénrgn
individuals as potential ancestors at tim&hus the number of ways of distributing the i additional
individuals oni + n ancestors is

n+j—1 n+j—1
B .. .= —
#Biinsi < j—i ) <n+i—1’
and all of them have the same probability since the additiodé&/iduals arrive as in a Polya scheme.
To obtain/ blocks at Yule timej, havingk block leaders at Yule timg we must calculate the proba-

bility of having added — k blocks up to Yule timeg. At Yule timei there are already block leaders
and the number of ways of choosihg- k£ additional ones from the remaining— k potential new

block leaders is
n—=k
-k

To realize these new block leaders we already have tb-uséndividuals. The remaining—i— (I —k)
individuals must be distributed among then individuals present at Yule time But in order to obtain

I blocks at Yule timej these individuals must avoid the— [ non-block leaders (because this would
result in new blocks). The number of ways of distributing : — (I — k) ballsoni +n — (n — 1)

boxes is
j+k—1 Jt+k-1
B, . . = = .
#Bitij—i—(1—k) <j—z'—(l—k‘)> <z’+l—1>

Altogether we arrive at (4.13).
(iv) The more-step backward transition probabilities &.follow from (4.12), (4.13) and Bayes’
formula.O

Remark 4.9 (i) Here is a self contained derivation of the more-step ekl transition probabil-
ities (4.14) For i, < j, k < min(é,!), consider the classical P6lya model witrancestors and

j — i newcomers, leading tp people after the successive arrivals of the newcomers. Batfese

j — i newcomers joins the family of one of thancestors, by randomly choosing one of the extant
individuals. The joint distribution of the numbers of newmss in each family is then Bose-Einstein
with parameters andj — i. There are now people in our population. Samplet random (without
replacement). Then the conditional probabilRyK; = k|K; = [] equals the probability that these
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[ people belong to exactly families. We can now decompose with respect to the nubibafrin-
dividuals in thel-sample which are among the originahncestors. This number is hypergeometric,
choosing out ofj =i + (j — i) (see(2.6)).

GivenU = u, the probability that the sample forms exackliyistinct families is the probability
that exactlyk — u of the available; — v ancestors have descendants amongitheu newcomers

in the sample. There ar@:“u) possible choices of the additional ancestors and, conufition that

choice, there areél_“l:gf__(z)_*:?_l) ways to distribute the remaining newcomers. Hence the tiondil

probability that the sample forms exactiydistinct families is
i—u\ (l—u—(k—u)+k—1 i—uy (l—
(k—u) ( l—u—(k—u) ) _ (z—k) (é—llf)

() (i

We thus conclude that

d J)C)UU
(4.15) PK; = k|K; =] ZZ l et
u=0 ( i—1 )
The fact that the right hand sides ¢f.14)and (4.15)are equal can be checked by an elementary but
tedious calculation (or by your favourite computer algepeckage).
(i) Since(4.12)follows from(4.14) by putting! = n and letting;j tend to infinity,(4.13)follows

from (4.14)and (4.12)by Bayes’ formula, an@.10)and (4.11)specialize fron{4.13)and (4.14)

With Lemma 4.8 it is now easy to complete the proof of Proposi8.8:

¢ il —1)! (- 1)(i-n+1)

n

(n—i—i—l)_(z—n)(n—l—l—l) (Z—|—n—1)(2+1)

n

P[F <i]|=P[K;=n] =

Proof of Proposition 3.9. As a preparation we prove
Lemma 4.10 For the first Yule timd” when there are: fertile lines we have fok < n

—i—=1)-...(f—i—(n—k)+1
P[F = f|K;=k] = (f+n—1)-...-(f+k—1)
1

(n—k)n+i—-1), k<n-—1,

PIF = fIKi =n—1] = o i = )
and
(4.17) PIF = fIK; =k < 75,

whereC depends only on.

inmsart-aap ver. 2005/05/19 file: esil636.tex date: Cctober 3, 2005



24 A. ETHERIDGE, P. PFAFFELHUBER AND A. WAKOLBINGER

Proof of Lemma 4.1&quation (4.16) follows by

P[F=f|K;=k]|=P[F> f—-1|K;,=k| - P[F > f|K;, = K]
(f—i-k—l) (f+k—2)
i+n—1 i+n—1
=P[K;=n|K,=k| -P[K;_1 =n|K;, = k| = Jﬁw—ﬁbﬂ)
(n—i—z’—l (n—i—z’—l

B (f+k—=DI(f =) B (f+k=2)(f—-i—-1)!
C(f—itk—n)n+f-1)) (f—it+tk-—n—Dl(n+f—-2)
(f+k-—2(f—i-D(f+Ek-1)(f—i) - (f—itk—n)(n+[f—1))
(f—i+k—n)(n+ f-1)!
(f+Ek=2D(f—-i—D(n—k)(n+i-1)
(f—i+k—n)(n+ f-1)!

where we have used

(f+e=D(f ) - (f—it+tk-—n)n+f-1)=(f-i)(k—n)—(k—n)(n+ f-1)
=k-n)(f—-i—-n—f+1)=n—-Fk)(n+i-—1).

If k <n—1thetermq f —i— 1)!and(f —i + k — n)! cancel partially leading to

(f—i—=1)-..-(f—i—(n—Fk)+1)
(f+n—1)-...-(f+k—1)

In the casé = n — 1 these two terms cancel completely which proves (4.16).

To see (4.17), note that the fraction in (4.16) is boundetigf#, and(n — k) (n+1i — 1) < n?i. O

Recall the definition of\Z;, M = 2, M; and S¥ from Section 3. We first turn to the proof of
(3.5).

First observe that sincEM > 2} requires either that the tree is hit by marks during two disti
Yule times in the early phase or at least twice during a siivgle time (during the early phase) we
may estimate

P[F = f|K; = k] = (n—k)(n+i—1).

la) o] Lo
PM>2<> Y PM>1M>1K;<n]+> P[M >2]
i=n j=i+1 i=n
For the first term we use (4.17) to see that there is some aarGtdepending only om such that for
k<n .
PW>ﬂm:H§C§
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With this we approximate (recall Remark 3.7) for constarighich depend only on and can change
from occurrence to occurrence,

la) |a]
> PM;>1,M; >1,K; <n]

i=1 j=i+1
la] o] n-1
<> > > PIM; = 1K = ko] - P[M; = 1|K; = k1] - P[K; = ki, K = ko
i=1 j=i+1 ky ky=1
la] la] n-1 2.2 1

[ — kla — kQ]
i=1 j=it1 k ka=1 (loga)? i

22 la] o] n-—1

> ZZ]PK <n—1|K; = k] - P[K; = ki]

=1 j=1+1 k=1
la)  [a] n—1

>y = ZPF>J|K—7€1] P[K; = ki]

1oga (log a)?

loga 2z 1j=i+1 ]k—l
o] [o] . o] [o] L]
C 1 C 1 C
——P - < =<
loga (log a)? ;J;l ijj (logoz)2 ;j;rl ij? = (loga)? = i* ~ (loga)?
For the second term, again by Remark 3.7
La] La] C C

which proves (3.5).
Consequently, we can now concentrate on the e{@fit= 1}. The proof of (3.4) consists of two
steps. First we will show that

n— s+z
Yy 1 loga ZZL:JI ( n+z )7 S Z 2,
(418) P[S = 87 M = 1] = O( ) + n+z 1—1
(loga)? L) Cai)=Gy) Ly
loga Z (n+z ) , S=1.

n

Second we will approximate these probabilities to obtaid)3

Given that the sample genealogy is hit by exactly one maik giwven that this happens when there
arek fertile lines (| < k < n— 1), then the (conditional) probability th&?’ = s (1 < s <n—k+1)
is (in the notation of the proof of Lemma 4.8)

(4.19)

n—k—(s—1)+(k—1)—1 n—s—1
#DBr 1n—k—(s—1) _ ( n(—k—)(SSI) ) B (n—s—(k—l))

NG

P[SY =s|K; =k, M = M; =1] =

(Indeed, the one line which is hit by a mark during periadust spawrs — 1 offspring, and the other
k — 1 lines must spawn — k — (s — 1) offspring.)
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The probability that the sample genealogy is hit by a marknduperiod: andthere arek fertile
lines ¢ <i A (n— 1)) during periodi is according to Remark 3.7 and (3.6)
(4.20)

n—1

(s + 0 e P16 = 1= 2 A s ()

PIM;=1,K, =
[M; K= A logav i 2(log )2 log o i (”ti—l)

(1) )
7 +0(7( L ) )

- +i—1 2 2
logar (™77 ) 1*(log a
To now show (4.18) we need some approximations.

Lemma 4.11 For constantg”;, Cs which only depend on,

la] iA(n—1)

Cy
4.21 (1 =k M;=1] < —L,
2 Zl 2 P = Toga
1+ logi
(4.22) P(M > 2M; — 1, K; — k] < C2H1080)
log o

Proof: We will use the integral

(4.23) /1ogzx :_1 + log x
x x

Y

which will give us finiteness of some constants.
For (4.21) we have from (4.20)

la] iN(n—1) 1 la] z/\(n 1) (z 1)(n—]1€)
2, 2 (omOPI = kM= 1) = Ofa) g et 2 T
la] n+i—2 i—1
1 ( n—1 ) B (n—l)
= I -
O((loga)z) loga Z og! ("t

n

Now, for some constants, C’ which are bounded in (and may change from appearance to appear-
ance)

<n—|—i—2>_ <¢_1> _li4n=2)-i] [ -1)---(i—(n—1))]

n—1 n—1 (n—1)!
- ,in—l + C,L'n—2 _ ,in—l + C/,L'n—2 - C,L'n—Q
- (n—1)! -

and as for > 2

we see that

la] iA(n—1)
3 Z (log )P [K; = k, M = M; =1] < O(
i=1 k=1

1 )+ o) cin210gi '

<
(log «)? loga= Ci» ~ loga
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where we have used (4.23).
For (4.22), using (4.17) and (4.23), we write for some comstadepending only om which can
change from instance to instance
la]
P[M>2|M; =1,K;=k] =Y P[M >2|M; =1,K; =k, F = j| - P[F = j|K; = k]
n v Ci C ilogj 1+ log1
< < )
ZZllogozj logozZ 2 = loga

Jj=t =1
|
We now return to the proof of (4.18). The probability that Hanple genealogy is hit by a unique
early markandthatSY = s < nis

(4.25)
iN(n—1) |a
PV =sM=1= > > P =sM=M=1K =14k
k=1 =1
(4.26)
iN(n—1) |a
> Y PV =siM=M=1K=k P[M=1K;,=k(1-P[M=>2M=1K=k|)
k=1 i=1
For this sum the ever{tM > 2} does not play a role as by (4.21) and (4.22)

iN(n—1) |a
Z ZP =k]-P[M >2|M; = 1,K; = k|

(4.27) o]

ZClogZ Mi=1,K<n-1<—C .
— loga (log @)
So, combining (4.19) and (4.20), we have
(4.28)

iN(n—1) |a

P[SY=s|M=M=1,K,=k-P[M;=1,K, =k
Togay) T 25 P10 A=k |

la] in(n— 1) n—s—1 )(i—l)

_ 1 n s—(k—1)) \k—1
_O(( ) logaz Z (n—i—z 1)

P[SY =5, M = 1] = O

log av)? = M
= 0(go) vL”@fiﬁhﬁgb(ij>
og o) loga (")
la) ("t
= O((gar) + mazmu£7>é*> SZZ
s it e o=

which proves (4.18).
We now approximate these probabilities further to obtaidX3Jirst observe that, since

1 1 ( 1 B 1 )
m+i—-1)--i n—-1\(n+i—-2)--i (n+i-1)---(Gi+1)/)’
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for s = n andn > 2 we may write

(4.29)
21 - 1 n! 1 n 1
D R M e e e A T TS R 0 e i

which gives (3.4) in the case= n.

Now define
la] (n—s+z’—2)
(4.30 Aln5,0) 1= 3t
=1 n
Fors < n — 1 the summand vanishes fore= 1 and so
(4.31)
la]—1 (n s+i— 1) la]—1 n'z' n_ s4i— 1) ol la]—1 i
A = = — 3
(n, s, @) ; (”:’ ; m+i)ln—9)!i—-1)! (n—s9)! ; (t+n)---(i+n—s)
[a]—1 1

~oon! Z B n—s )
- (n—3s)! — \(i+n)---(i+n—s+1) (i+n)--(i+n—s)/

We treat the two sums separately and rewrite each as a tpieagcsum as in the derivation of (4.29)
to see thatfoR < s < n — 1 this gives

n! 1 1 n—s 1 1
Alm, 5, 0) = (n—s)!(s—ln--'(n—s-l-Q)_ s n"'(n—s‘i'l))—i—o(a)

n—s+1 n-—s 1 n—s+1)s—(s—1)(n—s 1
- s——li_ s +O( ):( . )(s—(l)s . )+O(5)

n 1
T (s—1)s * 0(5)’

S0 (3.4) is also proved f&r < s < n — 1. Fors = 1 the above gives

la]—1 1 la)—1

1 1
A(nvlva):n Zl Z+n_n(n_1) ; (Z—|—n—1_l+n)

(4.32) N la]

=n Z ——nn—l —l—(’)(é):l—n—l-n Z %—I—(’)(é).

= n—i—l i=n—+1

Fors = 1 we also have to deal with the second term in (4.18). We write

LZC% ) :% (i—1)!(i — 1)ln! ) :ni(i—l)-'-(i—wrl)'

(“HT) (n—DIGi—n)l(n+i—1)! (i+n—1)---i

=1 n i=1

Define

] -
A=y Gz Delizmt )

’ (i+n—1)---i

L]
1
Ay, = —_ A, = A,
b ;(H—n—l)---i :
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Our goal then is to find an approximation df,. Observe that we have a recursive structure as

o] . ] .
(t—1)-- (z—m+2)_m . (i—1)---(i—m+2)
(4.33) Am’”_; (i+n—2) i (m + 2); (i+n—1) i

= Am—l,n—l - (’I?’L +n— 2)Am—1,n'
From this equation it also follows that

m—2
Am,n = Al,n—m—i—l + Z (Am—k,n—k - Am—k—l,n—k—l)
(4.34) =
= Al,n—m—i—l - Z (’I?’L +n -2k — 2)Am—1—k,n—k'
k=0
First we show that fot < m < n,
(m—1)!(m—1!(n—m—1)! 1
4, Apn = —).
(4.35) , (n—1l(n—1) +0(3)

We proceed by induction om. Form = 1 we have up to an error of ord@(é) (heren > 1is
important)

o] 1 1 ] 1 )
Al,n:;(i+n_1)...i:n—lg(zdrn_g)...i_(i+n_1)...(i+1)
- 1, (n—2)!
“one-n 0@ T - O

and by (4.33)

Am—i—l,n = Am,n—l - (’I?’L +n— 1)Am,n

(m—1Dl(m—1)!(n—m —2)! (m—1!m—-D!(n—m—1)!

= (n—2)l(n—2)! —(m+n—1) (= Dln—1)
Cm =D m-Dn-m-2)((n—-1)2 = (n—14+m)(n—1-m))
B (n—1)(n—1)!
_mml(n—(m+1)-1)!
(n—Dl(n— 1)
which proves (4.35).
From (4.35) and (4.34) we see as
Lo]
(4.36) Z ! +c9( )
that
n—2
(n—k—2)(n—k—2)! 1
A”‘A1_2];)”_ BRI ey R
n— 11 1
(4.37) —A1—2Zn_ P O( ) = A1—2; +0(=)
1 L] n—14
Z:-—E:
i=n+1 =2
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Now (3.4) follows in the case = 1 from (4.18), (4.32) and (4.37) as
o] (n—i—z )_ (z’—l) Lo 1 o] n=14

I A SEEICEE R SR S RCC)

=1 n i=n—+1 t i=n-+1 =2

n—1
:n§2%+(’)(é).

|

Proof of Proposition 3.10. Let £ denote the random subset consisting of all those ancestral |
eages of the sample which are hit by a late mark. For a fixedesubsf then ancestral lineages of
the sample we conclude from Remark 3.7 and (3.6) that fof all{1, ..., |a]}

(4.38)
la] : la]
{2e" ay 1 1 o 1
0 d ] bl 1o+ —l‘ég‘z oxXp ( log o = i)+0((loga)2) (py) +O((loga)2)’
wherea = #A, and the error term is uniform iii. Consequently, if we consider the random subset

M of the sample which results from the successes of a coinmgsaih random success probability
pr, We observe that

@39)  PILNA=0]=Blor)]+ O ) = PIMN A = 0]+ 0 ).

By inclusion-exclusion, (4.38) extends to the desired apjpnate equality of the distributions af
and M. O

Proof of Proposition 3.11. It remains to prove the approximate independence of theorangri-
ablesSY and LY. It is enough to show that, with the desired accura&tyis independent of the event
of a late recombination of a randomly chosen line.

For convenience, we abuse notation and wsitand L instead ofSY and LY. The approximate
independence of the distributions 8fand L relies on two crucial observations. First.8s> 0 only

has a probability of orde@( ) (see Proposition 3.9) we can allow for a multiplicative erod
orderO(—) for the probability of L = [. The second is that the two probabilitP$L = {] and
P[L = I|K; = k] are %87 apart which is the content of (4.41).

g

Lemma 4.12 There are constantsy, C; depending only on such that
C1(1 +1og f)(1 +log f')
log o
02(1 + logi)
log

(4.40) [PIL=IF=f]-P[L=lF=/f]<

9

(4.41) P[L=I|K; =k —P[L=1]| < (k <n),

Proof: We start by proving (4.40). GiveR' = f the number of late recombinants is approximately
binomially distributed with parametersandl — p; (see Proposition 3.10). Thus fér f’ < «

PIL=1IF=f]-PL —M’fn—<>wvmﬁyl (=255 + O ()

log @)
l
<2 (1) (e i oliiam)
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where we have used thét — p)' = Y4 (1)p*. Now (4.40) follows, since fof < m < 2n and
(wlo.g)f < f,

o] 4 le) 4

|p?—p?f/|:’exp( logazz)_ (_éva,_fj)’
f! C(1 + log f)
S’l—exp( 1:;70[ )’ logaz_ l—cl)_gzg ’

To show (4.41) we calculate directly. For soigwhich may change from occurrence to occurrence)
we obtain, noting thaP [F' > |a]] = O(é) from (4.17) and, for < f, K; andL are conditionally
independent givelt’ = f,

IP[L =|K; = k| — P[L =1]|
Lo
= | > (PIL=1IF = f]-P[F = f|K; = k] - P[L =] - P[F = f|K; = k])| +0(é)
f=i
Lo |a]
= |3 3 Pl = 11K = 4 -PUF = £IPIL = 1F = /) PLL = 1P = /) +0(5)

Zf/_
C% % i 1 1(1+logf)(1+logf) C %i(l—l—logf) ~ C(1 +log1)
= e loga Clogas 2 loga

where we have used again (4.17) and the integral (423).
With the help of the previous lemma, we can how complete tbefof Proposition 3.11. First take
s > 0. Then the assertion follows from the above statementsedigg3.5)

P[L=1,5 = :P[L:LS:S’M:l]—i_O((log;a)z)

la] iA(n—1)
= Z P[L :uS:s,m:k,M:Mi:1]P[S:3,Ki:k,M:Mi:1]+c9( 1 )
=1 =

(log @)
] z/\(n 1)

1
_; 2 P[L :l|Ki:k]P[S:s,Ki:k,M:Mi:1]+(’)((loga)z)

la] iA(n—1)

(4.41) Clogz B o o 1
Z Z (Plz loga)P[S_s,KZ_k:,M_MZ_1]+(’)((loga)z)

(4':21)P[L —1]-P[S=3] + O((log;a)z)'

Also for s = 0 the assertion is true, since by the above

P[L=1,S=0=P[L=[-P[L=1,5>0=P[L=1{](1-P[S> 0])+0((10g1a)2)

—P[L=1]-P[S=0]+ O((logla)z)' 0
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Proof of Proposition 2.&lso [SD05] use Yule processes to obtain an approximatessicefor the
genealogy under hitchhiking. In fact, the third step in thpraximation in our paper (see Subsection
3.2 and Subsection 3.5) leads to the very same Yule procdbe ase appearing in [SDO5]. To be
exact about this note that by Remark 3.7 one line in our Yde is hit by a mark during Yule time
with probability

- s~ (4 0(ags)
ia+p logai—l—ﬁ log o \ i i2loga//’
In the model of [SDO5] as given in their (7.2) a line is hit digiYule timei, asp = 2Nr,a = 2N's,
with probability

T p v /1 1
= = — O
is+r(l—s) ia+p(l—s) loga(z’ * (izloga))
which proves the propositionl.

4.5. The Sampling Formula: Proof of Corollary 2.7Using Theorem 1 we calculate &sand .S
are independent,

P[E=e,L=1]=) P[E=¢lL=1,S=s|-P[L=1,5=s

s=e

:P[L:l]i%P[S:s] :E[p%_l(l—pp)l]i <S>< nes )P[S:s].

—\e)J\n—-1l—e

Let us now distinguish the three cases> 2,e = 1 ande = 0. By a calculation using binomial
coefficients (or using a computer algebra program or by [Bj@6 7, (2))

()l = (e,
With this we can calculate far > 2,aslongag + e < n
" (s n—s n 1(n " (s n—s 1
;<e><n—l—e>P[S:s]:logwa(ﬁ<e>1{l+e:n}+;<e>(n—l—e)s(s—l))
_ony n—1 (n— c—n 1 " (s
_loga( (e—l)< )HH_ b e(e —1)Z<e

oy (=D l+e=n}+ (")
~ loga e(e—1) ’

1
n(n—1)

where we have useg; =
e =1 we have

B e - () S S

s=1 s=2

+ % for the cases = n. This gives (2.7) in the case> 2. For

which gives the result for = 1. For the case = 0 we first calculate

n

P[S=0=1-) P[S=s=1- ( i% Z

1og o =

Z_

) 1oga
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With this we see

f:(”_s)P[S:s]

= n—1
| N1 X (n- 1
S IR 95 R CREORE Vi) DOERS of (b Freery
| n 1
SO 3)) FRT=ICHUSORS of G ey

which completes the proof)
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