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Spe
ial symple
ti
 
onne
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hwa
hh�ofer2;3Mar
h 25, 2003Abstra
tBy a spe
ial symple
ti
 
onne
tion we mean a torsion free 
onne
tion whi
h is either the Levi-Civita 
onne
tion of a Bo
hner-K�ahler metri
 of arbitrary signature, a Bo
hner-bi-Lagrangian
onne
tion, a 
onne
tion of Ri

i type or a 
onne
tion with spe
ial symple
ti
 holonomy. Amanifold or orbifold with su
h a 
onne
tion is 
alled spe
ial symple
ti
.We show that the symple
ti
 redu
tion of (an open 
ell of) a paraboli
 
onta
t manifold bya symmetry ve
tor �eld is spe
ial symple
ti
 in a 
anoni
al way. Moreover, we show that anyspe
ial symple
ti
 manifold or orbifold is lo
ally equivalent to one of these symple
ti
 redu
tions.As a 
onsequen
e, we are able to prove a number of global properties, in
luding a 
lassi�
a-tion in the 
ompa
t simply 
onne
ted 
ase.Keywords: Bo
hner-K�ahler metri
s, Ri

i type 
onne
tions, Symple
ti
 holonomyMSC: 53D35, 53D05, 53D101 Introdu
tionAmong the basi
 obje
ts of interest in di�erential geometry are 
onne
tions on a di�erentiablemanifold M whi
h are 
ompatible with a given geometri
 stru
ture, and the relation between thelo
al invariants of su
h 
onne
tions and the geometri
 and topologi
al features ofM . For example,in Riemannian geometry, the Levi-Civita 
onne
tion of the metri
 is uniquely determined, hen
eevery feature of the 
onne
tion re
e
ts a property of the metri
 stru
ture.In 
ontrast, for a symple
ti
 manifold (M;!), there are many symple
ti
 
onne
tions, wherewe 
all a 
onne
tion on M symple
ti
 if it is torsion free and ! is parallel. Indeed, the spa
eof symple
ti
 
onne
tions on M is an aÆne spa
e whose linear part is given by the se
tions inS3(TM). Thus, in order to investigate 'meaningful' symple
ti
 
onne
tions, we have to imposefurther 
onditions.In this arti
le, we shall introdu
e the notion of a spe
ial symple
ti
 
onne
tion whi
h is de�nedas a symple
ti
 
onne
tion on a manifold of dimension at least 4 whi
h belongs to one of thefollowing 
lasses.1. Bo
hner-K�ahler and Bo
hner-bi-Lagrangian 
onne
tions1Universit�e Libre de Bruxelles, Campus Plaine, CP 216, 1050 Bruxelles, Belgium. e-mail: m
ahen�ulb.a
.be2Universit�at Dortmund, Vogelpothsweg 87, 44221 Dortmund, Germany. e-mail: ls
hwa
h�math.uni-dortmund.de3Both authors were supported by the Communaut�e fran�
aise de Belgique, through an A
tion de Re
her
he Con-
ert�ee de la Dire
tion de la Re
her
he S
ienti�que. The se
ond author was also supported through the S
hwerpunkt-programm Globale Di�erentialgeometrie of the Deuts
he Fors
hungsgesells
haft.1



If the symple
ti
 form is the K�ahler form of a (pseudo-)K�ahler metri
, then its 
urvaturede
omposes into the Ri

i 
urvature and the Bo
hner 
urvature ([Bo℄). If the latter vanishes,then (the Levi-Civita 
onne
tion of) this metri
 is 
alled Bo
hner-K�ahler.Similarly, if the manifold is equipped with a bi-Lagrangian stru
ture, i.e. two 
omplementaryLagrangian distributions, then the 
urvature of a symple
ti
 
onne
tion for whi
h both dis-tributions are parallel de
omposes into the Ri

i 
urvature and the Bo
hner 
urvature. Su
ha 
onne
tion is 
alled Bo
hner-bi-Lagrangian if its Bo
hner 
urvature vanishes.For results on Bo
hner-K�ahler and Bo
hner-bi-Lagrangian 
onne
tions, see [Br2℄ and [K℄ andthe referen
es 
ited therein.2. Conne
tions of Ri

i typeUnder the a
tion of the symple
ti
 group, the 
urvature of a symple
ti
 
onne
tion de
om-poses into two irredu
ible summands, namely the Ri

i 
urvature and a Ri

i 
at 
omponent.If the latter 
omponent vanishes, then the 
onne
tion is said to be of Ri

i type.Conne
tions of Ri

i type are 
riti
al points of a 
ertain fun
tional on the moduli spa
e ofsymple
ti
 
onne
tions ([BC1℄). Furthermore, the 
anoni
al almost 
omplex stru
ture on thetwistor spa
e indu
ed by a symple
ti
 
onne
tion is integrable i� the 
onne
tion is of Ri

itype ([BR℄, [V℄). For further properties see also [CGR℄, [CGHR℄, [BC2℄, [CGS℄.3. Conne
tions with spe
ial symple
ti
 holonomyA symple
ti
 
onne
tion is said to have spe
ial symple
ti
 holonomy if its holonomy is 
on-tained in a proper absolutely irredu
ible subgroup of the symple
ti
 group.The spe
ial symple
ti
 holonomies have been 
lassi�ed in [MS℄ and further investigated in[Br1℄, [CMS℄, [S1℄, [S2℄, [S3℄.We 
an 
onsider all of these 
onditions also in the 
omplex 
ase, i.e. for 
omplex manifolds of
omplex dimension at least 4 with a holomorphi
 symple
ti
 form and a holomorphi
 
onne
tion.At �rst, it may seem unmotivated to 
olle
t all these stru
tures in one de�nition, but we shallprovide ample justi�
ation for doing so. Indeed, our main results show that there is a beautifullink between spe
ial symple
ti
 
onne
tions and paraboli
 
onta
t geometry.For this, 
onsider a (real or 
omplex) simple Lie group G with Lie algebra g. We say that gis 2-gradable, if g 
ontains the root spa
e of a long root. In this 
ase, the proje
tivization of theadjoint orbit of a maximal root ve
tor C � Po(g) 
arries a 
anoni
al G-invariant 
onta
t stru
ture.Here, Po(V ) denotes the set of oriented lines through 0 of a ve
tor spa
e V , so that Po(V ) is asphere if V is real and a 
omplex proje
tive spa
e if V is 
omplex. Ea
h a 2 g indu
es an a
tion�eld a� on C with 
ow Ta := exp(Fa) � G, where F = R or C , whi
h hen
e preserves the 
onta
tstru
ture on C. Let Ca � C be the open subset on whi
h a� is positively transversal to the 
onta
tdistribution. We 
an 
over Ca by open sets U su
h that the lo
al quotient MU := Tlo
a nU , i.e. thequotient of U by a suÆ
iently small neighborhood of the identity in Ta, is a manifold. Then MUinherits a 
anoni
al symple
ti
 stru
ture. Our �rst main result is the followingTheorem A: Let g be a simple 2-gradable Lie algebra with dim g � 14, and let C � Po(g) bethe proje
tivization of the adjoint orbit of a maximal root ve
tor. Let a 2 g be su
h that Ca � C isnonempty, and let Ta = exp(Fa) � G. If for an open subset U � Ca the lo
al quotient MU = Tlo
a nUis a manifold, then MU 
arries a spe
ial symple
ti
 
onne
tion.2



The dimension restri
tion on g guarantees that dimMU � 4 and rules out the Lie algebras oftype A1, A2 and B2.The type of spe
ial symple
ti
 
onne
tion on MU is determined by the Lie algebra g. Infa
t, there is a one-to-one 
orresponden
e between the various 
onditions for spe
ial symple
ti

onne
tions and simple 2-gradable Lie algebras. More spe
i�
ally, if the Lie algebra g is of typeAn, then the 
onne
tions in Theorem A are Bo
hner-K�ahler of signature (p; q) if g = su(p+1; q+1)or Bo
hner-bi-Lagrangian if g = sl(n; F); if g is of type Cn, then g = sp(n; F) and these 
onne
tionsare of Ri

i type; if g is a 2-gradable Lie algebra of one of the remaining types, then the holonomy ofMU is 
ontained in one of the spe
ial symple
ti
 holonomy groups. Also, for two elements a; a0 2 gfor whi
h Ca; Ca0 � C are nonempty, the 
orresponding 
onne
tions from Theorem A are equivalenti� a0 is G-
onjugate to a positive multiple of a.If Ta �= S1 then TanCa is an orbifold whi
h 
arries a spe
ial symple
ti
 orbifold 
onne
tion byTheorem A. Hen
e it may be viewed as the \standard orbifold model" for (the adjoint orbit of)a 2 g. For example, in the 
ase of positive de�nite Bo
hner-K�ahler metri
s, we have C �= S2n+1,and for 
onne
tions of Ri

i type, we have C �= RP2n+1. Thus, in both 
ases the orbifolds TanC areweighted proje
tive spa
es if Ta �= S1, hen
e the standard orbifold models TanCa � TanC are opensubsets of weighted proje
tive spa
es.Surprisingly, the 
onne
tions from Theorem A exhaust all spe
ial symple
ti
 
onne
tions, atleast lo
ally. Namely we have the followingTheorem B: Let (M;!) be a (real or 
omplex) symple
ti
 manifold with a spe
ial symple
ti

onne
tion of 
lass C4, and let g be the Lie algebra asso
iated to the spe
ial symple
ti
 
onditionas above.1. Then there is a prin
ipal T̂-bundle M̂ !M , where T̂ is a one dimensional Lie group whi
his not ne
essarily 
onne
ted, and this bundle 
arries a prin
ipal 
onne
tion with 
urvature !.2. Let T � T̂ be the identity 
omponent. Then there is an a 2 g su
h that T �= Ta � G, and aTa-equivariant lo
al di�eomorphism {̂ : M̂ ! Ca whi
h for ea
h suÆ
iently small open subsetV � M̂ indu
es a 
onne
tion preserving di�eomorphism { : Tlo
nV ! Tlo
a nU = MU , whereU := {̂(V ) � Ca and MU 
arries the 
onne
tion from Theorem A.The situation in Theorem B 
an be illustrated by the following 
ommutative diagram, wherethe verti
al maps are quotients by the indi
ated Lie groups, and TnM̂ !M is a regular 
overing.M̂T
��

{̂ //T̂
}}{{

{
{
{
{
{
{
{

CaTa
��M TnM̂ { //oo TanCa (1)In fa
t, one might be tempted to summarize Theorems A and B by saying that for ea
h a 2 g, thequotient TanCa 
arries a 
anoni
al spe
ial symple
ti
 
onne
tion, and the map { : TnM̂ ! TanCais a 
onne
tion preserving lo
al di�eomorphism. If TanCa is a manifold or an orbifold, then this isindeed 
orre
t. In general, however, TanCa may be neither Hausdor� nor lo
ally Eu
lidean, hen
eone has to formulate these results more 
arefully.As 
onsequen
es, we obtain the followingCorollary C: All spe
ial symple
ti
 
onne
tions of C4-regularity are analyti
, and the lo
al modulispa
e of these 
onne
tions is �nite dimensional, in the sense that the germ of the 
onne
tion at3



one point up to 3rd order determines the 
onne
tion entirely. In fa
t, the generi
 spe
ial symple
ti

onne
tion asso
iated to the Lie algebra g depends on (rk(g)� 1) parameters.Moreover, the Lie algebra s of ve
tor �elds on M whose 
ow preserves the 
onne
tion is isomor-phi
 to stab(a)=(Fa), F = R or C , with a 2 g from Theorem B, where stab(a) = fx 2 g j [x; a℄ = 0g.In parti
ular, dim s � rk(g)� 1 with equality implying that s is abelian.When 
ounting the parameters in the above 
orollary, we regard homotheti
 spe
ial symple
ti

onne
tions as equal, i.e. (M;!;r) is 
onsidered equivalent to (M; et0!;r) for all t0 2 F.We 
an generalize Theorem B and Corollary C easily to orbifolds. Indeed, if M is an orbifoldwith a spe
ial symple
ti
 
onne
tion, then we 
an write M = T̂nM̂ where M̂ is a manifold andT̂ is a one dimensional Lie group a
ting properly and lo
ally freely on M̂ , and there is a lo
aldi�eomorphism {̂ : M̂ ! Ca with the properties stated in Theorem B.While the analyti
ity of the 
onne
tion and the determinedness by the 3rd order germ at a pointhas been known in the Bo
hner-K�ahler and Bo
hner-bi-Lagrangian 
ase ([Br2℄1) and for 
onne
tionswith spe
ial symple
ti
 holonomies (e.g. [CMS℄, [MS℄), it was un
lear what the maximal analyti

ontinuations of these stru
tures look like and in whi
h 
ases they are regular. This question is nowanswered in prin
iple. Furthermore, the inequality dim s � rk(g)� 1 was known for the Bo
hner
ases ([Br2℄), whereas for the spe
ial symple
ti
 holonomies, it was only known that s 6= 0 ([S3℄).We also address the question of the existen
e of 
ompa
t manifolds with spe
ial symple
ti

onne
tions. In the simply 
onne
ted 
ase, 
ompa
tness already implies that the 
onne
tion ishermitian symmetri
. More spe
i�
ally, we have the followingTheorem D: Let M be a 
ompa
t simply 
onne
ted manifold with a spe
ial symple
ti
 
onne
tionof 
lass C4. Then M is equivalent to one of the following hermitian symmetri
 spa
es.1. M �= (CPp� CPq; ((q + 1)g0;�(p + 1)g0)), where g0 is the Fubini-Study metri
. These areBo
hner-K�ahler metri
s of signature (p; q). Moreover, M �= (CPn; g0) is also of Ri

i type.2. M �= SO(n + 2)=(SO(2) � SO(n)), whose holonomy is 
ontained in the spe
ial symple
ti
holonomy group SL(2;R) � SO(n) � Aut(R2
Rn).3. M �= SU(2n + 2)=S(U(2) � U(2n)), whose holonomy is 
ontained in the spe
ial symple
ti
holonomy group Sp(1) � SO(n;H) � Aut(Hn).4. M �= SO(10)=U(5), whose holonomy is 
ontained in the spe
ial symple
ti
 holonomy groupSU(1; 5) � GL(20;R).5. M �= E6=(U(1) � Spin(10)), whose holonomy is 
ontained in the spe
ial symple
ti
 holonomygroup Spin(2; 10)� GL(32;R).In parti
ular, there are no 
ompa
t simply 
onne
ted manifolds with any of the remaining typesof spe
ial symple
ti
 
onne
tions, i.e. M 
an be neither 
omplex with a holomorphi
 
onne
tion,nor Bo
hner-bi-Lagrangian, nor 
an the holonomy of M be 
ontained in any of the remainingspe
ial symple
ti
 holonomies.The only 
ase for whi
h Theorem D was previously known are the positive de�nite K�ahlermetri
s. In fa
t, it is shown in [Br2℄ that a 
ompa
t positive de�nite Bo
hner-K�ahler manifoldmust be a quotient of CPr� (CPs)�, where the asterisk denotes the non-
ompa
t dual.1The C4-regularity of the 
onne
tion is equivalent to the C5-regularity of the Bo
hner-K�ahler metri
.4



Following this introdu
tion, we �rst develop the algebrai
 formulas needed to des
ribe the
urvature 
onditions for spe
ial symple
ti
 
onne
tions uniformly. In se
tion 3, we 
onstru
t thespe
ial symple
ti
 
onne
tions on the lo
al quotients Tlo
a nCa and hen
e prove Theorem A, and inse
tion 4, we investigate the stru
ture equations of spe
ial symple
ti
 
onne
tions and derive resultswhi
h 
ulminate in Theorem B. Finally, in the last se
tion we show the existen
e of 
onne
tionpreserving ve
tor �elds and Corollary C, and the rigidity result from Theorem D.We are grateful to R.Bryant for helpful dis
ussions about Bo
hner-K�ahler and Bo
hner-bi-Lagrangian stru
tures, and for valuable 
omments on the link to paraboli
 
onta
t geometry. Also,it is a pleasure to thank P.Bieliavski, S.Gutt and W.Ziller for many stimulating 
onversations andhelpful 
omments.2 Algebrai
 preliminaries2.1 A brief review of representation theoryIn this se
tion, we shall give a brief outline of standard fa
ts of representation theory of 
omplexsemi-simple Lie algebras. For a more detailed exposition, see e.g. [FH℄, [Hu℄ or [OV℄.Let gC be a semi-simple 
omplex Lie algebra, and let t � gC be a Cartan subalgebra, i.e. amaximal abelian self-normalizing subalgebra. The rank of gC is by de�nition rk(gC ) := dim t.If � : gC ! End(V ) is a representation of gC on a 
omplex ve
tor spa
e V , then for any � 2 t�we de�ne the weight spa
e V� byV� = fv 2 V j �(h)v = �(h)v for all h 2 tg:An element � 2 t� is 
alled a weight of V if V� 6= 0. We let � � t� be the set of weights of �, andthus have the de
omposition V =M�2�V�:In parti
ular, if V = gC and � is the adjoint representation, then we get the Cartan de
ompositiongC = t�M�2� g�;i.e. t is the weight spa
e of weight 0, and � � t� is the set of non-zero weights. � is 
alled theset of roots or the root system of gC . It is well known that dim g� = 1 for all � 2 �. For any root� 2 �, there is a unique element H� 2 [g�; g��℄ � t su
h that �(H�) = 2.There is an ad(gC )-invariant non-degenerate symmetri
 bilinear form B on gC , the so-
alledKilling form, whi
h is given by B(x; y) := tr(adx Æ ady) for all x; y 2 gC . We shall use it to identifygC and g�C . The restri
tion of B to t is non-degenerate as well, and B(H�; H�) 2Z+ for all � 2 �.In fa
t, there are at most two possible values for B(H�; H�) for � 2 � whi
h allows us to speak oflong and short roots, respe
tively.Given an element � 2 t� and a root �, we leth�; �i := �(H�); so that h�; �i = 2B(�; �)B(�; �) : (2)Note that h ; i is linear in the �rst entry only. We de�ne the weight latti
e � � t� as the set ofelements � 2 t� su
h that h�; �i 2Zfor all � 2 �. Then � � � for any representation �.5



For � 2 �, the signi�
an
e of h�; �i 2 Z is the following. If � o

urs as the weight of anirredu
ible representation of gC and h�; �i > 0 (h�; �i < 0, respe
tively) then � � k� (� + k�,respe
tively) is also a weight of that representation for k = 1; : : : ; j h�; �i j.For any root � 2 �, denote by �� the orthogonal re
e
tion of t� in the hyperplane perpendi
ularto �. The Weyl group W of gC is the group generated by all ��. W is always �nite. If gC is simplethen W a
ts irredu
ibly on t� and transitively on the set of roots of equal length. The set of weights� of any representation is W -invariant.If gC is simple, then the adjoint representation � : gC ! End(gC ) is irredu
ible. Also, j h�; �i j �3 for all �; � 2 �, and if � is long and � short, then either h�; �i = h�; �i = 0, or j h�; �i j > 1 andj h�; �i j = 1. Moreover, if � is long then j h�; �i j � 2, and h�; �i = �2 i� � = ��.2.2 Spe
ial symple
ti
 representationsLet gC be a 
omplex simple Lie algebra and let GC be a 
onne
ted 
omplex Lie group with Liealgebra gC . Choose a Cartan de
omposition of g as in the pre
eding se
tion, and �x a long root� and an element 0 6= x 2 g�. Then the orbit of x under the adjoint a
tion of GC is 
alled theroot 
one of gC . Evidently, the root 
one is well de�ned, independently of the 
hoi
e of Cartande
omposition. Elements of the root 
one are 
alled maximal root elements.De�nition 2.1 Let g be a simple real or 
omplex Lie algebra. We say that g is 2-gradable if eitherg is 
omplex, or g is real and 
ontains a maximal root element of the simple 
omplex Lie algebragC := g
 C .We shall justify this terminology in (4) below. If g is 2-gradable and G is a Lie group with Liealgebra g, then we write Ĉ := AdGx � g; (3)where x 2 g is a maximal root element. Given x 2 Ĉ, there is a y 2 Ĉ with B(x; y) 6= 0, and we
an 
hoose a Cartan de
omposition of g su
h that x 2 g�0 and y 2 g��0 , where �0 is a long root.Hen
e H�0 2 F[x; y℄ � t, so that g 
ontains the Lie subalgebra sl�0 := span < g�0 ; g��0; H�0 >whi
h is isomorphi
 to sl(2; F), F = R or C . Then ad(H�0)jg� = h�; �0i Idg� , and sin
e �0 2 � is along root, the eigenvalues of ad(H�0) are f0;�1;�2g, so that we get the eigenspa
e de
ompositiong = g�2 � g�1 � g0 � g1 � g2; and [gi; gj℄ � gi+j ; (4)where gi =Lf�2�jh�;�0i=ig g� for i 6= 0 and g0 = t�Lf�2�jh�;�0i=0g g�. In parti
ular, g�2 = g��0 ,and g0 = FH�0 � h, where the Lie algebra h is 
hara
terized by [h; sl�0 ℄ = 0. Observe that g0 andhen
e h are redu
tive. Thus, as a Lie algebra,gev := g�2 � g0 � g2 �= sl�0 � h and godd := g�1 � g1 �= F2 
 V as a gev-module;where h a
ts e�e
tively on V . Identifying h with its image under this representation, we may regardit as a subalgebra h � End(V ), and hen
e we have the de
ompositiong = gev � godd �= (sl(2; F)� h)� (F2 
 V ); (5)where this notation indi
ates the representation ad : gev ! End(godd).We �x a non-zero F-bilinear area form a 2 �2(F2)�. There is a 
anoni
al sl(2; F)-equivariantisomorphim S2(F2) �! sl(2; F); (ef) � g := a(e; g)f + a(f; g)e for all e; f; g 2 F2; (6)6



and under this isomorphism, the Lie bra
ket on sl(2; F) is given by[ef; gh℄ = a(e; g)fh+ a(e; h)fg+ a(f; g)eh+ a(f; h)eg: (7)Thus, if we �x a basis e+; e� 2 F2 with a(e+; e�) = 1, then we have the identi�
ationsH�0 = �e+e�; g�2 = Fe2� ; g�1 = e� 
 V:Proposition 2.2 Let g be a 2-gradable simple Lie algebra, and 
onsider the de
ompositions (4)and (5). Then there is an h-invariant symple
ti
 form ! 2 �2V � and an h-equivariant produ
tÆ : S2(V )! h su
h that [ ; ℄ : �2(godd) �! gev �= sl(2; F)� his given as [e
 x; f 
 y℄ = !(x; y)ef + a(e; f)x Æ y for e; f 2 F2 and x; y 2 V ; (8)using the identi�
ation S2(F2) �= sl(2; F) � gev from (6). Moreover, the symmetri
 bilinear form( ; ) on g de�ned by (u; v) := � 12(dim V + 4)B(u; v); for all u; v 2 g; (9)where B is the Killing form of g, satis�es the following:1. (gi; gj) = 0 if i+ j 6= 0,2. (ef; gh) = a(e; g)a(f; h) + a(e; h)a(f; g) for all e; f; g; h 2 F2,3. B(u; v) = 2 trV (uv) +Bh(u; v) for all u; v 2 h � g, where Bh denotes the Killing form of h.4. (e
 x; f 
 y) = a(e; f)!(x; y), for all e; f 2 F2 and x; y 2 V , using the identi�
ation godd �=F2 
 V ,5. For all x; y; z 2 V and h 2 h, we have(h; x Æ y) = !(hx; y) = !(hy; x)(x Æ y)z � (x Æ z)y = 2 !(y; z)x� !(x; y)z + !(x; z)y: (10)Proof. By (4) the bra
ket [ ; ℄ : �2godd ! gev is well-de�ned and must be gev-equivariant bythe Ja
obi identity. We de
ompose �2godd = �2(F2 
 V ) = S2(F2) 
 �2V � S2(V ), so that anygev-equivariant map �2godd ! gev must be of the form (8) for some h-invariant ! 2 �2V � andÆ : S2(V )! h.Sin
e ( ; ) is adg-invariant, i.e. it satis�es the identity ([u; v℄; w) = (u; [v; w℄) for all u; v; w 2 g,we have for ui 2 gi and uj 2 gj0 = ([H�0 ; ui℄; uj) + (ui; [H�0; uj℄) = (i ui; uj) + (ui; j uj) = (i+ j)(ui; uj);whi
h shows the �rst identity.To show the se
ond equation, note that the inner produ
t on S2(F2) �= sl(2; F) given by theright hand side of this equation is adsl(2;F)-invariant and hen
e must be a multiple of the restri
tion7



of the Killing form B to sl(2; F). Thus, it suÆ
es to verify the se
ond equation for e = g = e+and f = h = e�. In this 
ase, the right hand side equals �1, whereas the left hand side equals(e+e�; e+e�) = (H�0; H�0). But B(H�0 ; H�0) = tr(ad(H�0)2) and sin
e ad(H�0)jgi = iIdgi, we
on
lude that (e+e�; e+e�) = �1 by the 
hoi
e of the s
aling fa
tor in (9). This implies the se
ondequation. Likewise, if u; v 2 h, then ad(u)jsl(2;F) = ad(v)jsl(2;F) = 0, from whi
h the third equationfollows as well.For the fourth equation, note that (e� 
 x; e� 
 y) 2 (g�1; g�1) = 0 by the �rst, and from these
ond identity and the adg-invarian
e, we get(e+
 x; e�
 y) = �12(e+
 x; [e2�; e+
 y℄) = 12([e+
 x; e+
 y℄; e2�) = 12!(x; y) �e2+; e2�� = !(x; y):This also implies that ! is symple
ti
; indeed, if !(x; V ) = 0 for some x 2 V , then by 1. and 4. itfollows that (e+ 
 x; g) = 0 so that x = 0.To show the next identity, we note that (h; sl(2; F)) = 0 so that for h 2 h and x; y 2 V we have(h; x Æ y) = (h; [e+ 
 x; e� 
 y℄) = ([h; e+ 
 x℄; e� 
 y) = (e+ 
 (hx); e� 
 y) = !(hx; y);where the last identity follows from 4.Finally, the last equation follows when applying the Ja
obi identity to the elements e+ 
 x,e� 
 y and e� 
 z.In general, given a (real or 
omplex) symple
ti
 ve
tor spa
e (V; !), i.e. ! 2 �2V � is non-degenerate, we de�ne the symple
ti
 group Sp(V; !) and the symple
ti
 Lie algebra sp(V; !) bySp(V; !) := fg 2 Aut(V ) j !(gx; gy) = !(x; y) for all x; y 2 V g;sp(V; !) := fh 2 End(V ) j !(hx; y) + !(x; hy) = 0 for all x; y 2 V g:Then Sp(V; !) is a Lie group with Lie algebra sp(V; !).De�nition 2.3 Let (V; !) be a symple
ti
 ve
tor spa
e over F = R or C , and let h � sp(V; !) be asubalgebra for whi
h there exists an h-equivariant map Æ : S2(V ) ! h and an adh-invariant innerprodu
t ( ; ) for whi
h the identities (10) hold. Then we 
all h a spe
ial symple
ti
 subalgebra.Moreover, we 
all the 
onne
ted subgroup H � Sp(V; !) with Lie algebra h a spe
ial symple
ti
subgroup.Thus, by Proposition 2.2, ea
h (real or 
omplex) 2-gradable simple Lie algebra yields a (real or
omplex) spe
ial symple
ti
 subalgebra h � End(V ). The 
onverse is also true. Namely, we haveProposition 2.4 Let (V; !) be a symple
ti
 ve
tor spa
e over F = R or C , and let h � sp(V; !) bea spe
ial symple
ti
 subalgebra. Then there exists a unique 2-gradable simple Lie algebra g over F,whi
h admits the de
ompositions (4) and (5), and the Lie bra
ket of g is given by (8).Proof. Given the spe
ial symple
ti
 Lie algebra h � sp(V; !), we de�ne the (sl(2; F)�h)-equivariantmap R : �2(F2 
 V ) ! sl(2; F) � h by (8) and verify that R satis�es the Ja
obi identity by theproperty of Æ.Thus, R de�nes a Lie algebra stru
ture on g := sl(2; F)�h�F2
V whi
h makes (g; sl(2; F)�h)into a symmetri
 pair. Choose a basis e� of F2 with a(e+; e�) = 1 and let g0 := Fe+e� � h,8



Table 1: Spe
ial symple
ti
 subgroupsNotation: F = R or C .Type of � G H V(i) Ak, k � 2 SL(n+ 2;F), n � 1 GL(n;F) W �W � with W �= Fn(ii) SU(p+ 1; q + 1), p+ q � 1 U(p; q) C p+q(iii) Ck, k � 2 Sp(n+ 1;F) Sp(n; F) F2n(iv) Bk, Dk+1, k � 3 SO(n+ 4; C ), n � 3 SL(2; C ) � SO(n; C ) C 2 
 Cn(v) SO(p+ 2; q + 2), p+ q � 3 SL(2;R) � SO(p; q) R2
Rp+q(vi) SO(n+ 2;H), n � 2 Sp(1) � SO(n;H) Hn(vii) G2 G02, GC2 SL(2;F) S3(F2)(viii) F4 F(1)4 , FC4 Sp(3; F) F14 � �3F6(ix) E6 EF6 SL(6;F) �3F6(x) E(2)6 SU(1; 5) R20 � �3C 6(xi) E(3)6 SU(3; 3) R20 � �3C 6(xii) E7 EC7 Spin(12; C ) �C �= C 32(xiii) E(5)7 Spin(6; 6) R32 � �C(xiv) E(6)7 Spin(6;H) R32 � �C(xv) E(7)7 Spin(2; 10) R32 � �C(xvi) E8 EC8 EC7 C 56(xvii) E(8)8 E(5)7 R56(xviii) E(9)8 E(7)7 R56g�1 := e� 
 V and g�2 := Fe2� . Then [gi; gj℄ � gi+j follows from the de�nition of the bra
ket, sothat (4) and (5) hold.Let g0 � g be an ideal. Sin
e e+e� is a grading element, it follows that g0 = L2i=�2(g0 \ gi).Moreover, g0 \ sl(2; F) � sl(2; F) is an ideal, hen
e either g0 \ sl(2; F) = 0 or sl(2; F) � g0.First, suppose that g0 \ sl(2; F) = 0 so that g0\ g�2 = 0. If e�
x 2 g0 \ g�1, then for all y 2 V ,we have [e� 
 x; e� 
 y℄ = !(x; y)e2� 2 g0 \ g�2 = 0 so that !(x; y) = 0 for all y 2 V , i.e. x = 0,hen
e g0 \ g�1 = 0, when
e g0 � g0. Next, [g0; g�2℄ � g0 \ [g0; g�2℄ = g0 \ g�2 = 0, so that g0 � h.Finally, if h 2 g0 � h, then for all x 2 V , [h; e� 
 x℄ = e� 
 (hx) 2 g0 \ g�1 = 0, i.e. hx = 0 for allx 2 V , hen
e h = 0, i.e. g0 = 0.On the other hand, if sl(2; F) � g0, then e+e� 2 g0 so that gi = [e+e�; gi℄ � g0 for all i 6= 0.Moreover, [g1; g�1℄ � g0, so that x Æ y 2 g0 for all x; y 2 V . By the �rst identity of (10), we haveV Æ V = h, so that h � g0 and hen
e g0 = g.We 
on
lude that g is simple, and sin
e ad(e+e�) is diagonalizable, we 
an 
hoose the Cartansubalgebra t su
h that e+e� 2 t. Then t = Fe+e� � (t \ h), and hen
e [t; g�2℄ = g�2, so thatg�2 = g��0 are root spa
es and H�0 = �e+e�. Re
all that ad(H�0)jg� = h�; �0i Idg� whi
h impliesthat j h�; �0i j � 1 for all roots � 6= ��0, hen
e �0 is a long root.>From this proposition, we obtain a 
omplete 
lassi�
ation of spe
ial symple
ti
 subalgebras by
onsidering all 
omplex simple Lie algebras and their 2-gradable real forms ([OV℄).Corollary 2.5 Table 1 yields the 
omplete list of spe
ial symple
ti
 subgroups H � Sp(V; !).9



It is worth pointing out that in the 
ase h = sp(V; !) the map Æ : S2(V )! h is an isomorphismwhi
h is given expli
itly by(x Æ y)z = !(x; z)y + !(y; z)x for all x; y; z 2 V . (11)Namely, by Proposition 2.4 it suÆ
es to show that this produ
t is well de�ned, h-equivariant andsatis�es (10), and all of this is easily veri�ed.De�nition 2.6 Let h � sp(V; !) be a spe
ial symple
ti
 Lie algebra, and let g be the (unique) simpleLie algebra from Proposition 2.4. Then we say that h is asso
iated to g. Let G be a 
onne
ted Liegroup with Lie algebra g. Then we say that the spe
ial symple
ti
 group H � Sp(V; !) is asso
iatedto G.Proposition 2.7 Let h � sp(V; !) be a spe
ial symple
ti
 Lie algebra and H � Sp(V; !) be the
orresponding spe
ial Lie subgroup. Then H � Sp(V; !) is 
losed and redu
tive, andh = fh 2 sp(V; !) j [h; x Æ y℄ = (hx) Æ y + x Æ (hy) for all x; y 2 V g: (12)Moreover, let g �= sl(2; F) � h � F2 
 V be the simple Lie algebra from Proposition 2.4 and Gthe 
orresponding simply 
onne
ted Lie group from De�nition 2.6. Then the Lie subgroup~H := fg 2 G j Adgjg�2�g2 = Idg�2�g2g � G (13)is generated by H and the 
enter Z(G).Proof. In prin
iple, we 
ould prove this theorem from Table 1, but we prefer to give more 
on
ep-tual arguments.Let us suppose that h and V are 
omplex. Then, by Proposition 2.4, we 
an �nd a 
omplexsimple Lie algebra g for whi
h (4) holds. Thus, g0 = t �Lf�2�jh�;�0i=0g g� where � is the set ofroots of g. Then g0 is evidently redu
tive, and sin
e g0 �= C � h, it follows that h is redu
tive aswell, hen
e so is every real form of h. Thus, H is also redu
tive.Let ~h denote the right hand side of (12). Then the h-equivarian
e of Æ implies that h � ~h. Also,h = V Æ V by the �rst identity of (10) so that h is an ideal of ~h. Therefore, if ~h 2 ~h then we de�ne' : g! g by '(sl(2; F)) = 0; 'jh = (ad~h)jh; 'jF2
V := IdF2 
 ~h:Sin
e ad~h(h) � h, this de�nition makes sense. Moreover, it is now straightforward to verify that ' isa derivation of g, and sin
e g is simple, it follows that ' = adh for some h 2 g. But '(sl(2; F)) = 0,so that h 2 h, hen
e e
 (hx) = adh(e
 x) = '(e
 x) = e
 (~hx) for all e 2 F2 and x 2 V , when
e~h = h 2 h whi
h shows (12).Now the subgroup fh 2 Sp(V; !) j Adh(x Æ y) = (hx) Æ (hy)g � Sp(V; !) is 
losed and has h asits Lie algebra by (12), thus H is its identity 
omponent and hen
e also 
losed.For the last part, note that the Lie algebra of ~H equals fx 2 g j [x; g�2℄ = 0g = h. As H is
onne
ted, this implies that H � ~H is the identity 
omponent, and it thus suÆ
es to show thatevery 
omponent of ~H 
ontains an element of Z(G).Let g 2 ~H. Then h is Adg-invariant, and if we let th � h be a Cartan subalgebra of h, sothat tg := th � Fe+e� � g0 is a Cartan subalgebra of g, then Adg(th) � h is another Cartansubalgebra. Sin
e any two Cartan subalgebras are 
onjugate via an element of H, we may assumew.l.o.g. that Adg(th) = th, and sin
e Adg(e+e�) = e+e�, it follows that Adg 2 Norm(tg). Thus,10



Adg yields an inner automorphism of the root system of g whi
h stabilizes the root �0, so that therestri
tion (Adg)jth is an inner automorphism of the root system of h, hen
e after multiplying g byan element of Norm(th) � H, we may assume that (Adg)jtg = Idtg, so that g 2 T = exp(tg) =exp(Fe+e�) exp(th). Sin
e exp(th) � H, we may further assume that g = exp(te+e�) for somet 2 F, hen
e Adgjgi = 
iIdgi with 
 := exp(�t). But g 2 ~H, so that we must have 
 = �1.If 
 = 1 then Adg = Id, i.e. g 2 Z(G), so that we are done.If 
 = �1 then F = C and Adgjg�1 = �Idg�1 , hen
e we are done if we 
an show that �IdV 2 H,sin
e then g � (�IdV ) 2 Z(G).If H = Sp(V; !), then this is 
ertainly the 
ase, and if H ( Sp(V; !) is a proper subgroup, thenwe shall see in Lemma 2.12, 5. that there is an h 2 th su
h that �(h) is an odd integer for allweights � of V , hen
e exp(p�1�h) = �IdV 2 H.In general, for a given Lie subalgebra h � End(V ) we de�ne the spa
e of formal 
urvature mapsas K(h) := fR 2 �2V � 
 h j R(x; y)z +R(y; z)x+R(z; x)y = 0 for all x; y; z 2 V g:This terminology is due to the fa
t that the 
urvature map of a torsion free 
onne
tion alwayssatis�es the �rst Bian
hi identity, i.e. is 
ontained in K(h) for an appropriate h. K(h) is anH-module in an obvious way.There is a map Ri
 : K(h)! V � 
 V �, given by Ri
(R)(x; y) := tr(R(x; )y) for all R 2 K(h)and x; y 2 V . Note that Ri
(R)(x; y)� Ri
(R)(y; x) = trR(x; y). Thus, if h � sl(n; F), thenRi
(R) 2 S2(V �).Proposition 2.8 Let h � sp(V; !) be a spe
ial symple
ti
 subalgebra. Then there is an H-equiva-riant inje
tive map h! K(h), given byh 7�! Rh; where Rh(x; y) := 2 !(x; y)h+ x Æ (hy)� y Æ (hx): (14)In fa
t, Ri
(Rh) = 0 i� h = 0.Proof. The fa
t that Rh 2 K(h) follows immediately from (10), and the H-equivarian
e is evident.The inje
tivity will follow from the last statement. We begin with theLemma 2.9 Let h � sp(V; !) be a symple
ti
 subalgebra. Then Ri
(R)(x; y) = �!(R(!�1)x; y).Proof. Let (ei; fi) be a basis of V su
h that, using the summation 
onvention, !�1 = ei^fi. Thus,Ri
(R)(x; y) = tr(R(x; )y) = !(R(x; ei)y; fi)� !(R(x; fi)y; ei)= !(R(x; ei)fi; y) + !(R(fi; x)ei; y) = �!(R(ei; fi)x; y):
11



Let us now suppose that Ri
(Rh) = 0. By the lemma, this is the 
ase i� for all u 2 h we have0 = (Rh(ei; fi); u) = 2!(ei; fi)(h; u) + (ei Æ (hfi); u)� (fi Æ (hei); u)= dimV (h; u) + !((uhfi); ei)� !((uhei); fi)= dimV (h; u)� trV (uh)= dimV (h; u)� 12(B(h; u)� Bh(h; u))= dimV (h; u)� 12(�2(dimV + 4)(h; u)�Bh(h; u))= 2(dimV + 2)(h; u) + 12Bh(h; u):Here, we use repeatedly the identities from Proposition 2.2. Leth = h0 � h1 � : : :� hkbe the de
omposition of h with h0 := z(h) and hr simple for r � 1. By simpli
ity of hr, there are
onstants 
r 2 [0; 1℄ su
h that Bhr = 
rBjhr , where 
0 = 0 and 
r > 0 for r > 0. Thus, if wede
ompose h = h0 + : : :+ hk with hr 2 hr, then Rh = 0 i� for all ur 2 hr we have0 = 2(dimV + 2)(hr; ur) + 12Bhr(hr; ur) = 2(dimV + 2)(hr; ur) + 12
rB(hr; ur)= (2(dimV + 2)� 
r(dimV + 4))(hr; ur);using again Proposition 2.2. But sin
e 
r � 1, it follows that 2(dimV + 2) � 
r(dimV + 4) �dimV > 0, so that we must have hr = 0 for all r whi
h 
ompletes the proof.For a spe
ial symple
ti
 subalgebra h � sp(V; !), we 
an now de
ompose its 
urvature spa
e asan h-module into K(h) = Rh �Wh; where Rh = fRh j h 2 hg: (15)By Proposition 2.8 and Lemma 2.9, it follows that Rh �= h as an H-module andWh is the kernelof the map Ri
 : K(h)! h � sp(V; !)�= S2(V �), i.e. Wh 
onsists of all Ri

i 
at 
urvature maps.In fa
t, the 
urvature spa
es K(h) have been 
al
ulated. Summarizing, we have the followingTheorem 2.10 Let H � Sp(V; !) be a spe
ial symple
ti
 subgroup with Lie algebra h � sp(V; !)listed in Table 1. Then1. For the representations 
orresponding to (i) and (ii), we have Wh = 0 if n = 1 (p + q = 1,respe
tively) and Wh 6= 0 if n � 2 (p+ q � 2, respe
tively).2. For the representations 
orresponding to (iii), we have Wh = 0 for n = 1 whereas Wh 6= 0 forn � 2.3. For the representations 
orresponding to entries (iv) { (xviii), we have K(h) = Rh and hen
eWh = 0. 12



Proof. First of all, note that sin
e hC = hR
C and VC = VR
C , we also have K(hC ) = K(hR)
Cand RhC = RhR 
 C by 
omplexi�
ation. Thus, it suÆ
es to show the 
laim for the 
omplexrepresentations.Therefore, to show the �rst part, it suÆ
es to show that in 
ase (i), K(h) �= S2(W )
 S2(W �)as an h-module, so that the assertion follows by a dimension 
ount. To see this, let x; y 2 W andz; w 2 W �. Then for any R 2 K(h) we have R(z; x)y � R(z; y)x = �R(x; y)z, and sin
e the lefthand side lies in W while the right hand side lies in W �, it follows that both sides vanish.The vanishing of the right hand side implies that R(W;W ) = 0 sin
e x; y 2 W and z 2 W �are arbitrary. Analogously, R(W �;W �) = 0. Moreover, the vanishing of the left hand side impliesthat R(z; x)y = R(z; y)x and, analogously, R(x; z)w = R(x; w)z. Thus, if we de�ne the tensor�R 2 W 
W 
W � 
W � by�R(x; y; z; w) := w(R(z; x)y) = �(R(z; x)w)y for all x; y 2 W and z; w 2 W �; (16)then �R is symmetri
 in x and y and in z and w, i.e. �R 2 S2(W )
 S2(W �).Conversely, given � 2 S2(W )
S2(W �), we verify that the map R� : �2(V )! h determined byR(W;W ) = R(W �;W �) = 0 and (16) lies in K(h), showing the above equivalen
e.For the se
ond part, 
onsider the Koszul exa
t sequen
e : : : ! �kV � 
 Sl(V �) ! �k+1 
Sl�1(V �) ! : : : where the maps are given by skew symmetrization. One observes that under theidenti�
ation sp(V; !)�= S2(V �) we may regard K(sp(V )) as the kernel of the map �2V �
S2V � !�3V �
V �, hen
e K(sp(V )) �= (V �
S3(V �))=S4(V �), so that the statement follows by a dimension
ount (
f. [BC1℄). The last part was shown in [MS℄.Now the se
ond Bian
hi identity of the 
ovariant derivative of a torsion free 
onne
tion motivatesthe following de�nition. We de�ne the spa
e of 
ovariant R-derivations byR(1)h := f 2 V � 
Rh j  (x)(y; z) +  (y)(z; x)+  (z)(x; y) = 0 for all x; y; z 2 V g : (17)Again, R(1)h is an H-module in an obvious way.Proposition 2.11 Let h � sp(V; !) be a spe
ial symple
ti
 subalgebra other than the subalgebrah = sl(2; F), V = F2. Then as an h-module, R(1)h �= V with an expli
it isomorphism given byu 7�!  u; where  u(x) := RuÆx 2 Rh for all u; x 2 V .Proof. As in the proof of Theorem 2.10, it suÆ
es to show the proposition in the 
omplex 
ase by
omplexifying h and V .Using (10), it is straightforward to verify that  u 2 R(1)h for all u 2 V . Also,  u = 0 i� RuÆV = 0i� uÆV = 0 by Proposition 2.8. But, again by (10), uÆV = 0 i� u = 0, so that f u j u 2 V g � R(1)his isomorphi
 to V as an H-module. Thus, the major part of the proof is to show that this in
lusionis an equality, and for this, we begin with the followingLemma 2.12 (
f. [S2℄) Let h ( sp(V; !) be a spe
ial symple
ti
 proper subalgebra, where h andV are 
omplex and dimV > 2. Let th � h be a Cartan subalgebra and �h be the set of roots of h.Consider the de
omposition V = L�2� V� where � � t�h is the set of weights. Then the followingholds:1. All weight spa
es V� are one dimensional, and if � 2 � then �� 2 �.13



2. There are at most two possible length for the weights whi
h allows to refer to long and shortweights.3. If �0 2 � is a long weight, then there is a disjoint de
omposition� = ��3 [ ��1 [ �1 [ �3; where ��3 = f��0g and ��1 = f� 2 � j ��0 � � 2 �hg:4. Let V i2 :=L�2�i V� for i 2 f�1;�3g. Then there are de
ompositionsh = h�1 � h0 � h1; V = V� 32 � V� 12 � V 12 � V 32 with[hi; hj℄ � hi+j ; hiVr � Vi+r; Vr Æ Vs � hr+s; hi =Lr+s=i Vr Æ Vs:5. Let v� 2 V� 32 , wr 2 Vr and hi 2 hi. Then (v+ Æ v�)wr = �2r !(v+; v�)wr and [v+ Æ v�; hi℄ =�2i !(v+; v�)hi.Proof. Let g be the simple Lie group asso
iated to h by Proposition 2.4, and let � be theroot system of g. Note that th = t \ (H�0)? where t is the Cartan subalgebra of g. Moreover,�h = f� 2 � j h�; �0i = 0g � �, and V �= g1 =Lf�2�jh�;�0i=1g g� as an h-module. It follows that� = �� = � � 12�0����� 2 �; h�; �0i = 1� and V� = g�:Thus, dimV� = 1 as all root spa
es are one dimensional. Moreover, if h�; �0i = 1, then 
 :=�0 � � 2 � and h
; �0i = 1, when
e �� = �(� � 12�0) = 
 � 12�0 2 �.Next, (�; �) = (� � 12�0; � � 12�0) = (�; �) � (�; �0) + 14(�0; �0) = (�; �) � 14(�0; �0) sin
e1 = h�; �0i = 2(�; �0)=(�0; �0) by (2). Thus, (�; �) > 0 is determined by (�; �), and for the latterthere are at most two possible values.To show the third property, pi
k a long weight �0 2 �, i.e. �0 = �0 � 12�0 for some long root�0 2 � with h�0; �0i = 1. Sin
e our hypothesis implies that � is not of type Ck, su
h a �0 andhen
e su
h a �0 exists.Let 
 2 � with h
; �0i = 1, and let � := 
 � 12�0 2 �. Then 
 6= ��0 so that h
; �0i 2f�1; 0; 1; 2g, and h
; �0i = 2 i� 
 = �0 i� � = �0.If h
; �0i = 1 then �0 � 
 2 � with h�0 � 
; �0i = 0, so that �0 � � = �0 � 
 2 �h.If h
; �0i 2 f0;�1g then h
; �0� �0i = 1� h
; �0i 2 f1; 2g, thus when repla
ing �0 by ��0 andhen
e �0 by �0 � �0, then we 
an redu
e to the previous 
ases.From this des
ription, it also follows that �i = f� 2 � j h�; �0i = i2gTo show the fourth part, let �ih := f
 2 �h j h
; �0i = ig. Sin
e ��0 62 �h, it followsthat �h = ��1h [ �0h [ �1h, and we let h�1 := L
2��1h g
 and h0 := th � L
2�0h g
 . Sin
e�i = f� 2 � j h�; �0i = i2g, the 
laims follow.Finally, for the last part, note that by (10),(v+ Æ v�)wr = (v+ Æ wr)v� + 2!(v�; wr)v+ + !(v+; wr)v� � !(v+; v�)wr:Now if r > 0 then v+ Æ wr 2 h 32+r = 0 and !(v+; wr) = 0. Also, !(v�; wr) = 0 for r = 1=2 showingthe 
laim in this 
ase, whereas for r = 3=2, wr is a s
alar multiple of v+ so that !(v�; wr)v+ =!(v�; v+)wr whi
h implies the assertion in this 
ase as well. The proof of the 
ases r < 0 followsanalogously. 14



Note that then for wr 2 Vr; ws 2 Vs we also have [v+ Æ v�; wr Æ ws℄ = ((v+ Æ v�)wr) Æ ws + wr Æ((v+ Æ v�)ws) = �2(r + s)!(v+; v�)wr Æws, and the last assertion follows.Let us now suppose that h ( sp(V; !) and dim V > 2, so that we have the de
ompositions fromthe lemma. Let  2 R(1)h be a weight element of weight � 2 �. In fa
t, after applying an elementof the Weyl group, we may assume that � 2 �1 so that  (V�) 2 g�+� and hen
e  (Vr) � hr+ 12 . Inparti
ular,  (V 32 ) = 0.Note that g��0+� = V� ÆV��0 ; namely, h��0; �0� �i < 0 so that g�0��V��0 = V�� as all weightspa
es are one dimensional. Thus, (g�0��; V� ÆV��0) = !(g�0��V��0 ; V�) = !(V��; V�) 6= 0 so thatV� Æ V��0 6= 0.Pi
k 0 6= v��0 2 V��0 . Sin
e  (v��0) 2 g��0+�, there is a u 2 V� su
h that  (v��0) = u Æ v��0 .Therefore, after repla
ing  by  �  u, we may assume that  (v��0) = 0 and hen
e  (V� 32 ) = 0.If we let v� 2 V� 32 with !(v+; v�) 6= 0 and w� 2 V� 12 then by (17) we must have0 = R (w�)(v+; v�) = 2!(v+; v�) (w�) + v+ Æ ( (w�)v�)� v� Æ ( (w�)v+): (18)Now  (w+) 2 h1, hen
e  (w+)v+ = 0 and thus v+ Æ ( (w+)v�) = [ (w+); v+ Æ v�℄ =2!(v+; v�) (w+); where the last identity follows from the lemma. Then (18) implies that  (w+) =0. On the other hand,  (w�) 2 h0 so that  (w�)v� 2 V� 32 , hen
e (18) implies that  (w�) = 
 v+Æv� for some 
onstant 
. But then,  (w�)v� = �3
 !(v+; v�)v� by the lemma, and substitutinginto (18) yields 
 = 0, i.e.  (w�) = 0.All of this implies that  = 0 whi
h �nishes the proof in the 
ase where h ( sp(V; !) is a propersubalgebra and dimV > 2.If h = sp(V; !) then Æ : S2(V ) ! h is given in (11), and from there the statement followsfor dimV > 2 by a dire
t 
al
ulation ([BC1℄). On the other hand, if dimV = 2 then evidently,R(1)h = V 
h, and dim h 2 f1; 3g as h � sl(2; C ). Thus, by a dimension 
ount the statement followsif dim h = 1 while it fails if dim h = 3, i.e. if h = sl(2; C ) and V = C 2 .Finally, we prove the following result whi
h we shall need later on.Lemma 2.13 Let h � sp(V; !) be a spe
ial symple
ti
 subalgebra, dimV � 4, and let ' : V ! Vbe a linear map su
h that '(x) Æ y = '(y) Æ x for all x; y 2 V . (19)Then ' is a multiple of the identity.Proof. By (10) we have('(x) Æ y)z � ('(x) Æ z)y = 2!(y; z)'(x)+ !('(x); z)y� !('(x); y)z:But (19) now implies that the 
y
li
 sum in x; y; z of the left hand side vanishes, hen
e so does the
y
li
 sum of the right hand side, i.e.2 (!(x; y)'(z)+ !(y; z)'(x) + !(z; x)'(y))= (!('(y); z)� !('(z); y))x+ (!('(z); x)� !('(x); z))y+ (!('(x); y)� !('(y); x))z: (20)15



For ea
h x 2 V , we may 
hoose ve
tors y; z 2 V with !(x; y) = !(x; z) = 0 and !(y; z) 6= 0 sin
edimV � 4. Then (20) implies that '(x) 2 span(x; y; z) so that !('(x); x) = 0. Polarization thenimplies that !('(x); y)+ !('(y); x) = 0 for all x; y 2 V .Next, we take the symple
ti
 form of (20) with x, and together with the pre
eding identity thisyields !(x; y)!('(x); z) = !(x; z)!('(x); y) for all x; y; z 2 V .Thus, !(x; y)'(x) = !('(x); y)x for all x; y 2 V , and sin
e for 0 6= x 2 V we 
an pi
k y 2 Vsu
h that !(x; y) 6= 0, this implies that '(x) is a s
alar multiple of x for all x 2 V , when
e ' is amultiple of the identity.Key De�nition 2.14 Let (M;!) be a (real or 
omplex) symple
ti
 manifold of (real or 
omplex)dimension at least 4, equipped with a symple
ti
 
onne
tion r, i.e. a torsion free 
onne
tion forwhi
h ! is parallel. We say that r is a spe
ial symple
ti
 
onne
tion asso
iated to the (simple)Lie group G if there is a spe
ial symple
ti
 subgroup H � Sp(V; !) asso
iated to G in the sense ofDe�nition 2.6 su
h that the 
urvature of r is 
ontained in Rh (
f. (14) and (15)).De�nition 2.14 
oin
ides with the de�nition of spe
ial symple
ti
 
onne
tions from the intro-du
tion. Namely, note that by the Ambrose-Singer holonomy theorem, the (restri
ted) holonomyof a spe
ial symple
ti
 
onne
tion is evidently 
ontained in H � Sp(V; !), so that we have anH-redu
tion B !M of the frame bundle of M whi
h is 
ompatible with the 
onne
tion.If H � Sp(V; !) is one of the subgroups (i) or (ii), then either there are two 
omplementaryparallel Lagrangian foliations (
ase (i)), or the 
onne
tion is the Levi-Civita 
onne
tion of a pseudo-K�ahler metri
 (
ase (ii)). In either 
ase, the 
ondition that the 
urvature lies in Rh is equivalentto the vanishing of the Bo
hner 
urvature, and su
h 
onne
tions have been 
alled Bo
hner-bi-Lagrangian in the �rst and Bo
hner-K�ahler in the se
ond 
ase. For a detailed study of these
onne
tions, see [Br2℄.If H = Sp(V; !) as in (iii), then the 
ondition that the 
urvature lies in Rh is equivalent tosaying that the 
onne
tion is a (real or holomorphi
) symple
ti
 
onne
tion of Ri

i type in thesense of [BC1℄.Finally, if H � Sp(V; !) is one of the subgroups (iv)�(xviii) in Table 1, then, by Theorem 2.10,any torsion free 
onne
tion on su
h an H-stru
ture must be spe
ial. In fa
t, these subgroups H arepre
isely the absolutely irredu
ible proper subgroups of the symple
ti
 group whi
h 
an o

ur asthe holonomy of a torsion free 
onne
tion (
f. [MS℄, [S1℄, [S3℄).It shall be the aim of the following se
tions to study spe
ial symple
ti
 
onne
tions using thegeneral algebrai
 setup established here rather than dealing with ea
h of the geometri
 stru
turesseparately.3 Spe
ial symple
ti
 
onne
tions and 
onta
t manifoldsWe shall now re
all some well known fa
ts about 
onta
t manifolds and their symple
ti
 redu
tions.De�nition 3.1 A 
onta
t stru
ture on a real (
omplex, respe
tively) manifold C is a smooth (holo-morphi
, respe
tively) distribution D � TC of 
odimension one su
h that the Lie bra
ket indu
es anon-degenerate map D � D �! TC=D =: L:16



The line bundle L! C is 
alled the 
onta
t line bundle, and its dual 
an be embedded asL� = f� 2 T �C j �(D) = 0g � T �C: (21)Noti
e that we 
an de�ne the line bundles L ! C and L� ! C for an arbitrary distributionD � TC of 
odimension one. It is well known that su
h a distribution D yields a 
onta
t stru
turei� the restri
tion of the 
anoni
al symple
ti
 form 
 on T �C to L�n0 is non-degenerate, so that inthis 
ase L�n0 is a symple
ti
 manifold in a 
anoni
al way.We regard p : L�n0! C as a prin
ipal (Rn0)-bundle (C � -bundle, respe
tively). In the real 
ase,we may assume that L�n0 has two 
omponents ea
h of whi
h is a prin
ipal R+-bundle, sin
e this
an always be a
hieved when repla
ing C by a double 
over if ne
essary. Thus, we get the prin
ipalR+-bundle (C � -bundle, respe
tively) p : Ĉ �! C;where Ĉ � L�n0 is a 
onne
ted 
omponent. The ve
tor �eld E0 2 X(Ĉ) whi
h generates theprin
ipal a
tion is 
alled Euler �eld, so that the 
ow along E0 is �berwise s
alar multipli
ation inĈ � L� � T �C. Thus, the Liouville form on T �C is given as � := E0 
, and hen
e LE0(
) = 
and 
 = d�. This pro
ess 
an be reverted. Namely, we have the followingProposition 3.2 Let p : Ĉ ! C be a prin
ipal R+-bundle (C � -bundle, respe
tively) with a symple
-ti
 form 
 on Ĉ su
h that LE0
 = 
 where E0 2 X(Ĉ) generates the prin
ipal a
tion. Then thereis a unique 
onta
t stru
ture D on C and an equivariant imbedding { : Ĉ ,! L�n0 � T �C with L�from (21) su
h that 
 is the pullba
k of the 
anoni
al symple
ti
 form on T �C to Ĉ.Proof. By hypothesis, 
 = d� where � := (E0 
). Sin
e �(E0) = 0, there is for ea
h x 2 Ĉ aunique �x 2 T �p(x)C satisfying p�(�x) = �x. Moreover, LE0(�) = �, hen
e �etx = et�x for all t 2 F, sothat the 
odimension one distribution D := dp(ker(�)) � TC is well de�ned, and the 
orresponden
ex 7! �x yields an equivariant imbedding Ĉ ,! L�n0 whose image is thus a 
onne
ted 
omponentof L�n0. Moreover, by 
onstru
tion, � is the restri
tion of the Liouville form to Ĉ � L�n0 � T �C.Sin
e 
 = d� is non-degenerate on Ĉ by assumption, it follows that D is a 
onta
t stru
ture.Next, we de�ne the �ber bundleR := f(�; �̂) 2 Ĉ � T Ĉ � T �C � T Ĉ j �(dp(�̂)) = 1g:Proje
tion onto the �rst fa
tor yields a �bration R! Ĉ whose �ber is an aÆne spa
e.We 
all a ve
tor �eld � on C a 
onta
t symmetry if L�(D) � D. This means that the 
ow along� preserves the 
onta
t stru
ture D. For ea
h 
onta
t symmetry � on C, there is a unique ve
tor�eld �̂ 2 X(Ĉ), 
alled the Hamiltonian lift of �, satisfying dp(�̂) = � and L�̂� = 0, so that L�̂
 = 0.We 
all � a transversal 
onta
t symmetry if in addition � 62 D at all points. Equivalently, wehave 
(E0; �̂) 6= 0 everywhere. In the real 
ase, we say that � is positively transversal if 
(E0; �̂) > 0everywhere, while in the 
omplex 
ase it is 
onvenient to 
all any transversal ve
tor �eld positivelytransversal.Given a positively transversal 
onta
t symmetry � with Hamiltonian lift �̂, there is a uniquese
tion � of the bundle p : Ĉ ! C su
h that �(�) � 1, and hen
e we obtain a se
tion of the bundleR! Ĉ ! C �� : C �! R; �� := (�; �̂) 2 R: (22)17



We 
all an open subset U � C regular w.r.t. the transversal 
onta
t symmetry � if there is asubmersion �U : U ! MU onto some manifold MU whose �bers are 
onne
ted lines tangent to �.Evidently, sin
e � is pointwise non-vanishing, C 
an be 
overed by regular open subsets.Sin
e � is a 
onta
t symmetry, it follows that � d� = 0 and L�� = 0. Thus, on ea
h MU thereis a unique symple
ti
 form ! su
h that ��U! = �2d�; (23)where the fa
tor �2 only o

urs to make this form 
oin
ide with one we shall 
onstru
t later on.To link all of this to our situation, let g be a 2-gradable simple real or 
omplex Lie algebraand let G be the 
orresponding 
onne
ted Lie group with trivial 
enter Z(G) = f1g. Re
all thede
ompositiong = g�2 � g�1 � g0 � g1 � g2 �= Fe2� � e� 
 V � (Fe+e� � h)� e+ 
 V � Fe2+from (4). We let � := g�1dg be the left invariant Maurer-Cartan form on G, whi
h we 
ande
ompose as � = 2Xi=�2�i; �0 = �h + �0e+e� (24)where �i 2 
1(G)
 gi, �h 2 
1(G)
 h and �0 2 
1(G). Furthermore, we de�ne the subalgebrasp := g0 � g1 � g2; and p0 := h� g1 � g2;and we let P;P0 � G be the 
orresponding 
onne
ted subgroups. Using the bilinear form ( ; ) from(9), we identify g and g�, and re
all the root 
one from (3) and its (oriented) proje
tivizationĈ := G � e2+ � g �= g�; C := p(Ĉ) � Po(g) �= Po(g�);where Po(g) is the set of oriented lines in g, i.e. Po �= Sd if F = R, and Po �= CPd if F = C , whered = dim g � 1, and where p : gn0 ! Po(g) is the prin
ipal R+-bundle (C �-bundle, respe
tively)de�ned by the 
anoni
al proje
tion. Thus, the restri
tion p : Ĉ ! C is a prin
ipal bundle as well.Being a 
oadjoint orbit, Ĉ 
arries a 
anoni
al G-invariant symple
ti
 stru
ture 
. Moreover,the Euler ve
tor �eld de�ned by E0 2 X(Ĉ); (E0)v := vgenerates the prin
ipal a
tion of p and satis�es LE0(
) = 
, so that the distribution D = dp(E?
0 ) �TC yields a G-invariant 
onta
t distribution on C by Proposition 3.2.Lemma 3.3 As homogeneous spa
es, we have C = G=P, Ĉ = G=P0 and R = G=H. Moreover, the�ber bundles R! Ĉ ! C from before are equivalent to the 
orresponding homogeneous �brations.Proof. We may 
anoni
ally identify T �e2+ Ĉ �= g=p0, so that the �ber of R over e2+ 2 Ĉ 
an beidenti�ed with f(e2+; 12e2� + e� 
 v + te+e� mod p0) j v 2 V; t 2 Fg, using the pairing ( ; ) toidentify g and g�. It is straightforward to verify that P0 = exp(p0) a
ts transitively on this set.Moreover, for all p0 2 p0 one 
al
ulates that (ad(12e2� + p0))2(e2+) 2 F(12e2� + p0) i� p0 = 0. Sin
e(adx)2(g) � Fx for all x 2 Ĉ, it follows that (12e2� + p0) \ Ĉ = 12e2�, and hen
e ea
h of the 
osetsf12e2� + e� 
 v + te+e� + p0g 2 g=p0 has a unique representative in Ĉ.18



>From all of this it now follows that G a
ts transitively on R, and the stabilizer of the pair(e2+; 12e2�+p0) equals the stabilizer of the pair (e2+; 12e2�) whi
h is H by Proposition 2.7 as Z(G) = f1g.Thus, R = G=H as 
laimed.The �bers of the homogeneous �brations R! Ĉ and R! C are 
onne
ted, and sin
e R = G=Hand H is 
onne
ted, it follows that the stabilizers of e2+ 2 Ĉ and [e2+℄ 2 C are 
onne
ted as well.Sin
e the Lie algebras of these stabilizers are evidently p0 and p, respe
tively, the 
laim follows.For ea
h a 2 g we de�ne the ve
tor �elds a� 2 X(C) and â� 2 X(Ĉ) 
orresponding to thein�nitesimal a
tion of a, i.e.(a�)[v℄ := ddt ����t=0 (exp(ta) � [v℄) and (â�)v := ddt ����t=0 (exp(ta) � v): (25)Note that a� is a 
onta
t symmetry and â� is its Hamiltonian lift. LetĈa := f� 2 Ĉ j �(a�) 2 R+(2 C � ; respe
tively)g and Ca := p(Ĉa) � C; (26)so that p : Ĉa ! Ca is a prin
ipal R+-bundle (C � -bundle, respe
tively) and the restri
tion of a� to Cais a positively transversal 
onta
t symmetry. Therefore, we obtain the se
tion �a : Ca ! R = G=Hfrom (22).Let � : G ! G=H = R be the 
anoni
al proje
tion, and let �a := ��1(�a(Ca)) � G. Thenevidently, the restri
tion � : �a ! �a(Ca) �= Ca is a (right) prin
ipal H-bundle.Theorem 3.4 Let a 2 g be su
h that Ca � C from (26) is non-empty, de�ne a� 2 X(C) andâ� 2 X(Ĉ) as in (25), and let � : �a ! Ca with �a � G be the prin
ipal H-bundle from above. Thenthere are fun
tions � : �a ! h, u : �a ! V , f : �a ! F su
h thatAdg�1(a) = 12e2� + �+ e+ 
 u + 12fe2+ (27)for all g 2 �a. Moreover, the restri
tion of the 
omponents �h + ��1 + ��2 of the Maurer-Cartanform (24) to �a yields a pointwise linear isomorphism T�a ! h� g�1 � g�2, and if we de
omposethis 
oframe as�h +��1+��2 = �2� �12e2� + ��+ e�
 �+ �; � 2 
1(�a); � 2 
1(�a)
V; � 2 
1(�a)
h;then � = �12��(�) where � 2 
1(Ca) is the 
onta
t form for whi
h �a = (�; â�). Moreover, we havethe stru
ture equations d� = 12!(� ^ �); (28)and d� + � ^ � = 0;d� + 12 [�; �℄ = R�(� ^ �); d�+ [�; �℄ = u Æ �du+ � � u = (�2 + f) � �df + d(�; �) = 0: (29)19



Proof. A

ording to the above identi�
ations, we have g 2 �a i� (g �e2+; g �(12e2�+p0)) = �a([g �e2+℄)i� g � (12e2� + p0) = (â�)g�e2+ i� (Adg�1(â�))e2+ = 12e2� mod p0 i� Adg�1(a) = 12e2� mod p0, i.e.�a = �g 2 G �� Adg�1(a) 2 Q	 ;where Q := 12e2� + p0 = �12e2� + �+ e+ 
 u+ 12fe2+ j � 2 h; u 2 V; f 2 F	 ; (30)and from this (27) follows. Thus, if dLgv 2 Tg�a with v 2 g, then we must havep0 3 ddt ����t=0 �Ad(g exp(tv))�1(a)� = �[v;Adg�1(a)℄ = � �v; 12e2� + �+ e+ 
 u+ 12fe2+� ;and from here it follows by a straightforward 
al
ulation that v must be 
ontained in the spa
eFAdg�1a�� e� 
 x+ e+ 
 �x+ 12!(u; x)e2+ ���� x 2 V�� h; (31)and sin
e v was arbitrary, it follows that �(Tg�a) is 
ontained in (31). In fa
t, a dimension 
ountyields that dim(�(Tg�a)) = dim�a = dim Ca + dimH 
oin
ides with the dimension of (31), hen
e(31) equals �(Tg�), i.e. �h + ��1 + ��2 : T�a ! h � g�1 � g�2 yields a pointwise isomorphism.From there, the stru
ture equations (28) and (29) follow by a straightforward 
al
ulation.With these equations, it follows that � is H-invariant and vanishes along the prin
ipal �bers,hen
e � = �12��(�) for some � 2 
1(Ca). Sin
e �j��1(g�1) = 0, it follows that � is a 
onta
t form.Moreover, if we let ~a� denote the right invariant ve
tor �eld on G 
hara
terized by �(~a�) = Adg�1(a),then dp(~a�) = â�, where p : �a ! Ĉ is the 
anoni
al proje
tion, and from (27) it follows that�(a�) = �2�(~a�) � 1, so that (�; â�) 2 R whi
h shows the �nal assertion.With these stru
ture equations, we are now ready to prove the following result whi
h immedi-ately implies Theorem A of the introdu
tion.Theorem 3.5 Let a 2 g and Ca � C as before. Let U � Ca be a regular open subset , i.e. the lo
alquotient MU := Tlo
a nU is a manifold, whereTa := exp(Fa) � G:Let ! 2 
2(M) be the symple
ti
 form from (23). Then MU 
arries a 
anoni
al spe
ial symple
ti

onne
tion asso
iated to g, and the (lo
al) prin
ipal Ta-bundle � : U ! M admits a 
onne
tion� 2 
1(U) whose 
urvature is given by d� = ��(!).Proof. Let us 
onsider the 
ommutative diagram�a Ta //H
��

Tan�aH
��Ca Ta // TanCa (32)where the maps � : �a ! Tan�a and �a ! Ca are prin
ipal bundles with the indi
ated stru
turegroups, whereas the arrows Tan�a ! TanCa and Ca ! TanCa stand for �brations with a lo
allyfree, but not ne
essarily free group a
tion of the indi
ated stru
ture group.20



It follows now immediately from (28) and (29) that �+ � and � are the pull ba
ks of one formson Tan�a and Ca, respe
tively, and we shall by abuse of notation denote these forms by the samesymbols.Let U � Ca be a regular open subset, let �U := ��1(U) � �a and B := Tlo
a n�U be the
orresponding subsets. It follows then that the indu
ed 
ommutative diagram�U Tlo
a //H
��

BH
��U Tlo
a // M
onsists of (lo
al) prin
ipal bundles, and B and U 
arry a V � h-valued 
oframe � + � and a oneform �, respe
tively, satisfying d� = ��(!) and (29), where ! 2 
2(M) is the 
anoni
ally indu
edsymple
ti
 form from (23).Standard arguments now show that B ! M is an H-stru
ture with tautologi
al one form �,and � de�nes a 
onne
tion onM . By (29), this 
onne
tion is torsion free and its 
urvature is givenby R�(� ^ �), i.e. this 
onne
tion is spe
ial symple
ti
 in the sense of De�nition 2.14.Remark 3.6 If we repla
e a by a0 := Adg0(a), then it is 
lear that in the above 
onstru
tion wehave �a0 = Lg0�a. Thus, identifying �a and �a0 via Lg0 , the fun
tions � + � + f and the forms� + � + ! will be 
anoni
ally identi�ed and hen
e both satisfy (29). Therefore, the 
onne
tionsfrom the pre
eding theorem only depend on the adjoint orbit of a.Also, let et0 with t0 2 F. Sin
e Ca = Cet0a and Ta = Tet0a, the above 
onstru
tion yieldsequivalent 
onne
tions when repla
ing a by et0a. In this 
ase, however, the symple
ti
 form ! onthe quotient will be repla
ed by e�t0!.4 The stru
ture equationsIn this se
tion, we shall revert the pro
ess of the pre
eding se
tion, showing that any spe
ialsymple
ti
 
onne
tion is equivalent to the ones given in Theorem 3.5 in a sense whi
h is to be madepre
ise. We begin by deriving the stru
ture equations for spe
ial symple
ti
 
onne
tions.Proposition 4.1 Let (M;!;r) be a (real or 
omplex) symple
ti
 manifold of dimension � 4 witha spe
ial symple
ti
 
onne
tion of regularity C4 asso
iated to the Lie algebra g, and let h � g beas before. Then there is an asso
iated ~H-stru
ture � : B ! M on M whi
h is 
ompatible with r,where ~H � Sp(V; !) is a Lie subgroup with Lie algebra h, and there are maps � : B ! h, u : B ! Vand f : B ! F, where F = R or C , su
h that the tautologi
al form � 2 
1(B)
 V , the 
onne
tionform � 2 
1(B)
 h and the fun
tions �; u and f satisfy the stru
ture equations (29).To slightly simplify our arguments, we shall assume that ~H = H is 
onne
ted, whi
h 
an bea
hieved by passing to an appropriate 
overing of M . However, our results (and in parti
ularTheorem B) also hold if ~H is not 
onne
ted.For 
lari�
ation, we restate the stru
ture equations (29) as follows. If for h 2 h and x 2 V welet the ve
tor �elds �h; �x 2 X(B) be the ve
tor �elds whi
h are 
hara
terized by�(�h) � 0; �(�h) � h and �(�x) � x; �(�x) � 0; (33)21



then for all h; l 2 h and x; y 2 V ,[�h; �l℄ = �[h;l℄; [�h; �x℄ = �hx; [�x; �y℄ = �2!(x; y)�� � �xÆ�y + �yÆ�x�h(�) = �[h; �℄; �h(u) = �hu; �h(f) = 0;�x(�) = u Æ x; �x(u) = (�2 + f)x; �x(f) = �2!(�u; x) (34)The proof 
an be found e.g. in [BC1℄ for the 
ase of 
onne
tions of Ri

i type, in [S3℄ for the
ase of the spe
ial symple
ti
 holonomies and in [Br2℄ in the 
ase of Bo
hner K�ahler metri
s. Butfor the sake of 
ompleteness (and sin
e our notation here is slightly di�erent) we restate it here.Proof. Let F be the H-stru
ture on the manifoldM , and denote the tautologi
al and the 
onne
tion1-form on F by � and �, respe
tively. Sin
e by hypothesis, the 
urvature maps are all 
ontained inRh, it follows that there is an H-equivariant map � : B ! h su
h that the 
urvature at ea
h pointis given by R� with the notation from (14). Thus, we have the stru
ture equationsd� + � ^ � = 0d� + 12 [�; �℄ = R� � (� ^ �); (35)The H-equivarian
e of � yields that �h(�) = �[h; �℄ for all h 2 h. Moreover, sin
e the 
ovariantderivative of the 
urvature is represented by �x(�) for all x 2 V and this must lie in R(1)h , it followsby Proposition 2.11 that �x(�) = u Æ � for some H-equivariant map u : B ! V , whi
h shows theasserted formula d�+ [�; �℄ = u Æ �: (36)Sin
e u is H-equivariant, it follows that �h(u) = �hu for all h 2 h. Also, di�erentiation of (36)yields that for all x; y 2 V ��xu� �2x� Æ y = ��yu� �2y� Æ x:Thus, by Lemma 2.13 it follows that there is a smooth fun
tion f : B ! F for whi
h �xu��2x = fxfor all x 2 V so that du+ � � u = (�2 + f)�: (37)Finally, taking the exterior derivative of (37) yields that df + d(�; �) = 0.It is now our aim to 
onstru
t the equivalent to the line bundle � ! B from the pre
edingse
tion. Motivated by (30) and (31), we de�ne the following fun
tion A and one form �A : B �! Q � g; A := 12e2� + �+ e+ 
 u+ 12fe2+;� 2 
(B)
 g; � := e� 
 � + � + e+ 
 (��) + 12!(u; �)e2+; (38)where Q := 12e2� + p0 � g is the aÆne hyperplane from (30). It is then straightforward to verifythat (29) is equivalent todA = �[�;A℄ and d� + 12[�; �℄ = 2��(!)A: (39)Let us now enlarge the prin
ipal H-bundle B !M to the prin
ipal G-bundleB := B �H G �!M;where H a
ts on B �G from the right by (b; g) � h := (b � h; h�1g), using the prin
ipal H-a
tion onB in the �rst 
omponent. Evidently, the in
lusion B�H ,! B�G indu
es an embedding B ,! B.22



Proposition 4.2 The fun
tion A and the one form � de�ned byA : B �! g; A([b; g℄) := Adg�1(A(b));� 2 
1(B)
 g; �[(b;g)℄ := Adg�1�b + �; (40)on B are well de�ned, where � = g�1dg 2 
1(G)
 g is the left invariant Maurer-Cartan form onG, and the restri
tion of A to B � B 
oin
ides with A. Moreover, � yields a 
onne
tion on theprin
ipal G-bundle B!M whi
h satis�esdA = �[�;A℄ and d�+ 12[�; �℄ = 2��(!)A: (41)Proof. First, note that A : B ! H and � 2 
1(B)
 g are H-equivariant, i.e. R�hA = Adh�1A andR�h� = Adh�1�. Thus, if we de�ne the fun
tion Â and the one form �̂ byÂ := Adg�1(A) : B �G �! g�̂ := Adg�1� + � 2 
1(B �G)
 g;then Â(bh; h�1g) = Â(b; g), so that Â is the pull ba
k of a well de�ned fun
tion A : B! g. Also,�̂ is invariant under the right H-a
tion from above, and for h 2 h we have�̂((�h)b; dRg(�h)) = Adg�1(�b(�h))� �(dRg(h)) = Adg�1(h)�Adg�1(h) = 0;so that �̂ is indeed the pull ba
k of a well de�ned form � 2 
1(B)
 g. Moreover, R�g(�̂) = Ad�1g �̂is easily veri�ed, and sin
e �̂ 
oin
ides with � on the �bers of the proje
tion B�G! B, it followsthat the value of �̂ on ea
h left invariant ve
tor �eld on G is 
onstant. Sin
e the left invariantve
tor �elds generate the prin
ipal right a
tion of the bundle B � G ! B, it follows that �̂ is a
onne
tion on this bundle, hen
e so is � on the quotient B!M .Finally, to show (41) it suÆ
es to show the 
orresponding equations for �̂ and Â. We havedÂ = �[�;Adg�1(A)℄ + Adg�1(dA) = �[�; Â℄� Adg�1([�;A℄) = �[�; Â℄� [Adg�1�; Â℄ = �[�̂; Â℄by (39), andd�̂+ 12 [�̂; �̂℄ = (�[�;Adg�1�℄ + Adg�1d� + d�) + 12(Adg�1 [�; �℄ + 2[�;Adg�1�℄ + [�; �℄)= Adg�1(d� + 12 [�; �℄) + d�+ 12 [�; �℄= Adg�1(2��(!)A) = 2��(!)Â;where the se
ond to last equation follows from the Maurer-Cartan equation and (39).Proof of Theorem B. Let M̂ � B be a holonomy redu
tion of �, and let T̂ � G be the holonomygroup, so that the restri
tion M̂ !M be
omes a prin
ipal T̂-bundle. By the �rst equation of (41),it follows that M̂ � A�1(a) for some a 2 g, and by 
hoosing the holonomy redu
tion su
h that it
ontains an element of B � B, we may assume w.l.o.g. that a 2 Q. We letŜ := Stab(a) = fg 2 G j Adga = ag � G and ŝ := z(a) = fx 2 g j [x; a℄ = 0g; (42)23



so that Ŝ � G is a 
losed Lie subgroup whose Lie algebra equals ŝ. Observe that the restri
tionA�1(a)!M is a prin
ipal Ŝ-bundle, hen
e we 
on
lude that T̂ � Ŝ. Moreover, on M̂ , we have�̂ = 2�afor some � 2 
1(M̂) whi
h by (41) satis�es d� = ��(!). In parti
ular, the Ambrose-SingerHolonomy theorem implies that Ta = exp(Fa) � G is the identity 
omponent of T̂ whi
h is thus aone dimensional (possibly non-regular) subgroup of Ŝ, and � yields the desired 
onne
tion form onthe prin
ipal T̂-bundle M̂ !M whi
h shows the �rst part.De�ne Ca � C as in (26) and �a � G and Q � g as in (30), and letB̂ := p�1(M̂) � B � G; (43)where p : B � G! B �H G = B is the 
anoni
al proje
tion. Then the restri
tion of the map{ : B �G �! G; {(b; g) := g�1satis�es {(B̂) � �a; indeed, sin
e A(M̂) � a, it follows that Adg�1A(b) = a for all (b; g) 2 B̂ andhen
e Adga = A(b) 2 Q, so that g�1 2 �a. Sin
e 2�a = �̂ = Adg�1� + �, it follows by (38) that{�(�) = �Adg� = �2�Adga + � = �2�A + e� 
 � + � + e+ 
 (��) + 12!(u; �)e2+;and hen
e {�(�) = �2��12e2� + ��+ e� 
 � + � mod g1 � g2:Comparing this equation with the stru
ture equations in Theorem 3.4, it follows that the indu
edmap {̂ : M̂ = B̂=H! Ca = �a=H is a lo
al di�eomorphism and the indu
ed map { : ~M := TnM̂ !TanCa is 
onne
tion preserving, where TanCa is (lo
ally) equipped with the spe
ial symple
ti

onne
tion from Theorem 3.5.Remark 4.3 The proof of Theorem B generalizes immediately to orbifolds. Namely, if M is anorbifold, then a spe
ial symple
ti
 orbifold 
onne
tion 
onsists of an almost prin
ipal H-bundleB ! M , i.e. H a
ts lo
ally freely and properly on B su
h that M = B=H, and a 
oframing�+ � 2 
1(B)
 (V �h) on B su
h that �(�h) � h 2 h and �(�h) � 0 for all in�nitesimal generators�h of the H-a
tion, and su
h that the stru
ture equations (35) hold for some fun
tion � : B ! h.Now the proofs of Propositions 4.1 and 4.2 as well as the proof of Theorem B go throughverbatim as we never used the freeness of the H-a
tion on B. In parti
ular, the holonomy redu
tionM̂ is a manifold on whi
h T̂ a
ts lo
ally freely, and M = T̂nM̂ as an orbifold.5 Symmetries and 
ompa
t spe
ial symple
ti
 manifoldsDe�nition 5.1 Let (M;r) be a manifold with a 
onne
tion. A (lo
al) symmetry of the 
onne
tionis a (lo
al) di�eomorphism ' :M !M whi
h preservesr, i.e. su
h that rd'(X)d'(Y ) = d'(rXY )for all ve
tor �elds X; Y on M . An in�nitesimal symmetry of the 
onne
tion is a ve
tor �eld � onM su
h that for all ve
tor �elds X; Y on M we have the relation[�;rXY ℄ = r[�;X℄Y +rX [�; Y ℄:24



Furthermore, let � : B ! M be an H-stru
ture 
ompatible with r, and let �; � denote thetautologi
al and the 
onne
tion form on B, respe
tively. A (lo
al) symmetry on B is a (lo
al)di�eomorphism ' : B ! B su
h that '�(�) = � and '�(�) = �. An in�nitesimal symmetry on Bis a ve
tor �eld � on B su
h that L�(�) = L�(�) = 0.The ambiguity of the terminology above is justi�ed by the one-to-one 
orresponden
e between(lo
al or in�nitesimal) symmetries on M and B. Namely, if ' : M ! M is a (lo
al) symmetry,then there is a unique (lo
al) symmetry ' : B ! B with � Æ ' = ' Æ �, and vi
e versa. Likewise,for any in�nitesimal symmetry � on M , there is a unique in�nitesimal symmetry � on B su
h that� = d�(�).The in�nitesimal symmetries form the Lie algebra of the (lo
al) group of (lo
al) symmetries.We also observe that an in�nitesimal symmetry on B is uniquely determined by its value at anypoint. (The 
orresponding statement fails for in�nitesimal symmetries on M in general.)Proof of Corollary C. The �rst part follows immediately from Theorem B sin
e Ca � C is anopen subset of the analyti
 manifold C, and the a
tion of Ta on Ca is analyti
 as well. Also, theC4-germ of the 
onne
tion at a point determines uniquely the G-orbit of a 2 g by (29) and hen
ethe 
onne
tion by Theorem B.Note that the generi
 element a 2 g is G-
onjugate to an element in the Cartan subalgebrawhi
h is uniquely determined up to the a
tion of the (�nite) Weyl group. Sin
e multiplying a 2 gby a s
alar does not 
hange the 
onne
tion, it follows that the generi
 spe
ial symple
ti
 
onne
tionasso
iated to g depends on (rk(g)� 1) parameters.For the se
ond part, by virtue of Theorem B it suÆ
es to show the statement for manifolds ofthe form M = MU where U � Ca is a regular open subset for some a 2 g. Let �U � �a � G bethe H-invariant subset su
h that we have the prin
ipal H-bundle �U ! U , and let BU := Tan�Uso that BU !MU is the asso
iated H-stru
ture.Let x 2 ŝ, and denote by �̂x the right invariant ve
tor �eld on G 
orresponding to �x, so thatthe map x 7! �̂x is a Lie algebra homomorphism. Then L�̂x(�) = 0 where � denotes the Maurer-Cartan form. By (30), it follows that the restri
tion of �̂x to �a is tangent, and sin
e �U � �a isopen, we may regard �̂x as a ve
tor �eld on �U . Sin
e �̂x 
ommutes with the a
tion of Ta, it followsthat there is a related ve
tor �eld �x on the quotient BU = Tlo
a n�U , and sin
e the tautologi
al and
urvature form of the indu
ed 
onne
tion on BU pull ba
k to 
omponents of �, it follows that �x isan in�nitesimal symmetry on BU .Conversely, suppose that � is an in�nitesimal symmetry on BU . Sin
e an in�nitesimal symmetrymust preserve the 
urvature and its 
ovariant derivatives, we must have �(A) = 0. But the tangentof the �ber of the map A : �U ! g is spanned by the ve
tor �elds �x, x 2 ŝ, and sin
e in�nitesimalsymmetries are uniquely determined by their value at a point, it follows that � = �x for some x 2 ŝ.Finally, it is evident that �x = 0 i� �̂x is tangent to Ta i� x 2 Fa, hen
e the 
laim follows.The rest of this se
tion shall be devoted to the study of 
ompa
t simply 
onne
ted manifoldswith spe
ial symple
ti
 
onne
tions. In fa
t, the main result whi
h we aim to prove is the followingTheorem 5.2 Let g be a 2-gradable simple Lie algebra, let G be the 
onne
ted Lie group with Liealgebra g and trivial 
enter, and let Ŝ � G be a maximal 
ompa
t subgroup. Then C = Ŝ=K forsome 
ompa
t subgroup K � Ŝ where C � Po(g) is the root 
one. Moreover, let T � Ŝ be the identity
omponent of the 
enter of Ŝ. Then the following are equivalent:1. There is a 
ompa
t simply 
onne
ted symple
ti
 manifold M with a spe
ial symple
ti
 
on-ne
tion asso
iated to the simple Lie algebra g.25



2. g is a real Lie algebra and dimT = 1, i.e. T �= S1.3. g is a real Lie algebra and T 6= feg.If these 
onditions hold then TnC �= Ŝ=(T �K) is a 
ompa
t hermitian symmetri
 spa
e, and themap { : M ! TnC from Theorem B is a 
onne
tion preserving 
overing. Thus, M is a hermitiansymmetri
 spa
e as well.This theorem allows us to 
lassify all 
ompa
t simply 
onne
ted manifolds with spe
ial sym-ple
ti
 
onne
tions, as the maximal 
ompa
t subgroups of semisimple Lie groups are fully 
lassi�ed(e.g. [OV℄). Thus, we obtain Theorem D from the introdu
tion as an immediate 
onsequen
e.The proof of Theorem 5.2 will be split up into several steps. First, we observe the followingLemma 5.3 If the 
onne
ted Lie group G a
ts transitively on the 
ompa
t manifold X, then sodoes any maximal 
ompa
t subgroup Ŝ � G.Thus, we 
an write the root 
one as C = Ŝ=K for some 
ompa
t subgroup K � Ŝ as asserted inTheorem 5.2.Proof. Let X = G=H as a homogeneous spa
e, and let K � H be a maximal 
ompa
t Lie subgroup.Then there is a maximal 
ompa
t Lie subgroup Ŝ � Gwhi
h 
ontains K. Sin
e the in
lusions Ŝ ,! Gand K ,! H are homotopy equivalen
es, standard homotopy arguments imply that the in
lusionŜ=K ,! X is also a homotopy equivalen
e. In parti
ular, sin
e both spa
es are 
ompa
t, they haveequal dimension, so that Ŝ=K = G=H.Let us now suppose that M is real. The proof that the �rst 
ondition in Theorem 5.2 impliesthe se
ond and that in this 
ase M is the universal 
over of the hermitian symmetri
 spa
e TnC ispursued in Lemmas 5.4 through Proposition 5.12.Lemma 5.4 Let M be a 
ompa
t real simply 
onne
ted manifold with a spe
ial symple
ti
 
onne
-tion asso
iated to the real Lie algebra g, and let a 2 g, Ta � G and Ca � C as in Theorem 3.5.Then Ta �= S1 and Ca = C. Moreover, Ta a
ts freely on the universal 
over ~C of C, and M = Tan ~C.Proof. If M is simply 
onne
ted, then by Theorem B from the introdu
tion there is an a 2 g anda prin
ipal Ta-bundle � : M̂ ! M with a 
onne
tion form � whose 
urvature equals d� = ��(!).Thus, ��(!) is exa
t, while ! 
annot be exa
t if M is 
ompa
t. This implies that � 
annot be ahomotopy equivalen
e, i.e. Ta 
annot be 
ontra
tible, hen
e Ta �= S1. Thus, M̂ is also 
ompa
t,hen
e the lo
al di�eomorphism {̂ : M̂ ! C from (1) must be surje
tive and a �nite Ta-equivariant
overing. In parti
ular, Ca = C.Therefore, there is a Ta-equivariant 
overing ~C ! M̂ , where ~C is the universal 
over of C, andsin
e Ta a
ts freely on M̂ , it a
ts also freely on ~C. Thus, the indu
ed map Tan ~C ! TanM̂ = Mmust also be a 
overing, hen
e a di�eomorphism as M is simply 
onne
ted.We 
ontinue with the investigation of two spe
ial 
lasses of examples.Proposition 5.5 For g := su(p + 1; q + 1) with p + q � 1, the 
one C is simply 
onne
ted. Leta 2 g be su
h that Ta �= S1, Ca = C and the a
tion of Ta on C is free. Then a is 
onjugate toa positive s
alar multiple of diag((q + 1)i; : : : ; (q + 1)i;�(p + 1)i; : : : ;�(p + 1)i). In parti
ular,TanC �= CPp� CPq with the hermitian symmetri
 
onne
tion as des
ribed in Theorem E.26



Proof. We let J : C p+1;q+1 ! C p+1;q+1 be the g-equivariant 
omplex stru
ture su
h that themetri
 g(x; y) := !(Jx; y) has signature (p+ 1; q + 1). We assert that(x Æ y)z = !(x; z)y+ !(y; z)x+ !(Jx; z)Jy + !(Jy; z)Jx+ !(Jx; y)Jz:Indeed, one veri�es that !((x Æ y)z; w) = !((x Æ y)w; z) and [J; x Æ y℄ = 0, so that x Æ y 2 g, andthat (10) holds. These properties uniquely 
hara
terize x Æ y by Proposition 2.4.Note that Ĉ � g 
onsists of all elements of rank two, so that Ĉ = fx Æ x j !(Jx; x) = 0g. Sin
e!(Jx; x) = 0 implies that x Æ Jx = 0 and Jx Æ Jx = x Æ x, it follows that we may identify C withthe set of 
omplex null lines in C p+1;q+1 . De
omposing C p+1;q+1 = C p+1;0 � C 0;q+1 =: C+ � C� ,ea
h null ve
tor 
an be written as x = x+ + x� with x� 2 C� and jjx+jj = jjx�jj. In parti
ular,C = (S2p+1� S2q+1)=diag(S1), and a glan
e at the homotopy exa
t sequen
e now implies that C issimply 
onne
ted for p+ q � 1.Let a 2 g be su
h that Ta �= S1. Then a is 
onjugate to an element of the formdiag(i�0; : : : i�p; i 0; : : : ; i q). If we denote the standard basis of C p+1;q+1 by e0; : : : ; ep; f0; : : : ; fq,then x = er + fs is a null ve
tor and (a; x Æ x) = �r � s. Sin
e x Æ x 2 Ĉ, this implies that �r >  sfor all r; s.Consider T := exp(2�=(�r �  s)a) 2 Ta. We have T (er + fs) = exp(2�i�r=(�r �  s))(er + fs)so that T �xes C (er + fs) 2 C. Thus, sin
e Ta a
ts freely on C, it follows that T = exp(2�i�r=(�r � s))Id, whi
h implies that exp(2�i�t=(�r �  s)) = exp(2�i u=(�r �  s)) = exp(2�i�r=(�r �  s))for all t; u. Therefore, (�t �  u)=(�r �  s) 2 Zfor all r; s; t; u, and by swit
hing (r; s) and (t; u)we 
on
lude that (�t �  u)=(�r �  s) = �1. But �t �  u; �r �  s > 0, when
e this quotient mustequal 1 for all r; s; t; u, so that �r = �t and  s =  u for all r; s; t; u, hen
e a must be of the assertedform, and the remaining statements now follow from the 
onstru
tion of the spe
ial symple
ti

onne
tion.Proposition 5.6 For g := sp(n+1;R)with n � 2, the 
one C �= RP2n+1 and hen
e has fundamentalgroup Z2. Let a 2 g be su
h that Ta �= S1, Ca = C and the a
tion of Ta on the universal 
over~C �= S2n+1 is free. Then a = 
J for some 
 > 0, where J is a 
omplex stru
ture on R2n+2 su
h thatg(x; y) := !(Jx; y) is symmetri
 and positive de�nite. In parti
ular, Tan ~C = TanC �= CPn with thehermitian symmetri
 
onne
tion as stated in Theorem E.Proof. Re
all that in this 
ase, Æ : S2(V ) ! h is given by (11). This time, Ĉ � g 
onsists of allelements of rank one, so that Ĉ = fx Æx j x 6= 0g �= R2n+2=� Id. Thus, C = Ĉ=R+ �= S2n+1=� Id �=RP2n+1.Let J 2 sp(n+ 1;R) be a 
omplex stru
ture su
h that !(Jx; x) > 0 for all x 6= 0, and let a 2 gbe su
h that T = exp(Ra)�= S1. Then a is 
onjugate to an element of the form Jdiag(�1; : : :�2n+2),and Ca = C implies that 0 < (a; x Æ x) = !(ax; x) whi
h is equivalent to �i > 0 for all i.Consider T := exp(�=�ia) 2 Ta. We have T (ei) = �ei so that T (if we 
onsider the a
tion onC) or T 2 (if we 
onsider the a
tion on ~C) has a �xed point. Thus, it follows that T (ej) = �ej forall j whi
h implies that �j j�i for all j, and swit
hing the roles of i and j, it follows that �i = ��j .But sin
e �i > 0 for all i, we must have �i = �j , hen
e a is of the asserted form, and the remainingstatements follow.In order to work towards the general 
ase, we 
ontinue with the following27



Lemma 5.7 Let g be a real 2-gradable simple Lie algebra with the de
omposition (4). Let a 2 g besu
h that Ta �= S1 is a 
ir
le. Then a is 
onjugate to an element of the form
2(e2+ + e2�) + �0 (44)with 
 2 R and �0 2 h.Proof. Let TG � G be the maximal 
ompa
t abelian subgroup 
ontaining the 
ir
le SO(2) :=exp(R(e2++ e2�)). Sin
e stab(e2+ + e2�) = R(e2++ e2�)� h, it follows that TG � SO(2) �H.The lemma now follows sin
e any subgroup of G isomorphi
 to S1 is 
onjugate to a subgroupof TG.Lemma 5.8 Let g be a real 2-gradable simple Lie algebra with the de
omposition (4), and let�0 2 � be the long root with g�2 = g��0. Let � 2 � be a root with h�; �0i = 1, and let � denotethe 
onjugate root w.r.t. the real form g. If we de�neg<�> := g \ Dg��0 � g�� � g��E ;where < > denotes the generated Lie subalgebra, then g<�> is isomorphi
 to either sl(3;R), sp(2;R),g02, su(1; 2), or so(2; 4)�= su(2; 2).Proof. Sin
e �0 is a real root, it follows that f�0; �; �g is invariant under 
onjugation, hen
eg<�> is a real form of the 
omplex simple Lie algebra whose root system is generated by f�0; �; �g.Sin
e g��0 � g<�>, it follows that g<�> is also 2-gradable, and the de
omposition (4) readsg<�> =L2i=�2(g<�> \ gi).If � = � is a real root, then the root system generated by �0; � is irredu
ible of rank two and
ontains only real roots, i.e. g<�> is the split real form of type A2, B2 or G2 as listed above.Therefore, for the rest of the proof we shall assume that � 6= �. Sin
e �0 is real, it follows that
�; �0� = h�; �0i = 1, hen
e � 6= �� and thus �; � are linearly independent roots of equal length,so that they generate a root system either of type A2 or of type A1 + A1. Sin
e this root systemis invariant under 
onjugation, it follows that there is a 
orresponding subalgebra ĝ<�> � g<�>whi
h is a real form of either sl(3; C) or so(4; C ). This real form must 
ontain roots whi
h areneither real nor purely imaginary sin
e � 6= ��. In parti
ular, it is neither split nor 
ompa
t, andthus, the only real forms possible are su(1; 2) in the �rst and so(1; 3) in the se
ond 
ase.If ĝ<�> �= su(1; 2), then ĝ<�> is 2-gradable, and hen
e the root system generated by �; � must
ontain a real root. This implies that � + � 2 �, and sin
e 
� + �; �0� = 2, it follows that� + � = �0, i.e. ĝ<�> = g<�> �= su(1; 2).Let us now suppose that ĝ<�> �= so(1; 3). We assert that in this 
ase, � must be a long root.For if � and hen
e � are short, then h�; �0i = 
�; �0� = 1 implies that � + � = �0 so that the rootsystem generated by f�0; �; �g is irredu
ible of rank two with roots of di�erent length, i.e. g<�>is a 2-gradable real form with root system B2 or G2. However, by Table 1, the only 2-gradablereal forms of these root systems are the split forms whi
h have only real roots, 
ontradi
ting that� 6= �.Thus, we are left with the 
ase where ĝ<�> �= so(1; 3) and � 2 � is a long root. Then 
�; �� = 0,and the interse
tions W� := g \ (g��0 � g�(�0��) � g�(�0��) � g�(�0����))28



are ĝ<�>-modules. In fa
t, 
onsidering the weights of the a
tion of ĝ<�> on W� implies thatW� �= R1;3 as a ĝ<�>-module, and one veri�es that [W+;W+℄ = [W�;W�℄ = 0, whereas [W+;W�℄ �ĝ<�> � RH�0. It follows now that (g<�>; ĝ<�> � RH�0) is an irredu
ible symmetri
 pair whoseisotropy representation 
oin
ides with that of the symmetri
 pair (so(2; 4); so(1; 3)�so(1; 1)), hen
ethese symmetri
 pairs are isomorphi
. In parti
ular, we have g<�> �= so(2; 4) �= su(2; 2) whi
h
ompletes the proof.Lemma 5.9 Let g be one of the real Lie algebras from Lemma 5.8, and let a 2 g be su
h thatTa �= S1. De�ne Ca � C as in (26). Then1. If g �= sl(3;R), g02 then Ca ( C is a proper subset for any su
h a 2 g.2. Let g �= sp(2;R), su(1; 2), su(2; 2) and ~C be the universal 
over of C. If Ca = C and the (lifted)a
tion of Ta on ~C is free, then the a
tion of Ta on C is free and a is 
onjugate to an elementof the form (44) with 
 > 0, �20 = �
2IdV and !(�0x; x) > 0 for all 0 6= x 2 V .Proof. By Lemma 5.7, we may assume that a is of the form (44). Sin
e sl(3;R), g02 are split realforms, it follows that g� � V1 \ C for all long roots � with h�; �0i = 1, hen
e V1 \ C 6= ;, whereas(a; V1 \ C) = 0. Thus, Ca 6= C.The se
ond part now follows immediately from Propositions 5.5 and 5.6 where the expli
it formof a was given.This lemma now allows us to treat the general 
ase. Namely we haveLemma 5.10 Let g be a 2-gradable real Lie algebra, and let a 2 g be su
h that Ta �= S1, Ca = Cand that the a
tion of Ta on the universal 
over of C is free. Then a is 
onjugate to an element ofthe form (44) with 
 > 0, �20 = �
2IdV and !(�0x; x) > 0 for all 0 6= x 2 V .Proof. Lemma 5.7 allows us to assume that a is of the form (44). Indeed, we may assume that �0is 
ontained in the Cartan subalgebra of hC , so that the Lie subalgebras g<�> � g from Lemma 5.8are Ta-invariant.Let G be a 
onne
ted Lie group with Lie algebra g and let G<�> � G be the 
onne
ted Liesubgroup with Lie algebra g<�> � g. Then C� := G<�> � e2+ � C is Ta-invariant, and (C�)a =C� \ Ca = C� as Ca = C. Thus, sin
e C� is the 
one of maximal roots of g<�>, by Lemma 5.8 andthe �rst part of Lemma 5.9 we 
on
lude that g<�> �= sp(2;R); su(1; 2) or su(2; 2).The inverse image M̂<�> := {̂�1(C�) � M̂ with the 
overing {̂ : M̂ ! C from (1) must also beTa-invariant, and every 
onne
ted 
omponent of M̂<�> is a 
overing of C�. Sin
e Ta a
ts freelyon M̂<�> � M̂ , it follows from the se
ond part of Lemma 5.9 that 
 > 0, �20jV<�> = �
2Id and!(�0x; x) > 0 for all 0 6= x 2 V<�>, where V<�> � V is de�ned by the relation e� 
 V<�> =g<�> \ g�1.The 
laim now follows sin
e V is the dire
t sum of the V<�>, and for all �; 
 2 � withh�; �0i = h
; �0i = 1 and V<�> \ V<
> = 0 we have !(V<�>; V<
>) = 0.Lemma 5.11 Let g be a 2-gradable real Lie algebra, and let a 2 g be of the form (44) with 
 > 0,�20 = �
2IdV and !(�0x; x) > 0 for all 0 6= x 2 V . Thenŝ = stab(a) := fx 2 g j [x; a℄ = 0g = Ra� k� f
 e+ 
 x� e� 
 �0x j x 2 V g; (45)where k := fh 2 h j [h; �0℄ = 0g. Moreover, ŝ �= Ra� s, where s is a 
ompa
t semisimple Liealgebra, and (ŝ;Ra� k) is a hermitian symmetri
 pair. Also, ŝ � g is a maximal Lie subalgebra.29



Proof. It is straightforward to verify (45) and z(ŝ) = Ra, and that (ŝ;Ra� k) is a hermitian sym-metri
 pair. Also, note that k is the Lie algebra of the 
ompa
t group K = H \ U(V; 1=
 �0).Thus, there is a positive de�nite adk-invariant metri
 on g, so that ad2h : g ! g is negativesemide�nite for all h 2 k and hen
e B(h; h) = tr(ad2h) � 0 with equality i� adh = 0 i� h = 0sin
e g is simple and hen
e has trivial 
enter. Thus, (h; h) > 0 for all 0 6= h 2 k by (9).Also, (e+ 
 x � e� 
 �0x; e+ 
 x � e� 
 �0x) = 2!(�0x; x) > 0 for all 0 6= x 2 V , and(e2+ + e�; e2+ + e2�) = 4 > 0. Sin
e e2+ + e�, k and fe+ 
 x � e� 
 �0xg are orthogonal w.r.t.( ; ), it follows that ( ; ) is positive de�nite and ad-invariant on ŝ. Thus, adx : ŝ ! ŝ is skewsymmetri
 w.r.t. ( ; ) for all x 2 ŝ, so that Bŝ(x; x) = tr(ad2x) � 0 with equality i� x 2 z(ŝ), hen
eŝ = z(ŝ)� s for a 
ompa
t semisimple Lie algebra s as asserted.To see that ŝ � g is a maximal subalgebra, let ŝ � g0 ( g be a subalgebra. Considering theeigenspa
es of ad(e2+ + e�)2, it follows that g0 = (g0 \ sl(2;R))� (g0 \ h)� (g0 \R2
 V ).But sl(2;R) and ŝ generate g, so it follows that g0 \ sl(2;R) = R(e2++ e2�). Also, if e+ 
 x 2 g0,then [e+ 
 x; e+ 
 y � e� 
 �0y℄ 2 g0 implies !(x; y) = 0, as one sees by looking at the sl(2;R)-
omponent. Sin
e this is the 
ase for all y 2 V , it follows that g0 \R2
 V = ŝ \R2
 V . Finally,if h 2 g0 \ h then [h; e+ 
 x � e� 
 �0x℄ 2 g0 \R2
 V � ŝ, and from here it follows that h 2 k, sothat g0 = ŝ as 
laimed.Now we are ready to prove that in the real 
ase, the �rst 
ondition in Theorem 5.2 implies these
ond, and that in this 
ase M is hermitian symmetri
.Proposition 5.12 Let M be a real 
ompa
t simply 
onne
ted manifold with a spe
ial symple
ti

onne
tion, and let a 2 g be from Theorem B. Then TanC is a hermitian symmetri
 spa
e, and themap { :M ! TanC is a 
onne
tion preserving 
overing. Moreover, Ta is the 
onne
ted 
omponentof the 
enter of Ŝ � G, where Ŝ is a maximal 
ompa
t subgroup of G.Proof. By Lemma 5.11, it follows that the 
onne
ted Lie subgroup Ŝ � G with Lie subalgebra ŝmust be 
ompa
t as Ta �= S1 is 
ompa
t. Indeed, it is a maximal 
ompa
t subgroup as ŝ � g ismaximal, and Ta � Ŝ is the 
onne
ted 
omponent of its 
enter.Thus, if we write C = Ŝ=K by Lemma 5.3, then K has k = ŝ \ p as its Lie algebra by (45),and hen
e TanC = Ŝ=(Ta � K) is a hermitian symmetri
 spa
e by Lemma 5.11, and the 
overing{ :M ! TanC is 
onne
tion preserving.Evidently, the se
ond 
ondition in Theorem 5.2 implies the third, hen
e the real 
ase will be�nished with the followingLemma 5.13 Let G be a real simple 
onne
ted Lie group with 2-gradable Lie algebra g and trivial
enter, and let Ŝ � G be a maximal 
ompa
t Lie subgroup whose 
enter 
ontains Ta = exp(Ra),some 0 6= a 2 g. Then - after 
hanging a to its negative if ne
essary - we have Ca = C, and thea
tion of Ta on C is free. Moreover, TanC has �nite fundamental group.By Theorem 3.5, it then follows that TanC 
arries a spe
ial symple
ti
 
onne
tion asso
iatedto g, hen
e so does its universal 
over M := (TanC)~. Sin
e TanC is 
ompa
t and has �nitefundamental group, M is 
ompa
t as well. Thus, the lemma shows that the third 
ondition inTheorem 5.2 implies the �rst.Proof. Sin
e G a
ts transitively on C, so does Ŝ by Lemma 5.3, hen
e we 
an write C = Ŝ=K forsome 
ompa
t subgroup K � Ŝ. Let a 2 g be su
h that T = Ta and 
onsider the 
orresponding30




onta
t symmetry a� from (25). We assert that a� is transversal. For if there is a p 2 C with(a�)p 2 Dp, then dLg((a�)p) 2 dLg(Dp) = Dg�p for all g 2 Ŝ by the Ŝ-equivarian
e of the 
onta
tstru
ture. On the other hand,dLg((a�)p) = ddt ����t=0 g � exp(ta) � p = ddt ����t=0 exp(tAdg(a)) � g � p = (a�)g�p;sin
e Adg(a) = a for g 2 Ŝ. Thus, (a�)g�p 2 Dg�p, and sin
e Ŝ a
ts transitively on C, it follows that(a�)q 2 Dq for all q 2 C. But a� is a 
onta
t symmetry, hen
e this implies that a� � 0 whi
h is a
ontradi
tion.Thus, �(a�) 6= 0 for all � 2 Ĉ and - after repla
ing a by its negative if ne
essary - we mayassume that �(a�) > 0 for all � 2 Ĉ, so that Ca = C. Sin
e Ta lies in the 
enter of Ŝ and G a
tse�e
tively on C = Ŝ=K as G has trivial 
enter, it follows that Ta a
ts freely on C.It now follows from Lemmas 5.10 and 5.11 that Ta � Ŝ is the 
onne
ted 
omponent of the
enter, hen
e the in
lusion Ta �K ,! Ŝ indu
es a map with �nite 
okernel between the fundamentalgroups. Now the homotopy exa
t sequen
e of the �bration Ta �K ,! Ŝ! Ŝ=(Ta �K) = TanC impliesthat TanC has �nite fundamental group as 
laimed.Finally, we need to deal with the 
omplex 
ase whi
h we do in the followingProposition 5.14 There are no 
ompa
t simply 
onne
ted 
omplex manifolds M with a spe
ialsymple
ti
 
onne
tion asso
iated to a 
omplex simple Lie algebra g.Proof. If M is su
h a manifold, then as in the proof of Lemma 5.4, we 
on
lude that the �brationM̂ !M 
annot be a homotopy equivalen
e, so that Ta �= C � and hen
e a 2 g is semisimple. Thismeans that the eigenvalues of ada are all linearly dependent over Q, so that { after repla
ing a by asuitable non-zero multiple { we may assume that all these eigenvalues are integers. Thus, we may
hoose the split real form gR� g su
h that a 2 gR and TRa := exp(Ra)� gR is isomorphi
 to R.Let CR� P0(gR) be the proje
tivization of the root 
one of gR, and 
onsider the Hopf �brationpr : P0(gR)! P0(g) whi
h maps ea
h real line to the 
orresponding 
omplex one. Then pr(CR) � Cis a regular submanifold whi
h is di�eomorphi
 to either CRor CR=Z2. In parti
ular, the restri
tionpr : CR! pr(CR) is a regular 
overing. Also, as the distribution D 
onsists of 
omplex subspa
es,it follows that pr�CRa � = pr(CR)\ Ca;so that the restri
tion pr : CRa ! pr(CR) \ Ca is also a regular 
overing. In parti
ular, pr(CRa ) � Cais a regular 
losed submanifold.Re
all the 
overing map {̂ : M̂ ! Ca from (1). Standard homotopy arguments show that thereis a manifold M̂R and regular 
overings {̂R : M̂R! CRa and ~pr : M̂R! {̂�1(pr(CR) \ Ca) where {̂Ris equivariant w.r.t. the a
tion of TRa � Ta. Note that TRa a
ts freely and properly dis
ontinuouslyon M̂ and hen
e also on M̂R, so thatMR := TRa nM̂R is a manifold. Hen
e, we obtain the following
ommutative diagram, where the dotted lines indi
ate immersions whi
h are regular 
overs of theirimages with a de
k group of order at most 2: 31



M̂RTRa
��

~pr
))

{̂R // CRaTRa
��

pr
))M̂Ta

��

{̂ // CaTa
��

MR {R //

))

TRa nCRa
((M { // TanCaThus, Theorem B implies thatMR
arries a spe
ial symple
ti
 
onne
tion asso
iated to gR, andthe prin
ipal TRa -bundle M̂R!MR 
oin
ides with the one given in that theorem.But the image of the 
overing MR!M is a 
losed submanifold, and sin
e we assume that Mis 
ompa
t, it follows that MR is 
ompa
t. Thus, as in the proof of Lemma 5.4, we 
on
lude thatTRa �= S1, whi
h is a 
ontradi
tion as TRa �= R by our 
hoi
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