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ABSTRACT. In this paper we prove a series of results on the size of distance sets corresponding
to sets in the Euclidean space. These distances are generated by bounded convex sets and the
results depend explicitly on the geometry of these sets. We also use a diophantine mechanism
to convert continuous results into distance set estimates for discrete point sets.

INTRODUCTION

Let E be a compact subset of R% Let A(E) = {|z —y| : ,y € E}, where | - | denotes
the usual Euclidean metric. The celebrated Falconer conjecture says that if the Hausdorff
d

dimension of £ is greater than &, then A(E) has positive Lebesgue measure. Falconer

([Falconer86]) obtained this conclusion if the Hausdorff dimension of E is greater than 4.
His result was improved by Bourgain in [Bourgain94]. The best known result in the plane
is due to Tom Wolff who proved in [Wolff99] that the distance set has positive Lebesgue
measure if the Hausdorff dimension of E is greater than %.

All these results are based on the curvature of the unit circle of the Euclidean metric.
For if the Euclidean metric is replaced by the [ metric, for example, the situation becomes
very different. To see this, let £ = Cy, x Cayn, m > 1 an even integer, where Cy,, 1s
the Cantor-type subset of [0, 1] consisting of numbers whose base 2m expansions contain
only even numbers. One can check that the distance set with respect to the [*° metric
has measure 0 for any m, whereas the Hausdorff dimension of this set is 2%2%% — 2 as
m — 00.

The curvature is not the end of the story. The aforementioned results of Falconer, Bour-
gain and Wolff also used the smoothness of the unit circle. Falconer did so explicitly by
using the formula for the Fourier transform of the characteristic function of an Euclidean
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annulus, whereas Bourgain and Wolff utilized it implicitly by using a reduction to circular
averages which again relies on asymptotics of the Fourier transform of the Lebesgue measure
on the unit circle of the distance which does not hold in the absence of smoothness. See
[Mattila87] and [Sjolin93] for a background on these reductions.

The purpose of this paper to study the Falconer conjecture in the absence of smoothness
using geometric features of the Fourier transforms of characteristic functions of convex
sets in Euclidean space. We also develop a conversion mechanism based on diophantine
approximation which allows us to obtain geometric combinatorial results from analogous
facts in a continuous setting.

CONTINUOUS RESULTS: VARIANTS OF THE FALCONER DISTANCE PROBLEM

Definition. Let K be a bounded convex set in R?¢ symmetric about the origin, and let
|| - ||z be the norm induced by K. The K-distance set of a set £ C R¢is the set Ag(E) =

{llz —yllg 2,y € B}

Our main results are the following.
Theorem 0.1. Let E C [0, 1]d. Let K be a bounded conver set in RY and let o denote
the Lebesgue measure on 0K.

i) Suppose that |6k (€)] < ClE|™7 for some v > 0, and the Hausdorff dimension of E is

greater than d — . Then Ak (E) has positive Lebesgue measure.
ii) Let d = 1. Assume that we have an estimate

/ sup R |k (Rw)|dw < C
51 R>1

and the Hausdorff dimension of E is greater than 2 — v for some v > 0. Then Ag(pFE)
has positive Lebesgue measure for almost every p € S, viewed (in the obvious way) as an
element of SO(2).

ii1) Suppose that

(0.1) 7€) < Cr(EI),

where v is a convexr function with ¥(0) = 0, and ox is the Lebesgue measure on OK. Let
E C|o, 1]d. Suppose that there exists a Borel measure on E such that

(0.2) / AP (€] )de < oo,

Then Ak (E) has positive Lebesgue measure.



Corollary 0.2. Let K be a bounded symmetric convexr set in R%.

i) Let d = 2. Let Sy = sup,ex - w, where w = (cos(0),sin(0)), and denote by (6, ¢)
the length of the chord C(0,¢) = {x € K : # -w = Sy —¢}. Suppose that 0K has everywhere
non-vanishing curvature in the sense that there exists a positive uniform constant ¢ such
that

(0.3) 1(0,¢) < ev/e.

Let E C [0, 1]2 be a set of Hausdorff dimension o > % Then the Hausdorff dimension of
Ag(E) is at least min(1, o — %) If furthermore o > %, then Ag(F) has positive Lebesgue
measure.

i) Suppose that E C [O,I]d is a set of Hausdorff dimension o > d‘g—l, and that 0K
is smooth and has non-vanishing Gaussian curvature. Then Ag(FE) has positive Lebesgue
measure.

Corollary 0.3. Let E C [0,1]%.

i) Assume that d = 2. Let K be a symmetric conver polygon, and assume that the
Hausdorff dimension of E is greater than 1. Then Ag(pFE) has positive Lebesgue measure
for almost every p € S*. Moreover, this result is sharp in the sense that for every a < 1
there exists a set E C R? of Hausdorff dimension o such that Ax(FE) has Lebesgue measure
0 with respect to every conver body K.

i) Let K be a bounded symmetric convex body in R? (with no additional regularity as-
sumptions). Suppose that the Hausdorff dimension of E is greater than % Then Ag(pE)
has positive Lebesque measure for almost every p € S*.

i) Suppose that E is radial in the sense that E = {rw : w € S 1;r € Ey}, where
Ey C [0,1]. Suppose that the Hausdorff dimension of E is greater than d‘g—l. Suppose that
K 1s any symmetric bounded conver set in the plane or a symmetric bounded convexr set in
higher dimensions with a finite type boundary in the sense defined above. Then Ag(E) has
positive Lebesque measure.

DISCRETE THEOREMS AND CONTINUOUS — DISCRETE CONVERSION MECHANISM

Definition. We say that S C B¢ is well-distributed if there exists a C' > 0 such that every
cube of side-length C' contains at least one element of S.

Definition. We say that a set .S C R? is separated if there exists a constant ¢ > 0 such
that |a — a’| > ¢ for every a,a’ € A.

Definition. Let K be a bounded symmetric convex set and let 0 < ax < d. We say that
the (K, ag) Falconer conjecture holds if for every compact £ C R of dimension greater
than ax, Ag(FE) has positive Lebesgue measure.

The essence of the conversion mechanism is captured by the following result and its proof.
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Theorem 0.4. Let S be a well-distributed and separated subset of R?. Let Sq=SNI0, q]d.
Suppose that (K, ag) Falconer conjecture holds. Then there exists a constant ¢ > 0 such

that #£Ax(S,) > cqr .

In view of Theorem 0.4, every result stated above in Theorem 0.1 and Corollaries 0.2-0.3
has a discrete analog. Moreover, we have the following application.

Corollary 0.5. Let S be a well-distributed and separated subset of R,
i) Let K be a bounded symmetric conver set. Suppose that

(0.4)

/ e~ E o ()| < Cy(l€]™),
oK

where v is a conver increasing function with v(0) = 0 and ok is the Lebesque measure on
IK. Then Ag(S) is not separated.

it) Let K be any bounded symmetric convex set in R?. Then Ak (pS) is not separated for
almost every p € SO(2).

This complements the following result, proved in [IoLa2002] for d = 2 and in [Kol2003]
for d > 3.

Theorem 0.6. Let S be well-distributed subset of RY, and let Ag n(S) = Ax(S) N[0, N].
(i) Assume thatd = 2 and h_mN%OO#AKVN(SyN_B/Z = 0. Then K is a polygon (possibly
with infinitely many sides). If moreover #£Ax n(S) < CN'T for some 0 < a < 1/2, then
the number of sides of K whose length is greater than § is bounded by C'5~2%,
(iii) Let d > 2. If #Ag n(S) < CN (in particular, this holds if Ak (S) is separated),
then K 1is a polytope with finitely many faces.

STATIONARY PHASE TOOLS

In the proofs of our results, we shall make use of the following estimates on the Fourier
transform of the surface carried measure, which we collect in a single theorem.

Theorem 0.7. Let K be a bounded convexr set in R, and let ok denote the Lebesque
measure on OK .
i) Suppose that OK is smooth and has everywhere non-vanishing Gaussian curvature.

Then (see e.g. [Herz62])

(0.5) G (€)] < Clel™ =

i) Suppose that d = 2 and OK has everywhere non-vanishing curvature in the sense of
part i) of Corollary 0.3. Then (0.5) holds without any additional smoothness assumptions.
See, e.g. [BRT98].
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i) (See [BHIO2]) Without any additional assumptions,

1

(/ |3K(Rw)|2dw) < CR™ T,
Gd—1

(0.6) (/ |>2K(Rw)|2dw) <CR™F.
Gd—1

iv) (See [BCIPTO03]). If d =2 and K is any bounded conver set, then

1

(0.7) (/5 sup R%|3K(Rw)|2dw) <o

1 R>1

v) (See [BCTI7]) Suppose that K is a polyhedron. Then
(0.8) / |5 (Rw)|dw < C'log*™ ' (R)yR™(4~1).
gd—1

Moreover, the same proof shows that the maximal version holds, namely there is a k such
that

(0.9) / sup R4 5k (Rw)|dw < log" (R).
Sd—1 R>1

ProoOF oF THEOREM 0.1, COROLLARY 0.2, AND COROLLARY 0.3

Proof of Theorem 0.1. Let Agps = {z € R*: R < ||z||x < R+ J} denote an annulus
of radius R and width ¢, § < R.

Since the Hausdorfl dimension of E is greater than d—=, there is a non-zero Borel measure
1 on F such that the following energy integral is finite:

(1.1) / €7 )P d < oo

For the existence of such a measure, see, for example, [Falconer85].

Cover Ag(FE) by intervals {[R;, R; + 6;]}. Tt follows that

0< (uxp)(ExE) <Y (pxm{(x,y): Ri < ||z =yl < Ri+8i}

<0y / Xan,s, (2 = p)dp(@)du(y) < C 3 / Ran, s, (OIAE)*d
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(12 <C' Y [l A e

where the last line follows by the decay assumption and the definition of Lebesgue measure
on a hyper-surface. By (1.1), the last expression in (1.2) is bounded by C" 3", 6;.

Next, we prove (ii). Suppose that |A,x(E)| = 0 for all p € U, where U is a subset
of St of positive (1-dimensional) measure. It follows from the construction of p (or can
be deduced from (1.1)) that p({z}) = 0 for any #, hence from Fubini’s theorem we have
ux p{(x,z): € EF}=0. Thus

0<pxp(ExB)=3 puxp{e,) € BxB: 27" <lo—yllox <271},
k

Denote the sets on the right by X, . For each p, there are k(p) and n(p) such that
px (X k(py) > 1/n(p). Finally, we choose k,n so that |Ug ,| > 0, where

Uen ={p: k(p) =k, n(p) =n}.

We now restrict our attention to p € Uy »,; in fact, we will assume without loss of generality
that U = Uy . Rescaling the set if necessary, we may also assume that & = 0.

Fix a small € > 0, to be determined later. For every p € U we may then choose a covering
of A,g(E)N[1,2] by intervals I” such that ), [I/| < e. Let A? = {a : ||z||,x € I['}. We

bl

may take I/ C [1,2]. Then there is a constant ¢y such that for each p € U,

0 <eo < (ux p)(Xpr) <D x w{(e,9) €EX Ex|le—yll,x € I}

<CY [l = pdute)dnte) <0 [ Rar@lc) e

(1.3) < Ce / sup (5 r(o) (€)]7i(€) 2 de.

1<R<2

Observe that
|G R (k) (€)| = |R?G,x (RE)| = |R*Gk (p(RE))|

for R as above.
Integrating this over U, we get

0 < colU| < Ce /U dp / sup [Fw(pRENIAO de
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(1.4) < Ce / dE(E) ¢ /U sup [Ficlp(RE) R dp.

We claim that the last integral (in p) is bounded by a constant independent of &. Indeed,
for |€] < 1 this is trivial, since then the integrand is uniformly bounded. For |£] > 1, we let
t = R|¢] and w = £/|€], then the integral is bounded by

N 1 N
/ sup |0k (p(tw))] |E|Vdp < C'/ sup |0k (tw)| 17 dw.
51 ¢>1 51 ¢>1

At the last line we changed variables and used the lower bound on R. But this is bounded
by our assumption on K.
Returning to (1.4), we conclude that

0 < aolt] < Ce [Je) el dg < e
a contradiction if € was chosen small enough.

The third part follows by an identical argument.

Proof of Corollary 0.2. The second part of Corollary 0.2 follows from the first part of
Theorem 0.1 and the first part of Theorem 0.7. We now prove the first part. We shall need
the following classical result. See, for example, [BRT98] for a simple proof.

Lemma 1.1. Let K C R? be a conver body. Let w = (cos(0),sin(0)). As before, let Sy =
SUp, ek ¢-w, and denote by 1(6, €) the length of the chord C(6,e) ={x € K 12 -w = Sy —¢}.
Let o denote the Lebesque measure on K. Then, for a constant C' independent of smooth-
ness and curvature, we have

(1.6) 0k (tw)] < g (1 (9, 2—1t) +1 (_9, 2%)) .

Lemma 1.2. Let K be a conver bounded symmetric set in the plane. Assume, in addition,
that 0K has non-vanishing curvature in the sense of Corollary 0.2 (i). Let Aps = {z: R <
[le||z < R+6}. Then for R, || > 1, § € 1 we have

(1.7) | ans(6)] < CR2 €% min{|¢|~1, 6},

where C' 1s a constant that depends only on K.

We shall prove Lemma 1.2 in a moment. We first complete the proof of the first part of
Corollary 0.2.
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Fix g sothat 0 < g <1 and o > % + 3, where « is the Hausdorff dimension of E. Then
there is a non-zero Borel measure p supported on E such that the following energy integral
is finite:

(18) / €73 (e e < oo

(cf. the proof of Theorem 0.1).
Let K be a convex bounded symmetric planar set satisfying the assumptions of Corollary
0.3 (1), and let A s be as above. We have by Lemma 1.2,

[ [ xansta = wdut@ants) = [ Tan (@)1 d¢

CR? ~515(6)12de + § BN
- (/|s|>5-1'5' Orde + /msé_lm A©) 5)

< CRY (6/3 | e s o |
[§]>d—1 |

<ot

|€|‘%+’3|ﬁ(£)lzd€)

(1.9) < CR36°.
It follows that
(1.10) (0% w){(e,9) : R < 2 - yllc < R+6) < CRES.

Cover Ag(FE) by intervals {[R;, R; + &]}. Suppose, without loss of generality, that
R; < 10. Tt follows that

(L1 0< (ux p)(B x B) < 3 3w x p){(e,9) : Ri < Jle =yl < R+ 83 <O 207

This shows that the S-dimensional Hausdorff measure of Ag(F) is non-zero for any
S < min(1, o — %), so that the Hausdorff dimension of Ag(F) is at least min(1, o — %) It
furthermore o > %, we may take # = 1 and thus deduce that Ag (F) has positive Lebesgue
measure.

We now prove Lemma 1.2. For a fixed &, let

(1.12) F(s) = s*X (s€).
We have
(1.13) Xags(§) = F(R+6) - F(R).
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By the mean value theorem,

(1.14) |F(R+6) — F(R)| <& sup |F'(s)].
s€(R,R+9)
Now,
(1.15) F'(s) = 25Xk (s€) + s* / e M T(_9mif - x)de = T+ I1.
K

By Lemma 1.1 and the non-vanishing curvature assumption,
(1.16) 1< Cslsel ™ < Clel R,

On the other hand, following word for word the proof of Lemma 1.1 given in [BRT98] we
obtain that

(1.17) I1< Os?jg||s]™2 < CREJ¢|72.

This proves the second estimate in (1.7). The first estimate follows from the inequality
(L18)  |F(R+8) = F(R)| < [F(R+ )| + [F(R)| < CR’|RE|™* < CR3[E|%,
where we again used Lemma 1.1 and the non-vanishing curvature assumption.

Proof of Corollary 0.3. Part i) follows from part ii) of Theorem 0.1 and part v) of
Theorem 0.7. The sharpness result can be obtained as follows. Let 0 < s < d. Let
q1,q2,---,qi ... be asequence of positive integers such that ¢;11 > ¢¢. Let B; = {zx € R?:

0<a; <1,z;—pj/al < qi_% for some integers p;, j = 1,2}. It is not hard to see (see
e.g. [Falconer85], Chapter 8, or [Wolff02]) that the Hausdorff dimension of E = N$2, E; is
5. Also, A(E) C N2, A(E)).

Let K be a bounded symmetric convex set in R?, and let P; = {p = (p1,p2,...,p4) : 0 <
p; < ¢;}. Then {|[p—p'|lx : p,p’ € P} C {||pllx : p € Pi}, by translational invariance. The
cardinality of the latter set can be estimated trivially by #P; < (g; +1)%. We conclude that

A(E;) is contained in at most C'(¢; + l)d intervals of length bounded by C’¢; *. Tt follows
that the Hausdorff dimension of A(F) is at most s. Thus if s < 1, A(F) has Lebesgue
measure 0.

Part ii) follows from Theorem 0.1 (ii) and Theorem 0.7 (iv).

Part iii) of Corollary 0.3 requires a bit of work. Let y be a probability measure supported
on F with the following energy integral finite:

/ 6175 (6 [2de < .
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Averaging over rotations if necessary, we may assume that p is rotation-invariant. Thus ji
is also rotation-invariant. Let F(s) = |fi(sw)|, w € S%7!, and define Ag; as in Lemma 1.2.
We first claim that

d—1

(1.19) / XA, s(rw)ldw < Cor™"= .
gd—1

Indeed, by (0.6) and Cauchy-Schwarz we have

/ Xk (rw)|dw < Cr= 5.
Sd—l

Now the claim follows by the same calculation as in the proof of Lemma 1.2, with the above

inequality substituted for Lemma 1.1; the term analogous to /7 in the proof of Lemma 1.2

is estimated by following the proof of (0.6) in [BHI02] and using Cauchy-Schwarz again.
We now have

[ [ xanste = wdut@nts) = [ Ran (@)l de

:// R o (r60) [ () P deor = dr
Sd—l
< [ [ Ranatslldar® oy =tr

< C’é/r_d;_le(r)rd_ldr

(1.20) = cs [ = laera < s

if a > d‘g—l where o is the Hausdorff dimension of E. The fourth line in (1.20) follows by
(1.19). The rest of the proof is exactly like that of Theorem 0.1.

ProoF oF THEOREM 0.4 AND COROLLARY 0.5.

Let p = (p1,...,p4). Let g; denote a sequence of positive integers such that ¢;41 > ¢!
This sequence will be specified more precisely below. Let 0 < s < d. Let

_d
(2.1) Ei={zel0,1]": |z; — p;/qi| < g¢; ° for some p € S}.

Let E =), E;. A standard calculation (see e.g. [Falconer85], Ch. 8) shows that the
Hausdorft dimension of E is 5. Also, A(E) C ), A(E)).
10



Let S, be defined as in the statement of Theorem 0.2. Suppose that #A g (S,,) < C’qf for
a sequence ¢; going to infinity. By refining this sequence we can make sure that it satisfies

the growth condition above. Tt follows that A(FE;) can be covered by at most C’qf intervals

_d
of length C'q, *. It follows that the Hausdorff dimension of Ag(E) is at most %.
On the other hand, by assumption, (K, ax) Falconer conjecture holds. Letting s = ax,
we see that # > 1, so that g > % and we are done.

To prove Corollary 0.5 observe that the proof of Theorem 0.4 shows that if (0.4) holds,
then %Lo’md) — 00 a8 R — oo. This shows that that Ag(S) cannot be separated.
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