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K-DISTANCE SETS, FALCONERCONJECTURE, AND DISCRETE ANALOGSA. Iosevi
h and I.  LabaJanuary 9, 2004Abstra
t. In this paper we prove a series of results on the size of distan
e sets 
orrespondingto sets in the Eu
lidean spa
e. These distan
es are generated by bounded 
onvex sets and theresults depend expli
itly on the geometry of these sets. We also use a diophantine me
hanismto 
onvert 
ontinuous results into distan
e set estimates for dis
rete point sets.Introdu
tionLet E be a 
ompa
t subset of Rd. Let �(E) = fjx � yj : x; y 2 Eg, where j � j denotesthe usual Eu
lidean metri
. The 
elebrated Fal
oner 
onje
ture says that if the Hausdor�dimension of E is greater than d2 , then �(E) has positive Lebesgue measure. Fal
oner([Fal
oner86℄) obtained this 
on
lusion if the Hausdor� dimension of E is greater than d+12 .His result was improved by Bourgain in [Bourgain94℄. The best known result in the planeis due to Tom Wol� who proved in [Wol�99℄ that the distan
e set has positive Lebesguemeasure if the Hausdor� dimension of E is greater than 43 .All these results are based on the 
urvature of the unit 
ir
le of the Eu
lidean metri
.For if the Eu
lidean metri
 is repla
ed by the l1 metri
, for example, the situation be
omesvery di�erent. To see this, let E = C2m � C2m, m > 1 an even integer, where C2m isthe Cantor-type subset of [0; 1℄ 
onsisting of numbers whose base 2m expansions 
ontainonly even numbers. One 
an 
he
k that the distan
e set with respe
t to the l1 metri
has measure 0 for any m, whereas the Hausdor� dimension of this set is 2 log(m)log(2m) ! 2 asm!1.The 
urvature is not the end of the story. The aforementioned results of Fal
oner, Bour-gain and Wol� also used the smoothness of the unit 
ir
le. Fal
oner did so expli
itly byusing the formula for the Fourier transform of the 
hara
teristi
 fun
tion of an Eu
lideanResear
h of A. Iosevi
h supported in part by the NSF Grant DMS00-87339Resear
h of I.  Laba supported in part by the NSERC Grant 22R805202000 Mathemati
s Subje
t Classi�
ation: 42B99 Typeset by AMS-TEX1



annulus, whereas Bourgain and Wol� utilized it impli
itly by using a redu
tion to 
ir
ularaverages whi
h again relies on asymptoti
s of the Fourier transform of the Lebesgue measureon the unit 
ir
le of the distan
e whi
h does not hold in the absen
e of smoothness. See[Mattila87℄ and [Sj�olin93℄ for a ba
kground on these redu
tions.The purpose of this paper to study the Fal
oner 
onje
ture in the absen
e of smoothnessusing geometri
 features of the Fourier transforms of 
hara
teristi
 fun
tions of 
onvexsets in Eu
lidean spa
e. We also develop a 
onversion me
hanism based on diophantineapproximation whi
h allows us to obtain geometri
 
ombinatorial results from analogousfa
ts in a 
ontinuous setting.Continuous results: variants of the Fal
oner distan
e problemDe�nition. Let K be a bounded 
onvex set in Rd symmetri
 about the origin, and letjj � jjK be the norm indu
ed by K. The K-distan
e set of a set E � Rd is the set �K(E) =fjjx� yjjK : x; y 2 Eg.Our main results are the following.Theorem 0.1. Let E � [0; 1℄d. Let K be a bounded 
onvex set in Rd and let �K denotethe Lebesgue measure on �K.i) Suppose that jb�K(�)j � Cj�j�
 for some 
 > 0, and the Hausdor� dimension of E isgreater than d� 
. Then �K(E) has positive Lebesgue measure.ii) Let d = 1. Assume that we have an estimateZS1 supR>1R
 jb�K(R!)jd! � Cand the Hausdor� dimension of E is greater than 2 � 
 for some 
 > 0. Then �K(�E)has positive Lebesgue measure for almost every � 2 S1, viewed (in the obvious way) as anelement of SO(2).iii) Suppose that(0.1) jb�K(�)j � C
(j�j�1);where 
 is a 
onvex fun
tion with 
(0) = 0, and �K is the Lebesgue measure on �K. LetE � [0; 1℄d. Suppose that there exists a Borel measure on E su
h that(0.2) Z jb�(�)j2
(j�j�1)d� <1:Then �K(E) has positive Lebesgue measure.2



Corollary 0.2. Let K be a bounded symmetri
 
onvex set in Rd.i) Let d = 2. Let S� = supx2K x � !, where ! = (
os(�); sin(�)), and denote by l(�; �)the length of the 
hord C(�; ") = fx 2 K : x � ! = S� � "g. Suppose that �K has everywherenon-vanishing 
urvature in the sense that there exists a positive uniform 
onstant 
 su
hthat(0.3) l(�; �) � 
p�:Let E � [0; 1℄2 be a set of Hausdor� dimension � > 12 . Then the Hausdor� dimension of�K(E) is at least min(1; �� 12 ). If furthermore � > 32 , then �K(E) has positive Lebesguemeasure.ii) Suppose that E � [0; 1℄d is a set of Hausdor� dimension � > d+12 , and that �Kis smooth and has non-vanishing Gaussian 
urvature. Then �K(E) has positive Lebesguemeasure.Corollary 0.3. Let E � [0; 1℄d.i) Assume that d = 2. Let K be a symmetri
 
onvex polygon, and assume that theHausdor� dimension of E is greater than 1. Then �K(�E) has positive Lebesgue measurefor almost every � 2 S1. Moreover, this result is sharp in the sense that for every � < 1there exists a set E � R2 of Hausdor� dimension � su
h that �K(E) has Lebesgue measure0 with respe
t to every 
onvex body K.ii) Let K be a bounded symmetri
 
onvex body in R2 (with no additional regularity as-sumptions). Suppose that the Hausdor� dimension of E is greater than 32 . Then �K(�E)has positive Lebesgue measure for almost every � 2 S1.iii) Suppose that E is radial in the sense that E = fr! : ! 2 Sd�1; r 2 E0g, whereE0 � [0; 1℄. Suppose that the Hausdor� dimension of E is greater than d+12 . Suppose thatK is any symmetri
 bounded 
onvex set in the plane or a symmetri
 bounded 
onvex set inhigher dimensions with a �nite type boundary in the sense de�ned above. Then �K(E) haspositive Lebesgue measure.Dis
rete theorems and Continuous ! Dis
rete 
onversion me
hanismDe�nition. We say that S � Rd is well-distributed if there exists a C > 0 su
h that every
ube of side-length C 
ontains at least one element of S.De�nition. We say that a set S � Rd is separated if there exists a 
onstant 
 > 0 su
hthat ja� a0j � 
 for every a; a0 2 A.De�nition. Let K be a bounded symmetri
 
onvex set and let 0 < �K � d. We say thatthe (K;�K) Fal
oner 
onje
ture holds if for every 
ompa
t E � Rd of dimension greaterthan �K, �K(E) has positive Lebesgue measure.The essen
e of the 
onversion me
hanism is 
aptured by the following result and its proof.3



Theorem 0.4. Let S be a well-distributed and separated subset of Rd. Let Sq = S \ [0; q℄d.Suppose that (K;�K) Fal
oner 
onje
ture holds. Then there exists a 
onstant 
 > 0 su
hthat #�K(Sq) � 
q d�k .In view of Theorem 0.4, every result stated above in Theorem 0.1 and Corollaries 0.2{0.3has a dis
rete analog. Moreover, we have the following appli
ation.Corollary 0.5. Let S be a well-distributed and separated subset of Rd.i) Let K be a bounded symmetri
 
onvex set. Suppose that(0.4) ����Z�K e�2�ix��d�K(x)���� � C
(j�j�1);where 
 is a 
onvex in
reasing fun
tion with 
(0) = 0 and �K is the Lebesgue measure on�K. Then �K(S) is not separated.ii) Let K be any bounded symmetri
 
onvex set in R2. Then �K(�S) is not separated foralmost every � 2 SO(2).This 
omplements the following result, proved in [Io La2002℄ for d = 2 and in [Kol2003℄for d � 3.Theorem 0.6. Let S be well-distributed subset of Rd, and let �K;N (S) = �K(S) \ [0; N ℄.(i) Assume that d = 2 and limN!1#�K;N (S)�N�3=2 = 0. Then K is a polygon (possiblywith in�nitely many sides). If moreover #�K;N (S) � CN1+� for some 0 < � < 1=2, thenthe number of sides of K whose length is greater than Æ is bounded by C 0Æ�2�.(iii) Let d � 2. If #�K;N(S) � CN (in parti
ular, this holds if �K(S) is separated),then K is a polytope with �nitely many fa
es.Stationary phase toolsIn the proofs of our results, we shall make use of the following estimates on the Fouriertransform of the surfa
e 
arried measure, whi
h we 
olle
t in a single theorem.Theorem 0.7. Let K be a bounded 
onvex set in Rd, and let �K denote the Lebesguemeasure on �K.i) Suppose that �K is smooth and has everywhere non-vanishing Gaussian 
urvature.Then (see e.g. [Herz62℄)(0.5) jb�K(�)j � Cj�j� d�12 :ii) Suppose that d = 2 and �K has everywhere non-vanishing 
urvature in the sense ofpart i) of Corollary 0.3. Then (0:5) holds without any additional smoothness assumptions.See, e.g. [BRT98℄. 4



iii) (See [BHI02℄) Without any additional assumptions,�ZSd�1 jb�K(R!)j2d!� 12 � CR� d�12 ;(0.6) �ZSd�1 jb�K(R!)j2d!�12 � CR�d+12 :iv) (See [BCIPT03℄). If d = 2 and K is any bounded 
onvex set, then(0.7) �ZS1 supR>1R 12 jb�K(R!)j2d!�12 � C:v) (See [BCT97℄) Suppose that K is a polyhedron. Then(0.8) ZSd�1 jb�K(R!)jd! � C logd�1(R)R�(d�1):Moreover, the same proof shows that the maximal version holds, namely there is a k su
hthat(0.9) ZSd�1 supR>1Rd�1jb�K(R!)jd! . logk(R):Proof of Theorem 0.1, Corollary 0.2, and Corollary 0.3Proof of Theorem 0.1. Let AR;Æ = fx 2 Rd : R � jjxjjK � R + Æg denote an annulusof radius R and width Æ, Æ � R.Sin
e the Hausdor� dimension of E is greater than d�
, there is a non-zero Borel measure� on E su
h that the following energy integral is �nite:(1.1) Z j�j�
 jb�(�)j2d� <1:For the existen
e of su
h a measure, see, for example, [Fal
oner85℄.Cover �K(E) by intervals f[Ri; Ri + Æi℄g. It follows that0 < (� � �)(E �E) �X(�� �)f(x; y) : Ri � jjx� yjjK � Ri + Æig� CXi Z �ARi;Æi (x� y)d�(x)d�(y) � CXi Z b�ARi;Æi (�)jb�(�)j2d�5



(1.2) � C 0Xi Æi Z j�j�
 jb�(�)j2d�;where the last line follows by the de
ay assumption and the de�nition of Lebesgue measureon a hyper-surfa
e. By (1:1), the last expression in (1:2) is bounded by C 00Pi Æi.Next, we prove (ii). Suppose that j��K(E)j = 0 for all � 2 U , where U is a subsetof S1 of positive (1-dimensional) measure. It follows from the 
onstru
tion of � (or 
anbe dedu
ed from (1.1)) that �(fxg) = 0 for any x, hen
e from Fubini's theorem we have�� �f(x; x) : x 2 Eg = 0. Thus0 < �� �(E � E) = Xk �� �f(x; y) 2 E �E : 2�k � kx� yk�K � 2�k+1g:Denote the sets on the right by X�;k. For ea
h �, there are k(�) and n(�) su
h that�� �(X�;k(�)) > 1=n(�). Finally, we 
hoose k; n so that jUk;nj > 0, whereUk;n = f� : k(�) = k; n(�) = ng:We now restri
t our attention to � 2 Uk;n; in fa
t, we will assume without loss of generalitythat U = Uk;n. Res
aling the set if ne
essary, we may also assume that k = 0.Fix a small � > 0, to be determined later. For every � 2 U we may then 
hoose a 
overingof ��K(E) \ [1; 2℄ by intervals I�i su
h that Pi jI�i j < �. Let A�i = fx : kxk�K 2 I�i g. Wemay take I�i � [1; 2℄. Then there is a 
onstant 
0 su
h that for ea
h � 2 U ,0 < 
0 < (�� �)(X�;k) �X(� � �)f(x; y) 2 E � E : jjx� yjj�K 2 I�i g� CXi Z �A�i (x� y)d�(x)d�(y) � CXi Z jb�A�i (�)jjb�(�)j2d�(1.3) � C� Z sup1�R�2 jb�R(�K)(�)jjb�(�)j2d�:Observe that jb�R(�K)(�)j = jR2b��K(R�)j = jR2b�K(�(R�))jfor R as above.Integrating this over U , we get0 < 
0jU j < C� ZU d� Z sup1�R�2 jb�K(�(R�))jjb�(�)j2d�6



(1.4) � C� Z d�jb�(�)j2j�j�
 ZU sup1�R�2 jb�K(�(R�))j jR�j
d�:We 
laim that the last integral (in �) is bounded by a 
onstant independent of �. Indeed,for j�j < 1 this is trivial, sin
e then the integrand is uniformly bounded. For j�j � 1, we lett = Rj�j and ! = �=j�j, then the integral is bounded byZS1 supt�1 jb�K(�(t!))j j tR j
d� � C ZS1 supt�1 jb�K(t!)j t
 d!:At the last line we 
hanged variables and used the lower bound on R. But this is boundedby our assumption on K.Returning to (1.4), we 
on
lude that0 < 
0jU j < C� Z jb�(�)j2j�j�
 d� � C 0�;a 
ontradi
tion if � was 
hosen small enough.The third part follows by an identi
al argument.Proof of Corollary 0.2. The se
ond part of Corollary 0.2 follows from the �rst part ofTheorem 0.1 and the �rst part of Theorem 0.7. We now prove the �rst part. We shall needthe following 
lassi
al result. See, for example, [BRT98℄ for a simple proof.Lemma 1.1. Let K � R2 be a 
onvex body. Let ! = (
os(�); sin(�)). As before, let S� =supx2K x�!, and denote by l(�; �) the length of the 
hord C(�; ") = fx 2 K : x � ! = S� � "g.Let �K denote the Lebesgue measure on �K. Then, for a 
onstant C independent of smooth-ness and 
urvature, we have(1.6) jb�K(t!)j 6 Ct �l��; 12t�+ l���; 12t�� :Lemma 1.2. Let K be a 
onvex bounded symmetri
 set in the plane. Assume, in addition,that �K has non-vanishing 
urvature in the sense of Corollary 0.2 (i). Let AR;Æ = fx : R �jjxjjK � R + Æg. Then for R; j�j > 1, Æ � 1 we have(1.7) ��b�AR;Æ (�)�� � CR 12 j�j� 12 minfj�j�1; Æg;where C is a 
onstant that depends only on K.We shall prove Lemma 1.2 in a moment. We �rst 
omplete the proof of the �rst part ofCorollary 0.2. 7



Fix � so that 0 � � � 1 and � > 12 + �, where � is the Hausdor� dimension of E. Thenthere is a non-zero Borel measure � supported on E su
h that the following energy integralis �nite:(1.8) Z j�j� 32+� jb�(�)j2d� <1(
f. the proof of Theorem 0.1).Let K be a 
onvex bounded symmetri
 planar set satisfying the assumptions of Corollary0.3 (i), and let AR;Æ be as above. We have by Lemma 1.2,Z Z �AR;Æ(x� y)d�(x)d�(y) = Z b�AR;Æ(�)jb�(�)j2d�� CR 12  Zj�j>Æ�1 j�j� 32 jb�(�)j2d� + Æ Zj�j�Æ�1 j�j� 12 jb�(�)j2d�!� CR 12  Æ� Zj�j>Æ�1 j�j� 32+� jb�(�)j2d� + Æ � Æ��1 Zj�j�Æ�1 j�j� 32+� jb�(�)j2d�!(1.9) � CR 12 Æ� :It follows that(1.10) (�� �)f(x; y) : R � jjx� yjjK � R + Æg � CR 12 Æ�:Cover �K(E) by intervals f[Ri; Ri + Æi℄g. Suppose, without loss of generality, thatRi � 10. It follows that(1.11) 0 < (� � �)(E �E) �X(�� �)f(x; y) : Ri � jjx� yjjK � Ri + Æig � CXi Æ�i :This shows that the �-dimensional Hausdor� measure of �K(E) is non-zero for any� < min(1; �� 12), so that the Hausdor� dimension of �K(E) is at least min(1; �� 12 ). Iffurthermore � > 32 , we may take � = 1 and thus dedu
e that �K(E) has positive Lebesguemeasure.We now prove Lemma 1.2. For a �xed �, let(1.12) F (s) = s2b�K(s�):We have(1.13) b�AR;Æ(�) = F (R + Æ)� F (R):8



By the mean value theorem,(1.14) jF (R + Æ) � F (R)j � Æ sups2(R;R+Æ) jF 0(s)j:Now,(1.15) F 0(s) = 2sb�K (s�) + s2 ZK e�2�is��x(�2�i� � x)dx = I + II:By Lemma 1.1 and the non-vanishing 
urvature assumption,(1.16) I � Csjs�j� 32 � Cj�j�32 :On the other hand, following word for word the proof of Lemma 1.1 given in [BRT98℄ weobtain that(1.17) II � Cs2j�jjs�j� 32 � CR 12 j�j� 12 :This proves the se
ond estimate in (1:7). The �rst estimate follows from the inequality(1.18) jF (R+ Æ)� F (R)j � jF (R+ Æ)j+ jF (R)j � CR2jR�j� 32 � CR 12 j�j� 32 ;where we again used Lemma 1.1 and the non-vanishing 
urvature assumption.Proof of Corollary 0.3. Part i) follows from part ii) of Theorem 0.1 and part v) ofTheorem 0.7. The sharpness result 
an be obtained as follows. Let 0 < s � d. Letq1; q2; : : : ; qi : : : be a sequen
e of positive integers su
h that qi+1 � qii. Let Ei = fx 2 Rd :0 � xj � 1; jxj � pj=qij � q� dsi for some integers pj; j = 1; 2g. It is not hard to see (seee.g. [Fal
oner85℄, Chapter 8, or [Wol�02℄) that the Hausdor� dimension of E = \1i=1Ei iss. Also, �(E) � T1i=1 �(Ei).Let K be a bounded symmetri
 
onvex set in Rd, and let Pi = fp = (p1; p2; : : : ; pd) : 0 �pj � qig. Then fkp�p0kK : p; p0 2 Pig � fkpkK : p 2 Pig, by translational invarian
e. The
ardinality of the latter set 
an be estimated trivially by #Pi � (qi +1)d. We 
on
lude that�(Ei) is 
ontained in at most C(qi + 1)d intervals of length bounded by C 0q� dsi . It followsthat the Hausdor� dimension of �(E) is at most s. Thus if s < 1, �(E) has Lebesguemeasure 0.Part ii) follows from Theorem 0.1 (ii) and Theorem 0.7 (iv).Part iii) of Corollary 0.3 requires a bit of work. Let � be a probability measure supportedon E with the following energy integral �nite:Z j�j� d�12 jb�(�)j2d� <1:9



Averaging over rotations if ne
essary, we may assume that � is rotation-invariant. Thus b�is also rotation-invariant. Let F (s) = jb�(s!)j, ! 2 Sd�1, and de�ne AR;Æ as in Lemma 1.2.We �rst 
laim that(1.19) ZSd�1 jb�AR;Æ(r!)jd! < CÆr�d�12 :Indeed, by (0:6) and Cau
hy-S
hwarz we haveZSd�1 jb�K(r!)jd! < Cr�d+12 :Now the 
laim follows by the same 
al
ulation as in the proof of Lemma 1.2, with the aboveinequality substituted for Lemma 1.1; the term analogous to II in the proof of Lemma 1.2is estimated by following the proof of (0:6) in [BHI02℄ and using Cau
hy-S
hwarz again.We now have Z Z �AR;Æ(x� y)d�(x)d�(y) = Z b�AR;Æ(�)jb�(�)j2d�= Z ZSd�1 b�AR;Æ(r!)jb�(r!)j2d!rd�1dr� Z Z jb�AR;Æ(r!)jd!F 2(r)rd�1dr� CÆ Z r� d�12 F 2(r)rd�1dr(1.20) = CÆ Z j�j� d�12 jb�(�)j2d� � C 0Æif � > d+12 where � is the Hausdor� dimension of E. The fourth line in (1:20) follows by(1:19). The rest of the proof is exa
tly like that of Theorem 0.1.Proof of Theorem 0.4 and Corollary 0.5.Let p = (p1; : : : ; pd). Let qi denote a sequen
e of positive integers su
h that qi+1 � qii.This sequen
e will be spe
i�ed more pre
isely below. Let 0 < s � d. Let(2.1) Ei = fx 2 [0; 1℄d : jxj � pj=qij � q� dsi for some p 2 Sg:Let E = TiEi. A standard 
al
ulation (see e.g. [Fal
oner85℄, Ch. 8) shows that theHausdor� dimension of E is s. Also, �(E) � Ti �(Ei).10



Let Sq be de�ned as in the statement of Theorem 0.2. Suppose that #�K(Sqi ) � Cq�i fora sequen
e qi going to in�nity. By re�ning this sequen
e we 
an make sure that it satis�esthe growth 
ondition above. It follows that �(Ei) 
an be 
overed by at most Cq�i intervalsof length C 0q� dsi . It follows that the Hausdor� dimension of �K(E) is at most s�d .On the other hand, by assumption, (K;�K) Fal
oner 
onje
ture holds. Letting s = �K,we see that �K�d � 1, so that � � d�k and we are done.To prove Corollary 0.5 observe that the proof of Theorem 0.4 shows that if (0:4) holds,then �K(S\[0;R℄d)Rd !1 as R!1. This shows that that �K(S) 
annot be separated.
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