
ESI The Erwin S
hr�odinger International Boltzmanngasse 9Institute for Mathemati
al Physi
s A-1090 Wien, Austria
The Time Ba
k to the Most Re
ent Common An
estorin Ex
hangeable Population ModelsM. M�ohle

Vienna, Preprint ESI 1287 (2003) Mar
h 5, 2003Supported by the Austrian Federal Ministry of Edu
ation, S
ien
e and CultureAvailable via http://www.esi.a
.at



THE TIME BACK TO THE MOST RECENTCOMMON ANCESTOR IN EXCHANGEABLEPOPULATION MODELSM. M�ohle1 Mathematis
hes Institut, Eberhard Karls Universit�at T�ubingen,Auf der Morgenstelle 10, 72076 T�ubingen, GermanyAbstra
tA 
lass of haploid population models with non-overlapping generationsand ex
hangeable o�spring distribution is 
onsidered. Based on an analy-sis of the dis
rete an
estral pro
ess, we present solutions, algorithms andstrong upper bounds for the expe
ted time ba
k to the most re
ent 
om-mon an
estor. New insights into the asymptoti
al behavior of the expe
tedtime ba
k to the most re
ent 
ommon an
estor for large population sizeare presented relating the results to 
oales
ent theory.Keywords: Absorption time; An
estral pro
ess; Coales
ent; Ex
hangeabil-ity; Moran model; Most re
ent 
ommon an
estor; Wright-Fisher modelAMS 2000 Mathemati
s Subje
t Classi�
ation: Primary 60J70 Se
ondary92D251 Introdu
tionIt is quite natural to ask how long it might take ba
kward in time, in termsof years or generations, until you will �nd the most re
ent 
ommon an
estor(MRCA) of a sample of n individuals taken from some population. Sin
e thedevelopment of 
oales
ent theory going ba
k to Kingman [10, 11, 12℄ this ques-tion was answered for 
ertain haploid populations asymptoti
ally, i.e. for the
ase when the total population size N is suÆ
iently large. It will take in averagearound 2Ne(1�1=n) generations, where Ne denotes the e�e
tive population size.This result relies on 
onvergen
e theorems and hen
e holds only approximatelyfor large N . Re
ently an immense amount of resear
h in biology, mathemati
sand other �elds fo
uses on question around the MRCA (see for example Chang[3℄, Walsh [17℄). Unfortunately it is only little known about the a

ura
y of theapproximation by Kingman's 
oales
ent ([14℄) in parti
ular when the samplesize n is not small in 
omparison with the total population size N . The timeba
k to the MRCA in a �nite population will 
ertainly di�er in some way fromthe limiting result. The aim of this paper is to study the time ba
k to the MRCAin �nite haploid population models. The results indi
ate that the time ba
k tothe MRCA in a �nite population is in many models smaller than one wouldexpe
t from 
oales
ent theory. This e�e
t is veri�ed in parti
ular for the most
elebrated model, the haploid Wright-Fisher model.The paper is organized as follows. Se
tion 2 introdu
es the model and the an-
estral pro
ess. Furthermore the time ba
k to the MRCA is de�ned pre
isely.1E-mail address: martin.moehle�uni-tuebingen.de1



In Se
tion 3 re
ursive and iterative algorithms are presented whi
h 
ompute orapproximate the expe
ted time ba
k to the MRCA in reasonable time. Further-more, exa
t solutions are derived whi
h are unfortunately quite time-
onsumingand hen
e more of theoreti
al interest.In Se
tion 4 upper bounds for the expe
ted time ba
k to the MRCA are pre-sented. A new theorem provides a very strong upper bound under an additionalassumption, whi
h is satis�ed for many models as pointed out in the examplesin Se
tion 5.The paper pro
eeds in Se
tion 6 with a dis
ussion of the asymptoti
 behaviorof the expe
ted time ba
k to the MRCA for large population size and putsthe results in the 
ontext of 
oales
ent theory. The paper �nished with a briefdis
ussion of open problems in Se
tion 7. Te
hni
al details are deferred to theappendix (Se
tion 8).2 The model and the an
estral pro
essCannings [1, 2℄ introdu
ed a haploid population model with �xed population sizeN 2 IN := f1; 2 : : :g and non-overlapping generations r 2 IN0 := f0; 1; 2; : : :g.As usual in an
estral population geneti
s the generations are labelled ba
kwardin time. Thus r = 0 denotes the 
urrent generation, r = 1 the parental genera-tion and so on. Ea
h model in this 
lass is 
hara
terized by a family of randomvariables f�(r)i j r 2 IN; i 2 f1; : : : ; Ngg, where �(r)i denotes the number of o�-spring of the individual i alive in generation r. As the total population size isassumed to be �xed the 
ondition PNi=1 �(r)i = N has to be satis�ed for ea
hr. It is assumed that for ea
h �xed r the o�spring ve
tor �(r) := (�(r)1 ; : : : ; �(r)N )is ex
hangeable, i.e. the distribution of (�(r)�1 ; : : : ; �(r)�N) does not depend onthe spe
ial permutation � of the indi
es 1; : : : ; N . Furthermore it is assumedthat the o�spring ve
tors �(r), r 2 IN are independent and identi
ally dis-tributed. This 
ondition ensures that the an
estral pro
ess 
onsidered later hasthe Markov property. Write �i := �(1)i and � := �(1) for 
onvenien
e. The most
elebrated example is the 
lassi
al Wright-Fisher model where it is assumed that� = (�1; : : : ; �N) has a symmetri
 multinomial distribution.An important quantity in population geneti
s is the probability 
N that twoindividuals, randomly 
hosen from some generation, have a 
ommon an
estorone generation ba
kward in time. Conditioned on (�1; : : : ; �N) two randomly
hosen individuals have the parent i 2 f1; : : : ; Ng as their 
ommon an
estorwith probability �i(�i � 1)=(N (N � 1)). Thus
N = NXi=1 E(�i(�i � 1))N (N � 1) = E(�1(�1 � 1))N � 1 = Var(�1)N � 1 : (1)The probability 
N is 
alled the 
oales
en
e probability. The inverse Ne := 1=
Nof 
N is the e�e
tive population size (Crow and Kimura [4, p. 347, eqn. 7.6.2.8℄,Ewens [5℄). In order to avoid te
hni
al problems it is assumed that 
N > 0. This2



is the 
ase if and only if P (�1 = 1) < 1. In other words we avoid the trivialmodel where ea
h individual has exa
tly one o�spring.Let D := (Dr)r2IN0 denote the so 
alled an
estral pro
ess whi
h 
ounts byde�nition the number of an
estors ba
kward in time. It is well known that Dis a Markovian death pro
ess with state spa
e S := f1; : : : ; Ng and transitionprobabilities pij := P (Dr = j j Dr�1 = i), i; j 2 S of the form (see [13, p. 766eqn. (7)℄) pij = �Nj ��Ni � Xi1;:::;ij2INi1+���+ij=i E���1i1� � � ���jij �� (2)= �Nj ��Ni � jXk=1(�1)j�k�jk�E ���1+���+�ki �� : (3)The formula (2) goes ba
k to Kingman [10, 11, 12℄ while (3) was derived from(2) by applying the prin
iple of in
lusion and ex
lusion. As the transition matrixP := (pij)i;j2S is triangular, the 
orresponding eigenvalues are�i := pii (2)= E(�1 � � ��i); i 2 f1; : : : ; Ng; (4)a result whi
h goes ba
k to Cannings [1, 2℄ and Gladstien [6, 7, 8℄. Note that�N � � � � � �3 � �2 = E(�1�2) = p22 = 1� p21 = 1� 
N < 1 by assumption.For n 2 S let Tn := inffr 2 IN0 j Dr = 1;D0 = ng denote the time ba
k to themost re
ent 
ommon an
estor (MRCA) of a sample of n individuals 
hosen fromthe 
urrent generation zero. Mathemati
ally, Tn is the time until the pro
essgets absorbed in the absorbing state 1. We are interested in mn := E(Tn),the expe
ted time ba
k to the MRCA. If it is helpful for understanding thenotation Tn;N for Tn and mn;N for mn is used to indi
ate the dependen
e ofthese quantities on the total population size N .3 Exa
t solutions and algorithms for the time ba
k to themost re
ent 
ommon an
estorWe start with presenting a formula for the distribution of Tn for the 
ase whenthe eigenvalues are distin
t.Lemma 3.1 Fix n 2 S and assume that the eigenvalues �1; : : : ; �n are pairwisedistin
t. Then for all r 2 IN0 the distribution of Tn satis�esP (Tn > r) = n�1Xk=1 Xi0;:::;ik pik;ik�11� �ik � � � pi1;i01� �i1 kXm=1�rim kYj=1j 6=m 1� �ij�im � �ij ; (5)where the se
ond sum extends over all positive integers i0; : : : ; ik satisfying 1 =i0 < i1 < � � � < ik�1 < ik = n. 3



Remark. Note that (5) involves all thePn�1k=1Pi0;:::;ik 1 =Pn�1k=1 �n�2k�1� = 2n�2possible paths the pro
ess D might take. Thus for large n numeri
al 
al
ulationsusing (5) are time-
onsuming. For pra
ti
al purposes it is better to use there
ursion P (Tn > 0) = 1 � Æn1 and P (Tn > r) = Pnj=1 pnj P (Tj > r � 1) forr = 1; 2; : : : in order to 
ompute P (Tn > r) numeri
ally.Proof. Fix r 2 IN0. The pro
ess D moves from the initial state n to theabsorbing state 1. This will happen due to k 2 f1; : : : ; n � 1g jumps. Ifn = ik > � � � > i1 > i0 = 1 denote the states of the 
orresponding path itfollows that P (Tn > r) = Pn�1k=1Pi0;:::;ik ak, where ak = ak(i1; : : : ; ik) is de-�ned viaak := Xr1;:::;rk2INr1+���+rk>r prk�1ik;ik pik;ik�1 � � �pr1�1i1;i1 pi1;i0 = ( kYj=1pij;ij�1 )bkwith bk = bk(i1; : : : ; ik) of the formbk := Xr1;:::;rk2INr1+���+rk>r �r1�1i1 � � ��rk�1ik= kXm=1 �rim1� �im kYj=1j 6=m 1�im � �ij= kXm=1 �rim1� �im kYj=1j 6=m 1�im � �ij= 1(1� �i1 ) � � � (1� �ik) kXm=1�rim kYj=1j 6=m 1� �ij�im � �ij ;where the se
ond equality is provided in the appendix (Lemma 8.1). 2We now fo
us on the expe
ted absorption time mn. Obviously m1 = 0 andmi = 1+Pij=2 pijmj for i 2 ~S := f2; : : : ; Ng. As �i < 1 for i 2 ~S the re
ursionmi = 11� �i 0�1 + i�1Xj=2 pijmj1A ; i = 2; 3; : : : ; N (6)is available. This is quite helpful for numeri
al 
al
ulations of m2; : : : ;mN aslong as the eigenvalues are not extremely 
lose to one. In matrix notation writem = Am + a with m := (mi)i2~S , a := (ai)i2~S with ai = 1 for all i 2 ~S andA := (pij)i;j2~S . As det(I � A) = (1 � �2) � � � (1 � �N ) > 0 the matrix I � A isnon-singular and hen
e the solution for m is a Neumann series of the formm = (I � A)�1a = 1Xk=0Aka: (7)4



The disadvantage of the algebrai
 solution (7) is that it involves an in�niteseries or an inversion of the matrix I�A. As I�A is triangular, the inversion ofI � A is not diÆ
ult, but this is nevertheless not less time-
onsuming than theabove re
ursion. Thus the interest is to �nd other solutions or at least boundsfor mn. Expli
it solutions for mn whi
h are simple to 
al
ulate are in generalnot available. Besides the above re
ursion one 
an iterate the transformationTm := Am+a starting with some ve
torm(0), i.e. to 
al
ulatem(1) := Tm(0)+a,m(2) := Tm(1)+a and so on. As T k is 
ontra
ting for some suÆ
iently large, but�xed k, i.e. kT kk := supx6=0 kT kxk=kxk < 1, the Bana
h �xed point theoremensures that the sequen
e (m(n))n2IN0 
onverges to m. In fa
t, due to kT kk <1, it 
an be shown that the 
onvergen
e is geometri
ally fast, i.e. there exist0 < q < 1 and C > 0 su
h that km(n) � mk < Cqn for all n 2 IN . Thisiteration and the above re
ursion (6) provide algorithms whi
h are useful to
al
ulate or to approximate m numeri
ally in reasonable time. Nevertheless,this is mathemati
ally not very satisfying. The following lemma presents anexa
t solution for mn, whi
h is unfortunately quite time-
onsuming for pra
ti
alpurposes and hen
e more of theoreti
al interest. Bounds formn will be presentedlater.Lemma 3.2 For all n 2 Smn = n�1Xk=1 Xi0;:::;ik pik;ik�11� �ik � � � pi1;i01� �i1 � 11� �i1 + � � �+ 11� �ik� ; (8)where the se
ond sum extends over all positive integers i0; : : : ; ik satisfying 1 =i0 < i1 < � � � < ik�1 < ik = n.Proof. De�ne xi := 1� �i for 
onvenien
e. The argument already used in theproof of Lemma 3.1 shows that mn =Pn�1k=1Pi0;:::;ik 
k with
k := Xr1 ;:::;rk2IN(r1 + � � �+ rk)prk�1ik;ik pik;ik�1 � � �pr1�1i1;i1 pi1;i0 = ( kYj=1pij ;ij�1)dkand dk := Xr1 ;:::;rk2IN(r1 + � � �+ rk)�r1�1i1 � � ��rk�1ik . Due to the re
ursiondk = Xr1 ;:::;rk�12IN(r1 + � � �+ rk�1)(k�1Yj=1 �rj�1ij ) Xrk2IN �rk�1ik+ Xr1 ;:::;rk�12IN(k�1Yj=1�rj�1ij ) Xrk2IN rk�rk�1ik= dk�1 11� �ik + 11� �i1 � � � 11� �ik�1 1(1� �ik)2= dk�1 1xik + 1xi1 � � �xik�1x2ik5




on
lude by indu
tion on k thatdk = 1x2i1xi2 � � �xik + 1xi1x2i2xi3 � � �xik + � � �+ 1xi1 � � �xik�1x2ik= 1xi1 � � �xik � 1xi1 + � � �+ 1xik�and the lemma is established. 2Example. Assume that (Dr)r2IN0 is a pure death pro
ess, i.e. pij = 0 forj < i � 1 and hen
e pi;i�1 = 1 � pii for all i 2 f2; : : : ; Ng. Then only thesummand with k = n � 1 (and hen
e ij = j + 1 for all i 2 f0; : : : ; kg) providesa 
ontribution to the sums in (5) and (8). ThereforeP (Tn > r) = nXi=2 �ri nYj=2j 6=i 1� �j�i � �j and mn = nXj=2 11� �j :This 
orresponds to Tn = �2+ � � �+ �n, where �j denotes the time the pro
ess Dspends in the state j. Note that �j � 1 is geometri
ally distributed with param-eter 1 � �j and hen
e E(�j) = 1=(1 � �j). For example, for the Moran model,where (�1; : : : ; �N ) is by de�nition a random permutation of (2; 0; 1; : : :; 1), theeigenvalues are �i = 1� i(i � 1)=(N (N � 1)) and thereforemn = nXj=2 N (N � 1)j(j � 1) = N (N � 1) nXj=2( 1j � 1 � 1j ) = N (N � 1)(1� 1n ); (9)a result whi
h is well known from the literature.Lemma 3.2 indi
ates that mn has not a simple stru
ture when the pro
ess Dallows for jumps of size larger than one. Thus we fo
us now on upper boundsfor mn.4 Upper bounds for the expe
ted time ba
k to the MRCALet ~D be a death pro
ess whi
h jumps exa
tly when D jumps, but with jumps ofsize one and let ~mn denote the 
orresponding expe
ted time ba
k to the MRCA.Then Dr � ~Dr and hen
e mn � ~mn = E(�2+ � � �+ �n) =Pni=2 1=(1��i). Thuswe have found the boundmn � nXi=2 11� �i 8 n 2 S: (10)A better bound (see [16, 4.5.2, pp. 124℄ ismn � nXi=2 1di 8 n 2 S; (11)6



where di := i � Ei(D1) := i � E(D1 j D0 = i) = Pij=1(i � j)pij . Note that(for a proof see Lemma 8.3 in the appendix) 0 = d1 < d2 � d3 � � � � � dN .Furthermore di =Pi�1j=1(i�j)pij �Pi�1j=1 pij = 1��i. Thus the bound in (11) isalways smaller than or equal to the bound in (10). Finding upper bounds whi
hare better than (11) is quite 
ompli
ated and depends on further propertiesof the transition probabilities pij. Before su
h a bound 
an be derived it isshown in the following lemma that the upper bound (11) is never smaller than2Ne(1� 1=n), where Ne = 1=
N denotes the e�e
tive population size.Lemma 4.1 The inequality Pni=2 1=di � 2Ne(1� 1=n) holds for all n 2 S.Proof. Consider a box with N balls, namely R 2 f0; : : : ; Ng bla
k balls andN � R white balls. Take i balls without repla
ement. For j 2 f1; : : : ; ig letAj denote the event that the j-th sampled ball is bla
k. It follows from thein
lusion-ex
lusion bounds that1� (N � R)i(N )i = P ( i[j=1Aj)� iXj=1P (Aj)� X1�j<k�iP (Aj \Ak) = i RN ��i2� (R)2(N )2 ;where (x)k := x(x� 1) � � � (x� k + 1). Thus with R := �1 it follows that(N � �1)i(N )i � 1� i�1N + �i2� (�1)2(N )2 :Now take expe
tation and use E(�1) = 1 and E((�1)2) = (N � 1)
N to 
on
ludetogether with (14) thatdi = i � Ei(D1) = i �N +N E((N � �1)i)(N )i� i �N + N (1� iN + �i2� 
NN ) = �i2�
N :Hen
e nXi=2 1di � nXi=2 2i(i � 1)
N = 2
N nXi=2( 1i� 1 � 1i ) = 2(1� 1n )
N : 2The following theorem states that under a 
ertain additional 
ondition on D1,whi
h is for example satis�ed for the Wright-Fisher model as it will be shownlater, the inequality mn � 2Ne(1� 1n ) (12)holds for all n 2 S. By Lemma 4.1 the bound in (12) is better than or at least asgood as the bound in (11). Moreover, (12) is easier to 
ompute than (11) as the7




oales
en
e probability (1) has a simple stru
ture. Note that the term 2(1�1=n)on the right hand side in (12) is exa
tly the time ba
k to the MRCA for theKingman 
oales
ent (Kingman [10, 11, 12℄). This 
orresponds to the asymptoti
behavior of mn = mn;N for large population size N , whi
h is well known anddis
ussed in more detail in Se
tion 6.Theorem 4.2 Assume that Ei(1=D1) := E(1=D1 j D0 = i) � 1=i+ 
N=2 for alli 2 f2; : : : ; Ng. Then (12) holds for all n 2 S. If Ei(1=D1) > 1=i+ 
N=2 for alli 2 f3; : : : ; Ng then in (12) the stri
t inequality holds for all n 2 f3; : : : ; Ng.Proof. For i 2 S de�ne xi := 1��i for 
onvenien
e. We prove (12) by indu
tionon n 2 S. Obviously (12) is satis�ed for n = 1 as m1 = 0. The step from n� 1to n (n � 2) follows viaxnmn = 1 + n�1Xj=2 pnjmj ind� 1 + 2Ne n�1Xj=1 pnj(1� 1j )= 1 + 2Ne0�1� pnn � nXj=1 pnjj + pnnn 1A= 1 + 2Ne �pn � En(1=D1) + pnnn �� 1 + 2Ne�pn � 1n � 
N2 + pnnn �= 2Ne�pn � 1� pnnn � = 2pnNe(1 � 1n );i.e. mn � 2Ne(1� 1=n). The proof of the stri
t inequality works the same 2Remark. Obviously E2(1=D1) = p21+ p22=2 = 1=2+ 
N=2, i.e. the assumptionin Theorem 4.2 is always satis�ed for i = 2. In generalEi(1=D1) = iXj=1 pijj = piii + i�1Xj=1 pijj = 1i + i�1Xj=1�1j � 1i�pij;as pii = 1 �Pi�1j=1 pij. If we assume that there exist gij, i; j 2 S, whi
h do notdepend on N su
h that pij = Æij + 
Ngij + o(
N );then it follows thatEi(1=D1) = 1i + i�1Xj=1�1j � 1i� (
N gij + o(
N ))= 1i + 
N i�1Xj=1�1j � 1i� gij + o(
N ):8



If the model is in the domain of the Kingman 
oales
ent, i.e. limN!1 p31=
N = 0(see [14, Theorem 4. (b)℄), then gi;i�1 = i(i� 1)=2 and gij = 0 for j < i� 1 andhen
eEi(1=D1) = 1i + 
N � 1i� 1 � 1i� gi;i�1 + o(
N ) = 1i + 
N2 + o(
N ):Thus whether or not the 
ondition Ei(1=D1) � 1=i+
N=2 holds, depends exa
tlyon the behavior of the o(
N ) term and is hen
e in general not easy to verify.A formula for Ei(1=D1) is presented in the appendix (see Lemma 8.2) whi
his in many 
ases helpful to verify this 
ondition. Important examples satisfyingEi(1=D1) � 1=i+ 
N=2 are presented in the following se
tion.5 ExamplesIn this se
tion examples are presented satisfying the inequality Ei(1=D1) �1=i + 
N=2 for i 2 f2; : : : ; Ng and hen
e mn � 2Ne(1 � 1=n) for all n 2 S. Asa main result of the paper this turns out to be the 
ase for the most importantmodel, the haploid Wright-Fisher model.1. For the haploid Moran modelEi(1=D1) = 1i pii + 1i � 1pi;i�1= 1i �1� i(i � 1)N (N � 1)�+ 1i� 1 i(i � 1)N (N � 1)= 1i + 1N (N � 1) = 1i + 
N2 ;as 
N = 2=(N (N � 1)). Thus in the proof of Theorem 4.2 only equalityappear and hen
e mn = 2Ne(1� 1=n) = N (N � 1)(1� 1=n) in agreementwith (9).2. For the haploid Wright-Fisher model Cj := �1+ � � �+ �j is binomially dis-tributed with the parameters N and j=N . Hen
e Cj has fa
torial momentsE((Cj)i) = (N )i(j=N )i and from Lemma 8.2 
on
lude thatEi(1=D1) = 1N NXj=1( jN )i�1:This is an upper Riemann sum of the the fun
tion f(x) := xi�1. Asf is stri
tly 
onvex and stri
tly monotone in
reasing on [0; 1℄ for i � 3it follows that this Riemann sum is larger than the integral R 10 f(x) dxplus the sum of the surfa
es V (Dj) of all the triangles Dj with edgepoints ((j � 1)=N; f((j � 1)=N )), ((j � 1)=N; f(j=N )) and (j=N; f(j=N )),9



j 2 f1; : : : ; Ng. Thus for the Wright-Fisher model the stri
t inequalityEi(1=D1) > Z 10 f(x) dx+ NXj=1 V (Dj)= Z 10 xi�1 dx+ 12N NXj=1 �f( jN )� f( j�1N )�= [xii ℄10 + 12N (f(1) � f(0)) = 1i + 12Nis satis�ed for i � 3 and therefore mn < 2N (1�1=n) for all n 2 f3; : : : ; Ng.For n 2 f1; 2g always equality mn = 2N (1� 1=n) holds.3. Assume that (�1; : : : ; �N) is uniformly distributed on the dis
rete simplex,i.e. P (�1 = k1; : : : ; �N = kN ) = 1�2N�1N �for all k1; : : : ; kN 2 IN0 with k1 + � � �+ kN = N . We 
all this model the`uniform' model. A straightforward but tedious 
omputation shows thatthe joint distribution of �1; : : : ; �j satis�esP (�1 = k1; : : : ; �j = kj) = �2N�j�k�1N�j�1 ��2N�1N �whenever k := k1 + � � � + kj � N . Therefore, the distribution of Cj =�1 + � � �+ �j is P (Cj = k) = �2N�j�k�1N�j�1 ��j+k�1j�1 ��2N�1N � :From this derive the fa
torial momentsE((Cj)i) = Xk (k)i P (Cj = k) = (N )i �i+j�1i ��N+i�1i �and use (8.2) to 
on
lude thatEi(1=D1) = 1(N )i NXj=1 E((Cj)i)j = 1i�N+i�1i � NXj=1 �i+j�1i�1 �= 1i�N+i�1i � ��N+ii �� 1�= N + iiN � 1i�N+i�1i � = 1i + 1N � 1N�N+i�1N � :As the last fra
tion is stri
tly de
reasing in i it follows that Ei(1=D1) >1=i + 1=N � 1=(N (N + 1)) = 1=i + 1=(N + 1) for i 2 f3; : : : ; Ng. As10



the 
oales
en
e probability is 
N = E((C1)2)=(N � 1) = 2=(N + 1) thismeans that Ei(1=D1) > 1=i+ 
N=2 for all i 2 f3; : : : ; Ng. Hen
e Theorem4.2 is appli
able, i.e. mn < 2Ne(1 � 1=n) = (N + 1)(1 � 1=n) for alln 2 f3; : : : ; Ng.4. We provide a Wright-Fisher like model with uniformly bounded o�springsizes: Assume there exists an integer 
onstant M > 1 su
h thatP (�1 = k1; : : : ; �N = kN ) = �Mk1� � � ��MkN��NMN �for k1 + � � �+ kN = N . Note that this is a model with uniformly boundedo�spring sizes, as sup1�i�N �i � M almost surely for all N 2 IN . ForM !1 this model 
oin
ides with the 
lassi
al Wright-Fisher model dis-
ussed in Example 2. In this 
ase Cj is hyper-geometri
ally distributedwith the parameters N; jM;NM and has hen
e (Johnson and Kotz [9,p. 144℄ the fa
torial moments E((Cj)i) = (N )i(jM )i=(NM )i. The 
oales-
en
e probability 
N = E((C1)2)=(N � 1) = (M � 1)=(NM � 1) � 1=N isless than or equal to the 
oales
en
e probability 1=N in a haploid Wright-Fisher model with population size N . From (15) it follows thatEi(1=D1) = NXj=1 1j (jM )i(NM )i = 1(NM )i NXj=1M (jM � 1)i�1= 1(NM )i NXj=1 MXk=1(jM � k)i�1| {z }=: (I)+ 1(NM )i NXj=1 MXk=1 �(jM � 1)i�1 � (jM � k)i�1�| {z }=: (II) :The �rst term (I) is equal to 1=((NM )i)PNM�1l=0 (l)i�1 = 1=i. A tedious
omputation (see Lemma 8.4 in the appendix) shows that the se
ond term(II), 
onsidered as a fun
tion of i 2 f2; : : : ; Ng, takes its minimumat i = 2and is hen
e larger than or equal to1(NM )2 NXj=1 MXk=2(k � 1) = 1(NM )2NM (M � 1)2 = M � 12(NM � 1) = 
N2for i 2 f2; : : : ; Ng. Thus Ei(1=D1) � 1=i + 
N=2 for i 2 f2; : : : ; Ng andby Theorem 4.2 mn � 2Ne(1� 1=n) = 2(NM � 1)(1� 1=n)=(M � 1) forn 2 f1; : : : ; Ng. 11



6 Asymptoti
al behavior for large population sizeThe asymptoti
al behavior of the expe
ted time ba
k to the MRCA for largeN is now analyzed. In order to avoid 
onfusion with the limiting quantitieswrite pij(N ) for the transition probabilities (2) of the an
estral pro
ess andmn;N = E(Tn;N ) for the expe
ted time ba
k to the MRCA in order to indi
atethe dependen
e on the total population size N .One of the most important results in 
oales
ent theory ([14, Theorem 4. (b)℄,[15℄) is that for ea
h sample size n 2 IN the time-s
aled an
estral pro
ess(D(n)[t=
N ℄)t�0 
onverges weakly, i.e. in the Skorohod topology, to a limiting time-
ontinuous pure death pro
ess (D(n)t )t�0 with initial value D(n)0 = n and rates
i := i(i � 1)=2, i 2 f1; : : : ; ng if and only if the 
onditionlimN!1 p31(N )p21(N ) = 0is satis�ed. This fundamental 
ondition states that triple mergers of an
estrallines are asymptoti
ally negligible in 
omparison with binary 
ollisions of an-
estral lines. The following theorem relates this result with the expe
ted timeba
k to the MRCA.Theorem 6.1 The following 
onditions are equivalent:(i) limN!1 p31(N )=
N = 0.(ii) For ea
h sample size n 2 IN the time-s
aled an
estral pro
ess (D(n)[t=
N ℄)t�0
onverges in the Skorohod topology to a pure death pro
ess (D(n)t )t�0 withinitial state D(n)0 = n and rates 
i := i(i � 1)=2. (The parameter n onlyindi
ates that the pro
esses start in the initial state n)(iii) limN!1 
N E(Tn;N ) = 2(1� 1=n) for all n 2 IN .(iv) limN!1 
N E(T3;N ) = 4=3.Proof. The equivalen
e of (i) and (ii) is known from the literature, as alreadymentioned at the beginning of this se
tion.(ii)) (iii): Fix n 2 IN and de�ne fN (t) := P (Tn;N > [t=
N ℄) = P (D(n)[t=
N ℄ > 1).From (ii) it follows that D(n)[t=
N ℄ 
onverges in distribution to D(n)t as N tends toin�nity, i.e.limN!1 fN (t) = limN!1P (D(n)[t=
N ℄ > 1) = P (D(n)t > 1) =: f(t)for all t � 0. Thus the dominated 
onvergen
e theorem ensures that
N E(Tn;N ) = 1Xi=0 
NP (Tn;N > i) = 1Xi=0 Z[i
N ;(i+1)
N ) P (Tn;N > i) dt= Z 10 P (Tn;N > [t=
N ℄) dt = Z 10 fN (t) dt12




onverges to R10 f(t) dt = R10 P (D(n)t > 1) dt = R10 P (Tn > t) dt = E(Tn) =2(1� 1=n). It remains open to 
larify that it is allowed to apply the dominated
onvergen
e theorem, i.e. a dominating fun
tion g for the fun
tions fN has tobe 
onstru
ted. In order to do this let ~D := ( ~D(n)r )r2IN0 be a dis
rete time deathpro
ess with initial state ~D(n)0 = n whi
h jumps exa
tly when (D(n)r )r2IN0 jumps,but with jumps of size one. Then D(n)r � ~D(n)r and hen
efN (t) = P (D(n)[t=
N ℄ > 1) � P ( ~D(n)[t=
N ℄ > 1) = P (~�2 + � � �+ ~�n > [t=
N ℄);where ~�i denotes the time the pro
ess ~D spends in the state i. As these timesare independent and geometri
ally distributed with parameter 1� �i it followsthat fN (t) � nXi=2 �[t=
N ℄i nYj=2j 6=i 1� �j�i � �j : (13)As the limits 
i := limN!1(1 � �i)=
N = i(i � 1)=2 exist (these are the ratesof the pro
ess (D(n)t )t�0), it follows that the right hand side in (13) 
onvergesas N tends to in�nity toh(t) := nXi=2 exp(�
it) nYj=2j 6=i 
j
j � 
i :The 
onvergen
e of �[t=
N ℄i to exp(�
it) is uniformly in t 2 [0;1) and n is �xed.Hen
e there exists some N0 2 IN (whi
h does not depend on t) su
h that for allt 2 [0;1) the inequality fN (t) � 2h(t) holds for allN > N0. Thus fN � g := 2hfor N > N0. Obviously R h(t) dt <1 and hen
e g is a dominating fun
tion forfN , N > N0.(iii) ) (iv): This is trivial.(iv) ) (i): For j; i1; : : : ; ij 2 IN introdu
e the quantities�j(i1; : : : ; ij) := (N )j(N )i E((�1)i1 � � � (�j)ij )with i := i1 + � � �+ ij and note that the re
ursion�j+1(i1; : : : ; ij; 1) = �j(i1; : : : ; ij)� jXk=1�j(i1; : : : ; ik�1; ik + 1; ik+1; : : : ; ij)holds (see [14, p. 984℄). Now de�ne xi := 1 � �i and 
on
lude from Lemma 3.2that E(T3;N ) = p31x23 + p32x3 � 1x2 + 1x3�= p32x3 + x3 � p31x3 � 1x2 + 1x3� = 1x2 + 1x3 � p31x2x3 :13



As 
N = x2 = p21 this is equivalent to
N E(T3;N ) = 1 + x2 � p31x3 = 1 + x(1� y)with x := x2=x3 and y := p31=p21. Due to the re
ursions �3 = �3(1; 1; 1) =�2(1; 1)� 2�2(2; 1) = �2 � 2�2(2; 1), i.e. �2(2; 1) = (x3 � x2)=2 andp31 = �1(3) = �1(2)� �2(2; 1) = x2 � x3 � x22 = 3x2 � x32the relation y = p31p21 = 3x2 � x32x2 = 32 � 12xholds between x and y and hen
e
N E(T3;N ) = 3� x2 = 4� 3y3� 2y
an be expressed in x or y. In parti
ular, 
N E(T3;N ) 
onverges to 4=3 if andonly if y 
onverges to zero as N tends to in�nity. Thus (i) and (iv) are equivalentand the proof is 
ompleted. 2Remark. It is not diÆ
ult to generalize Theorem 6.1 for the 
ase when themodel is in the domain of a 
oales
ent whi
h allows for simultaneous and mul-tiple 
ollisions (see [15℄) of an
estral lines: Assume that 
N > 0 for suÆ
ientlylarge N and that limN!1 
N = 0. Furthermore assume that all the limitsgij := limN!1 pij(N )
N ;i; j 2 IN exist. Then obviously all the limits 
i := limN!1(1� �i)=
N , i 2 IN ,exist. Furthermore, for ea
h sample size n 2 IN the time-s
aled an
estral pro
ess(D(n)[t=
N ℄)t�0 
onverges weakly in the Skorohod topology to a time-
ontinuousdeath pro
ess D = (D(n)t )t�0 with initial state D(n)0 = n and in�nitesimal ratesgij. The argument used in the proof of Theorem 6.1 to derive (iii) from (ii) stillworks whi
h means that limN!1 
N E(Tn;N ) = E(Tn)holds for all n 2 IN , where Tn := infft > 0 jD(n)t = 1g denotes the time ba
k tothe MRCA for the limiting pro
ess.7 Final remarks, 
on
lusions and open problemsWe have seen that the expe
ted time mn = mn;N ba
k to the MRCA of asample of size n in a haploid population of total size N is in many 
ases smallerthan (or equal to) the asymptoti
 value 2Ne(1 � 1=n) derived from 
oales
ent14



theory. The examples in Se
tion 5 show that it 
an be quite te
hni
al to verifythe 
ondition Ei(1=D1) � 1=i + 
N=2 whi
h is needed in order to derive thebound 2Ne(1 � 1=n) (Theorem 4.2). A general approa
h would be to rewrite(15) asEi(1=D1) = 1(N )i NXj=1 (j)ij + 1(N )i NXj=1 E((Cj)i)� (j)ij = 1i + f(i)with f(i) := ((N )i)�1PNj=1(E((Cj)i)� (j)i)=j for i 2 f2; : : : ; Ng. Note thatE((Cj)2) = E((�1 + � � �+ �j)2)� j= j E(�21) � j + j(j � 1) E(�1�2)= j E((�1)2) + j(j � 1)(1� 
N )= j(N � 1)
N + j(j � 1)(1� 
N )= j(N � j)
N + (j)2:and hen
e f(2) = 1=((N )2)PNj=1(N � j)
N = 
N=2. Thus, assuming that f :f2; : : : ; Ng ! IR takes its minimum at the left border, i.e. at i = 2 it followsthat Ei(1=D1) � 1i + f(2) = 1i + 
N2for i 2 f2; : : : ; Ng and Theorem 4.2 ensures that (12) is satis�ed. Unfortunately,a proof of f(i) � f(2) for i 2 f2; : : : ; Ng is not known yet. Note that in generalf is neither monotone nor unimodal. The author wants to state the 
onje
turethat f(i) � f(2) holds and that hen
e the bound in (12) is always an upperbound for the expe
ted time ba
k to the MRCA.8 AppendixLemma 8.1 For distin
t x1; : : : ; xn 2 IR the equalityXi1;:::;in2INi1+���+in=k xi11 � � �xinn = nXi=1 xki bniholds for all k 2 IN , where bni := nYj=1j 6=i xjxi � xj . If in addition jxij < 1 for alli 2 f1; : : : ; ng then Xi1 ;:::;in2INi1+���+in�k xi11 � � �xinn = nXi=1 xki1� xi bni:Proof. If xi = 0 for some i 2 f1; : : : ; ng then both sides of the �rst equationare equal to zero. Assume now that xi 6= 0 for all i 2 f1; : : : ; ng. We verify the15



�rst equation by indu
tion on n. For n = 1 the �rst equation holds as b11 = 1.Assume now that the �rst equation holds for n � 1. ThenXi1;:::;in2INi1+���+in=k xi11 � � �xinn = k�1Xin=1 Xi1;:::;in�12INi1+���+in�1=k�in xi11 � � �xin�1n�1xinnind= k�1Xin=1(n�1Xi=1 xk�ini bn�1;i)xinn= n�1Xi=1 bn�1;ixk�1i xn k�1Xin=1(xnxi )in�1= n�1Xi=1 bn�1;ixk�1i xn1� (xnxi )k�11� xnxi= n�1Xi=1 bn�1;i xnxixi � xn (xk�1i � xk�1n )= n�1Xi=1 bni(xki � xixk�1n ) = nXi=1 bni(xki � xixk�1n )= nXi=1 bnixki � xk�1n nXi=1 xibni:It remains open to verify that Pni=1 xibni = 0. This follows by 
hoosing x = 0in the exa
t Lagrange interpolationf(x) = nXi=1 f(xi) nYj=1j 6=i x� xjxi � xjof the fun
tion f(x) := x. Finally, the se
ond equation follows from the �rstequation via Xi1;:::;in2INi1+���+in�k xi11 � � �xinn = 1Xl=k Xi1;:::;in2INi1+���+in=l xi11 � � �xinn= 1Xl=k nXi=1 xlibni = nXi=1 xki1� xi bni;as P1l=k xli = xki =(1� xi) for jxij < 1. 2Lemma 8.2 Fix i 2 f1; : : : ; Ng and assume that the an
estral pro
ess starts inthe state D0 = i. Then the mean of D1 isEi(D1) = N � N E((N � �1)i)(N )i (14)16



and the mean of the inverse of D1 isEi(1=D1) = 1(N )i NXj=1 E((Cj)i)j ; (15)where Cj := �1 + � � � + �j denotes the number of o�spring of the individuals1; : : : ; j and (x)i := x(x� 1) � � � (x� i + 1).Proof. Using the representation (2) for the transition probabilities it followsthat the probability generating fun
tion of D1 satis�esEi(xD1) = NXj=1 xjpij = 1(N )i NXj=1(N )jxj jXk=1 (�1)j�kk! (j � k)!E((Ck)i)= 1(N )i NXk=1E((Ck)i) 1k! NXj=k (N )jxj(�1)j�k(j � k)!= 1(N )i NXk=1E((Ck)i)xkk! N�kXr=0 (N )r+k(�x)rr!= 1(N )i NXk=1E((Ck)i)xk�Nk �N�kXr=0 �N�kr �(�x)r= 1(N )i NXk=1E((Ck)i)�Nk�xk(1� x)N�kand (14) follows by di�erentiating with respe
t to x and plugging in x = 1.Dividing both sides of the above equation by x and integrating with respe
t tox 2 [0; 1℄ leads toEi(1=D1) = Z 10 Ei(xD1�1) dx= 1(N )i NXk=1E((Ck)i)�Nk� Z 10 xk�1(1� x)N�k dx= 1(N )i NXk=1 E((Ck)i)k ;where the formula R 10 xk�1(1 � x)N�k dx = (k � 1)!(N � k)!=N ! for the betafun
tion has been used. 2Lemma 8.3 The sequen
e di := i � Ei(D1), i 2 f1; : : : ; Ng, is monotone in-
reasing in i. More pre
isely, 0 = d1 < d2 � d3 � � � � � dN .17



Proof. Obviously d1 = 0 and d2 = 2 � E2(D1) = 2 � p21 � 2p22 = 2 � p21 �2(1� p21) = p21 = 
N > 0 by assumption. For i 2 f1; : : : ; N � 1g 
onsiderdi+1 � di = 1� Ei+1(D1) + Ei(D1)(14)= 1 +NE� (N � �1)i+1(N )i+1 � (N � �1)i(N )i �= 1�N E(�1(N � �1)i)(N )i+1 :Thus di � di+1 if and only if NE(�1(N � �1)i) � (N )i+1. But this is obviouslysatis�ed as (N � �1)i � (N � 1)i on f�1 � 1g and hen
eNE(�1(N � �1)i) � NE(�1(N � 1)i) = N (N � 1)iE(�1) = (N )i+1: 2Lemma 8.4 Fix N;M 2 IN . The fun
tion f : f2; : : : ; Ng ! IR de�ned viaf(i) := 1NM NXj=1 MXk=1 �jM�1i�1 �� �jM�ki�1 ��NM�1i�1 �takes its minimum at i = 2.Proof. Obviously f(i) = 1NM NXj=1 12 MXk=1 Nij(k)�NM�1i�1 � :with nominatorNij(k) := �jM � 1i� 1 �� �jM � ki � 1 �+ �jM � 1i � 1 ���jM � (M � k + 1)i � 1 �:Note that Nij(k) = Nij(M � k+ 1) for k 2 f1; : : : ;Mg. Due to the 
onvexity ofthe fun
tion x 7! � xi�1� on IN0 the nominator Nij(k) takes its minimum at theborder, i.e. for k = 1 (and k = M ). Thusf(i) � 1NM NXj=1 12 MXk=1 Nij(1)�NM�1i�1 �= 12N NXj=1 �jM�1i�1 �� �jM�Mi�1 ��NM�1i�1 �= 12N �NM�1i�1 �+PN�1j=1 ��jM�1i�1 �� �jMi�1���NM�1i�1 �= 12N 0�1� N�1Xj=1 �jM�1i�2 ��NM�1i�1 �1A (16)18



For ea
h j 2 f1; : : : ; N � 1g the map i 7! �jM�1i�2 �=�NM�1i�1 � is de
reasing ini 2 f2; : : : ; Ng. Thus the last expression (16) takes its minimum at i = 2 andthis minimum is equal to12N �1� N � 1NM � 1� = M � 12(NM � 1) :Thus f(i) � (M � 1)=(2(NM � 1)) = f(2) for all i 2 f2; : : : ; Ng. 2A
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