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tFor super
riti
al multitype Markov bran
hing pro
esses in 
ontinuous time,we investigate the evolution of types along those lineages that survive up tosome time t. We establish almost-sure 
onvergen
e theorems for both timeand population averages of an
estral types (
onditioned on non-extin
tion),and identify the mutation pro
ess des
ribing the type evolution along typi
allineages. An important tool is a representation of the family tree in terms ofa suitable size-biased tree with trunk. As a by-produ
t, this representationallows a `
on
eptual proof' (in the sense of [19℄) of the 
ontinuous-time versionof the Kesten-Stigum theorem.Keywords: Multitype bran
hing pro
ess; type history; an
estral distribution;size-biased tree; empiri
al pro
ess; large deviations; Kesten-Stigum theoremAMS 2000 Subje
t Classi�
ation: Primary 60J80Se
ondary 60F101. Introdu
tionLooking at the time evolution of a population one has two possible perspe
tives:either forward or ba
kward in time. In the �rst 
ase one observes the 
hara
teristi
s ofthe population at a given time t and asks for its behaviour as t in
reases to in�nity. A
lassi
al model that des
ribes the unrestri
ted reprodu
tion of independent individualsis the (multitype) bran
hing pro
ess, and a prin
ipal result in the super
riti
al 
aseis the Kesten-Stigum theorem [16℄, whi
h des
ribes the population size and relativefrequen
ies of types; see Theorem 2.1 for the pre
ise statement. A di�erent situationarises if the population size is kept 
onstant; this leads to 
ertain intera
ting parti
lesystems, like the Moran model and its relatives (for review, see [7℄). By way of 
ontrast,the ba
kwards { or retrospe
tive { aspe
t of the population 
on
erns the lineagesextending ba
k into the past from the presently living individuals and asks for the
hara
teristi
s of the an
estors along su
h lineages. One famous example is Kingman's
oales
ent (see [17, 18℄, and [22℄ for a review), the ba
kward version of the Moranmodel. As was observed e.g. by Jagers [14℄ and Jagers and Nerman [15℄, it is alsorewarding to study the ba
kward aspe
ts of multitype bran
hing pro
esses; this pointof view has turned out as 
ru
ial in re
ent biologi
al appli
ations [11℄. It is the aim� Postal address: Institut f�ur Mathematik, Universit�at M�un
hen, Theresienstr. 39, D-80333 M�un
hen,Germany, email: georgii�mathematik.uni-muen
hen.de�� Postal address: Institut f�ur Mathematik und Informatik, Universit�at Greifswald, Jahnstr. 15a,D-17487 Greifswald, Germany, email: ellen.baake�uni-greifswald.de1



2 H.-O. GEORGII AND E. BAAKEof this arti
le to pursue this last line of resear
h further. We do so in 
ontinuoustime be
ause this gives us the opportunity to transfer some powerful methods re
entlydeveloped for dis
rete time. We also 
on
entrate on the super
riti
al 
ase.Spe
i�
ally, we 
onsider the individuals alive at some time t and investigate thetypes of their an
estors at an earlier time, t� u. We will show the following.� When t resp. t and u tend to in�nity, both time average and population averageof an
estral types 
onverge to a parti
ular distribution � almost surely on non-extin
tion (Theorems 3.1 and 3.2).This � will be 
alled the an
estral distribution of types; its 
omponents are �i =�ihi, where � and h are the (properly normalized) left and right Perron-Frobeniuseigenve
tors of the generator of the �rst-moment matrix.More detailed information about the evolution of types along an
estral lineagesis obtained through what we would like to 
all the retrospe
tive mutation 
hain, aparti
ular 
ontinuous-time Markov 
hain on the type spa
e with � as its invariantdistribution. We will show:� For all individuals alive at time t up to an asymptoti
ally negligible fra
tion,the time averaged empiri
al type evolution pro
ess tends in distribution to thestationary retrospe
tive mutation 
hain, in the limit as t!1, almost surely onnon-extin
tion (Theorem 3.3).One basi
 ingredient of our reasoning is a law of large numbers for populationaverages; see Proposition 5.1. A se
ond 
ru
ial ingredient is a representation of thefamily tree in terms of a size-biased tree with trunk (with the retrospe
tive mutation
hain running along the trunk); see Theorem 4.1. This representation is the 
ontinuous-time analogue of the size-biased tree representation introdu
ed by Lyons, Pemantleand Peres [20℄ and Kurtz, Lyons, Pemantle and Peres [19℄. In passing, it allows us toextend their 
on
eptual proof of the Kesten-Stigum theorem to 
ontinuous time. Thethird ingredient is the Donsker-Varadhan large deviation prin
iple for the retrospe
tivemutation 
hain [5, 6℄. This implies a large deviation prin
iple for the typi
al typeevolution along the surviving lineages in the tree { see Theorem 5.1.This paper is organized as follows. In the next se
tion we re
all the 
onstru
tionof the family tree for multitype bran
hing pro
esses in 
ontinuous time. Se
tion 3
ontains the pre
ise statement of results. Se
tion 4 is devoted to the size-biased treewith trunk, and the proofs of the main results are 
olle
ted in Se
tion 5.2. The bran
hing pro
ess and basi
 fa
tsWe 
onsider a 
ontinuous-time multitype bran
hing pro
ess as des
ribed in Athreyaand Ney [2, Ch. V.7℄. To �x the notation we re
all the basi
 setting here.Let S be a �nite set of types. An individual of type i 2 S lives for an exponentialtime with parameter ai > 0, and then splits into a random o�spring Ni = (Nij)j2Swith distribution pi on ZS+ and �nite means mij := E(Nij ) for all i; j 2 S; here, Nijis the number of j-
hildren, and Z+ = f0; 1; : : :g. We assume that the mean o�springmatrix M = (mij)i;j2S is irredu
ible.A

ording to Harris [10, Ch. VI℄, the asso
iated random family tree 
an be 
on-stru
ted as follows. Let X= Sn�0Xn, where Xn des
ribes the virtual n'th generation.That is,X0 = S, and i0 2X0 spe
i�es the type of the root, i.e., the founding an
estor.



Multitype bran
hing: the an
estral types 3Next, X1 = S � N, and the element x = (i1; `1) 2X1 is the `1'th i1-
hild of the root.Finally, for n > 1, Xn = Sn � Nn, and x = (i1; : : : ; in; `1; : : : ; `n) 2 Xn is the `n-thin-
hild of its parent ~x = (i1; : : : ; in�1; `1; : : : ; `n�1); see Fig. 1. We write �(x) = infor the type of x 2Xn. With ea
h x 2Xwe asso
iate� its random life time �x, distributed exponentially with parameter a�(x), and� its random o�spring Nx = (Nx;j)j2S 2ZS+ with distribution p�(x)su
h that the family f�x; Nx : x 2Xg is independent.The random variables Nx indi
ate whi
h of the virtual individuals x 2Xare a
tuallyrealized, namely those in the random set X = Sn�0Xn de�ned re
ursively byX0 = fi0g; Xn = fx = (~x; in; `n) 2Xn : ~x 2 Xn�1; `n � N~x;ing;where i0 is the pres
ribed type of the root. The random variables �x provide theproper time s
ale. Namely, for x 2 X, let the splitting times Tx be de�ned re
ursivelyby Tx = T~x + �x with T ~i0 := 0. The lifetime interval of x 2 X is then [T~x; Tx[. Hen
eX(t) = fx 2 X : T~x � t < Txg is the population at time t. One may visualize theresulting tree by identifying ea
h x 2 X with an edge from ~x to x with length �x inthe dire
tion of time.
τ

0

X(s)

Z(s) = (3,1,1)

ts

X(x,t)
x = (

N   = (1,2,1)

; 2,1),

Figure 1: A realization of the bran
hing pro
ess. Types are indi
ated by di�erent line types,indexed in the order (bla
k, grey, dashed), 
ounted from top to bottom, and symbolized by�lled 
ir
les. The set X(s) 
onsists of all edges that interse
t the verti
al line at s; the setX(x; t) 
onsists of all edges that emanate from x and hit the verti
al line at t. Z(s) 
ountsthe type frequen
ies in the population X(s).



4 H.-O. GEORGII AND E. BAAKEThe family tree is 
ompletely determined by the pro
ess X[0;1[ := �X(t)�t�0whi
h is a random element of 
 := D�[0;1[;Pf (X)�, the Skorohod spa
e of all 
�adl�agfun
tions on [0;1[ taking values in the (
ountable) set Pf (X) of all �nite subsets ofX.We write Pi for the distribution of X[0;1[ on 
 when the type of the root is i0 = i,and Ei for the asso
iated expe
tation. If i0 is 
hosen randomly with distribution �, wewrite P� and E� . We will often identify X[0;1[ with the 
anoni
al pro
ess on 
.For 0 < s < t and y 2 X(t) we write y(s) for its unique an
estor living at time s.On the other hand, for x 2 X(s) we letX(x; t) = �y 2X: xy 2 X(t)	 (2.1)denote the set of des
endants of x living at time t; 
f. Fig. 1. In the above, the
on
atenation xy of two strings x; y 2Xis de�ned in the obvious way, and the emptystring is 
onsidered as an an
estor of type �(x); i.e., X(x; t) = f�(x)g as long as x 2X(t). By the loss-of-memory property of the exponential distributions, the des
endanttrees X(x; [s;1[) = (X(x; t))t�s with x 2 X(s) are 
onditionally independent givenX[0; s℄, with distribution P�(x). We will also 
onsider the 
ounting measuresZ(t) = Xx2X(t) Æ�(x) ; Z(x; t) = Xy2X(x;t) Æ�(y) (2.2)on S, where Æi is the Dira
 measure at i. Z(t) and Z(x; t) 
ount the type frequen
ies inthe population X(t) resp. the subpopulation X(x; t) of x-des
endants. In parti
ular,Zj(t) is the 
ardinality of Xj(t) = fx 2 X(t) : �(x) = jg, the subpopulation of typej 2 S, and kZ(t)k :=Pj2S Zj(t) = jX(t)j is the total size of the population.It is well-known (
f. [2℄, p. 202, Eq. 9) that Ei (Zj(t)) = (etA)ij for all i; j 2 S, wherethe generator matrix A = (aij)i;j2S is given byaij = ai(mij � Æij) : (2.3)By the irredu
ibility of M, A is also irredu
ible, so that the �rst moment matrix(Ei (Zj(t)))i;j2S has positive entries for any t > 0. (This property is often 
alled`positive regularity', see [2, p. 202℄.) Perron-Frobenius theory then tells us that thematrix A has a prin
ipal eigenvalue � (i.e., a real eigenvalue ex
eeding the real partsof all other eigenvalues), and asso
iated positive left and right eigenve
tors � and hwhi
h will be normalized s.t. h�; 1i = 1 = h�; hi. Here we think of the row ve
tor �as a probability measure, of the 
olumn ve
tors h and 1 = (1; : : : ; 1)T as fun
tions onS, and of the s
alar produ
t h�; hi = Pi �ihi as the asso
iated expe
tation. We aremainly interested in the super
riti
al 
ase � > 0. In this 
ase we write
surv := fX(t) 6= ? for all t > 0gfor the event that the population survives for all times.It is a remarkable fa
t that the almost-sure behaviour of the family tree is, to alarge extent, already determined by the the global quantities �; �; h. One prominentexample is the following 
ontinuous-time version of the Kesten-Stigum theorem (see[16℄ for the dis
rete-time original, [1℄ for the 
ontinuous-time version, and [19℄ for there
ent dis
rete-time 
on
eptual proof).



Multitype bran
hing: the an
estral types 5Theorem 2.1. (Kesten-Stigum.) Consider the super
riti
al 
ase � > 0.(a) For all i 2 S we have1jX(t)j Xx2X(t) Æ�(x) = Z(t)kZ(t)k �!t!1 � Pi-almost surely on 
surv.(b) There is a nonnegative random variable W su
h thatlimt!1Z(t) e��t = W � Pi-almost surely for any i 2 S ;and Pi(W > 0) > 0 for all i if and only ifE(Nij logNij) <1 for all i; j 2 S. (2.4)In this 
ase, fW > 0g = 
surv Pi-almost surely, and hi = Ei (W ).For the sake of referen
e we provide here a full proof extending the 
on
eptualdis
rete-time proof of [19℄ to our 
ontinuous-time setting. Assertion (a) reveals thatthe left eigenve
tor � holds the asymptoti
 proportions of the types in the population,and statement (b) implies that � = limt!1 1t log jX(t)jis the almost sure exponential growth rate of the population in the 
ase of survival. Infa
t, this statement does not require 
ondition (2.4); see the proof of Theorem 3.3 inSe
tion 5.3. The i-th 
oordinate hi of the right eigenve
tor h measures the long-termfertility of an i-individual. In fa
t, hi is also 
hara
terized by the limiting relationEi�jX(t)j� e��t ! hi as t!1; (2.5)
f. Remark 4.1(a) below. 3. ResultsWe still 
onsider the super
riti
al 
ase � > 0. We are interested in the mutationbehaviour of the population tree. More spe
i�
ally, we ask for the behaviour of thesequen
e of types along a typi
al bran
h of this tree. It turns out that this behaviouris again 
ompletely determined by the global quantities �; �; h. A key role is playedby the probability ve
tor � = (�i)i2S with 
omponents �i = �ihi. As observed byJagers [14, Corollary 1℄, Jagers and Nerman [15, Prop. 1℄, and Hermisson et al. [11℄,this probability ve
tor des
ribes the distribution of an
estral types of an equilibriumpopulation with type frequen
ies given by �. The ve
tor � will therefore be 
alled thean
estral distribution. Our results below shed some additional light on the signi�
an
eof �.To begin, we 
onsider a typi
al individual x 2 X(t) alive at some large time t andask for the type �(x(t�u)) of its an
estor x(t�u) living at some earlier time t�u.We �nd that �(x(t�u)) is asymptoti
ally distributed a

ording to �. Spe
i�
ally, let0 < u < t and Au(t) = 1jX(t)j Xx2X(t) Æ�(x(t�u)) (3.1)



6 H.-O. GEORGII AND E. BAAKEbe the empiri
al an
estral type distribution at time t�u taken over the populationX(t). (Of 
ourse, this de�nition requires that X(t) 6= ?.)Theorem 3.1. (Population average of an
estral types.) Let � > 0 and i 2 S. Thenlimu!1 limt!1Au(t) = � Pi-almost surely on 
surv. (3.2)The proof will be given in Se
tion 5.2. We would like to remark that a slightly weakerresult under slightly stronger 
onditions (
onvergen
e in probability under assumption(2.4)) follows immediately from Corollary 4 of Jagers and Nerman [15℄, where verygeneral population averages are 
onsidered.Remark 3.1. Assertion (3.2) means that, for ea
h j 2 S, the averageAuj (t) = 1jX(t)j Xx2X(t) If�(x(t�u)) = jg(with If:g denoting the indi
ator fun
tion) 
onverges to �j Pi-almost surely on 
survas t ! 1 and u ! 1 in this order. Letting s = t�u, we 
an rewrite this average inthe form Xx2Xj (s) jX(x; t)j. Xx2X(s) jX(x; t)j ;where X(x; t) is given by (2.1). The numbers jX(x; t)j with x 2 Xj(s) are i.i.d.with mean Ej (jX(u)j). Assuming the validity of a law of large numbers and usingTheorem 2.1(a) and Eq. (2.5), we 
an 
on
lude that the average above 
onverges to�jhj=h�; hi = �j as s; u !1. This explains the parti
ular stru
ture of the an
estraldistribution �.In our next theorem we ask for the time average of types along the line of des
entleading to a typi
al x 2 X(t). This time average is given by the empiri
al distributionLx(t) = 1t Z t0 Æ�(x(s)) dsof the pro
ess �(x[0; t℄) = ��(x(s))�0�s�t. Note that Lx(t) belongs to the simplex P(S)of all probability ve
tors on S; P(S) will be equipped with the usual total variationdistan
e k � k. To des
ribe the behaviour of Lx(t) for a typi
al x 2 X(t) we have tostep one level higher and to 
onsider the empiri
al distribution of Lx(t) taken overthe population x 2 X(t). This empiri
al distribution belongs to P(P(S)), the set ofprobability measures on P(S), whi
h will be equipped with the weak topology.Theorem 3.2. (Time average of an
estral types.) Let � > 0 and i 2 S. Thenlimt!1 1jX(t)j Xx2X(t) ÆLx(t) = Æ� Pi-almost surely on 
surv. (3.3)Remark 3.2. (a) A

ording to the portmanteau theorem [8, p. 108, Th. 3.1℄, state-ment (3.3) is equivalent to the assertion thatlimt!1 1jX(t)j Xx2X(t) IfLx(t) 2 Fg = 0 for ea
h 
losed F � P(S) with � =2 F



Multitype bran
hing: the an
estral types 7Pi-almost surely on 
surv , and it is suÆ
ient to 
he
k this in the 
ase when F = f� 2P(S) : k� � �k � "g with arbitrary " > 0. The theorem therefore asserts that, forall individuals x 2 X(t) up to an asymptoti
ally negligible fra
tion, the an
estral typeaverage Lx(t) is 
lose to �.(b) Theorem 3.2 involves a population average of time averages. So one may askwhether the averaging of population and time 
an be inter
hanged. It follows fromTheorem 3.1 that this is indeed the 
ase:limt!1 1t Z t0 ÆAu(t) du = Æ�almost surely on 
surv.Theorem 3.2 is in fa
t a 
orollary of our next theorem whi
h 
onsiders the 
ompletemutation history along a typi
al line of des
ent. To state this result we need somepreparations. We introdu
e �rst the mutation pro
ess on S whi
h will turn out todes
ribe the time-averaged mutation behaviour along an an
estral line.De�nition: The retrospe
tive mutation 
hain is the Markov 
hain (�(t))t�0 on Swhi
h stays in a state i 2 S for an exponential holding time with parameter ai+� andthen jumps to j 2 S with probabilitypij = mij hj(1+�=ai)hi :That is, the generator G = (gij)i;j2S of (�(t))t�0 is given bygij = (ai+�)(pij � Æij) = h�1i (aij � �Æij)hj :We note that G is indeed a generator be
ause aiPj2Smijhj = Pj2S(aiÆij +aij)hj = (ai+�)hi by (2.3). Sin
e M is irredu
ible by assumption, G is irredu
ible aswell. It is also immediate that the an
estral distribution � is the (unique) stationarydistribution of G. The retrospe
tive mutation 
hain was identi�ed by Jagers [13, p. 195℄and may be interpreted as the forward version of the ba
kward Markov 
hain [15,Proposition 1℄ that results from pi
king individuals randomly from the stationary typedistribution � and following their lines of des
ent ba
kward in time. This gives thetransition rates �gij = �j(aji � �Æij)��1i = �jgji��1i ; (3.4)whi
h 
orresponds to the time reversal of the retrospe
tive mutation 
hain.To set up the stage for Theorem 3.3 we let � = D(R; S) denote the spa
e of all doublyin�nite 
�adl�ag paths in S. � will be equipped with the usual Skorohod topology whi
hturns � into a Polish spa
e; see e.g. [8℄, Se
tion 3.5 and in parti
ular Th. 5.6, for the
ase of the time interval [0;1[. The asso
iated Borel �-algebra 
oin
ides with the�-algebra generated by the evaluation maps � 3 � ! �(t), t 2 R [8, p. 127, Prop. 7.1℄.The time shift #s on � is de�ned by#s�(t) = �(t+ s) ; s; t 2 R; � 2 �:



8 H.-O. GEORGII AND E. BAAKEWe write P�(�) for the set of all probability measures on � whi
h are invariant underthe shift group � = (#s)s2R. Endowed with the weak topology, P�(�) is a Polishspa
e [8, p. 101, Th. 1.7℄.Next we introdu
e the time-averaged type evolution pro
ess of an individual in thepopulation tree. For t > 0 and x 2 X(t) we let �(x)t;per 2 � be de�ned by�(x)t;per(s) = �(x(st)) ; s 2 R ; (3.5)where st is the unique number in [0; t[ with s � st mod t. That is, �(x)t;per 2 �is the periodi
ally 
ontinued type history of x up to time t. The time-averaged typeevolution of x is then des
ribed by the empiri
al type evolution pro
essRx(t) = 1t Z t0 Æ#s�(x)t;per ds 2 P�(�): (3.6)We are interested in the typi
al behaviour of Rx(t) when x is pi
ked at random fromX(t), the population at time t. This is 
aptured in their empiri
al distribution, i.e.,the population average �(t) := 1jX(t)j Xx2X(t) ÆRx(t) : (3.7)(As before, this de�nition requires that X(t) 6= ?.) �(t) is a random element ofP(P�(�)), the set of all probability measures on the Polish spa
e P�(�), whi
h isagain equipped with the weak topology. In Se
tion 5.3 we will prove:Theorem 3.3. (Typi
al an
estral type evolution.) Let � > 0 and i 2 S. Thenlimt!1�(t) = Æ� Pi-almost surely on 
surv, (3.8)where � 2 P�(�) is the distribution of the stationary (doubly in�nite) retrospe
tivemutation 
hain (�(t))t2Rwith generator G and invariant distribution �.Remark 3.3. As in Remark 3.2(a), the portmanteau theorem implies that (3.8) isequivalent to the assertion that, Pi-almost surely on 
surv, �(t)(F ) ! 0 for every
losed F � P�(�) su
h that � =2 F . Writing d(�; �) for any metri
 metrizing the weaktopology on P�(�) this in turn means that, for ea
h " > 0,limt!1 1jX(t)j Xx2X(t) I�d(Rx(t);�) � "	 = 0Pi-almost surely on 
surv. The theorem therefore states that, for all individuals x 2X(t) up to an asymptoti
ally negligible fra
tion, the time-averaged an
estral typeevolution pro
ess Rx(t) is 
lose to � in the weak topology. Theorem 3.3 also highlightsthe restrospe
tive nature of our mutation 
hain: it des
ribes the evolution of typesalong those lines of des
ent whi
h survive until time t (and thus 
an be seen when atime-t individual looks ba
k into the past).



Multitype bran
hing: the an
estral types 94. Size-biasing of the family treeIn this se
tion we 
onstru
t a 
ontinuous-time version of the size-biased multitypeGalton-Watson tree as introdu
ed by Lyons, Pemantle, Peres, and Kurtz [20, 19℄.Informally, this is a tree with a randomly sele
ted trunk (or spine) along whi
h timeruns at a di�erent rate and o�spring is weighted a

ording to its size; in parti
ular,there is always at least one o�spring along the trunk so that the trunk survives forever.The 
hildren o� the trunk get ordinary (unbiased) des
endant trees (the bushes). Itwill turn out that the trunk of the size-biased tree des
ribes the evolution along atypi
al an
estral line that survives up to some �xed time. The 
onstru
tion is not
on�ned to the super
riti
al 
ase; that is, in this se
tion � 
an have arbitrary sign.First of all, for ea
h type i 2 S we introdu
e the size-biased o�spring distributionbpi(�) = h�; hi pi(�)
i hi ; � 2ZS+; (4.1)where h�; hi = Pj �jhj and 
i = 1 + �=ai is a normalizing 
onstant. bpi will serveas the o�spring distribution of an i-individual on the trunk; it is indeed a probabilitydistribution sin
eX�2ZS+h�; hi pi(�) =Xj2Smijhj =Xj2S(Æij + aij=ai)hj = 
i hiby (2.3); note that 
i is automati
ally positive. Next, when an i-individual on the trunkhas o�spring bNi = ( bNij)j2S with distribution bpi, one of these o�spring is 
hosen as thesu

essor on the trunk, where 
hildren are pi
ked with probability proportional to hjwhen their type is j. That is, the su

essor is of type j with probability bNij hj=h bNi; hifor a given o�spring, and with probabilitypij = E� bNij hjh bNi; hi� = mij hj
i hion average. These are pre
isely the jump probabilities of the retrospe
tive mutation
hain. Finally, the lifetime of an i-individual on the trunk will be exponential withparameter ai+�, whi
h 
oin
ides again with the holding time parameter of the retro-spe
tive mutation 
hain. A 
orresponding embedded 
hain 
ombined with size-biasedwaiting times also o

urs when more general non-Markovian populations (i.e., withwaiting times deviating from the exponential distribution) are tra
ed ba
kwards, see[15, Proposition 1℄.We now 
onstru
t the size-biased tree in detail. Let f�x; Nx : x 2 Xg be as inSe
tion 2 and, independently of this, a sequen
e fb�n; bNn; �n : n � 0g of randomvariables with values in ℄0;1[ ;ZS+;Xrespe
tively su
h that, for a given type i0 = i ofthe root, �0 = i and� b�0; bN0 are independent, b�0 has exponential distribution with parameter ai+�, bN0has distribution bpi, and �1 has 
onditional distributionP ��1 = (i1; `1)j bN0; b�0� = hi1h bN0; hi If`1 � bN0;i1gfor all (i1; `1) 2X1.



10 H.-O. GEORGII AND E. BAAKE� For any n � 1, 
onditionally on Fn�1 = �fb�k; bNk; �k+1 : k < ng, b�n; bNn areindependent and follow an exponential law with parameter a�(�n)+� resp. thelaw bp�(�n), andP ��n+1 = (�n; in+1; `n+1)jFn�1; b�n; bNn� = hin+1h bNn; hiIf`n+1 � bNn;in+1gfor all (in+1; `n+1) 2 S � N, i.e., �n+1 is a 
hild of �n sele
ted randomly withweight proportional to h�(�n+1).De�ne bX = Sn�0 bXn �Xre
ursively by bX0 = fig and bXn = bX℄n [ bX[n withbX℄n = f(�n�1; in; `n) 2Xn : `n � bNn�1;ing;the o�spring of �n�1, andbX[n = f(~x; in; `n) 2Xn : ~x 2 bXn�1 n f�n�1g; `n � N~x;ingthe o�spring of all other individuals in bXn�1. (Note that in the last display there is nohat on N ; that is, the bushes have unbiased o�spring.) The split times bTx are givenby bT�0 = b�0, bT�n = bT�n�1 + b�n for n � 1, and bTx = bT~x + �x if x 2 bX n f�n : n � 0g.(Again, in the latter 
ase there is no hat on � , meaning that the individuals o� thetrunk have unbiased life times.) The total population at time t is then given bybX(t) = fx 2 bX : bT~x � t < bTxg :The sele
ted trunk individual at time t is �(t) = �n if bT�n�1 � t < bT�n , and the pro
ess� bX(t); �(t)�t�0 in 
� := D�[0;1[;Pf (X)�X� = 
� D�[0;1[;X� des
ribes the size-biased tree with trunk ��(t)�t�0. As we have emphasized above, the type pro
ess alongthe trunk, �(t) := ���(t)�, is a 
opy of the retrospe
tive mutation 
hain as de�ned inSe
tion 3. In 
ontrast, the individuals o� the trunk may be understood as a bran
hingpro
ess with immigration.We write bPi� for the distribution of � bX(t); �(t)�t�0 on 
�, and bPi for its marginal,the distribution of � bX(t)�t�0 on 
. The representation theorem below establishesthe relationship between Pi, bPi� and the retrospe
tive mutation 
hain. We use theshorthand y[0; t℄ for a path �y(s)�0�s�t.Theorem 4.1. Let t > 0, i 2 S, and F : D�[0; t℄;Pf(X) � X� ! [0;1[ be anymeasurable fun
tion. Then one hash�1i Ei�e��t Xx2X(t)F �X[0; t℄; x[0; t℄�h�(x)� = bEi��F � bX [0; t℄; �[0; t℄�� : (4.2)Re
all that this theorem is valid for arbitrary sign of �. The proof is postponed untilSe
tion 5.1. Here we dis
uss some immediate 
onsequen
es and possible extensions.
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hing: the an
estral types 11Remark 4.1. (a) Setting F (X[0; t℄; x[0; t℄) = I��(x(t)) = j	 h�1j in (4.2) and usingthe ergodi
 theorem for the retrospe
tive mutation 
hain ���(t)� we obtain the Perron-Frobenius resultEi�Zj(t)� e��t = hi bPi���(�(t)) = j� h�1j �!t!1 hi �j h�1j = hi �j : (4.3)In parti
ular, Eq. (2.5) follows by summing over j.(b) Taking any F of the form F (X[0; t℄; x[0; t℄) = g(X[0; t℄) we 
on
lude thath�1i Ei�W (t) g(X[0; t℄)� = bEi�g( bX [0; t℄)�with W (t) := hZ(t); hi e��t :In parti
ular, hi = Ei�W (t)�. Thus, on the �-algebra Ft generated by X[0; t℄, bPi isabsolutely 
ontinuous with respe
t to Pi with density W (t)=hi, and (W (t))t�0 is amartingale with respe
t to Pi. The latter statement is one of the standard fa
ts ofbran
hing pro
ess theory; see e.g. [2℄, p. 209, Theorem 1.(
) Theorem (4.1) has the appearan
e of the Campbell theorem of point pro
esstheory; see, e.g., [21℄, pp. 14 & 228. To 
larify the relation let t > 0 be �xed and�(t) = �x[0; t℄ : x 2 X(t)	the �nite random subset of D�[0; t℄;X� whi
h des
ribes the lineages that survive untiltime t. Also, let Cit be the measure on Pf �D�[0; t℄;X�� � D�[0; t℄;X� with Radon-Nikodym density e�t hi h�1�(�(t)) relative to the joint distribution of b�(t) = �x[0; t℄ : x 2bX(t)	 and �[0; t℄ under bPi�. Theorem (4.1) then implies thatEi� X 2�(t)F ��(t);  �� = Z F (	;  )Cit(d	; d )for any measurable F � 0, i.e., Cit is the Campbell measure of �(t) under Pi. Thisassertion, however, is slightly weaker than Theorem (4.1) be
ause X[0; t℄ also in
ludesthe lineages that die out before time t.Remark 4.2. In the above, the size-biased tree was 
onstru
ted using the right eigen-ve
tor h as a weight on the types. As a matter of fa
t, the same 
onstru
tion 
anbe 
arried out when h is repla
ed by an arbitrary weight ve
tor 
 2 ℄0;1[S , and arepresentation theorem analogous to Theorem (4.1) 
an be obtained. We dis
uss hereonly the spe
ial 
ase 
 � 1 whi
h is of parti
ular interest, and already appears in [9,Theorem 2℄ in the 
ontext of 
riti
al multitype bran
hing. The size-biased o�springdistribution asso
iated with this 
ase isepi(�) = k�k pi(�)=mi ; � 2ZS+;where k�k = Pj �j is the total o�spring and mi = Pjmij its expe
tation under pi.The lifetime of an i-individual on the trunk is exponential with parameter aimi, andthe su

essor on the trunk is 
hosen among the 
hildren with equal probability. Writing



12 H.-O. GEORGII AND E. BAAKEa tilde (instead of a hat) to 
hara
terize all quantities of the asso
iated size-biased tree,one arrives at the following 
ounterpart of (4.2):Ei� Xx2X(t) e�thLx(t);ri F �X[0; t℄; x[0; t℄�� = eEi��F � eX[0; t℄; ~�[0; t℄�� : (4.4)In the above, r is the ve
tor with i-
oordinate ri = ai(mi � 1) = Pj aij, the meanreprodu
tion rate of type i. A

ordingly, the expe
tation hLx(t); ri is the mean repro-du
tion rate along the lineage leading to x at time t. The type pro
ess along the trunk,~�(t) := ��~�(t)�, is the Markov 
hain with transition rates ~gij = aimij�mi Æij . In viewof the de
omposition aij = ~gij + riÆij , this Markov 
hain des
ribes the pure mutationpart of the type evolution.On the left-hand side of (4.4), ea
h individual is weighted a

ording to the meanfertility of its lineage. Indeed, suppose we are given a lineage up to time t of whi
h weknow only the intervals of time spent in ea
h state i 2 S, and imagine that randomsplit events and independent random o�spring sizes are distributed over [0; t℄ withthe appropriate rates and distributions. The number �i of split events during thesojourn in state i is then Poisson with parameter ait�i, where �i is the fra
tion of timespent in state i; and the expe
ted total o�spring at ea
h of these events is mi. Sin
eo�spring sizes are independent, the expe
ted produ
t of o�spring sizes along the lineagethen amounts to Qi2S E�m�ii � = eth�;ri. A result similar to (4.4), with an analogousinterpretation of the exponential fa
tor, already appears in [3, p. 127℄ in the 
ontextof Palm trees for spatially inhomogeneous bran
hing.Here are some 
onsequen
es of (4.4):(a) For F (X[0; t℄; x[0; t℄) = exp � t hLx(t); ri� If�(x(t)) = jg, Eq. (4.4) be
omesEi�Zj(t)� = eEi��et hL~�(t);ri If�(~�(t)) = jg� ; (4.5)whi
h is a version of the Feynman-Ka
 formula. Indeed, 
onsider the fun
tion u(t; i) =Ei(Zj(t)) for �xed j. Sin
e u(t; i) = (etA)ij, it follows that u(t; i) is the unique solutionof the Cau
hy problemddt u(t; i) =Xk2S ~gik u(t; k) + ri u(t; i); u(0; i) = Æij ;whi
h is given by the Feynman-Ka
 formula.(b) Summing over j in (4.5) and using Varadhan's lemma of large deviation theory(see [12, p. 32℄ or [23, Theorem 2.1℄) together with (2.5) we arrive at the variationalprin
iple � = limt!1 1t log Ei�jX(t)j� = max�2P(S) �h�; ri � IeG(�)� ;where IeG is the large deviation rate fun
tion for the empiri
al distribution of the Markov
hain with transition rates ~gij; 
f. (5.10) for its de�nition in the 
ase of the transitionrates gij. In fa
t, it is not diÆ
ult to see that the maximum is attained at (and onlyat) the an
estral distribution �. This variational prin
iple is behind the one found in[11℄.
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) Just as in Remark 4.1(b) we �nd thatfW (t) := Xx2X(t) e�thLx(t);riis a martingale. In this martingale (whi
h does not seem to have been 
onsidered sofar), ea
h individual at time t is weighted a

ording to the mean fertility of its lineage.5. Proofs5.1. Transforming the treeHere we prove Theorems 4.1 and 2.1(b). For the former we do not need that � ispositive.Proof of Theorem 4.1. It is suÆ
ient to show thatbEi��F ( bX[0; t℄; �[0; t℄) ; �(t) = x� = e��t h�1i h�(x) Ei�F (X[0; t℄; x[0; t℄) ; x 2 X(t)�(5.1)for all x 2 X; the theorem then follows by summation over all x 2 X. Suppose thatx = (i1; : : : ; in; `1; : : : ; `n) 2 Xn, and let xk = (i1; : : : ; ik; `1; : : : ; `k) be its an
estor ingeneration k, 0 � k � n.Consider the right-hand side of (5.1) and write e��t h�1i h�(x) = q1 q2 q3 withq1 = e��t n�1Yk=0 
ik ; q2 = n�1Yk=0 hNxk ; hi
ik hik ; q3 = n�1Yk=0 hik+1hNxk ; hi ;of 
ourse, the random quantities q2 and q3 must then be in
luded into the expe
tation.The fa
tor q1 
orresponds to the time 
hange obtained when the exponential parameteraik is repla
ed by aik+� = aik
ik along the an
estral line of x, i.e., when �xk is repla
edby b�k for k = 0; : : : ; n. Indeed, the asso
iated Radon-Nikodym density is�q1 = e��Tx nYk=0 
ik :Conditioning �q1 on the tree X[0; t℄ up to time t and using the loss of memory propertyof the exponential law of �x we �nd that, almost surely on fT~x � tg,Ei� �q1 ��X[0; t℄ � = e��t Ei�e��(Tx�t) ��Tx > t� nYk=0 
ik = q1 :Next, it is immediate from (4.1) that the fa
tor q2 is pre
isely the Radon-Nikodymdensity 
orresponding to a 
hange from Nxk to the size-biased o�spring bNk for k =0; : : : ; n� 1. Finally, q3 is the 
onditional sele
tion probability for the trunk:q3 = bPi��k+1 = xk+1 for 0 � k < n �� bX [0; t℄� :The right-hand side of (5.1) is therefore equal tobEi��F ( bX[0; t℄; x[0; t℄) ; bT~x � t < bTx; �k+1 = xk+1 for 0 � k < n�= bEi��F ( bX[0; t℄; �[0; t℄) ; �(t) = x� ;



14 H.-O. GEORGII AND E. BAAKEas was to be shown.In the rest of this paper we assume that � > 0.Proof of Theorem 2.1(b). The basi
 observation is that the martingale W (t) =hZ(t); hi e��t 
onsidered in Remark 4.1(b) 
onverges to a �nite limiting variableW � 0Pi-almost surely for ea
h i. When 
ombined with Theorem 2.1(a) to be proved below,this implies the asserted 
onvergen
e result. The essential part of the proof 
onsistsin showing that W is nontrivial if and only if 
ondition (2.4) holds. There are twopossible routes to a
hieve this.Either one 
an 
onsider a dis
rete time skeleton ÆN and simply apply the dis
rete-time version of the Kesten-Stigum theorem. For this one has to 
he
k that 
ondition(2.4) holds if and only if Ei (Zj(Æ) logZj(Æ)) <1 for all i; j 2 S, whi
h 
an be done.Or, more naturally, one 
an use Theorem 4.1 to extend the 
on
eptual proof of Lyonset al. [20℄ and Kurtz et al. [19℄ dire
tly to 
ontinuous time. We spell out some detailsfor the 
onvenien
e of the reader. As in [20℄, one observes �rst that W is nontrivialif and only if bPi is absolutely 
ontinuous with respe
t to Pi (with Radon-Nikodymdensity W=hi), whi
h is the 
ase if ond only iflim supt!1 
W (t) <1 bPi-almost surely; (5.2)here we have put a hat on W to stress the 
hange of the underlying measure.To 
he
k that (5.2) is equivalent to (2.4) one noti
es �rst that (2.4) is equivalent toE� logh bNi; hi� <1 for all i 2 S, (5.3)by the properties of log and Eq. (4.1). Next one observes that bX(t) n f�(t)g is abran
hing pro
ess with immigration at the split times of the trunk �(t). Spe
i�
ally,let bT(n) := bT�n be the n-th split time and bN(n) = bN�n the n-th o�spring of the trunk.The bN(n) are independent (
onditionally on the trunk), with distribution bp�(�n).Suppose �rst (5.3) fails, and pi
k any j 2 S with E� logh bNj ; hi� = 1. Considerthe subsequen
e ( bT(nl))l�1 of split times of the trunk for whi
h �(�nl) = j. Sin
e therandom variables logh bN(nl); hi are i.i.d. with in�nite mean, a standard Borel-Cantelliargument shows that lim supl!1 l�1 logh bN(nl); hi = 1 almost surely. On the otherhand, lim supl!1 bT(nl)=l <1 a.s. be
ause the di�eren
es bT(nl+1)� bT(nl) are i.i.d. with�nite mean. This giveslim supl!1 
W ( bT(nl)) � lim supl!1 h bN(nl); hi e��bT(nl) =1 a.s.,so that (5.2) fails.Conversely, suppose (5.3) holds. As in Se
tion 4, we 
onsider the o�spring bX℄n+1 ofthe trunk 
reated at time bT(n) having type 
ounting measure bN(n). We also introdu
ethe �-algebra T generated by the trunk variables f bT(n); bN(n) : n � 0g and use a tilde to
hara
terize the trunk-redu
ed quantities obtained by removing the trunk individuals
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estral types 15from the population. Then for ea
h t > 0 we obtain, with the notation (2.2),bEi��fW (t)��T � = Xn: bT(n)�t e�� bT(n) bEi�� Xx2 eX℄n+1hZ(x; t); hi e��(t�bT(n))��� T �= Xn: bT(n)�t e�� bT(n) h eN(n); hiby the martingale property ofW (t) applied to the des
endant trees X(x; �). Now, (5.3)and a Borel-Cantelli argument imply that n�1 logh bN(n); hi ! 0 almost surely. On theother hand, lim infn!1 bT(n)=n > 0 by the law of large numbers, when
eXn�0 e��bT(n)h eN(n); hi <1 a.s.This means that, 
onditionally on T , fW (t) is a submartingale with bounded expe
-tation, whi
h gives (5.2) by the submartingale 
onvergen
e theorem and �nishes theproof of Theorem 2.1(b). The �nal identity fW > 0g = 
surv a.s. follows from thetrivial in
lusion fW > 0g � 
surv and the well-known fa
t that qi = Pi(W = 0) solvesthe equation qi = E� Qj2S qNijj � whi
h has the extin
tion probabilities as unique non-trivial solution [2, p. 205, Eq. (25)℄.5.2. Laws of large numbers for population averagesIn this se
tion we are 
on
erned with laws of large numbers for population averages.We state a general su
h law for dis
rete time skeletons and then use it to proveTheorems 2.1(a) and 3.1. Re
all from (2.1) that, for t; u > 0 and x 2 X(t), thepath X(x; [t; t+u℄) = �X(x; t+s)�0�s�u des
ribes the subtree of x-des
endants duringthe time interval [t; t+u℄.Proposition 5.1. Let Æ; u > 0, i; j 2 S, and f : D�[0; u℄;P(X)�! R be a measurablefun
tion with existing mean 
j = Ej �f ÆX[0; u℄�. Thenlimn!1 1Zj(nÆ) Xx2Xj(nÆ) f ÆX(x; [nÆ; nÆ + u℄) = 
j Pi-almost surely on 
surv .Proof. This result follows essentially from Lemmas 3 and 4 in [19℄. Sin
e thisreferen
e 
ontains no proof of the former, we provide a proof here for the sake of
ompleteness.We assume �rst that Æ is so large that u < Æ and � := Ej (Zj(Æ)) > 1. Su
h a Æexists be
ause � > 0 and A is irredu
ible. Let FnÆ denote the �-algebra generated byX[0; nÆ℄. Sin
e u < Æ, for ea
h n � 1 the random variables 'n;x := f ÆX(x; [nÆ; nÆ+u℄)with x 2 Xj(nÆ) are F(n+1)Æ-measurable and, 
onditionally on FnÆ, i.i.d. with mean 
j.This implies that the sequen
e ('l)l�1 on 
surv obtained by enumerating �rst f'1;x :x 2 Xj(Æ)g in some order, then f'2;x : x 2 Xj(2Æ)g and so on, is still i.i.d. with mean
j. The strong law of large numbers therefore implies that limk!1(1=k)Pkl=1 'l = 
jPi-almost surely on 
surv, and thus in parti
ular that the subsequen
eAn := 1	n nXl=1 Xx2Xj (lÆ)'l;x
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onverges to 
j Pi-almost surely on 
surv as n ! 1; here 	n = Pnl=1  l with  l =Zj(lÆ).Next, the sequen
e ( l)l�1 dominates a single-type dis
rete-time Galton-Watsonpro
ess with mean � > 1, and the latter survives pre
isely on 
surv. By Lemma 4 of[19℄, it follows that lim infl!1  l+1= l � � almost surely on 
surv. This implies thatlim supn!1 	n�1= n = lim supn!1 n�1Xl=1  l= n <1almost surely on 
surv. As1 n Xx2Xj (nÆ)'n;x = An + (An � An�1)	n�1= n ;the proposition follows in the 
ase of large Æ.If Æ > 0 is arbitrary, we 
hoose some k 2 N su
h that Æ0 := kÆ is so large asrequired above. Let 0 � l < k. Applying the pre
eding result to ea
h of the subtreesX(x; [lÆ;1[) with x 2 X(lÆ) and averaging, we then �nd thatlimn!1 1 nk+l Xx2Xj ((nk+l)Æ)'nk+l;x = 
jPi-almost surely on 
surv, and the proof is 
omplete.A typi
al appli
ation of the pre
eding proposition is the following 
orollary. Considerthe Xj(s)-averaged type 
ounting measureCj;u(s) = 1Zj(s) Xx2Xj(s)Z(x; s+u) (5.4)at time s+u, where Z(x; s+u) is de�ned by (2.2). Proposition 5.1 then immediatelyimplies the following 
orollary.Corollary 5.1. For any Æ; u > 0 and i; j 2 S,Cj;u(nÆ) �!n!1 Ej (Z(u)) Pi-almost surely on 
surv .To pass from a dis
rete time skeleton to 
ontinuous time we will use the following
ontinuity lemma whi
h follows also from Proposition 5.1.Lemma 5.1. Given " > 0, there exists some Æ > 0 su
h that for all i; j 2 S and k 2 None has lim supn!1 supnÆ�s�(n+1)Æ kZ(s)kkZ(nÆ)k < 1 + " ; (5.5)lim infn!1 infnÆ�s�(n+1)Æ Zj(s)Zj(nÆ) > 1� " ; (5.6)
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estral types 17and lim infn!1 infnÆ�s�(n+1)Æ infkÆ�u�(k+1)Æ Xy2Xj (s)kZ(y; s+u)kXy2Xj (nÆ)kZ(y; nÆ+kÆ)k > 1� " (5.7)Pi-almost surely on 
surv .Proof. We begin by proving the upper bound (5.5). For nÆ � s � (n+1)Æ we 
anwrite kZ(s)k = Xx2X(nÆ) jX(x; s)j � Xx2X(nÆ)M (x; [nÆ; (n+1)Æ℄) ;where M (x; [nÆ; (n+1)Æ℄) = maxnÆ�s�(n+1)Æ jX(x; s)j. Hen
esupnÆ�s�(n+1)Æ kZ(s)kkZ(nÆ)k � maxj2S 1Zj(nÆ) Xx2Xj (nÆ)M (x; [nÆ; (n+1)Æ℄) :By Proposition 5.1, the last expression 
onverges to m(Æ) := maxj2S Ej �M (0; [0; Æ℄)�almost surely on 
surv. Now, M (0; [0; Æ℄) is dominated by the total size at time Æ ofthe modi�ed bran
hing pro
ess for whi
h the random variables Nx;�(x) in Se
tion 2are repla
ed by Nx;�(x) _ 1, so that ea
h individual has at least one o�spring of itsown type. The latter pro
ess has a �nite generator matrix, say A+. Hen
e m(Æ) �maxj(eÆA+1)j ! 1 as Æ ! 0. This 
ompletes the proof of (5.5).Next we note that (5.6) follows from (5.7) by setting u = k = 0. So it only remainsto prove (5.7). Let nÆ � s � (n+1)Æ and kÆ � u � (k+1)Æ. Considering only thoseindividuals y 2 X(s) already alive at time nÆ and still alive at time (n+1)Æ, and onlythose des
endants z 2 X(y; s+u) living during the whole period [(n+k)Æ; (n+k+2)Æ℄,we obtain the estimateXy2Xj (s) kZ(y; s+u)k � Xx2Xj (nÆ) If�x;nÆ > Æg Xz2X(x;(n+k)Æ) If�z;(n+k)Æ > 2Æg :Here we write �x;t = inffu > 0 : �(x) 62 X(t+u)g = Tx � t for the remaining life timeof x 2 X(t) after time t. Proposition 5.1 therefore implies that the left-hand side of(5.7) is at least Ej�If�j;0 > Æg Xz2X(kÆ) If�z;kÆ > 2Æg�.Ej �jX(kÆ)j� (5.8)Pi-almost surely on 
surv. By the Markov property, the numerator is equal toEj�If�j;0 > Æg Xz2X(kÆ) exp[�2Æa�(z)℄� � e�2Æa Ej �If�j;0 > Æg jX(kÆ)j�with a = maxi ai. The ratio in (5.8) is therefore not smaller than e�2Æa (1� "k), where"k = Ej�If�j;0 � Æg jX(kÆ)j�.Ej �jX(kÆ)j� :



18 H.-O. GEORGII AND E. BAAKEFor k = 0 we have "0 = 1� e�Æaj . For k � 1 we 
an use Theorem 4.1 to obtain"k = bEj��If�j;0 � Æg h�1�(�(kÆ))�Æ bEj��h�1�(�(kÆ))� � maxi himini hi (1� e�Æ(a+�)) :Hen
e, if Æ is suÆ
iently small then the ratio in (5.8) is larger than 1� ".We are now ready for the proofs of Theorem 2.1(a) and 3.1.Proof of Theorem 2.1(a). Essentially we reprodu
e here the argument of [19℄. Let" > 0 be given and "0 > 0 be su
h that, for every � 2 P(S), k� � �k < " wheneverka� � �k < "0 for some a > 0. Let Æ > 0 be so small as required in Lemma 5.1.A

ording to (4.3), we 
an 
hoose some u 2 ÆN so large that

Ej �Z(u) e��u�� hj �

 < "0 mini2S hifor all j 2 S. Corollary 5.1 then implies that, Pi-almost surely on 
surv,

Cj;u(s) e��u � hj �

 < "0 mini2S hifor all suÆ
iently large s 2 ÆN. Writing �(t) = Z(t)=kZ(t)k and a(t) = kZ(t)k e��uhZ(t�u);hi fort > u, we 
on
lude that

a(t)�(t) � �

 � 1hZ(t�u); hi Xj2S Zj(t�u) 

Cj;u(t�u) e��u � hj �

 < "0and therefore 

�(t) � �

 < " for all suÆ
iently large t 2 ÆN a.s. on 
surv. Finally,using (5.5) and (5.6) we �nd that �j(t) > (1�2")�j�" for all j 2 S and all suÆ
ientlylarge real t, again a.s. on 
surv . Sin
e " was arbitrary and �(t); � 2 P(S), this givesthe desired 
onvergen
e result.Proof of Theorem 3.1. Re
all the de�nition (3.1) of Au(t) 2 P(S), the X(t)-averageof the an
estral type distribution at time t�u, and let �u 2 P(S) be given by its
oordinates �uj = �j Ej (kZ(u)k) e��u. Sin
e �u ! � as u!1 by (2.5), it is suÆ
ientto show that Pi�8u > 0 : Au(t) �!t!1 �u ���
surv� = 1: (5.9)Fix any j 2 S, u > 0 and Æ > 0. By Corollary 5.1,

Cj;u(s)

! Ej �kZ(u)k� as s!1 through ÆNPi-almost surely on 
surv. Combining this with Remark 3.1 and Theorem 2.1(a) weobtain, writing again �j(s) := Zj(s)=kZ(s)k,Auj (s + u) = Zj(s) kCj;u(s)kjX(s + u)j = �j(s) kCj;u(s)kPk2S �k(s) kCk;u(s)k�!ÆN3s!1 �j Ej �kZ(u)k�.E� �kZ(u)k� = �ujPi-almost surely on 
surv.
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estral types 19Next let " > 0 be given and Æ > 0 be 
hosen a

ording to Lemma 5.1. Applying theabove to u = kÆ with arbitrary k 2 N and using (5.5) and (5.7) we �nd thatPi�8u > 0 8 j 2 S : lim inft!1 Auj (t) > (1� 2")�uj ���
surv� = 1 ;where the u-uniformity in (5.7) allows us to bring the u-quanti�er inside of the proba-bility. This gives (5.9) be
ause " is arbitrary and Au(t) and �u are probabilitymeasureson S.5.3. Appli
ation of large deviation theoryIn this se
tion we prove Theorems 3.2 and 3.3. The main tools are the representationtheorem 4.1 and the Donsker-Varadhan large deviation prin
iple for the empiri
alpro
ess of the retrospe
tive mutation 
hain. In fa
t, these two ingredients togetherimply a large deviation prin
iple for the type histories as follows. For every � 2 P�(�)let HG(�) = supt>0H�� [0;t℄;�[0;t℄�Ætbe the pro
ess-level large deviation rate fun
tion for the retrospe
tive mutation 
hain.In the above, � [0;t℄ and �[0;t℄ are the restri
tions of � and � to the time interval[0; t℄, and H�� [0;t℄;�[0;t℄� is their relative entropy. See [4, Eq. (4.4.28)℄; alternativeexpressions 
an be found in [4, Theorem 4.4.38℄ and [23, Theorems 7.3 and 7.4℄.Theorem 5.1. For the empiri
al type evolution pro
ess Rx(t) as in (3:6) we have, fori 2 S and 
losed F � P�(�)lim supt!1 1t logEi� Xx2X(t) IfRx(t) 2 Fg� � � � inf�2F HG(�) ;while for open G � P�(�)lim inft!1 1t logEi� Xx2X(t) IfRx(t) 2 Gg� � �� inf�2GHG(�) :Moreover, the fun
tion HG is lower semi
ontinuous with 
ompa
t level sets and attainsits minimum 0 pre
isely at �.Proof. In view of Theorem 4.1, for every measurable C � P�(�) we haveEi� Xx2X(t) IfRx(t) 2 Cg� = hi e�t bEi��IfR�(t) 2 Cgh�1�(�(t))� :Sin
e maxi j loghij < 1, the h's 
an be ignored on the exponential s
ale. Thetheorem thus follows from the Donsker-Varadhan large deviation prin
iple; see [23,p.37, Theorem 7.8℄ or [4, Theorem 4.4.27℄, for example.There is a similar large deviation prin
iple on the level of empiri
al distributions.For � 2 P(S) letIG(�) = supv2℄0;1[S h�Xi2S �i(Gv)i=vii = inf�2P�(�): �0=�HG(�) (5.10)



20 H.-O. GEORGII AND E. BAAKEbe the level-two rate fun
tion of the retrospe
tive mutation 
hain; here we write �0for the time-zero marginal distribution of �. (For the se
ond identity see [23, p.37,Theorem 7.9℄.) Then the following statement holds.Corollary 5.2. For any i 2 S and 
losed F � P(S),lim supt!1 1t logEi� Xx2X(t) IfLx(t) 2 Fg� � � � inf�2F IG(�) ;while for open G � P(S)lim inft!1 1t logEi� Xx2X(t) IfLx(t) 2 Gg� � � � inf�2G IG(�) :Moreover, the fun
tion IG is 
ontinuous and stri
tly 
onvex and attains its minimum0 pre
isely at �.Proof. Simply repla
e the pro
ess-level large deviation prin
iple for the retrospe
tivemutation 
hain by the one for its empiri
al distributions. The latter 
an either bededu
ed from the former by the 
ontra
tion prin
iple, see [23, Theorems 2.3& 7.9℄, orbe proved dire
tly as in [12, Se
tion IV.4℄.We are now ready for the proofs of Theorems 3.2 and 3.3.Proof of Theorem 3.3. Let d be a metri
 for the weak topology on P�(�). To bespe
i�
, we let d� denote the Skorohod metri
 on � (de�ned in analogy to the one-sided 
ase 
onsidered in [8, p. 117, Eq. (5.2)℄), and d be the asso
iated Prohorovmetri
 on P�(�); see [8, p. 96, Eq. (1.1)℄. For any �xed " > 0 we 
onsider the setC = f� 2 P�(�) : d(�;�) � "g, the 
omplement of the open "-neigborhood of �. Inview of Remark 3.3 we need to show that�(t; C) := 1jX(t)j Xx2X(t) IfRx(t) 2 Cg �!t!1 0Pi-almost surely on 
surv . In the �rst part of the proof we will establish this 
onver-gen
e along a dis
rete time skeleton ÆN, where Æ > 0 is arbitrary.Sin
e C is 
losed and HG has 
ompa
t level sets and attains its minimum 0 at �only, the in�mum 
 := inf�2C HG(�) is stri
tly positive. We 
an therefore 
hoose a
onstant � > 
 > �� 
. We write�(t; C) = � e
tjX(t)j� �e�
t Xx2X(t) IfRx(t) 2 Cg�and show that ea
h fa
tor tends to 0 along ÆN a.s. on 
surv. In view of Corollary 5.1and Theorem 2.1(a),jX((n+1)Æ)jjX(nÆ)j =Xj2S Zj(nÆ)kZ(nÆ)k 1Zj(nÆ) Xx2Xj (nÆ) jX(x; (n+1)Æ)j�!n!1 Xj2S �j Ej (jX(Æ)j) = e�Æ a.s. on 
surv .
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e n�1 log jX(nÆ)j ! �Æ and therefore e
nÆ=jX(nÆ)j ! 0 a.s. on 
surv. On theother hand, using Markov's inequality and Theorem 5.1 we obtain for any a > 0lim supn!1 1nÆ logPi�e�
nÆ Xx2X(nÆ) IfRx(nÆ) 2 Cg � a� � �� 
� 
 < 0 :The Borel-Cantelli lemma thus shows that also the se
ond fa
tor of �(t; C) tends to 0a.s. as t ! 1 through ÆN. We therefore 
on
lude that limn!1 �(nÆ;C) = 0 a.s. on
surv.To extend this result to the full 
onvergen
e t ! 1 along all reals we pi
k some0 < "0 < " and let C 0 be de�ned in terms of "0 instead of ". Also, let A be an arbitrary
losed set in �, "� = "� "0, and A� = �� 2 � : d�(�;A) < "�	 the "�-augmentation ofA. Then for any two time instants s; t with s � t � s + Æ and every y 2 X(t) we 
anwriteRy(t)(A) � 1t Z s0 IA(#u�(y)t;per) du+ Æt� Ry(s)(s)(A�) + 1s Z s0 I�u : d�(#u�(y(s))s;per; #u�(y)t;per) � "�	 du+ Æt :By the lo
ality of the Skorohod metri
 d�, there exists a 
onstant 
 = 
("�) su
h thatd�(#u�(y(s))s;per; #u�(y)t;per) < "� whenever the interval [�u; s�u℄ on whi
h thesefun
tions agree 
ontains [�
; 
℄. The se
ond term in the last sum is therefore at most2
=s, when
e Ry(t)(A) � Ry(s)(s)(A�) + "�for suÆ
iently large s. This means that d�Ry(t); Ry(s)(s)� < "� and thereforefRy(t) 2 Cg � fRy(s)(s) 2 C 0gwhen s is large enough. For su
h s we obtain�(t; C)� �(s; C 0) � � 1jX(t)j � 1jX(s)j�jX(t)j+ 1jX(s)j Xx2X(s) IfRx(s) 2 C 0g�jX(x; t)j � 1�� 1� infs�t�s+Æ jX(t)j=jX(s)j+ 1jX(s)j Xx2X(s) �M (x; [s; s+ Æ℄)� 1� ;where M (x; [s; s+Æ℄) = maxs�t�s+Æ jX(x; t)j as in the proof of Lemma 5.1. Settings = nÆ, letting n!1 and using Theorem 2.1(a) and Proposition 5.1 we see that thelast term 
onverges to E� �M (0; [0; Æ℄)�1� a.s. on 
surv . A

ording to the proof of (5.5),this limit 
an be made arbitrarily small if Æ is 
hosen small enough. In 
ombinationwith (5.6) and the �rst part of this proof, this shows that lim supt!1 �(t; C) � a forevery a > 0 almost surely on 
surv. The proof is thus 
omplete.



22 H.-O. GEORGII AND E. BAAKEProof of Theorem 3.2. There are two possible routes for the proof. One 
an eitherrepeat the argument above by simply repla
ing Theorem 5.1 by Corollary 5.2. Or onenoti
es that Lx(t) is the time-zero marginal of Rx(t) and that the marginal mapping� ! �0 is 
ontinuous in the topologies 
hosen. The latter fa
t is used for the derivationof the level-two large deviation prin
iple from that on the pro
ess level by means ofthe 
ontra
tion prin
iple; see [23, p. 34℄.A
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