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0.1.1 Introduction

Among the physical properties of quasicrystals [1], thednsport properties, such as the
electric conductivity, have attracted particular attentiOver the past decades, a lot of exper-
imental and theoretical effort has been spent on the inyatstin and explanation of transport
anomalies in quasicrystals, see [2—4] for recent collestiof review articles and [5] for fur-
ther references; compare also [6-8]. Though there unddlybéists a strong interrelation
between the quasicrystalline structure and the electrpraperties [9, 10] — after all, the
electrons determine the structure of a solid — it makes sémsensider the properties of
electrons in a given aperiodic solid.

The simplest model that may be expected to capture at least sbharacteristics of elec-
tronic properties of quasicrystals is that of a single etgtimoving in a quasiperiodic back-
ground, realised, for instance, by a quasiperiodic poa&rtlathematical and theoretical stud-
ies of related systems had already been performed prioetexperimental discovery of qua-
sicrystals, see, for instance, the review [11] on the pridgenf almost periodic Schrodinger
operators. In most cases, the models are defined on a dispaate, physically motivated by
a tight-binding approach where the electron can hop fromwvemneex of a graph to any of its
neighbouring vertices, and the aperiodicity is introdueigder by an aperiodic graph to model
the aperiodic solid, or by an aperiodic modulation of thesptial or the hopping probabilities.

While quite a lot is known rigorously about one-dimensiosygtems, see [12] and refer-
ences therein, higher-dimensional systems, apart fromw aé&eticular examples, have mainly
been investigated by numerical calculations for finitesyst or periodic approximants. Here,
we summarise several results for aperiodic tight-bindingdeis in two and three dimen-
sions, which are mainly based on numerical investigatiofisese concern energy spectra
of quasiperiodic tight-binding models and the correspogdinergy level statistics, multifrac-
tal properties of the eigenstates, and quantum diffusinoradidition, we present some recent
results obtained for interacting electrons in one-dimenai systems.

We consider the simplest tight-binding model of a singletestsn moving on a (quasiperi-
odic) graph, for instance the graph corresponding to thentsio Penrose tiling. The Hamil-
tonian has the fornil;; = t;, + x4d;, wherej andk label the vertices of the graph. In a
Dirac bra-and-ket notation with mutually orthogonal s¢dtg associated to any vertegx we



have

H= Z )k (k] + > lk)er (k] (1)

with matrix elements?;, = (j|H|k). Here,t;; play the role of hopping elements between
the states associated to vertigeand k£, and will usually considered to vanish except when
the two vertices are connected by an edge (bond) of the underjuasiperiodic graph. In
the simplest scenario, the hopping elements aretjust= 1 for vertices connected by an
edge and;; = 0 otherwise. The parameters correspond to on-site energies. As a further
simplification, we shall usually choosg = 0 for all verticesk, so no vertex is energetically
preferred to any other.

In the simplest case, where the hopping elemegntsire either one or zero and where the
on-site energies vanish, the Hamiltonian is just the adjacenatrix of the underlying graph,
encoding which vertices are neighbours connected by edges.an infinite quasiperiodic
tiling the matrix will be infinite; in practice, we either ceidler finite patches and try to ex-
trapolate the results to infinite systems, or investigaterees of periodic approximants, i.e.,
periodic systems with growing unit cells which approximgte infinite quasiperiodic tiling.

In any case, we are interested in the behaviour of the eifiggwand the corresponding
eigenvectors of these matrices, in particular in the inditsiize limit where the aperiodic sys-
tem is approached. The eigenvalues and eigenvectors amrietted as the single-electron
energies and the corresponding wave functions. The streiofithe density of states (DOS)
as a function of the energy, which is defined as the limit ofrthember of eigenvalues in an
energy interval when the size of the interval goes to zerd,tha localisation properties of the
wave functions are intimately linked to the electronic sport properties.

Quasiperiodic systems are very peculiar in this respe@ tdthe competition between the
aperiodicity on the one hand and the strict quasiperiodieioon the other hand. Aperiodicity
means that there is no translation that maps the systemtself, iso the system eventually
looks different from any of its vertices, even if local configtions may be the same. This
variation acts similar to a random disorder and thus favtacalisation of wave functions.
The quasiperiodic order is reflected in the repetitivity oé tilings, which means that the
same local neighbourhoods reappear again and again, atiiéit a periodic fashion. For the
examples at hand, this can in fact be phrased more strongiwinyg bounds on the distance
between appearances of the same patches in the tiling.iRReépatauses resonances between
equivalent local configurations, and thus favours extendaee functions. The result is that
wave functions in quasiperiodic tight-binding models axpexted to be different from the
exponentially localised wave functions found in (stropglysordered systems, like in the
Anderson model of localisation [13], but also differentrfrahe Bloch waves found in the
periodic situation of a usual crystalline system. Such wawuetions are often called “critical”,
because they appear at the metal-insulator transitioreithtiee-dimensional Anderson model
of localisation [14-17].

The Anderson model of localisation is defined by a singlaiglarHamiltonian like (1) on
a cubic lattice with a nearest-neighbour hopping term andrasite energetic disorder. For
this simple model, one finds a transition from a metallic ghaissmall disorder to an insu-
lating phase at large disorder, corresponding to a tramsftiom extended to exponentially
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localised eigenstates [18-20]. At the transition itsél§ e€igenstates become critical; they are
neither extended nor exponentially localised, but show éifractal distribution of ampli-
tudes [15]. In fact, the expectation that the wave functiaregiasiperiodic model systems are
neither exponentially localised nor extended Bloch-litaes, has been substantiated by rig-
orous arguments for large classes of one-dimensionalesaperiodic Schrodinger operators
constructed from substitution rules, where it can be shdwahtheir spectrum is purely singu-
lar continuous [12], and by numerous numerical investagatiof two- and three-dimensional
systems.

0.1.2 Energy Spectra and Eigenstates

We start by having a look at the spectrum of tight-binding Hamians of this kind. Typical
results for the DOS and the integrated density of states §D@hich just counts the number
of eigenvalues up to a given energy are shown in Fig. 1 for examples in one, two and there
spatial dimensions.

In the one-dimensional case, the example used is the cedocatitonacci chain [21]. In
one dimension, choosing all hopping parameters as one hod-site energies as zero yields
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the simple periodic chain, so we have to introduce some pateann order to have a non-
trivial aperiodic system. In this case, this is convenigmithieved by assigning two values
t;i+1 € {1, v} for the hopping parameters such that the sequence of hopairsgneters
along the chain is aperiodic; choosing an aperiodic sequésrcthe on-site energies would
lead to very similar results. For the octonacci chain, thgusece is obtained from the two-
letter substitution rule

S — L
L — LSL (2)

applied repeatedly on the initial wordy, = S, sow,, = ¢" (wg). The limit word is semi-
infinite aperiodic sequence., = LSLLLSLLSLLSLLLSL .... We now choose the hop-
ping parameters ag ;. = 1 if the jth letter inw,, isanL, and ag; ;4 = v ifitisan S.
The spectrum shown in Fig. 1 corresponds to a parameter vatué /2.

For such systems, it is known that the spectrum is purelywargontinuous, and is a
Cantor set of zero Lebesgue measure [12]. This is reflectdtkiapparent set of gaps in the
spectrum; the possible positions of the correspondingepiat in the IDOS are also known
by Bellissard’s gap labelling theorem [22]. One powerfulthoel to tackle one-dimensional
system employs the so-called trace maps, see [23, 24] amebneks therein for details.

The two-dimensional example in Fig. 1 corresponds to a pariapproximant of the oc-
tagonal Ammann-Beenker tiling [25-28]; in this case all piog parameters are chosen as
one along the edges and zero otherwise. The same choiceapplihe three-dimensional
system, which corresponds to a periodic approximant of ¢bedahedral Ammann-Kramer-
Neri tiling [29]. There is a clear tendency of smoothing oé thpectrum as the dimension
increases, and there are only a few, if any, gaps in the spactiOne particularity of the
two-dimensional case is the pronounced peak in the centifeeapectrum at energy = 0,
which is due to families of strictly localised or “confinedases supported on a finite number
of vertices, which, due to the repetitivity of the tiling agpear at various places throughout
the tiling and make up a finite fraction of all states, see B references therein. This is a
consequence of the local topology of the tiling, and alsgleap for the tight-binding model
on a rhombic Penrose tiling [30].

Some properties of such energy spectra will be discusseshialmore detail, including
the level-spacing distribution and fractal dimensionshef $pectral measure. But first we are
going to discuss some general features of the eigenstadesri observed numerically for
two and three-dimensional tight-binding Hamiltonians ledi on quasiperiodic tilings.

Again, the one-dimensional situation has been studied ichndetail, see [12] and ref-
erences therein for details. For many models based on tuiisti sequences, such as our
example of the octonacci chain, it is known rigorously the generalised eigenstates are
neither exponentially localised — in which case they woudespond to proper eigenvalues
and hence yield a discrete spectrum — nor extended over thie spstem. These are the crit-
ical states mentioned previously. However, this is defipit@t true for all one-dimensional
aperiodic discrete Schrodinger operators; a classiaangke is provided by the Aubry-André
or Harper model, in the mathematical literature also knos/the almost-Mathieu equation,
see [31, 32] and references therein. This model is also alomensional quasiperiodic tight-
binding model, but now the local on-site potential takesigalin a continuous interval, in
contrast to the substitution models discussed above. Ttengal at positiory of the chain,
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wherej is an integer, has the forii(j) = 2ucos(oj + 3), which is aperiodic provided
«/2x is irrational. This model behaves rather differently frohe tsubstitution chains, and
details may even depend on the type of irrationalityx @27 — irrational numbers that are
too well approximated by rational numbers may show a noregetehaviour. In most cases,
the golden mean or its inverse is used [31]. Depending ontthagth of the quasiperiodic
potential, one finds, for < 1, a metallic phase wheral eigenstates are extended, and the
spectrum is absolutely continuous, and, for- 1, an insulating phase, whead eigenstates
are exponentially localised, and the spectrum is pure pélate, the hopping parameter was
assumed to be unity. For the critical valpe= p. = 1, one observes a metal-insulator
transition with multifractal eigenstates, similar to tfatind in the three-dimensional Ander-
son model of localisation [13,15-17] and also similar tobleéaviour of substitution-based
systems like the octonacci chain. In contrast to the Andersodel, there are no mobility
edges [17] in the Aubry-André model — at the value = 1 the entire spectrum localises.
And, of course, there is no randomness whatsoever in thiehedhe metal-insulator tran-
sition takes place solely as a consequence of the quadipepotential strength. This model
has also been used as a one-dimensional toy model to studifékts of an electron-electron
interaction on the metal-insulator transition [32—-36F &=c. 0.1.6 below.

In general, it is expected that generalised eigenstatemylot-ibinding Hamiltonians on
aperiodic tilings of the plane, and probably also in thremetisions, are also critical, i.e.,
neither exponentially localised nor extended. Howevermrathematically rigorous results
exist as yet, so conclusions are based on numerical obsersatA simple quantity that
characterises the degree of localisation of a generaligedstate with amplitudes; at vertex
J is the participation numbe? defined by

N
EE e (3)

j=1

where N denotes the total number of vertices in our finite approximarhe participation
number tells us how many vertices carry a significant parhefgrobability measure given
by |¢;]%. The ratiop = P/N, the participation ratio, thus contains a crude informaabout
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Figure 2: Participation ratioy = P/N for eigenstates of periodic approximants of the rhombic
Penrose tiling (top) and the Ammann-Kramer-Neri tiling tfom).
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Figure 3: Estimated scaling exponentsof the participation number for eigenstates of the
Penrose tiling (left) and of the Ammann-Kramer-Neri tili(right).

the degree of localisation of the wave packet described éwthte);. Numerical results for
large periodic approximants of the Penrose and the Ammanamkr-Neri tiling are shown in
Fig. 2. They indicate that, for the system size under comattm, the participation ratio lies
aroundo.3, and there appears to be a tendency towards a strongersktoati in the “band”
centre for the Penrose tiling, while in the icosahedral ciates near the “band” edges appear
to be more localised.

However, what we actually need to know in order to obtainiinfation about localisation
properties in the infinite tiling is the scaling behaviourtbé participation number with the
size of the approximant. For an extended state, we expéatgrow linearly withV, whereas
for a localised staté” will eventually be constant. For our critical states, whggmetimes
are also referred to as algebraically localised statesxpeat a scaling behaviout ~ N7
with some exponent < 4 < 1. Note thats = 0 for exponentially localised states, and
B = 1 for extended states; so any valtie< 3 < 1 points towards the presence of critical
states. The converse is not true —#gif= 0 or 3 = 1 we cannot immediately deduce that the
state is exponentially localised or extended, respegtiaal we only consider one moment of
the distribution; for instance, a sufficiently rapid sulperential decay may still givé = 0.
Numerical results, again for the Penrose and the AmmanmEKraeri tiling, are displayed in
Fig. 3. The values of the exponehfor the Penrose tiling are abott9, clearly below one, for
most energies except near the centre of the “band” wheredteegmaller. This is consistent
with a preponderance of multifractal eigenstates whichaither extended nor exponentially
localised. In the three-dimensional case, the result s dewious. Whereas states near the
“band” edge clearly shows < 1, the majority of states yields values for the expongnt
which are consistent with extended states. In these casemyibe that the system size is
simply insufficient to resolve values @f close to, but smaller than one. However, we also
cannot exclude the possibility that= 1 for a large part of the spectrum. Still, as mentioned
previously, this does not automatically imply that the eigfates are extended.

Another, more powerful approach to characterise “critisttes is given by a multifractal
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analysis. In the standard box-counting approach, the sy&elivided into boxes of linear
sized. We consider the measures of the normaliggdmomenty; (¢, d) of the probability
amplitudesy (d) in the boxes labelled by. We obtain the Lipshitz-Holder exponent or
singularity strengtl of an eigenstate and the corresponding fractal dimengion

Z px(q,0) In pg(1,9) — im Z px(q,9) In g (q, ) )

Ind ’ 50 Ind ’

yielding the characteristic singularity spectryffw) in a parametric representation. Accord-
ing to [17], the generalized fractal dimensioﬂg can be obtained via a Legendre transfor-

mationDy = {f[a(q)] - ga(q)}/(1 — ).

Some results for the Penrose and Ammann-Kramer-Neri tdirggshown in Figs. 4 and



5, respectively [37]. Clearly, eigenstates on the Peniiting show characteristic multifractal
behaviour, with singularity spectrf«) that are nearly independent of the system size. To-
wards the “band” centre, the singularity spectra becomeewyviddicating a larger degree of
localisation. On the basis of our numerical analysis, wenoadraw similar conclusions for
the icosahedral case, as the singularity strengtt$ = DY anda(1) = DY shown in Fig. 5
are very close t@, the value for extended states, except near the “band” edges

Summarising the results mentioned so far, we have the gituhhat the characterisa-
tion of spectra and eigenstates is rather advanced for onengional aperiodic Schrodinger
operators, with a number of mathematically rigorous resaltailable. For planar quasiperi-
odic tilings, numerical results strongly favour the cornige that typical eigenstates are nei-
ther extended nor exponentially localised, but have nraltial characteristics. In the three-
dimensional case, the situation is less clear. One mighaagrather similar behaviour as in
two dimensions, but numerical results are inconclusiveeyTtho not rule out that large parts
of the spectrum might contain extended states, althoughehaviour of the so-called struc-
tural entropy considered in [38] hints at a power-law deddgwever, introducing a random
energetic disorder (like in the Anderson model) in the iteshal tight-binding model leads
to a localisation transition which appears to be very sintitathe metal-insulator transition
observed in a simple cubic lattice [39], which might be relgar as evidence favouring the
existence of extended states. The main problem with alethesults is that they may simply
be artifacts of the finite system size which might yet be toalsto resolve the multifractal
behaviour.

0.1.3 Level-Spacing Distribution

We now return to discuss a rather different property of thergy spectrum, the statistics of the
energy level distribution. The statistical analysis ofrgiydevels was originally applied to the
complex energy spectra of nuclei, but has since been showa televant to many complex
systems. In the Anderson model of localisation, the loatili® transition is accompanied by
a qualitative change in the normalised distributiyfs) of spacings between adjacent energy
levels [18,19, 40]. For the weakly disordered, metallic gghahe level-spacing distribution
P,(s) is well described by the corresponding distributi®fi®® (s) of the Gaussian orthogo-
nal ensemble of random matrix theory [41], reflecting thesleepulsion or hybridisation of
neighbouring extended states. In the strongly disordezgifme, where eigenstates are expo-
nentially localised, the spacing is described by a Poisaar (s) = exp(—s), because the
localised states can be arbitrarily close in energy. Theselts are universal in the sense that
they do not depend on details of the model, but are a genettairfeof a large class of systems
sharing a few general properties.

At the metal-insulator transition, the level-spacing udisition has been shown to follow
yet another behaviour which is attributed to the existerfce ‘@ritical ensemble” [42]. In
contrast to the other two cases, this “critical” level-dpgcdistribution appears to be non-
universal. A sketch of the three level-spacing distribngits given in Fig. 6, where the critical
curve corresponds to the function discussed in [42].

As discussed above, eigenstates in planar quasiperigtithbinding models appear to
be generically multifractal, and thus similar to the eigatess found at the metal-insulator
transition of the Anderson model of localisation. In thedamodel it is extremely difficult to



0.1 Energy spectra and eigenstates of quasiperiodic tigiding Hamiltonians 9

1.0
0.8
06 f critA\\GOE
@
D-C)
0.4 : ) : T
Figure 6: The level-spacing distribution
Poisson P5i°E(s) of the Gaussian orthogonal en-
0.2 r 1 semble of random matrix theory, the Pois-
sonlawP{ (s) = exp(—s) and a suggested
0.0 1 > 3 2 “critical” distribution [42].
S

do level-spacing analysis at criticality, because onliestaear the mobility edge may be taken
into account. In planar quasiperiodic tight-binding madélowever, we have a large reservoir
of multifractal states, and thus we might expect to find soomgital” statistics intermediate
between the Poisson behaviour and the universal randonixrdagtribution.

Indeed, early investigations found significant deviatifoos the random matrix behaviour
[43,44]. However, the system considered in these paperstanalard periodic approximant
of the Ammann-Beenker tiling [25-28] which is a singulargbatvith an exact reflection
symmetry along a diagonal, but with the property that theffdd rotational symmetry is
broken only “weakly”. In Fig. 7, such an approximant is showwerlaid with a copy rotated
by 90 degrees. This shows that mismatches occur only along “woriishough this is no
exact symmetry, and hence the energy spectrum does ndtgpitdependent sectors, it may
influence the level-spacing distribution and thus lead to-generic results [45].

A careful re-investigation of the energy spectrum for tightibinding Hamiltonian on the
Ammann-Beenker tiling, where the on-site energies are @as be zero and hopping ele-
ments are one along the edges of the tiling, shows that fogrgepatches the level-spacing
distributionis in fact very well described by the random radlistribution [45—48]. In Fig. 8,
the numerical results obtained by diagonalising the tigihtling Hamiltonian for an eightfold
symmetric patch of the Ammann-Beenker tiling withi7 369 vertices are shown. In this case,
we need to consider a single irreducible sector correspantti one of the ten irreducible
representations of the exabg symmetry of the patch. Here, we not only considered the nor-
malised spacing distributiorfg)(s), in terms of the mean level spacingfor adjacent energy
levels, but also the corresponding spacing distributiBng) of pairs of energy levels such
that the energy interval between the two states contafngther levels. The numerical results
forn = 0,1,2, 3 are shown in Fig. 8 and compared with the universal spacisgiblitions
PSOE(5) of the Gaussian orthogonal random matrix ensemble [41;A8}.agreement is ex-
tremely good, considering the finite size of the patch. Tras waiready noticed in [46] where it
was shown that the exact random matrix distributit§r° (s) fits the numerical distribution
better than Wigner's surmisB," (s) = wsexp(—ms?/4)/2, which is a good approximation
of P9E(s). This result has also been verified for different patches lamahdary condi-
tions [45—48], and other planar quasiperiodic systems.[8Bilar results were also found in
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Figure 7: Unit cell of a periodic approximant of the Ammann-Beenkiérg, overlaid by a copy
of itself rotated byp0 degrees. Mismatches only occur in the grey shaded “worn@" [2

topologically disordered systems [50].

There is, however, a non-trivial step involved in extragtihe spacing distributions shown
in Fig. 8 from the raw eigenenergies of the finite system. As Eishows, the DOS varies
considerably over the spectrum, and we have to correct fov#riation if we wish to compare
with the universal random matrix distributions. This presgknown as “unfolding”, is rather
tricky in our case because it requires a clear distinctidwben different scales. On the one
hand, we need to average out the fluctuations in the DOS, suevage on a scale that is given
by the fluctuations, see Fig. 1. On the other hand, we arehoakti the spacing distribution of
energy levels, so averaging has to be done on a scale thajésdampared to the mean level
spacing. Itis not easy to fulfill these two requirements flangr quasiperiodic tight-binding
models, because the two scales do not seem to be well sepaabteast for relatively small
systems, compare also [51] for an approach based on theanfeymmetry of the tiling.
Here, we used a simple unfolding procedure by approximatiegDOS by a smooth spline
function [45-48].

There is one direct way to check that the unfolding procedioes not introduce artifacts
in our results [47]. If we consider the level-spacing distition for levels within small en-
ergy intervals such that the DOS is approximately constarthe interval, we do not need to
apply any unfolding procedure and can compare the reswdttijrwith the universal distri-
bution function. However, the price we pay is that the stiasare much worse, as only the
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Figure 8: The histograms show the
level-spacing distribution®,, (s),n =
0,1,2,3 (from left to right), as ob-
tained from the unfolded numerical
1 spectrum of the tight-binding Hamilto-
nian on an eightfold symmetric patch
of the Ammann-Beenker tiling con-
taining N = 157369 vertices. The
smooth curves are the corresponding
level-spacing distribution®5 " ().

limited number of eigenenergies in the chosen interval rdouties. Fig. 9 shows the result
for three energy intervals. The numerical results for thtedgnated level-spacing distribution
Iy(s) = [ Py(t) dt, with and without unfolding, are compared with the log-natriistri-
bution favoured in [43, 44] and with the integrated leveasipg distribution/§*°® (s) of the
Gaussian orthogonal random matrix ensemble.

Comparing the energy intervals considered in Fig. 9 withDi@S displayed in Fig. 1,
it is apparent that spacing distributions for an approxahatonstant DOS (for instance, for
3.2 < E < 3.3) exhibit random matrix behaviour even without unfoldingowever, for
energy ranges with fluctuating DOS, the integrated levaksm distribution/,(s), without
unfolding, deviates froni§'©E (s). In the interval.5 < £ < 1.5 with large fluctuations, the
level-spacing distribution of the raw eigenenergies isheziwell described by a log-normal
distribution nor by/§*°%(s). For the entire spectrum, the distribution of the raw spggin
is actually close to a log-normal distribution, but it is doterpretation that this is due to
the abundance of large spacings due to the fluctuations iD@®. Clearly, the unfolded
distribution functions for the three energy intervals &gveell with each other and with the
spacing distribution of the Gaussian random matrix ensembl

12

Figure 9: Integrated level-spacing dis-

o | {€%%)s) tribution I, (s) obtained (a) without un-
1.0 . . . .
o Log-normal folding and (b) with unfolding for vari-
— EO[8.2,3.3] ous parts of the spectrum of one sector
0.8 n ) )
"""""" - EO[0.5, 1.5] of the sameDs-symmetric patch as in

———- E0O[-4.25,4.25] |

Fig. 8: whole spectrum (dashed line),
0.5 < EF < 1.5 (dotted line), and
3.2 < F < 3.3 (solid line). Circles
and boxes denotE™“F (s) and the log-
normal distribution, respectively. The
curve for,(s) in (b) has been shifted
by 0.2 for clarity.
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In conclusion, the spectra of planar quasiperiodic tightdlng models of the type consid-
ered here appear to obey random matrix statistics. Compargéee results for the Anderson
model, this means that, at least in this respect, they belilavaveakly disordered systems
rather than like systems at a metal-insulator transitiarsgite of their multifractal eigen-
states.

0.1.4 Multifractal Eigenstates on the Penrose Tiling

We now come back to the eigenstates of planar quasiperiggitibinding models. As men-
tioned above, numerical results indicate that typicakstaf hopping models on planar quasi-
periodic tilings are multifractal, with certainly some eftions such as single extended states
at the “band” edges and confined states in the “band” centrethié rhombic Penrose tiling,
the confined states can be explicitly constructed, see [B@]raferences therein, and they
make up a sizeable fraction of the spectrum. This is also @se or the Ammann-Beenker
tiling as can be seen from the pronounced peak in the “bamtteén Fig. 1.

However, it is also possible to construct some multifraeigénstates on the Penrose tiling
explicitly. This can be achieved by following an ingeniodsé of Sutherland [52] to exploit
the matching rules of the tiling to derive a non-trivial atzsfor a multifractal wave function.
Based on this idea, non-normalisable eigenstates of theecerodel, where electrons may
hop between neighbouring tiles rather than neighbourintjoes, were derived, and their
multifractal properties were characterised [53].

Here, we apply the same idea to the vertex model on the Petilioggi.e., electrons may
hop from one vertex of the Penrose tiling to its neighbousagices. It turns out that we
have to generalise our model slightly in order to find nomiadi solutions [54]. Therefore,
we include hopping along the diagonals of the rhombic tikgt) hopping parameters in the
Hamiltonian (1) chosen &g, = 1 between two verticeg and4 connected by an edge of the
tiling, ;. = d1, ds, d3, d4 between verticeg andk on the four different diagonals of the two
rhombs, see Fig. 10, arigl, = 0 otherwise, and on-site energigs = 0.

As mentioned, the ansatz for the eigenstates of our Hanmlitoon the infinite tiling in-
volves the matching rules of the Penrose tiling. These arallysencoded in a decoration of
the tiling with two types of arrows, single and double arrplesated on the edges of the tiles,
see Fig. 11 for an example. The matching rules require thatites can only share an edge
if the corresponding arrow decorations match, both in type direction. Given such a deco-
ration of the infinite tiling, we define a “potential” or “hdigjfunction” as follows. First, we
choose an arbitrary vertel, on the tiling and define the height of this vertexaék,) = 0.
Then, for any vertex, we consider any path consisting of a sequence of edgesahaécts
ko tok. The heightn(k) is given by counting the number of double arrows encountealeadg
the path, where double arrows pointing along the directtomf, to £ count asl, whereas

Figure 10: The hopping elements for our
v tight-binding model on the Penrose tiling
are chosen as;; = 1 along the edges of

A ‘n the t|||ng, and a$]k = d17 d27 d37 d4 along

I T the four different diagonals of tiles.
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Figure 11: Arrow decoration for verticeg on a patch of the rhombic Penrose tiling encoding
the matching rules and the values of the height functiq ) with respect to the centre vertex.

arrows counting in the opposite direction count-ak This is well defined because for any
closed path this number is zero, as can easily be verifiecheotwo basic tiles. The height
at any vertex is thus an integer number. Its actual valuertpen our choice ofg, but any
other choicet/, defines a height functiom’ that differs from the potential or height function
m defined byk, only by a constant:(&f ). Note that the word “potential” is used in a different
context here, there are no on-site potentials in our Hamidte. The height functiom(%) is
going to appear in the ansatz for the eigenfunction.

For the Hamiltonian on the infinite tilings, we need to solve infinite set of equations

thk Vi = By, (5)
%

wheret;, = ti; € {0,1,d1, d2, d3, da} as described above. Our ansatz for the amplitudes
of the wave function at vertexinvolves the height functiom(;) and information about the
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local neighbourhood of the vertgq54]. In the simplest case, we choose

vj = Ay ™9, (6)

where A, ;y are eight constants corresponding to the eight differertexestarsv(j) in the
decorated Penrose tiling, ands another parameter. Altogether we have nine free paramete
in the ansatz, as well as the four hopping parameterg,, ds, d, and the energy. Inserting
the ansatz (6) into our infinite set (5) of equations redusestimber of independent equations
for our parameters to a finite number, namely 31 equationserislly, the equations can be
labelled by the different vertex types in the Penrose titadgng into account the next-nearest
neighbours, as for each such patch around a vgrakvertex types and values of the height
function for the vertice# that enter Egs. (5) are determined.

Even though the number of equations is still more than twigdaege as the number
of parameters, there exist indeed solutions [54]. It turastbat two different amplitudes
A, ;) suffice in the ansatz (6), and the wave functions for our smhstdo not depend on
the vertex type/(j), but only on the translation claggj). The vertices of the Penrose tiling
fall into four such translation classes, correspondindhfour disjoint parts of the window
in the description as a four-component model set [3, 4, 35pllows from Egs. (5) that the
coefficientsA, ;) have to coincide for vertices of translation classg§ € {1,4}, which
correspond to the small pentagon as a window, and for verb€¢ranslation classes;j) €
{2, 3}, which correspond to the large pentagon as a window.

There are three sets of parameters that solve the eigereqlwaions of (5). It is conve-
nient to introduce the notation. = 1/(y + y~!) as this combination appears repeatedly in
the expressions for the parameters. Explicitly, the thodet®ns look as follows.

The first solution has the form

(1) _ J (=297 fore(j) € {1,4} .
o = . )
Y fori(s) € {2,3}
with hopping parameteré, = c_/2,ds = —3c_ /4 +c¢",ds = —c_ /4 +¢2"/2,dy = c_,
and an energy eigenvalue= —5c¢_ /2. The other two solutions are given by

p@ @ e{n Ay e [ ) € {1,4) ®
Jj ,.yﬂ’L(j)‘Fl t(]) c {2’3} ’ o ,.ym(]) t(]) c {2’3} ’

with dy = —cq, dy = 3e4/2 — 611/2, ds = —(1+29%)eq /2, ds = (1 — 4y~ ?)eq, and
eigenvaluet’ = 5¢,4 for the solutiom/);z), and withd; = —(1 + 2y?)eq /2, dy = e4 /4 —

c7'/2,d3 = —(1+477%)cs /4, ds = —cy, and eigenvalu& = 5c. /2 forz/);?’), respectively.

These three solutions contain one free parameter, namdhpr any value ofy, Egs. (7)
and (8) give solutions of the eigenvalue equations of (5).teNbat not only the hopping
parameterd, d,, ds andd, are fixed byy, but also the eigenvalug is determined. In other
words, this means that for a given Hamiltonian, i.e., fonsegiset of hopping parameters, our
solutions will give at most one eigenfunction, so we canrah@ny global information on
the spectrum from this result.
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Figure 12: Sketch of the wave function (7) with = 3/5. The probability densityy,|?,
encoded in dots of different sizes, is shown on a finite patch e= 16 757 vertices.

An example wave function is shown in Fig. 12. Clearly, thelyaoility distribution|y;|?
reflects the topology of the tiling, because it essentiadipehds on the height function(;)
only. The wave functions constructed in this way are not radisable; for generic values of
~ they are neither exponentially localised nor extended. »yeted for the generic wave
functions, they are multifractal. Generalised dimensidmeracterising the eigenstates can be
calculated by using the inflation symmetry of the tiling andestigating the behaviour of the
height function under inflation [54]. The results for the galised dimension®, for various
values ofy are shown in Fig. 13. The smaller the value|gf, the faster the wave function
decays, giving rise to steeper curves fay as a function ofy. For~ = 1, the amplitudes);
are independent of the height functiet(;), the wave function is extended, add, = 2 is
constant.

We note that the ansatz (6) can be generalised by taking aotmuat larger coronae of
the vertexj. This has been investigated in [54], and it was shown thagifpenvalues” for
the functions constructed here are always infinitely dege#ae However, numerical investi-
gations indicate that, contrary to the case of the confine®s{30], these states do not make
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up a finite fraction of the complete spectrum, so they do ranl ke a peak in the DOS.

In summary, we can construct particular eigenstates fomtigite Penrose tiling explic-
itly, following an idea by Sutherland [52]. This at least slsathat multifractal states exist in
the spectra of such tight-binding Hamiltonians, corrotiogathe expectation that these states
are generic in planar quasiperiodic tight-binding modefawever, the price to pay is that
we only obtain eigenstates at a particular energy, and thustigain any information about
the spectrum. The way in which the matching rules are usedretouct eigenfunctions of a
discrete Schrodinger operator is very interesting; itegp plausible that the height function
admits further interpretations as a characteristic featidthe Penrose tiling.

0.1.5 Quantum Diffusion on the Labyrinth

After characterising the spectrum and the eigenstatesreva@w interested in the quantum
diffusion in quasiperiodic systems. Clearly, the diffusjwroperties of quasicrystals are asso-
ciated with the complex eigenstates and energy spectrastisd above [56]. In what follows,
we consider two quantities characterising the spreadingave packets [57], the temporal
autocorrelation functiod'(¢) and the mean square displaceméfi). These are defined by

t
CO =7 [l @Pd, ) =3y~ |0, ©
0 J
where; () is the amplitude of the wavefunction at timeat vertex;j, which is located at
the positione; in space. The functiof'(¢) is the time-averaged probability of a wave packet
staying at the initial sitg, at timet, whereas!(¢) determines the spreading of a wave packet.
Generally, these two functions are characterised by asytsgtower lawsC'(t) ~ t=9,
d(t) ~ t° for large timet, where0 < § < 1 and0 < 8 < 1 for one-dimensional quasiperi-
odic systems [56,57]. An intimate relation between the Bpkproperties, in particular the
fractal dimensions of the spectrum and the eigenstates tt@n@xponents and g char-
acterising anomalous diffusion is expected on general gisy58, 59], and is reasonably
well established for one-dimensional systems. Howevdy, fex two-dimensional quasiperi-
odic systems have been investigated, notably the Ammamm&se tiling [60] and Fibonacci
grids [61], showing superdiffusive behaviour with an expot > 1/2.
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Figure 14: Labyrinth tiling constructed from a product grid (dashefijveo octonacci chains.

Here, we consider a tight-binding model on the labyrintmgjl[62], which is a planar
tiling related to the octagonal tiling [63]. It is constradtfrom a rectangular grid based on
the product of two octonacci chains (2), by connecting eerithat are separated by two steps
along the grid, see Fig. 14. The two lettérandS of the substitution rule (2) are represented
by a long and a short interval, respectively. Clearly, treeeedges of three different lengths
in the labyrinth tiling; the long edges are the diagonalsasfi¢ squares formed by twb
intervals, the medium edges diagonals of rectangles fotwgexhe . and oneS interval, and
the short edges are the diagonals of small squares formesidy tntervals.

We define the tight-binding model on the labyrinth by the Heonian (1) with on-site
energies; = 0 and non-zero hopping elements = 1, ¢;, = v andt;, = v* for long,
medium and short edges of the labyrinth tiling, respecivélith this choice, it can be shown
that the eigenfunctiong; are essentially products of two eigenfunctions of the gpoading
one-dimensional tight-binding model on the octonacci ichaith hopping element$ andw
forlong and short intervals, respectively [21,63]. Theagignergies of the labyrinth turn out to
be the products of those of the one-dimensional system.hler etords, the energy spectrum
and the eigenstates of the tight-binding model on the lallyriiling can be obtained from
those of the one-dimensional octonacci chain, see [21]dtail$. This allows the numerical
treatment of large systems, much larger than can be achfevédstance for the Ammann-
Beenker tiling, because only the one-dimensional Hamigtoneeds to be diagonalised.
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Figure 15: DOS and IDOS for the octonacci chain (left) and the labyriiithg (right).

In Fig. 15, the DOS and the IDOS for the octonacci chain anddahgrinth tiling are
shown. It appears that for larger valuesuahe spectrum of the labyrinth differs qualitatively
from that for small values of, where it splits into many disjoint parts, similarly to thees
dimensional case. A more detailed investigation showsttigatransition takes place around
avalue ofv & 0.6 [21,63].

Fig. 16 shows numerical results obtained for the temporadanrelation functior'(t).
Here, we used an octonacci chain of length= 19602, and the corresponding labyrinth
thus hasV?/2 = 19602?/2 = 192119202 vertices. A qualitative difference between the
behaviour for the one-dimensional and the two-dimensiepsiem is evident. Whereas in
the one-dimensional case the exponeémiways changes with, giving0 < § < 1 for all
aperiodic systems, this does not seem to be the case for thdimensional system, where
4 = 1 for values ofv between aboui.6 and1, and0 < § < 1 only for small values ofr. This
is consistent with the observed qualitative change in tieetspm, as the exponefitquals the
correlation dimensio)-, of the local spectral measure associated with the initial[5i6, 61].

The behaviour of the mean-square displacement is showgirl¥i Here, the system size
is smaller, it is1394 for the octonacci chain shown on the left asith? /2 = 167 042 for the
labyrinth tiling displayed on the right. In contrast to th&@correlation, there is no apparent
difference in the behaviour for the mean-square displacéinghe two cases. In particular,
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Figure 16: Autocorrelation functionC'(¢) (9) for the octonacci chain (left) and the labyrinth
tiling (right). The dotted lines correspond @(t) ~ t~'. The dashed lines for = 0.3
correspond to different choices of the initial sjte
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Figure 17: Mean-square displacemetitt) (9) for the octonacci chain (left) and the labyrinth
tiling (right). The dotted lines corresponds to ballistiotiond(¢) ~ ¢.

there is no qualitative change around the value 0.6 where we found a transition in the
spectral measure and the autocorrelation function.

Several inequalities and approximations have been dethaitrelate spectral properties
with the exponeng characterising quantum diffusion. Quasiperiodic tighteling Hamilto-
nians, due to their intricate spectral properties, prodgbarticularly challenging test to these
results. In Fig. 18, the numerical values fofor the octonacci chain and the labyrinth tiling,
for various values of the hopping parametgrare compared with expressions involving the
fractal dimensiong), of the spectral measure am@y of the eigenstates. In particular, the
boundg > Dz/D;" [57] is numerically obeyed by both the octonacci chain aredlalyrinth
tiling. However, the inequality is less sharp in the lattese as? is much larger than the
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ratio Dz/D;", in particular for values of the parameter> 0.6 where the energy spectrum

is smooth and); ~ 1. Another expression [64]] < D;"/D, where D denotes the spatial
dimension, appears to be violated for parameter valuesatdse to one, which means close
to the periodic case, though it stays reasonably clogeftw all values ofv. We note that the
weaker conditiorg < le/D appears to be always satisfied, although we presently do not
know of any argument why this bound should hold. A more thglounderstanding of the
relations between the spectral properties and quantumsitiffi is clearly desirable.

0.1.6 Interacting Electrons

All previously mentioned results, and indeed most resultié literature, are based on models
of non-interacting electrons. Whereas the main effects afigeraction can often be accounted
for by considering quasiparticles with effective paramgiastead of bare electrons, it is not
clear that electrons in quasicrystals can really be desdrih this way. Therefore, it is in-
teresting to study the effect of an electron-electron axtdon on the spectral properties of
aperiodic Schrodinger operators. In this case, we chduséutbry-André or Harper model
mentioned above, because by changing the strength of th®djgemodulation we can in-
vestigate extended states, critical states and localtagess and indeed study the effects of an
interaction on the metal-insulator transition.

Our Hamiltonian of/V interacting spinless fermions on a ring of circumferefi¢ds

M M M
H=- Z c}_l_lcj + C}Cj+1 + VZ n;pan; +2p Zcos(ozj + B)n;, (10)
j=1 j=1 j=1
Wherec} andc; are fermionic creation and annihilation operators, respely, andn; = c} ¢
is the corresponding number operator. The hopping paramete chosen to be one, ahd
denotes the strength of the interaction between the fersnidime parametex controls the
strength of the aperiodic modulation. The aperiodicityésedmined by an irrational number
/27 which we choose as/27 = 1/7 = (v/5 — 1)/2, andg is an arbitrary shift.
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Figure 19: Dependence of the reduced localisation lengths for systems of sizé/ on the
strengthy of the aperiodic potential, without interactiotl, = 0 (left), and for two interact-
ing particles withU = 1 (right). The insets show the scaling function in dependentcée
correlation lengtht.

First, the case of very low density, meaning just two pagsalith opposite spin and an
on-site (Hubbard) interactioii, has been investigated by means of the transfer-matrixadeth
and finite-size scaling [32—-34]. In Fig. 19, the behaviouthef reduced localisation lengths
Anr = A /M [33,34] as a function of: is shown for the non-interacting case and the inter-
acting case for various system sizes Here;; denotes the localisation length in the finite
samples. The crossing of the interpolating lines for déferl/ indicates the metal-insulator
transition. Finite-site scaling then yields the corradatlengths for the infinite systems. For
two interacting particles, the conclusion is that the matallator transition remains unaf-
fected by an on-site interaction. The observed criticakptl strength is consistent with
e = 1 also in the interacting case, and the critical exponent efdbrrelation lengthg is
v & 1 [32-34]. For a long-range interaction the accuracy of tha dnot very good, but
it was observed [32] that the metal-insulator transitiamdteto shift to smaller values of the
critical potential strengtly, ~ 0.92.

More interesting is the case of finite density= N/M. This has been investigated by
the density-matrix renormalisation-group method [35,88]ch allows us to treat systems of
length up toM a2 100 — 200, whereas direct diagonalisation techniques are limitecety
small system sizes. A convenient observable to investitjgenetal-insulator transition, in
this case, is the phase sensitivity

MAE = (-1)N M [E(0) — E(r)] (12)

of the ground state [35, 36], whef&(y) denotes the ground-state energy of the system with a
twist ey, = exp(ip)c, at the boundary. This quantity is independent of the systeenfer
extended wave functions and decreases exponentially ysthr size if the wave function is
localised. In this case, it turns out that the behaviour efgiistem depends on the particle
densityp. If ¢ is incommensurate with the parametef2, the system behaves very much
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like the one with two interacting particles. For attractiverepulsive interaction, one finds
a critical potential strengtl. ~ 1 and a critical exponent ~ 1 for the phase sensitivity
M AFE ~ (pue — p)¥ near criticality.

For particle densitieg that are commensurate withy2x = r~1, for instance for,, =
", a different behaviour is observed. This may be understoost @asily forg;, = 7!
where the resonance conditian= 2kp holds for the Fermi wave vectdir = mwp. In this
case, one may expect to find a Peierls-like transition [6H],this is indeed observed [35, 36].
The phase diagram for fixed commensurate densiéppears to be dominated by localised
states, at a given potential strength> umin, With a regime of extended states for small
values ofu: in a certain range of interaction strengtiis For repulsive and weakly attractive
interactions, the ground state for> u.,;, is localised. For strongly attractive interactions,
the system shows Peierls-like behaviour, meaning thagtisex transition from the insulating
to a metallic phase arourid ~ —+/2 [35, 36]. As an example, the scaling function obtained
for the densityes = 773 ~ 0.236 and potential: = 0.4 is shown in Fig. 20.

In summary, for the incommensurate case the interactios doeseem to affect the metal-
insulator transition in this system. For the commensurage cthe behaviour is dominated by
the resonance which leads to Peierls-type behaviour.

0.1.7 Concluding Remarks

Though there has been considerable progress over the lastawades, our understanding of
the physical properties of quasicrystals is still far froomplete, as is the knowledge about
their structure [2, 4] and the physical growth mechanisni.[6Boncerning their electronic
properties, there exist several approaches that can,sit tpaalitatively account for the pecu-
liar features of quasicrystals.

Here, we discussed spectral properties of discrete aper@hrodinger operators based
on numerical and analytic investigations. Whereas onesdsional models are reasonably
well understood, our present knowledge of the two-dimemdigystems rests largely on nu-
merical investigations of a few examples, notably the Pemand Ammann-Beenker tilings.
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For these models, numerical results establish multiffdshaviour of generic eigenstates,
which is corroborated by the analytical construction oftsstates for the Penrose tiling. A
statistical investigation of the energy spectrum showsesghat surprisingly, that the level-
spacing distribution of such models appears to be extremellydescribed by universal ran-
dom matrix distributions, and that there is no “criticalagstics as one might have guessed
from the multifractal character of the eigenstates. Furtitee, we discussed quantum dif-
fusion by numerically investigating a tight-binding moaxel a peculiar tiling, the labyrinth,
which has the property that all eigenenergies and eigessstatn be obtained as products of
those of a one-dimensional tight-binding model on the aatehchain. Our results corrob-
orate that there are strong relations between fractal ptiegeof energy spectra and wave-
functions on the one hand and the exponents describing ety diffusion on the other
hand. However, it appears to be difficult to find relationg tiige quantitative agreement for
one- and two-dimensional aperiodic systems. Here, a desjukarstanding of the underlying
physics is desirable. Higher-dimensional systems coot&das products of one-dimensional
systems, such as the labyrinth tiling, may provide usefuledeamples for further investiga-
tions which can, at least, be treated numerically in an efficivay. Finally, the role of an
electron-electron interaction on the metal-insulatonsition in a one-dimensional aperiodic
system was investigated. The results show that resongpeephenomena are important,
giving rise to a different behaviour for particle densitiasich are commensurate and incom-
mensurate with the modulation. In the incommensurate cagg minor effects can be seen,
whereas Peierls-like transitions are observed for the censurate case.

Not much is known for three-dimensional systems, thougpjitears plausible, and con-
sistent with our numerical results, that there is a generadéncy that eigenstates become less
localised with increasing spatial dimension. However, ynguestions remain unanswered,
and it is not even decided whether extended states exist delnsuch as the tight-binding
model on the Ammann-Kramer-Neri tiling considered herehe@interesting questions con-
cern transport in quasiperiodic systems in the presenceghetic fields, see for instance [67]
for a glimpse at the complexity of such systems.
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