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An experimental test of the lo
al 
u
tuation theoremin 
hains of weakly intera
ting Anosov systemsGiovanni Gallavotti, Fabio PerroniDipartimento di Fisi
a, Universit�a di Roma IP.le Aldo Moro 2, 00185 Roma, ItaliaAbstra
tAn experimental test of a large 
u
tuation theorem is performed on a 
hainof 
oupled \
at maps". Our interest is fo
used on the behavior of a subsystemof this 
hain. A lo
al entropy 
reation rate is de�ned and we show that the lo
al
u
tuation theorem derived in [G1℄ is experimentally observable already for smallsubsystems, i.e. the �nite size e�e
ts, for whi
h the theory says little, are smalleven in small subsystems of the systems 
onsidered.1 Introdu
tionA general law governing the 
u
tuations of the phase spa
e 
ontra
tion rate has beenderived under various 
haoti
ity assumptions, [GC1℄, [GC2℄, [MR℄, [K℄, [LS1℄, [LS2℄,[M℄, a review is in [G3℄, and it has been observed in several experiments, [BGG℄,[LLP℄, [CL℄, [BCL℄, [RS℄, [LRB℄.Consider a 
haoti
 (i.e. Anosov) dynami
al system S : x ! Sx, on a phasespa
eM of \size V " whi
h we shall 
all \volume" and whi
h will be the number ofintera
ting subsystems 
omposing our \spatially extended" system, see Se
.2 for apre
ise de�nition. Let � be the natural stationary state, i.e. the SRB distribution,and suppose that S is a time{reversible dynami
s. One 
an study the 
u
tuations ofthe phase spa
e 
ontra
tion rate, per unit volume, averaged over a time � :p = 1V � �+ 12 �Xj=� 12 � �(Sjx); (1.1)where �+ is the in�nite time average of �(x): �+ = lim�!1 (V �)�1P��1j=0 �(Sjx).The value �+ will be 
alled the \average phase spa
e 
ontra
tion" per unit time andvolume. It will also be 
alled the average entropy 
reation rate.The probability distribution ��(p) of the 
u
tuations p in the stationary stateveri�es, [G1℄, for large � :log �� (p)�� (�p) = � V �+ p+O(V ) 00
u
tuation theorem00: (1.2)1



The size V is denoted O(1) in all the papers to whi
h we refer be
ause the authorskeep the number of degrees of freedom �xed but here it will be a parameter.The normalization proportional to V , used in (1.1), takes into a

ount that in themodels that we shall 
onsider dissipation will o

ur in a translation invariant way sothat � will have a value typi
ally proportional to V , hen
e an average V �+ with �+essentially independent of V , i.e. of the spatial dimensions of the system (for V large).This implies that we expe
t, both from a physi
al and from a mathemati
al pointof view, that in ma
ros
opi
 systems the observable p has pra
ti
ally unobservable
u
tuations on the s
ale involved in (1.2).However if one looks at the motion of a subsystem lo
alized in a spatially mi
ro-s
opi
 region V and if one 
onsiders a lo
al entropy 
reation rate then 
u
tuationsare far more probable. Hen
e observable 
onsequen
es of a lo
al 
u
tuation theoremare likely to be
ome possible.It is not 
lear whi
h would be, in any parti
ular 
ase, the appropriate de�nitionof lo
al entropy 
reation rate, see [BCL℄. The simplest situation seems to arise in the
ase of a 
hain of V (V large) very 
haoti
 systems weakly 
oupled to ea
h other by atranslation invariant 
oupling (see below). For su
h model systems there is a rathernatural de�nition of lo
al entropy 
reation, or lo
al phase spa
e 
ontra
tion: at leastit be
ame natural to us after the �rst few attempts at performing the numeri
al studythat we present in this paper on the basis of other de�nitions, that in retrospe
t werenot as natural and whi
h failed to give results of any interest.The de�nition of lo
al entropy 
reation rate for the systems that we 
onsider herehas been proposed and dis
ussed in [G1℄, where a lo
al version of the 
u
tuation lawhas been derived.Consider a system with a \large" phase spa
e M = NV�1j=0 M0 whereM0 is thephase spa
e of a \single" system in a periodi
 
hain of length V : hen
e a point inMrepresenting a 
on�guration of our 
hain will be a V {ple of 
oordinates (x0; : : : ; xV�1).Let V be a small �xed interval [0; V � 1℄ � [0; V � 1℄, and let �(x) be the \lo
alphase spa
e 
ontra
tion rate" (yet to be de�ned and in general di�erent from the�(x) above) in the subsystem des
ribed by the 
oordinates (x0; : : : ; xV�1). De�ne�+ = lim�!1 1V � P��1j=0 �(Sjx), and extend the de�nition (1.2) above to V � V asp = 1V � �+ 12 �Xj=� 12 � �(Sjx): (1.3)Then, if �� (p) denotes the probability distribution of the above p, it veri�es, see [G1℄:log ��(p)��(�p) = � V �+ p+O(� + V ): (1.4)where one should note that � + V is (half) the size of the boundary of the spa
e{time region involved in the de�nition of p in (1.3). When V = V the error is onlyO(V ) rather than O(� + V ), see (1.2), be
ause there is no \verti
al" boundary and,therefore, no boundary e�e
t related to it, see [G1℄. In (1.4) and in the 
ases that weshall 
onsider, �+ 
an be repla
ed by �+ be
ause it will be �+ = �+ +O(V �1).2



The relations (1.2), (1.4) are the obje
ts of our experimental test in a 
on
rete,simple, model forM0 and S.One 
an ask \why to make the test if there is a theorem that predi
ts the results?"This is true: but the theorem only leads to estimates of the remainders in (1.2), (1.4).Su
h estimates are not quantitatively derived in the proof, be
ause various 
onstantsin the bounds are only shown to be �nite with no attempt at 
omputing them.They 
an be, however, 
omputed following a rather general approa
h (see [G1℄ wherethe general theory of [PS℄, [BK1℄, [BK2℄, [JP℄ is used in an essential way) and, asusual when applying general mathemati
al theorems to 
on
rete 
ases, we expe
t theestimates to be very poor.Therefore it makes sense performing an experiment to 
he
k if the predi
tionsof the theorem are a
tually observable: a situation similar to the one met in thetheory of phase transitions and in the numeri
al experiments performed on the twodimensional Ising model. The latter model is exa
tly soluble in the sense that manyof its properties 
an be analyti
ally 
omputed: nevertheless experiments on its apriori known properties make sense and are important to test the feasibility and thereliability of simulations on systems with an enormous number of degrees of freedomand to test the a

ura
y and reliability of methods that one really wants to apply tomore 
ompli
ated systems not amenable to an exa
t solution.The global 
u
tuation laws (1.2) are universal in many systems where, however,they are extremely diÆ
ult to observe: in this paper we give eviden
e that theirlo
al 
ounterparts 
an be observed quite easily be
ause they manifest themselvesobservably already in rather small subsystems.This is quite analogous to the theory of density 
u
tuation in a gas: one 
annotobserve density 
u
tuations on large gas samples be
ause their likelihood de
reasesexponentially with the volume. Nevertheless su
h 
u
tuations are of great interest(their value will give us the 
ompressibility of the gas) and they 
an be measured byobserving them in small samples and by making use of the fa
t that the logarithmsof the distribution of their averages over a given volume V are proportional to it sothat on
e the 
u
tuations are known in a small sample one 
an infer their (otherwisepra
ti
ally unobservable) probability in a large sample.In se
tion 2 we des
ribe the parti
ular system 
onsidered in our experiment andwe de�ne the lo
al phase spa
e 
ontra
tion rate following [G1℄; in se
tion 3 we exposethe experimental results of our simulations. A few 
omments will follow in se
tion 4.An appendix dis
usses brie
y our method to estimate the experimental errors thatare 
hara
teristi
 of our simulations.2 Des
ription of the systemLet M 0 be a two-dimensional torus, M 0 = [0; 1℄� [0; 1℄, and x a pair of 
oordinateson it. A Arnold 
at map S 0 : M 0 ! M 0 is the dynami
s on M 0 generating from aninitial datum x = x0 a traje
tory t! xtxt+1 = Sxt = � 1 11 2�xt mod 1 : (2.1)3



Consider a �nite number V of 
opies of su
h systems and label ea
h 
opy with anindex i 2 f0; : : : ; V � 1g identifying x0 and xV (periodi
 boundary 
onditions).Let M0 = Ni2V M 0i be the phase spa
e of su
h new \extended" system, let x =Ni2V xi be a point in it and let S 0 = Ni2V Si its (\unperturbed") evolution: thismeans that ea
h 
oordinate xi evolves under the map S 0 into Sixi = (S 0x)i. We now
onsider a perturbation of the map S 0eS(x) = S 0(x) + "F(x) (2.2)where F is a \nearest neighbor 
oupling" so de�ned that:eS(x)i = S 0i(xi) + "f i(xi�1; xi; xi+1): (2.3)We 
hoose f i = (fi; 0) with fi very simple. Namely, if xj = (�j ; �j), for j = 0; : : : ; V �1, and if we set �j = 2�(�j�1 + �j + �j+1) and �j = 2�(�j�1 + �j + �j+1):fi = 12� [ sin(�i + �i) + sin �i℄ (2.4)On the boundaries we simply set ��1 = �V�1, ��1 = �V�1, �V = �0, �V = �0, i.e.periodi
 boundary 
onditions.The system (M0; eS) is, for small perturbations (i.e. small " but for all V ), anAnosov map by the remarkable extension of stru
tural stability to 
hains of Anosovmaps with short range intera
tion developed in [PS℄. However the theory of the
u
tuations that we test here applies dire
tly only to \reversible systems, see [GC1,GC2℄ and below.A map S is a time reversible map for a time reversal operation I if I is a smoothisometri
 involution I :M !M, I2 = Identity, su
h that IS = S�1I.Therefore the system that we shall 
onsider in the experiment 
annot just be theone des
ribed so far be
ause the map S is not time reversible (at least not for anysimple map I). We shall, however, 
onsider a 
losely related system whi
h has atime{reversal symmetry and whi
h we now des
ribe.LetM =M0NM0 and de�ne:S(x; y) = ( eS(x); eS�1(y)); (2.5)The system (M;S) is (trivially) reversible be
ause the map I(x; y) = (y; x) is a timereversal for it (see [G2℄).Denote x = (x; y) a point in the phase spa
e M: the \phase spa
e 
ontra
tionrate" of (M;S) is de�ned, see [GC1℄, in terms of the determinant �V (x) = j det�S(x)jof the ja
obian �S(x) of the map S and of the determinant e�V (x) = j det� eS(x)j ofthe map eS.The global entropy 
reation rate for this system is de�ned as minus the logarithmof the Ja
obian determinant of S, �(x) = �j det �S(x)j, [GC2℄, �(x) = � log �(x):�V (x) = � log �V (x) = � log jdet �S(x)j= � log �����det  � eS(x) 00 �� eS( eS�1y)��1!����� (2.6)= � log�e�V (x) �e�V ( eSy)��1�4



If �� are the forward and ba
kward statisti
s of the volume measure (i.e. the SRBdistributions for S and S�1) the perturbation makes, for generi
 perturbations f , see[BGM℄, the system (M;S) dissipative, in the sense that:� ZM��(dx) log ��1V (x) = ��V > 0: (2.7)at least for " 6= 0 small. This is a property that we 
he
ked in our parti
ular 
ase(the form in 2.4 was so 
hosen to make the algebrai
 part of this 
he
k simpler) andwhi
h is a quite general fa
t, see [R℄.Note that time reversal symmetry implies that �+ = �� and �� = 2e� if e� V is theaverage of � log e�V (x).Fixed a subvolume V , i.e. a subinterval of V , let �SV (x) be a blo
k matrixof the Ja
obian �S(x) 
orresponding to the 
oordinates xV of this subsystem. Sete�V (x) = jdet�SV (x)j and de�ne the lo
al phase spa
e 
ontra
tion rate, see [G1℄, as�V (x) = � log�e�V (x) �e�V ( eS�1y)��1� (2.8)that will also be 
alled the lo
al entropy 
reation rate in the volume V (we imagineV � V ). We will study the 
u
tuations of the averages over a time � of �V (x) andof �V (x), see (1.1), (1.3).3 Experimental resultsWe 
onsidered 
hains of V = 8; 16; 32; 64 maps as de�ned in Se
.2, and for ea
h Vsubsystems of size V = 1; 3; 6 
onsisting of V 
onse
utive elements of the 
hain. Theperturbation parameter " was given the values 0:05, 0:10, 0:15 but the 
omplete testswere done only for the value 0:10 and the other values were used only for the purposeof 
he
king/testing the 
odes.A

ording to the de�nition in Se
. 2 we asso
iate with ea
h 
hain site two pairsof 
oordinates ea
h de�ning a point on the 2{torus: the 
olle
tion of the �rst Vpairs evolves under the a
tion of a forward map eS, while the 
olle
tion of the se
ondpairs evolves under eS�1. The inversion of eS has to be done numeri
ally, be
ausealthough the map eS is very simple, its inverse 
annot be elementarily expressed: weused a general Newton's algorithm (
alled Newton{Raphson algorithm in [NR℄) whi
hstrongly limits the maximal size of the perturbation " but whi
h, for the relativelysmall values of V we 
onsidered, is 
ompetitive with the O(V )-size algorithm that wedesigned spe
i�
ally for our problem.The total number of degrees of freedom is 4V , hen
e it went up to 256 althoughthe results that we report deal with the V = 16, i.e. with 64 degrees of freedom 
ases.For su
h values of " the Lyapunov exponents 
an be 
he
ked to be still very 
loseto the ones 
orresponding to the 
ase " = 0. Just as an example we give in Figure 1the graph of the 64 Lyapunov exponents 
orresponding to a model with V = 16 and" = 0:10.Note that the intrinsi
 
omplexity of the inversion of the map eS is not the onlyobsta
le to the inversion of the map: as " in
reases the system be
omes more and5



n� +;� � 302520151050
10.50-0.5-1Figure 1: Plot of the Lyapunov exponents for the system with V = 16, " = 0:10. The64 exponents (ea
h \
at" has 2 
omponents that evolve forward and 2 that evolveba
kwards in time) are ordered in 
ouples �+; �� 
oupling the greatest positive withthe greatest negative, the se
ond greatest positive and the se
ond greatest negativeand so on.more dissipative and at some 
riti
al value stops being 
onjugated to the unperturbedsystem. For instan
e the attra
tor 
eases to be dense in phase spa
e, and density isa 
ondition for the validity of the 
u
tuation theorem, see [GC2℄. Although this newsituation is interesting we shall not study it here, see [BG℄.Our simulations were 
arried out over 4 � 106� 300 � 106 iterations1, depending onthe system dimension and on the perturbation parameter "2.The �gures 2, 3, 4, 5 refer to the analysis of data produ
ed by the system withV = 16, " = 0:10 for N = 3 � 108 iterations. The values of V = 8; 32; 64 as wellas " = 0:05; 0:15 have also been 
onsidered and we do not report the results. Weonly say that they were very similar, with the obvious variation that in the 
asesV = 32; 64 substantially less statisti
s was available for the analysis of the global
u
tuations (whi
h be
ome too rare as the size of the system in
reases).Our data and error analysis follows from the one des
ribed and applied in [BGG℄,see the appendix below for further details.On
e the values of ", V and V � V are �xed we measure the 
u
tuation of entropy
reation rate p (see (1.1) or (1.3)) averaged over the iteration time � ranging from 2to 400, dis
arding �0 iterations between ea
h measure to let them de
orrelate. We set1To let ea
h simulation take few days of CPU time on a modern PC.2The number of steps the algorithm takes to 
al
ulate the ba
kward evolution depends on ": i.e.for " = 0:05 the algorithm 
onverges (in the sense that the pre
ision rea
hes the numeri
al doublepre
ision a

ura
y) in 5 or 6 steps while for " = 0:15 we have to use a separate algorithm to sear
hfor a \good" starting point for the Newton algorithm to 
onverge in 50 steps.6



Lo
al, V = 16, V = 1, � = 0:10
p� �(p) 6420-2-4

0.40.350.30.250.20.150.10.050-0.05
Lo
al, V = 16, V = 3, � = 0:10

p� �(p) 43210-1-2
0.70.60.50.40.30.20.10-0.1Lo
al, V = 16, V = 6, � = 0:10

p� �(p) 3.532.521.510.50-0.5-1-1.5
10.90.80.70.60.50.40.30.20.10-0.1

Global, V = 16, � = 0:10
p� �(p) 2.521.510.50-0.5

1.61.41.210.80.60.40.20-0.2Figure 2: Histogram of the distribution �(p) for the 
hain of V = 16 subsystems andsub{
hains of V = 1; 3; 6 with " = 0:10 and � = 40. The simulation was 
arriedover N = 108 iterations. The amplitude of the distribution in
reases in smallersubsystems: large 
u
tuations are more probable and the 
u
tuation theorem 
an beeasily observed. The probability of observing negative values of p in the full systemis so small that we 
ould obtain just few experimental points. The error bars (barelyvisible in the s
ale of the �gure)are dis
ussed in the appendix.�0 = 10 be
ause we know from the 
omputation of the Lyapunov exponents, reportedin Figure 1, that the maximal and the minimal ones are su
h that �0 = 10 is about tentimes the 
hara
teristi
 time of the system3. For the same reason we dis
ard the �rst10 iterations in order to redu
e the e�e
ts of transients while the motion approa
hesthe attra
tor.Then we 
ompute the empiri
al probability distribution of 
u
tuations of thephase spa
e 
ontra
tion rate �� (p) for the whole 
hain and ��(p) for the subsystem,Figure 2.3The exponents are of the same order of the unperturbed positive exponents that are exa
tlylog � 12 (3 +p5)� � 0:98. 7



Lo
al, V = 16, V = 1, � = 0:10
px(p) 3.532.521.510.50

543210
Lo
al, V = 16, V = 3, � = 0:10

px(p) 1.81.61.41.210.80.60.40.20
2.521.510.50Lo
al, V = 16, V = 6, � = 0:10

px(p) 10.80.60.40.20
1.41.210.80.60.40.20

Global, V = 16, � = 0:10
px(p) 0.250.20.150.10.050

0.350.30.250.20.150.10.050Figure 3: Plot of x(p), (3.1), for the system with V = 16, " = 0:10, V = 1; 3; 6 and� = 40. The solid line is the linear least{square �t; the dashed line is the line withslope 1. In smaller subsystems large deviations are more probable (the tails of ��(p),Figure 2, go far below 0) and the 
u
tuation theorem predi
tion for � = +1 
an beobserved more easily than in the full system.To 
he
k the predi
tions of the global and lo
al 
u
tuation theorems, (1.2) and(1.4), we verify that the quantitiesx(p) = 1�+V � log �� (p)�� (�p) ; x(p) = 1�+V � log �� (p)�� (�p) (3.1)are linear in p, see Figure 3, with slope �� :x(p) = ��p; �� ! 1 for � !1 (3.2)We 
omputed �� with a linear least squares �t. Results, plotted in Figure 4,show that �� does not 
ontain 1 within the error bars only for small values of � . Weattribute this to �nite{size e�e
ts, [BCL℄, i.e. as a manifestation of the O(��1) and,respe
tively, O(��1 + V �1) of the 
orre
tions in (1.2), (1.4). We also 
he
ked that�+ = �++O(V �1) and in fa
t the 
orre
tion in O(V �1) is not dete
table for V � 16.8



Lo
al, V = 16, V = 1, � = 0:10
�� � 400350300250200150100500

1.91.81.71.61.51.41.31.21.110.90.8
Lo
al, V = 16, V = 3, � = 0:10

�� � 200150100500
1.81.61.41.210.80.60.4Lo
al, V = 16, V = 6, � = 0:10

�� � 120100806040200
1.81.61.41.210.80.60.40.2

Global, V = 16, � = 0:10
�� � 50403020100

1.81.61.41.210.80.6Figure 4: Plot of the slope, �� , of x(p) for the system with V = 16, " = 0:10 andV0 = 1; 3; 6. In smaller subsystems the 
u
tuation theorem holds for larger ranges ofvalues of � . For � small, �� does not 
ontain 1 within the error bars: we attributethis to �nite-size (of �) e�e
ts. The straight line has the theoreti
al slope 1.A least square �t of the probability distributions �� (p) and ��(p) gives a Gaussianas best �t (in the sense of [BGG℄, [GG℄).If p was Gaussian then it would also verify (3.2) with some slope (not ne
essarily1): however there is no reason for p to be a Gaussian variable, and in fa
t it 
an onlybe su
h for p rather 
lose to its average value p = 1. In fa
t around p = 1 it looksGaussian be
ause of a 
entral limit theorem generally valid for the SRB distributionof Anosov systems, see [S℄, or of weakly intera
ting 
hains of su
h systems, see [PS℄,[BK1℄, [BK2℄, [JP℄.To test whether p 
an be really taken Gaussian, we 
omputed the se
ond momentsof the distributions ��(p) and ��(p). Assuming that �� (p) and �� (p) are Gaussian andagree with the 
entral limit theorem (whi
h, however, only really holds for jp� 1j <O((�V )� 12 ) implies that their 2nd moments m2(�) and m2(�) should be linear in(�V )�1 (to leading order in �V ) and we would denote them m2(�) = (� V )�1A,9



Lo
al, V = 16, V = 1, � = 0:10
��A A 40035030025020015010050

0.0150.010.0050-0.005-0.01-0.015-0.02-0.025-0.03
Lo
al, V = 16, V = 3, � = 0:10

��A A 20015010050
0.0150.010.0050-0.005-0.01-0.015Lo
al, V = 16, V = 6, � = 0:10

��A A 120100806040
0.010.0050-0.005-0.01-0.015-0.02

Global, V = 16, � = 0:10
��A A 55504540353025

0.0050-0.005-0.01-0.015-0.02-0.025Figure 5: Plots of �AA for the system with V = 16, " = 0:10 and V0 = 1; 3; 6. Theexperimental values of �A=A di�er from 0. The experimental value of A di�ersfrom the value A0 that would follow from a Gaussian assumption 
ombined with the
u
tuation theorem by � 1%, quite 
learly visible beyond the error bars. The rangeof � in the graphs is over the values of � 
orresponding to �� = 1, see Figure 4.m2(�) = (� V )�1A. The distributions of p would then be proportional to:e��V (p�1)2=(2A); e��V (p�1)2=(2A) (3.3)for some A;A respe
tively.Therefore the 
u
tuation relations (1.2), (1.4) or (3.2) will imply that there shouldbe a simple relation between the slopes 1 of x(p) and x(p) and the mean squaredeviations 
oeÆ
ients m2(�) = (� V )�1A; m2(�) = (� V )�1A of the random variable(p� 1), namely: 2�+ = A; 2�+ = A: (3.4)Calling A0; A0 the values in (3.4) we dedu
e from the experimental of m2(�)and m2(�) as fun
tions of V � or of V � , the a
tual experimental values A and A10



(performing a least square �t). We then 
ompare these values with the ones predi
tedin (3.4) (i.e. with A0 = 2��1+ , A0 = 2��1+ ).�AA = A� A0A0 ; �AA = A� A0A : (3.5)In Figure 5 we plot �A=A only, of 
ourse, for the values of � for whi
h the 
u
tuationtheorem 
an be 
he
ked (i.e. for the values of � for whi
h there is enough statisti
sto have signi�
ant results in spite of the error bars, see Figure 4). The results of thistest is plotted in Figure 5: The amplitude of the error bars doesn't let us see that the
u
tuations of the entropy produ
tion are not gaussian (in a numeri
al test sense)although the value of �AA is not zero. The error analysis seems to play a foundamentalrole in this test.4 Con
lusions(1) The \
u
tuation theorem", for our models, is an exa
t result only asymptoti
allywhen � ! 1 in the global 
ase and when �; V ! 1 in the lo
al 
ase. It appears,nevertheless, to be observable already for small values of �; V provided the \
orre
t"de�nition of lo
al entropy 
reation rate is applied (see (2.7), �nding it was one of thestarting points of the present work, see [G1℄). The observability of the predi
tions ofthe theorem on small systems is evident for V = 16 as 
an be seen in Figure 2, 3,4. We have performed similar experiments for systems with V = 8; 32; 64 obtainingquantitatively similar results with (of 
ourse) lower statisti
s in the last two 
ases: wedo not report them for brevity. We also tested, although not in the same detail andthe same a

ura
y, the values of " = 0:05 and " = 0:15, the latter being substantiallymore time 
onsuming: the results seemed to agree with the ones that we report.(2) Large 
u
tuations are pra
ti
ally unobservable in large systems: it's evidentalso in the 
ases we 
onsidered. The plot of the probability distributions ��(p) ofthe 
u
tuations of p in the whole 
hain has just few points for negative values of p(Figure 2) thus the 
u
tuation theorem 
an be 
he
ked for few values of � (Figure4). However the lo
al 
u
tuation theorem holds for any small subsystem and 
an be
he
ked for a larger number of values of � (Figure 4) even when the global theorem
an not be veri�ed.(3) The hypothesis of p being Gaussian for either the whole 
hain or for its sub-systems is theoreti
ally \impossible" be
ause large deviations of normalized sumsof independent nongaussian variables (i.e. of averages of independent equally dis-tributed nongaussian random variables) are not Gaussian even in the most randomsystems like Bernoulli s
hemes, [FGP℄.If the distribution of p was a Gaussian 
entered at p = 1 the se
ond moment ofp� 1 should have the form (V �)�1A and the slope of the logarithm of the odd (in p)part of the distribution of p should have the form 2V �=A and it should be A0 = A,whi
h 
an be interpreted as the validity of the Green{Kubo formula in the nonlinearregime we are 
onsidering, see [ES℄ and Se
. 5 in [BGG℄ and [G3℄, [G4℄.11



We plan an experiment to investigate more a

urately the results of Se
. 3 indi-
ating that �AA is signi�
antly nonzero: this means that we are trying to �nd systemsfor whi
h the numeri
al 
onstru
tion of the traje
tories is less time 
onsuming for thevalues of V that we 
onsider.The nongaussian nature of the 
u
tuations has already been studied and 
learlyshown in the work [ES℄ at least in models out of equilibrium. Non gaussian behaviorhas been also studied and announ
ed by [G℄. We �nd it also in equilibrium (a resultnot reported here) as (of 
ourse) expe
ted.(4) The above 
onsiderations are also supported by the fa
t that the nongaussiannature of the 
u
tuations is 
learly demonstrated in a situation in whi
h, neverthe-less, the linearity of the odd part of the logarithm of the distribution of p 
an beobserved (although it is not 
lear whether it falls within the theory of reversibleAnosov systems): this is a 
ase quite di�erent from the presently 
onsidered 
hains ofAnosov systems, see [LLP℄, and the nongaussian nature of �(p) is there manifest for� relatively small be
ause the distribution appears sensibly non symmetri
 aroundp = 1.A Appendix: Error evaluation.We follow the error estimates des
ribed in [GG℄, [BGG℄; we add here expli
itly thedes
ription of the te
hnique we use to estimate errors, whi
h are not trivially due tostatisti
al errors, on the distribution histogram, be
ause in the present experiment itis the main error sour
e.Let I(k) be the 
ount of the number of values of p in the k-th interval [kd; kd+d℄(with d > 0 a �xed mesh) into whi
h the p{axis is divided to perform the histogram,and let I 0(k) = I(�k�1). The main sour
e of errors is that �+ itself is a�e
ted by anerror; the histogram error due to an un
ertainty Æ� in �+ is the error in the number
ount I(k) over the interval [kd; kd+d℄ given by 2pd Æ��+ I(k): be
ause the error Æpp = Æ��+in the measurement of p amounts to an un
ertainty p Æ�� on the apparent position ofthe two extremes of the interval [kd; kd+ d℄ 
entered at p = (k + 12)d.So that, adding the statisti
al error 3pI(k), the total error on I(k) is:�I(k) = 3qI(k) + 2 I(k) pd Æ��+d (A.1)The 
orresponding variation of the observed value of x:x = 1�+ 1� V log I(k)I 0(k) (A.2)has to be taken (re
alling that the ideal result is x(p) = p = (k + 12)d):Æx = �� 1�+ � V log I(k)I 0(k)� = p � Æ��+ + 3pI + 3pI 0 + 2 p Æ�d�+ + 2 p Æ�d�+� (A.3)12



whi
h we have added and/or propagated to the other errors (due to the large size ofour statisti
al samples the two purely statisti
al 
ontributions to Æx turn out to beessentially negligible 
ompared to the others).A
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